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CUMIIVIEKCHA ®OPMA MHOI'OI'PAHHUKA CITIOJIYYEHb
3 HEOBMEKEHUMHU ITIOBTOPEHHAMMN

Emens O. O., 1. ¢.-M. H., ipodecop, Emenb On-pa O., k. §.-M. H., noneHT, Banxka C. B.

Ilonmascvkuti yHigepcumem eKOHOMIKU 1 MOP2i6ii,
eyn. Koeans, 3, I[lonmasa, Ykpaina

yemetsli@ukr.net, yemets2008@ukr.net

VY crarti HAaBOIUTHCS TPAaBWIO YTBOPEHHS CHUMIUIEKCHOI ()OPMH MHOTOI'pAaHHHKA CIOJYYeHb 3
HEOOMEKEHHUMH TIOBTOpPeHHAMH. [Jlng cuMmiuiekcHoi (OpMHM  MHOTOTpaHHHKa —CHOJIY4YeHb 3
HEOOME)XEHHMH ITOBTOPSHHSIMH JJOBE/ICHO sl TBEppKeHb. Ha nmpukiazi mpoimocTpoBaHo popMyBaHHS
CHUMIIIEKCHOI ()OPMH MHOTOI'PAaHHHUKA CIIOTY4YEHb 3 HEOOMEKEHUMH TOBTOPEHHIMHU.
Kniouosi  cnoea: mmo2ozpanHux — cnomyueHb, CUMNICKCHA —(OpMA  MHO20ZDAHHUKA, CHOAYHYEHMS 3
HeoOMedICeHUMU NOBMOPEHHAMU.

CUMILJIEKCHASI ®OPMA MHOT'OTPAHHUKA COUYETAHUM
C HEOTPAHUYEHHBIMH TIOBTOPEHUAMU

Ement O. A., 1. ¢.-m. H., mpodeccop, Ement A. O., k. ¢.-m. H., noreHT, Banxa C. B.

Ilonmaeckuil ynugepcumem 3KOHOMUKU U MOP2OGIU,
yn. Kosans, 3, [lonmasa, Ykpauna

yemetsli@ukr.net, yemets2008@ukr.net

B crathe mpUBOAUTCSA MPaBHIO OOpPa30BaHUS CUMILICKCHON (OPMBI MHOTOTPAHHHKA COYCTAHUH C
HEOTpaHWYEHHBIMH TOBTOpEHUsIMU. [l CHUMIUIEKCHOW (QOpPMBI MHOTOTpaHHUKA COYETaHUH C
HEOTpaHUYEHHBIMM TOBTOPEHMSMHM JOKa3aH psiA yTBepkaeHud. Ha mpumepe mpouiLIoCTpUpOBaHO
dbopMupoBaHHEe CHUMIUIEKCHOH (OpMBI  MHOTOTpaHHHKa COOOIICHWH C  HEOTrpaHWYCHHBIMU
MIOBTOPEHUSIMHU.
Kniouesvie cnosa: MHO202pAHHUK COYEMAHUU, CUMNIEKCHAS opmMa MHO202DAHHUKA, COYEMAHUs C
Heo2paHUuyeHHbLIMU HOBMOPEHUAMU.
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SIMPLEX FORM OF POLYHEDRON OF COMBINATIONS
WITH UNLIMITED REPETITIONS

lemets O. O., D. Sc. in Physics and Maths, Professor, Yemets™ O. O., Ph. D., Vanzha S. V.

Poltava University of Economics and Trade,
Koval Street, 3, Poltava, Ukraine

yemetsli@ukr.net, yemets2008@ukr.net

Within combinatorial optimization it is important to study combinatorial sets and their polyhedrons as
the basis for the development of combinatorial optimization methods. For a group of such methods one
of the stages is the linear relaxation using combinatorial polyhedrons.
Karmarkar's polynomial algorithm should be used for solving received problems, but for this purpose
feasible polyhedron must have a so-called simplex form prescribed by Karmarkar's algorithm at the
input.
Simplex forms of permutable polyhedrons with reducible and irreducible systems of constraints are
known from the literature. In this paper, the simplex form of the convex hull of Euclidean combinatorial
set of combinations with unlimited repetitions is derived.
The paper consists of four parts.
The statement of problem, the definition of combinations with unlimited repetitions (i.e. from 0 to k)
every element as ordered k-samples, elements of each are arranged by not descending order are given in
the first part.
The definition of the set of the combination with unlimited repetitions as the set of all these k-samples
and the polyhedron of combinations with unlimited repetitions as the convex hull of the set of the
combination with unlimited repetitions are given. The description of this polyhedron in the form of the
system of linear inequalities is given.
The second part is devoted to the transformation algorithm of feasible area of linear programming
problem to polyhedron having the simplex form. The algorithm has five steps. In the first step
constraints of linear programming problem are reduced to the so-called canonical form. In the second
step the inequality that defines the half-space containing all admissible points of the linear programming
problem is recorded. In the third step the system of equations in the canonical form is reduced to a
homogeneous system. In the fourth step, the bound of the introduced half-space, by introducing new
variables, is transformed into a hyperplane that cuts the unit on coordinate axes. This completes the
construction of simplex forms of polyhedron by introducing additional variables that provide the
satisfaction of the point having the same coordinates (the center) of simplex obtained conditions of the
problem.
In the third part this algorithm is applied to the polyhedron of combinations with unlimited repetitions.
The fourth part of the article provides the illustrative example.
Key words: polyhedron of combinations, simplex form of polyhedron, combinations with unlimited
repetitions.

BCTYII

AKTyaqbHUM HAaNpsIMKOM PpO3BUTKY Teopii omnTumizamii € KoMOiHaTOpHa omnTumizamis (auB.,
30kpema, [1-17]). JocnimkeHHs BIACTUBOCTEH KOMOIHATOPHUX MHOXHH Ta 1X MHOTOTPAaHHHKIB €
MITPYHTSIM PO3POOKH METOIIB KOMOIHATOPHOI onTumi3zaiii. YacTo OJHUM 3 €TariB TaKuX METO/IIB
€ JiHIIiHa penakcalis 3 BUKOPUCTAaHHSIM KOMOIHATOPHMX MHOTOIPAaHHUKIB. SIKIIO MpH IbOMY
BUKOopucToByBatu anroput™m Kapmapkapa (AK), To mHororpanHuk tpeba matu y Qopmi, II0
no3Bossie  3actrocoByBath AK — y Tak 3BaHi cuMIUleKCHiH Qopmi. Y mparsix  [18-19]
JOCITI/KYBAIach CUMIUIEKCHA (hopMa MepecTaBHOTO MHOTOTpaHHUKA. Y I1id poOOTI pO3TIsAacThCs
CHUMILJIEKCHa (hopMa OIMyKJI0i OOOJOHKH €BKIIJJOBOI KOMOIHATOPHOI MHOXKHUHH CIIOJNy4eHb 3
HeoOMeXEeHUMH IMOBTOPEHHSIMHU, sIKa BBeZIeHa B [2].

1. MIOCTAHOBKA 3AJIAUI
PosriHeMo  MymbTHMHOXHHY G ={g,,..,9,} 3 ocuosowo S(G)={e,..,€,}, mepBHHHOL

cremmoikarieio [G]= (k”), AKa 03HAyae, M0 KPATHICTh KOKHOTO enementa e, ocHoBu B G € k
Viel, ={12,..,n}. Toxi koxHa ynopsaKoBaHa k -BuGipka (X, s X ) » B€
X <X, .. <X,

HA3WBAETHCA [2] EBKJIIIOBHM CIIOOYYEHHSAM 3 HeoOMexenuMmu (To6To Bim 0 ax mo K)
MMOBTOPEHHAMHU (KOKHOTO €JIEMEHTa OCHOBHM). MHOXXHHA BCIX TaKUX CIOJIYYCHb HA3UBAETHCS [2]
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CBKJILIOBOI0 MHOJKUHOIO CIIOJy4CHb 3 HEOOMEKCHUMHU MOBTOPCHHSMH, O3HAYAEThCS S* (G) ,all
omykia 060noHKa conv S¥ (G) mosHauaethest QY (G) i HA3MBAETHCS MHOTOIPAHHUKOM CIIONyYCHb

3 HEOOMEKEHHMHM TTOBTOPEHHSMH.

Sk Bimomo [2], BepmIMHAMM IFOTO MHOTOIPaHHHKAa € TOYKH (e,...e), (&,..€,€), ...,
(€. €,€0 s 8,)s -5 (€, €,) 1 TiIBKH BOHH, & MHOTOrpaHHHK Q) (G) OMHCYETHCS CHCTEMOKO
e, <X <X, <..<X, <€,

Ta € CUMIJIEKCOM 3 Ha3BAHHMM BEPIIMHAMH.

Po3risiHeMO, Ik MHOTOrpaHHUK QF (G) mpencTaBISeTHCS B CUMILIEKCHIH BopMmi.
Jis 1poro crepiry po3riiiHEMO HEOoOXifHiI Jaii mepeTBopeHHs nomyctumoi obmacti 3JII1 B
cUMILIeKCHY dopMmy (auB., Harpukian, [20, 21]).

2. AJITOPUTM HEPETBOPEHHA (AIl) ZOIIYCTUMHUX YMOB 3JII1
B CUMIIVIEKCHY ®0OPMY

Hexait
CX — max ; 1)
Ax<b; (2
x>0, 3

i=Lr
C=(Cpen G ) X= (% %) s A=(ay )J_:rk, b=(b,...b)" .
Kpoxk 1. Cucremy (2), (3) 3BeeMo 10 Tak 3BAHOTO KaHOHIYHOTO BUIIISALY [22, ¢. 17]

Ax+y=Db; x,y=>0, 4)

ne y =Yy, ) -

Kpok 2. 3anucyeTbest 1o1aTkoBe 00MEXEHHS BUTTISAY

Zk:Xﬁ

r
=1 i-1

y, <U, (5)

tyr U Take Benuke nilicHe jomaTHe umcio, mo Bei Touku cuctemu (2), (3) 3a10BONBHSIOTH (5).
SAxmo U>0, 1o (5) exBiBanenTHO piBHOCTI:

r

Zk:xj+2yi+u:u. (6)

=1
Kpoxk 3. 3Boaumo cucremy (4) 10 omHOpiaHOI, 10 ekBiBasieHTa cucteMi (4). Lle MmoxHa 3podbutu,
MTOMHOYKUBIIIH [IPaBy YaCTHHY PiBHSIHb HA OJMHUIIIO Y BUTJIS/I TAKOTO BUPA3y:

k r

ij+2yi+u
=1

j i=1

U

PiBusiHHS B (4) HaOyayTh BUIIISILY
A'x+ A’y —bu=0, (7
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ne matpuus A’ =(ai?)_ 3 eJleMEHTaMH 8 = & —U' Vjel,, Viel,; marpuus A’ :(ai}'). 3

) . b - . ) —
eJIeMEHTaMH @ =1—U' Viel,: aijy=—U', j#i Vviel,, Vvjeld; 0=(0,..,0) eR"
HYJIBOBHIT BEKTOP CTOBOCIb 3 I eJIeMEHTaMH.

Kpoxk 4. [TepeTBoproemo yMoBY (6) B TiIEPIUIONIMHY, IO BiJICIKa€ HA KOOPJAWHATHUX OCSIX OAMHHII,
BBOJISTYX HOBI 3MiHHI

x =Xy Y 5=V Vield,, Vjeld,. 8

" u U

YMOBH 3a/1adi pa3oM 3 MEPETBOPEHOI yMOBOKO (6) micis 3aminu (7) BU3HAYAIOTh CHUMIUICKC 3
BEPIIMHOIO B OYATKY KOOPAMHAT, @ OCHOBA OMUCYETHCS TINEPIUIOMIMHOK0, 10 3 OCSIMH KOOPHHAT
MEPETUHAETHCS B OJTHHUIISIX.

3 ymoB (1), (6), (7), BukopuctoByrouH (8), MaeMO

UcX — max 9
3a YMOB
A*X +A'Y —bV =0, (10)
Zk:Xj+Zr:Yi +V =1, (11)
j=L i=1
X =(Xg o X ) 205 Y =(Y,.Y,) 20; V20, (12)
e

=

A= (@)

A" =(a)) 55 al=U-b Viel,; a =-b Vizj; iel,;

r?

, ay =aU-b, Vviel, Vjel,;

=~

jed,.

Kpox 5. 3aiiicHI0OI0TECS TIEPETBOPEHHS 3a/1a4i, 110 3aJ0BOJBHAIOTH BUMOTY: TOUKA, 110 € IIEHTPOM

(Oapi-LileHTpOM) CHMILIEKCa (%,%,...,%jeR”, 3a70BOJIbHAE yMoBaM 3amaui; Tyr N —

BHUMIPHICTbh MPOCTOPY 3MIHHHUX 33/aul, 110 BU3HAYAETHCSA IPU LIbOMY IIEPETBOPEHHI.
Jlns uporo B KoxkHOMy piBHAHHI (10) (Hexaii iforo Homep 1) BigmiMemo B miBiii uacTuHi
HEBIJ’€MHY 3MIHHY Z,, i € J,, IOMHOXKHBIIH 11 HA KO€(DILIEHT, IKUH JOPIBHIOE anredopaidHiil cyMi
BCIX KO€(Iilli€HTIB JIIBOT YaCTMHMU LbOTo piBHsAHHA. KpiM 1poro, mo6 3a0e3neyutu 3MiHHINA Z,
HYyJbOBE 3HAYECHHS NPH MaKCHMi3alii, HiIboBa (QyHKIIST MOIU(IKYEThCS AOAAHKOM — MZ, , AKui
Bifmirpae mrpadHy Micito 3a paxyHok Toro, mio M >0 BuOHMpaeTbcs mocTaTHBO BenukuM. lLle
r
pobuTtbes s Beix piBHAHB (Vi e J,). Y miBy yactuny (11) nonaerses Z Z .
i=1

3anaua (9)-(12) HaOyBae BUIIISAY:

UcX —M > Z; — max, (13)
i=1
A*X +A'Y —A*Z —bV =0; (14)
k r r
DX 4D+ Z+V =1, (15)
j=1 i=1 i=1
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X>0; Y>0; z=(z,..,z) =0; V20, (16)

i=1,r
e B (14) AX: AY MaTpuIli oIucafi paHiie, a A% = (aif )j,ﬁ ,

k Kk
a; =UY a, —kb +U —b —(k-1)b —b =U> a;+U —(2k+1)b VieJ,;
i=1 j=1

jed,.

Jlerko Gaumt, mo i cuctemu (14)-(16) Touka (X*,Y*,Z*,V*):(%,...,

JIOMYCTUMOI0, a BUMipHicTh mpoctopy N=K-+2r+1, sxmo X, =Yj* =Z =V =
Vjel,.

3. HIEPETBOPEHHS B CUMIIVIEKCHY ®OPMY MHOI'OI'PAHHUKA CIIOJIYYEHD
3 HEOBMEXEHUMMU IOBTOPEHHAMU

POSFHHHCMO 3a,uaqy
k
Zc | X; — max
=1

33 yMOB, X =(X,, ..., X ) € Q¥ (G), T06TO:
6 <X <.<X S..<X, <.

Hexaii e, >0. O6MexkenHs MHOrorpannuka QY (G) MOXKHA 3amMcaTH Tak:

X;1—X; <0, 17)

X1 — X, <0,
X, <€,

3acrocoByemo All

Kpok 1. 3somumo (17) 10 kaHOHIYHOT (HOPMH, BBOJISYM B PIBHAHHS 3MiHHI Y, 1 Vje J, ;!

— X+ Yo1 =6, (18)
Xj,l—Xj'i‘yj,l'j =0 VJ€J§:{2,3,,k}, (19)
X+ Yk =€y (20)

Kpok 2. 3anmcyemo no1aTkoBe 00MEXEHHS:

k k+1
DX DY <U (21)
=L

j=1

y (hopMi piBHOCTI
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K+1

Kk
Zx +ZY111+U U, (22)

j=
me u=>0.

Ouinnmo 3miany U . Jfonamo Vje J? oomexenns (19). Maemo:

k
X — X, +Zyj_1’j =0,
=2

abo
k
Zyj-l,j =X X <€ 8 (23)
=2
3 (18)
Yoi =% —€ =€, —¢€, (24)
a3 (20):
yk,k+1 = en — Xy = en _el' (25)
3 (23)-(25) onepxxyemo:
k
Dy <3(e,—e). (26)
j=1

Sx Bimomo [3], y MHOTOTrpaHHUKY CHOJY4YeHb 3 HEOOMEKEHHUMH ITOBTOPEHHSMH € BEpIIMHA
(en, vees en)e R¥, i e HaWOLIBIII MOXKIJIUBI 3HAYEHHS KOXKHOI 3 KOOPAMHAT X, TOOTO VX 3 IBOTO

MHOT'OrpaHHUKaA
k
> x <ke,. (27)

3 ymos (21), (26), (27) Maemo

k+1

k
DX+ Y <(k+3)e, —3e,. (28)
j=1

j=t
OT)KC, JOBCICHC TAaKC.

Teepmkenns 1. Jlns MHOTOrpaHHUKa CIIONYy4YeHb 3 HEOOMEXKEHHMH MOBTOPEHHSMH CIPaBeJINBa
HepiBHICTH (21), ne

=(k+3)e, —3e,. (29)

Kpoxk 3. [Ins 3Benenns cucremu (18)-(20) no ogHopigHoi moMHOXHMMO TnipaBi yacTunH (18) Ta (20)
Ha BUpa3

1110, 3riaHO 3 (22), (29), € onunuIero. OaepKUMo

K+1
X+ yo,1 k+3 (ZX +Zy]—l] ) (30)
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K+1
Xk+yk,k+l (k+3 e —361(2)( +Zyj 1] j

a0o Mmicyst CIIpOIIeHHS

k+1

k
[4e,—(k+3)e, |x, +& > x;+[(k+3)e,—2¢ |y, +& D> y;,; +eu=0,
i=2 =

k-1 [
e, > X;+[3e,—(k+2)e, [x +e, Dy, +[3e - (k+2)e, |V, +eu=0.
j=1 j=1
Kpok 4. Po6umo 3aminy 3MiHHEX 3Ti1HO 3 (8). Maemo 3amauy
[
[(k+1)e,—€ D ¢;X; — max,
j=L

110 ekBiBasieHTHO (1), 32 yMOB:

k+1

k
[4e,—(k+3)e, | X, +& > X, +[(k+3)e, —2¢, [V, +€, DY, +&V =0;
j=2 j=2
Xja=Xj+Y4;=0 Vvjedf;

enkixj+[3el—(k+2 e, | X, +eZYJlJ+[3e k+2)e, Y a+eV =0;
j=1

K+1

Zx +ZYJ“+V 0.

(31)

(32)

(33)

(34)
(35)

(36)

(37)

Kpok 5. YV xoxHoMy 3 piBHsHB (34)-(36) y niBili 4acTHHI BiJIHIMEMO BJIACHY HEBiJ’€MHY 3MiHHY
W,,; (3 TuMu iHfekcamu, 3 AKMMH BXOJUTDH Y BiTOBiIHE PiBHAHHA 3MiHHA Y, ,;), VjeJ; — B

(35); w,, B (34, W, — B (36). Koediuienr mpu W,
VjeJdr,={12,.. k+1}. B (37) BBesieMo 3MinHy W

i-Lj IIO3HAYHUMO

ciiksz 3 KOCQILIEHTOM ¢y, .,

Teepaxenns 2. Koediuienr «; ,; Vje Jy., OOUHCITIOETBCS TaK:

Lj
oy, =46 —(k+3)e, +e (k—1)+[(k+3)e, —2¢ |+(k+1)e, +e =
=e (4+k—-2+k+1+1)=(2k+3)e,;
a;,;=1-1+1=1 vje MR
A =€, (k—1)+3e, —(k+2)e, +e,k+3e, —(k+2)e, +e, =
=6e,+e,(k—1-k—2+k—k—2+1)=6e —4e,.

Xyisr =K+K+1+1=2(k+1).

[Ticnsa kpoky 5 Maemo 3amaqy:

k+2

z MZW . — max

j=1

k+2

k
[Ze1 —(k +1)en] X, +e > X, +(k+1)eY,, +e > Y, +eV —(2k+3)eW,, =0,
j=2 j=2

L

(38)
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X=X +Y,,,-W;,;=0; Vjel?,

-1
k-1
j=1
k k+1
X DY 4V —2(K+1) Wy, =1
j=1 =1

Baypaxumo, mo I =k +1, omke N=k+2r+1=k+2k+2+1=3(k+1).

4. LTIOCTPATUBHUM IIPUKJIA L

k
enz X +(e,—ke, ) X, + enZ:Yj_Lj +(e,—ke, )Y, 1 +6,V — (66, —4e, )W, ., =0,
j=1

165

(39)

(40)

(41)

Mpukaan. Hexait G:{14;114}, k=4. Posrnsmemo MHOXHMHY S* (G) cmomy4eHb 3

HEOOMEXEHHMH ITOBTOPEHHSIMH.
Orxe, N=2; S(G)=(e,e,)=(111).
Cucrema st convS* (G)=Q} (G)=Q; (G), wo mae Buriisia (17), Taka:

-X <=1
X, —X, <0;
X, =%, <0;
X; —X, <0;
X, <11.

3Boaumo (42) 1o kaHOHIYHOT popmu:

_X1+y01:_1;
X =X+ Y, =0;
X, = X3+ Y53 =0;
Xg =X, + Y3y =0;

X, + Y, =11
3anucyeMo J0/1aTKOBE OOMEeXEeHHs BUTTISAY (22):
X+ X, + X5+ X, 4+ Yor + Vo + Yoz + Vg + Vs +U=U .
Ouinnmo U . Sk BigoMo X, +...4+ X, <4-11=44.
Yoo =—1+x <-1+11=10, Vy,, =X, — X <11-1=10,
Yo = X3 —X, <10, y,, =X, — X%, <10, y,, =11-x, <10.
3 iHImoro 60Ky
Vio =X, =Xy Yos =Xg =Xy, Yoy =X, — Xg,
JOJIaBUIN TPU OCTaHHI PIBHSIHHS MaeEMO:

y12+y23+y34:X4_X1Sen_e1:10'

k+1
Otxe, ) Y;,; <3(e,—€)=30.

=

To6to, U =44+30 =74, mo nae i popmyna (29):

Bicnuk 3anopizvekozo nayionanvsnozo ynieepcumemy
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U =(k+3)e, 3¢, =(4+3)-11-3.1=77-3=74.

3BeneMo mepiie i OCTaHHE piBHSAHHS B (43) 10 OTHOPIAHMX, IOMHOXHBIIH iX TpaBi YaCTWHU Ha

1 4 5
= in +J_Z_1:yi—1,1' +U

A0o

_X1+X2+X3+X4+y01+y12+y23+y34+y45+u.

—X, + — X
Xl yOl 7 4

11
X4+y45=ﬂ(X1+X2+X3+X4+y01+y12+y23+y34+y45+u)'

{ _73X1+(X2 +X3"‘)(4)"'71:-‘3/01‘*‘(3/12 + Yot Yot y45)+u =0;
11( X, + X, + X3 ) — 63X, +11( Yoy + V1o + Vo5 + Yas ) —63Y,5 +11u =0,

Axmo ckopucrarucs (32), (33),

(A—7-11) % +1- (X, + X3 + X, ) +(7-124+2-1) Yo, +1- (Vi + Vo3 + Yau + Vs ) +1-u=0
11(% + X, + %) +(3-1=6-11) +11( Yoy + Vi + Vs + Yau ) +(3-1—(4+2)-11) +11u =0,

TOOTO MAEMO Ti XK Pe3yJIbTATH.
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