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3AJIAUA ONTUMIBALIT KPAHMOBOI 3AJIAUI JIJISA PIBHSAHHS
JIAITYHOBA B ITPOCTOPI I'VIBBEPTA

[Tanacenko €. B., k. ¢.-M. H., TOIIEHT

3anopizvkuii HayloHaIbHUU YHIGepcumen,
8yn. ’Kykoscvkoeo, 66, m. 3anopixcocs, 69600, YVrpaina

panasenko.yevgeniy@gmail.com

VY crarti pO3IISHYTO [BOTOYKOBY KpaloBY 3amady B KPUTUYHOMY BHIAAKY IS MaTPUIHUX
mudepeHniadbHAX piBHAHG TUITY JlamyHoBa. JlocmimkeHo 3aady B NMPUITYIICHHI, MO OMepaTop, SKUA
ONHKCY€E OIHOPIAHY JIiHINHY KpaHoBY 3a1ady, € HETEPOBUM. 3alpOIMOHOBAHO MIiAXIA 0 3HAXOKECHHS
cepest po3B’s3KiB KpaioBoi 3a1a4i TOro po3B’sI3Ky, SIKMH MiHIMI3ye NesiKuid (GyHKIIOHA.

Kmiouogi cnosa: kpaiioga 3a0aua, esonoyitHuil onepamop, nces00obepHena Mmampuys, QYHKYioHa.

3AJIAYA ONITUMM3AILIMA KPAEBOM 3ATAYH 1J151 YPABHEHUH JAITYHOBA

B IIPOCTPAHCTBE T'MJILBEPTA
[Tanacenko E. B., k. ¢.-M. H., gO1IEHT

3anopoorcckull HaYUOHANIbHBIU YHUBEpCUmen,
ya. ZKykoeckozo, 66, 2. 3anopoocve, 69600, Ykpauna

panasenko.yevgeniy@gmail.com

B crarbe paccmoTpeHa ABYXTOYEdHas KpaeBas 3ajadya B KPUTHMUECKOM Cllydae IJIsi MaTpU4YHBIX
muddepeHnnanbHEIX ypaBHeHHH Tuma JlamyHoBa. MccnemoBana 3amada B TIPEATIONOKEHHWH, YTO
OIepaTop, KOTOPBIN ONUCHIBAECT JIMHENHYIO KPAEBYIO 3a/1auy, sIBJSETCSI HETEpOBbIM. IIpeiokeH noaxon
K HaXO0XKJICHHUIO CPEeIU PEIIeHUI KpaeBOW 3aJaud TOrO PEUIeHUs, KOTOPOe MUHUMH3UPYET HEKOTOPBII
(yHKIMOHAL.

Kniouegvie crosa: kpaesas 3a0aua, 260104y UOHNbLIL ONEPAMOp, NCe8000OPAMHASL MAMPUYA, PYHKYUOHAI.
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A PROBLEM OF OPTIMIZATION OF THE BOUNDARY-VALUE PROBLEM
FOR LYAPUNOV EQUATIONS IN HILBERT SPACE

Panasenko Y. V., Ph.D. in Physics and Maths, Associate Professor

Zaporizhzhya National University,
66, Zhykovsky str., Zaporizhzhya, 69600, Ukraine

panasenko.yevgeniy@gmail.com

The paper is devoted to the investigation of the two-point boundary-value problem in the critical case.
This problem has many applications of the theory of boundary-value problems for differential equations.
Under the assumption that the corresponding generating operator is Noether’s operator the given
boundary-value problem is studied. The set of solutions are constructed with the help of the theory of
pseudoinvertible operators. An approach is used to construct the set of solutions with the ones of the
boundary-value problem that minimizes some functional is proposed.
It should be noted that such equations are used in the games theory and the variational calculations.
Many papers exist where in wich matrix Riccati equations and operator differential Riccati equations are
investigated. As a rule such equations are investigated in the regular case when are the given problem
has a unique solution. In the nonregular case such equation was investigated (in the periodic case) in the
works of Boichuk O.A., Krivosheya S.A. [1, 6]. It should be noted that this equation are investigated in
operator, matrix case or in the operator-differential case.
Riccati equation plays an important role in the theory of optimal control, calculus of variations, physics
and many others applications. It should be noted that in general many papers are devoted to obtaining
the conditions of solvability in the regular case. There are also papers [1-3, 6-8] in witch this equation is
investigated in finite-dimensional case and papers in witch equation is investigated in the infinite-
dimensional case [4, 11].
The paper presents the examples of finite system of such equations. We find the Necessary and
sufficient conditions of the existence of solutions of boundary-value problem for Lyapunov equation in
the Hilbert space are found. On the basis of this material the boundary-value problem using a
pseudoinverse matrix theory is solved. Among the solutions of the boundary-value problem for
Lyapunov equation, a solution that minimizes some functional is found.
It was shown that can be applied for studies functional to a minimum, can apply the theory of
pseudoinverse matrix [7, 8]. The proposed approach can be applied to study of boundary-value problems
for operator-differential equations of general type.

Key words: boundary-value problem, evolutionary operator, pseudoinverse matrix, functional.

INOCTAHOBKA IMTPOBJIEMHA

JlocmipKeHHIO KpalloBUX 3a7a4 s JuQepeHiaIbHUX PIBHIAHD SIK Y CKIHUEHHOBUMIPHOMY, TaK 1y
HECKIHYEHHOBHMIPHOMY BHWITaJKaX IPHCBSYCHA BEIMYE3Ha KUTbKiCTh podiT [4, 6-8, 10]. Cepen
OCTaHHbOT'O KJIacy 100pe BioMuM € piBHAHHA JlamyHoBa [1, 3,4, 9]. ¥V crarTi po3risinaerbes
3ajlaya ONTHMI3alli KpailoBoi 3ajgadl JUIsl ONepaTopHO-Au(epeHIialbHOro piBHAHHSA JIdmnyHoBa B
npoctopi ['inebepra. Hata pobota € mpo1oBxkeHHsIM poOoTH aBTOpiB [4].

Posristnemo Taky kpailoBy 3a1auy:
Z(t)= AZ(t)+ Z(t)B +®(t), (1)
1Z()=a, )

e Z(t) € HEBIIOMOIO  omepaTop-QyHKIED 3  MPOCTOPY C([a; b]; Hl); A(t), B(t)e
C([a; b]; L(Hl,Hz)); orepaTop-QyHKIIis <D(t) € NUIAXOM Yy MPOCTOpPi JIHIMHUX Ta OOMEKEHUX
orepaTopiB L(Hl, Hz). <D(t) — HeTepepBHE BiOOpakeHHS Bipi3ka [a;b] y TIPOCTip L(H,, H,),
To6T0  D(t) € C([a;b]; L(H,,H,)); ninilimuii o6Mexenuii omepatop / IEPEBOIMTH ONEPATOP-
byHKIIIFO Z(t) y mpocrip ['inebepra H,, TobTO /: C([a; b]; L(Hl))—> H,; o — enement 3 mpocropy
H,.

Cepen po3B’si3kiB kpaiioBoi 3amaui (1), (2) ais piBHsSHHA JIATyHOBa IIYKAETHCS TAaKH PO3B’SI30K,
KWW MiHIMi3ye QyHKIioHaT J [C] :

Bicnuxk 3anopizbkozo nayionanvhozo ynisepcumemy MNe 2, 2017



218 Visnik Zaporiz'kogo nacional'nogo universitetu. Fiziko-matemati¢ni nauki

J[C]zHﬁZ[Z(t,C)dt—H

— mCin : 3)

ne H —mocriiinuii oOMexxeHuit onepaTop.

MarpuvHe piBHSHHS TaKOTO BUTJIAY BiAIrpae BaKJIMBY POJb y Teopii JiHIHHUX [ aMiIbTOHOBHX
CHCTEM, BapialliiHOMY YHUCIEHHI Ta ONTHUMAJIbHOMY KEpyBaHHI 1 IIUPOKO BUKOPUCTOBYETHCS B
Teopii irop [5].

VY mpartti [6] oTpuMaHO KpUTEpii PO3B’SI3HOCTI MEPIOJUYHOI KpaioBOI 3aaadi AT MaTPUYHOTO
piBHsHHS Pikkari B TepMiHax j>KOpIaHOBOI CTpYKTypu marpunb A Ta B ¥ y HeperymsapHOMy
Bunaaky. Y mpaui [11] gocmimkeno kpaioBy 3aady Ha KEpOBaHICTh JUIs PiBHAHHA JIsmyHOBa B
npoctopi ['inebepra.

3HAXO/I)KEHHS PO3B’SI3KY KPAMOBOI 3ATAYI, IKWHA MIHIMI3Y€E
®YHKIIOHAJ Y IPOCTOPI I'JIBBEPTA

Posrnsnemo niHilinuit omeparop K!, sxwmii mepeBomuTh omepaTop-(pyHKIi0 CD(t) 3 TPOCTOPY

C([a;b]; L(Hl, Hz)) B oneparop-dyrkuito K![®]e C([a;b]x[a;b],L(H,, H,)) Burmsxy

Ki[@]= X)X oV *(tV (), (4)
ne X(t), V(t) — eBomouiiini omepaTopn Takix onepaTopHO-IH(EPEHITIHHAX PiBHAHD
H(t)= A(tH(t), H(0)=1,
Y(t)=Bt)N () Y0)=1,
BiIIOBiTHO.

3a J0MOMOro IBOTO Oleparopa MOXKHA TMPEACTaBUTH 3arallbHUN po3B’s30K piBHSAHHSA (1) y
BUTJISLIL

2(t)= KM ]+ [ K [olr, ©

a

Ae JoBinbHUN omnepatop M e L(H »H,). Tlosnaunmo wuepes Z(t) — wuacTuHHMI PO3B’s30K
HEOJIHOPITHOTO piBHAHHA (1), sIKU Mae BUTIISIA:

4 (t)=jr<§[q>]dr. (6)

[lincraBumo (5) y kpaiioBy yMoBy (2) Ta OTpUMAaeMO Take OIEpaTOpHE PIBHSHHS BiJHOCHO
oneparopa M :

LM = a-— zj K:[®]dt, ()

ne omeparop L nie 3a mpasmiom LM = /(K [M]: L(Hl, HZ)—> H,. ITokaxemo, 110 3a MEBHHX
J0aTKOBUX YMOB Ha oneparop L, maHe piBHSHHS Ma€ po3B’SI3KU.

BinnosizgHo, po3B’a3ku piBHSAHHSA (7) ICHYIOTh TOJ1 ¥ TIIBKK TOI [8], KON

P (L*)[a - [I K;[d)]dr} =0. (8)
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Tyr P, () ~ TIPOEKTOp Ha 571pO ormeparopa L*, copspkeHoro go omeparopa L. Ils ymoBa rapantye

HAJIeKHICTh MpaBoi YacTUHH piBHIHHS (7) {a—fj K;[(D]d’t} € R(L) MHOKHHI 3Ha4€Hb ONeparopa

L.

3a BUKOHAaHHS YMOBU po3B’si3HOCTI (8), omeparopHe piBHSAHHS (7) Mae€ MHOXHUHY pO3B’S3KiB
BUTJTIALY:

M = [a EJ.K dr}rP()C 9)

ne C — JOBUIbHUH JIHIHHUN OOMEKEHHUH Omeparop (C IS L(Hl, Hz)), Py(L) — TIPOEKTOp Ha SIPO

omepatopa L. IlincraBuBmm omepatop M B (5), orpumaemo 3aranbHuii po3s’sizok (1), (2) y
BUTJISAIL:

Z(t,C)=K:[R, Cl+G(@ a))t), (10)

P (S] YSaFaHBHeHI/Iﬁ o1IepaTop Flea BHU3HAYAETHCA TaK
t
G([@,al)t)= [K![ek-K {z [ dr} + Ko (11)

Teopema 1. Hexaii omepatop L € y3aranpHeHO-oO00poTHUM. Tomi kpaiioBa 3amaua (1),(2) mae
PO3B’A3KHM TOJI ¥ TUTBKH TOJI, KOJIU R(L)= R( L) i BuKOHyeThCs yMOBa (8). 3a BUKOHAHHS YMOBH

(8) po3m’s3ku  kpaiioBoi 3amaui (1),(2) marote Burmaa (10) mmg  JAOBIIBHOTO —oreparopa
Cel(H,H,).

Cepen po3p’s3kiB (10) kpaitoBoi 3anaui (1), (2) I[J'I}I piBHsIHHSA JIAmyHOBa 3HalZIeMO TOM PO3B’ 30K,

AKUM  MiHIMI3ye ¢yHKmioHan (3) J [C ‘ - mcin , e H — mocriiinuit
. = 1 .
obmexxeHnii onepatop. IlosHaunmo uepes Z(C):b— Z(t,C)dt. Sxmo min - gocsraeThes, TO
— a 5
BIJIOBIAHO, yMOBA (3) €KBIBaJI€HTHA 3HAXOJKEHHIO PO3B’A3KIB PIBHSHHS:
Z(C)=H. (12)
Sxo [7] PN (Z*)H =0, 10 EUE]C =0 1 mocsraerbcs HA
C=Z"H. (13)

Axmo P (Z*)H #0, To piBusHHS (12) HepO3B’sA3HE, OJHAK BOHO 3aBKIU Ma€ TCeBIOpPO3B’ 130k C |
SIKUW MIHIMI3Y€ B1JIXWUII HZ (C)— HH y po3B’s3ky piBHSHHS (12) 1 cepen ycix C, Ha SIKUX BiAXHIT
HZ (C)— HH Jocsira€ HaWMEHIIOro 3HavyeHHs. PiBHsSHHS (12) 3aBKIM Ma€ OOWH 1 TIIBKH OIUH

Halikpamuii nceBmnopo3s’sizok C* y ceHci HallMeHIIMX KBajpariB. HesBaxarounm Ha Te, IO
TMICEB/IOPO3B’SI30K €JUHUMN, pO3B’sI30K piBHAHHA (12) y 3HaYeHHI HAaIMEHIIIMX KBAJApaTiB Ma€ BUIJISL

C'=Z"H+PRoC. (14)
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MMPUKJIAJL
Hexaii 3amana kpaiioBa 3afada Jjisi MaTpUYHOro AW(EpPEHIIaNbHOrO piBHAHHSA THIy JIsmyHoBa
BUTIISAY (1), (2) 3 KOMIIOHEHTAMH: A =diag {% , % , % , %} B =diag {0,1,0,1},

Lod L 3

- s t - . . . o
CD(t)= diag {ez ,e2 g2 g2 }, o = diag {(xll,(x22,oc33,(x44} — JlaroHalibHI MaTpHII; KpaioBa ymMOBa

mae surmsin — (Z(-)= Z(0)-Z(In16)=a; Z = Z(t) € neBizomoro Marpuueio.
EBomtoniiini oneparopu X(t), V(t) JOPIBHIOIOTH:

1

e 0 0 0 100 0
g 0 e 0 0
=0 = L0V 0010
0 0 e* O
L 0 0 0 ¢
0 0 0 e’
Matpuusa K'![®]= X (t)X *(t)@(tV *({tV(t) nopisrioe
L
e? 0 0 0
i’[Jrl'l.'
3 6
Kio]=| 0 0 0
0 0 et 4 0
EH—E‘E
0 0 0 5w

3a nomomororo oneparopa K![] moxma npencrautu saransuuit poss’szok pisusHas (1) y Bursi
t

Z(t): Ké[M]+ J Ki[q)]dr, ne M — MaTpuus 3 HEBIIOMHMMH KOMIIOHEHTaMH, siKi Tpeba 3HalTH.
0

Ockinpky, 3a YMOBOIO 3a1a4i A 1 B — mlaroHasibHi MaTpuil, TO JUIsl 3pYYHOCTI OyJaeMo IIyKaTu
Mmarpuiro My Burmsiai niaroHanbHoi Matpuri M = diag {mll,O, m33,0}. 3Haii1eMo oneparop K(‘,[M ]

3a opmyIoro (4):
L L
e22m, O 0 0
il © 0 L0 0
0 0 e*“*my O
0 0 0 0
Omneparop L mie 3a npaBuiom LM =£K5[M ]:
-3m, O 0 0
0 0 0 0
L= :
0 0 -3m,; O
0 0 0 0

I1eit omepaTop HeMae obeprHeHOro L, are icHye nceBn000epHEHHMiT onepaTop
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1
-— 0 0 0
3my,
L* = 0 0 01 0 _
0 0O —— 0
3mg,

0 0 0 0

Hpoekropu Py 1 P, (c) Y UbOMY BHIAAKY Oynyrs nopisuioBatu: By =diag {0101},

Py () = diag {0.1.0.1}.

640 160 \/—

YMoBa po3B’s3HOCTI (8) BUKOHYETHCS IIPH oc22:—384+1923{/5,

Olyy

NOBUIBHUX O, € R 1 o, € R. Omxke, 3araJibHU PO3B’SA30K PIBHSAHHA (1) MOXHA BUIMCATH
11 33 > y

BUTJISAIL:
M(a +16M2) N
_e2 (o, +16In2) o2 0 0 0
3my,
44 4 3
0 C,,e3 —6ed +6e2 0 0
Z(t’C): “ Et 1
4 et
0 0 e (05 +8) o', g2 0
Ms3 . A
3
0 0 0 c44ef'>t—9e5t+9e2t
3 3

[lincTaBuBIIM 3HAIIEHY MaTPUIIO Z(t,C) B KpailoBy yMOBY, 3’scoByemo, mo M, =1, m, =1.

OCKIIBKH Ol; 1 O3 TOBLIBHI, TO MOKJIAAEMO O = Oy = 0. OTike, pyHKLIsA Z(t,C) JOPIBHIOE:

1

——6e5 In2+e? 0 0 0
4 4 3
Z(t,C)= 0 C,e® —6e3 +6e? l0 1 0
0 0 ~12e* +4e? .0
3
0 0 0 c44e5t —Ee5t +Ee2t
3 3

Cepen po3B’s3KiB Z(t,C) KpaiioBoi 3ajgaui (1), (2) 3HaiineMo Takuil po3B’s30K, SKUA MIHIMI3YE
¢byHKIIOHAT J[C] Buriany (3). YV pomi Marpumi H  Bi3bMEMO JllarOHaibHY MAaTPHIIO

H = dlag {hﬂ; hzza h33’ h44}

J[C]z‘

1 b
— | Z(t,C)dt —H| =
sizeo)

. 3 1 3
diag< — —h,, ——C
g{ nz ™ 4In2[ 4%

6 1 ( 5 1285 40 400
———h,, —Ze, 2+ e, Y16 - 2316
In 2 i 4In2( 64 9 3™* j }

288, 24c,,3/2 - 144%/5) —h,,,
2

—min.
C

3acTOCOBYIOUM METO]I HAMMEHIINX KBaJpaTiB, MOXKHA 3HAUTH Cy, 1 C,,. Y IbOMY BUIAJKy MAa€EMO:
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_ 2 8h,In2+2823/2-5113

C )
23 323/2-1
C_ 2 576h,,3/16 In 2 — 209603/16 +12800%/8 —36h,, In 2+1285
“ 15 32316 —512%/8 -1 '

V3sBim, Hanpukiaa, hy, =h, =1, maemo, mo mpu C, =—-2,451794702 i c, ~—2,797995711
PO3B’SI30K Z(t, C) KparoBoi 3amaui (1), (2) miHimizye GyHkmionan J [C]

BUCHOBKHA

VY nochimpkeHHI po3MVIsHYTa 3ajada ONTHUMI3allii KpaioBoi 3amavi Ui piBHSAHHA JIsmyHOBa B
npocropi ['imeOepra. L[ Teopist mpalfioe ik y KpUTHYHOMY TaK U y perysipHOMy BUMAKy [7, 8].

[Tokazano, Mo s AOCHDKEHHS (YHKIIIOHAIIB Ha MIHIMyM MOXHa 3aCTOCOBYBAaTH TEOPIIO
nceBnoodepranns [7, 8]. 3ampomnoHoBaHMN TMiAXiJ MOKHA 3acTOCOBYBATH [0 JOCIIKCHHS
KpaioBUX 3aJa4 ISl ONepaTOPHO-IU(EPEHITIAIBHUX PIBHSIHD 3arajlbHOTO THITY.
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YK 539.3

MIIITAHA 3AJJAYA ®PUKIIHHOI'O KOHTAKTY KOAKCIAJIBHUX

NUWITHAPUYIHUX OBOJOHOK TA IIPYKHOI'O 3AITOBHIOBAYA

[Tonmaxgroxk I. Y., k. ¢.-M. H., cTapimii HayKOBUI CIIIBPOOITHUK

Incmumym npuxnaonux npoonrem mexawiku i mamemamuxu im. A. C. Iliocmpueaua HAH Vkpainu,

eyn. Hayxosa, 3 6, m. Jlvsis, 79060, Ykpaina
igorpopadyuk60@gmail.com

3 MeTor po3poOKH IHXXEHEpHOT METOAMKH PO3paxyHKYy OOOJIOHKOBUX OYpOBHX aMOpPTH3ATOPIB,
IPOBEJICHO  MEXaHIKO-MAaTeMaTHYHE  MOJEIIOBAaHHA  OOOJIOHKOBOIO  MPYXKHOTO  EJIEMEHTA.
CchopMynpoBaHO Ta PO3B’sA3aHO MillaHy KOHTAaKTHY 3a/1ady. Bu3zHaueHO KpuTepiil po3TamryBaHHS 30H
NPOKOB3YBAaHHS T 3UCTUICHHS Ha OBEPXHAX KOHTAKTY.

Kniouosi cnosa: O60]lOHKd, 3anoeHoea4, mepms, KOHmMAaKm, MO()@/Z}O@(JHH}Z, NPOKOB3YBAHHA, 3UENJI€HHAL.

CMEIIAHHASA 3AJAYA ®PUKIIMOHHOT'O KOHTAKTA KOAKCHAJIBHBIX
ININHAPUYECKHUX OBOJIOYEK U YIIPYT'OI'O 3AITIOJIHUTEJIA

[Tonmagrox U. U., k. ¢.-M. H., cTapiIuii HAyYHBIA COTPYIHUK

Hncmumym npukiaousvix npodiem Mexanuxu u Mamemamuxu
um. A. C. [loocmpueawa HAH Yxpaunui,
ya. Hayrosa, 3 6, 2. JIveos, 79060, Yxkpauna

C uenpr0 pa3pabOTKH WHKEHEPHOW METOMUKH pacuyéra OO0OJOYEYHBIX OYpOBBIX aMOPTH3ATOPOB,
MPOBEJCHO MEXaHHUKO-MAaTEeMaTHYECKOe MOJCINPOBaHUE O0O0OJIOUEYHOr0  YIPYroro 3JeMEHTa.
ChopmynupoBaHa U pelieHa CMellaHHas KOHTakTHas 3ajgava. OnpeneiéH KpUTepHil pa3MemeHus: 30H
MIPOCKAB3BIBAHUS U CLICIUICHUS HA TIOBEPXHOCTSIX KOHTAKTA.

Knrouesvie cnosa: 060]10%1(‘61, 3anojiHumeib, mpernue, KOHMAaKkm, MO()@JIM[JOGGHH@, npPOCKAIb3bl6AHUE,
cyenjienue.
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