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AHAJIMTUYECKOE PEIHEHUE 3ATAYUA KOHBEKTUBHOI'O
TEIIJIOOBMEHA B IBYXCJOMHBIX CPEJAX
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PaccmoTpena  maTtemaTuueckass ~MOJENb, ONHUCHIBAIOINAS ~ KOHBEKTHBHYIO  TEILIONPOBOJHOCTh
JIBYXCIIOMHOH cpenbl. MeTosoM KOHEYHBIX HMHTErPaJIbHBIX NpeoOpa3oBaHMi IPOBEICHO IO3TAITHOE
pemenne 3amgaun. IloxydeH HabOp COOCTBEHHBIX 3HAYEHHH M COOTBETCTBYIONIMX MM OPTOTOHAJIBHBIX
coOctBeHHBIX (QyHKIUH. McxomHas 3amada mpuBefeHa K OOBIKHOBEHHOMY IH(QepeHIHanbHOMY
ypaBHEHHIO. Pemenue 3agaun nosry4eHo B BUAC (QyHKIHOHAIBHOTO PAA.

Kniouegvie cnosa: menionposoonocms, KOHeeKyus, O0GYXCILOUHAS cpedd, UHMeZpalbHoe npeobpazosanue,
cobcmeennas QynKyus.

DizuKo-mamemamuyHi HayKu ISSN 2518-1785 (Online), ISSN 2413-6549 (Print)


mailto:pyshnograevyuri@gmail.com
mailto:anna.shtanko177@gmail.com
mailto:efim@fastmail.com

Visnyk of Zaporizhzhya National University. Physical and Mathematical Sciences 237

AHAJIITUYHE PO3B'AA3AHHSA 3AIAYI KOHBEKTUBHOTI'O TEIIJIOOBMIHY
Y ABOIIAPOBUX CEPEJOBHIIIAX

Muumorpaes FO. M., k. ¢.-M. m., “Iltansko I'. I, *Iumrorpaes 1O. 1O.
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Po3rnsHyTO MaTeMaTHYHy MOJENb, IO OIMCYE KOHBEKTHBHY TEIUIONPOBIIHICT JABOLIAPOBOIO
cepenoBuma. MeToIoM CKiHUCHHX iHTErpalbHUX IEPETBOPEHb IPOBEICHO MOETAIHE PIICHHS 3aadi.
OtpumaHo Halbip BIacCHMX 3HAYEHBb 1 BIAMOBIMHUX IM OPTOTOHAIBHWX BIAcHWX (YHKIIH. BuximHa
3amayda MpHUBeeHa 10 3BUUAHOTO TU(epeHIiadbHOro piBHAHHA. PimeHHS 3a7adi OTpUMaHO y BHTIIAIL
(YHKIIOHATBHOTO PSAY.
Knrouosi crnosa: mennonposionicms, KOHEeKyis, 080wapose cepedosuwye, IHmMezpaibHe NepemeopeHHs,
611aCHA PYHKYIL.

ANALYTICAL SOLUTION OF THE PROBLEM OF CONVECTIVE HEAT EXCHANGE
IN TWO-LAYER MEDIUM

pyshnograev Y. N., Ph.D. in Physico-mathematical, Shtanko A. I., *Pyshnograev, E. Y.

127 aporizhzhya State Engineering Academy,
Sobornyy ave., 226, Zaporizhzhia, 69006, Ukraine

3Software Developer of Yandex LLC,
Ulitsa Lva Tolstogo, 16, Moscow, 119021, Russia

pyshnograevyuri@gmail.com, anna.shtanko177@gmail.com, efim@fastmail.com

When building blocks are designed, there is an important problem to determine the temperature
distribution in contacting materials. It is well known that obtaining a general analytical solution in such
cases is difficult. For this reason, numerical methods are used to calculate the parameters of temperature
fields. However there is a problem of errors accumulation when numerical methods are used. In some
cases this can lead to unreliable results. For this reason, there is a need for analytical research.
In this research a medium with two layers is is considered. Heat is distributed according to the laws of
heat conduction and convection. The boundary conditions of the first kind are given on the outer
boundaries. Layers contact each other with the conditions for an ideal thermal contact. Temperature
distribution in the layers at the initial instant is constant. Current research determines the temperature
function, which depends on the spatial variable and time.
The mathematical model consists of a one-dimensional nonstationary heat conduction equation with a
convective component, boundary and initial conditions.
The solution of the problem is carried out by the method of finite integral transformations. In order to
achieve this, the method of the separation of variables is used. This helps to reduce the original problem
to the spectral problem with respect to the spatial variable. Then, using the proper replacement, the
problem is transformed to the Sturm-Liouville problem. To solve this problem, the three intervals of the
arrangement of eigenvalues are considered. At each of the intervals the set of eigenvalues is determined
from the respective transcendental equations. This values correspond to eigenfunctions, which are a
linear combination of trigonometric or hyperbolic functions. It is shown that the found eigenfunctions
satisfies the orthogonality property and can be used as kernels of integral transformations. Conducting
an integral transformation makes possible reducing the original partial differential equation to an
ordinary differential equation with respect to time. Using the inversion formula, the final solution of the
problem is written in the form of a functional series.
Given solution can be extended to solve more complex two-dimensional and three-dimensional
problems. It is also possible to solve the problem when the number of contacting materials is increased.
Key words: heat conductivity, convection, two-layer medium, integral transformation, eigenfunction.
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pexuma. B cBsi3u ¢ 3TUM, ONTHUMHU3ALUS XAPAKTEPUCTUK MPOCKTUPYEMBIX 3JIEMEHTOB JOJKHA
MIPOBOAMTHCS C YUETOM MOBEACHUS TEMIEPAaTypHBIX MOJei B conmpukacatomuxcs cpefax. K rakum
cpelaM OTHOCSATCA TBEpAbIE Teja, a TaKKe Ta30Bble M KUAKUE Hamnoiduutenau. [IpoBenenue
TEMIIEPATYPHBIX PACUYETOB SBIISETCS JOCTATOYHO CIIO)KHOM MaTeMaTHYecKOW 3ajayeil, u aus ee
pelieHusi, Kak MpaBWIO, MCIOJB3YIOTCS YMCIeHHble MeTonbl [2]. OpHako, mpu Bcel HX
MIPUBJIEKATENILHOCTH, MPUMEHEHHUE YHCIEHHBIX IOJIXOJO0B CBSI3aHO C MpOOJIEeMON HAKOIUICHUS
MOTPEIIHOCTEH, OMMMOOK OKPYTJICHUS M CXEMHBIX OmuOOK. K ToMy ke 4YucCIeHHBIE METOJBI HE
MO3BOJISIIOT MOJIYYUTh JOCTOBEPHBIE PE3yJbTaThl BOIM3U OCOOBIX TOYEK, TPAHMI] pa3felia ClIoeB, a
TakKe Tpu OoNbmUX pazdpocax TEIIOPU3NIECKMX U TEOMETPHUYECKHX MapaMmeTpoB. B cBs3m ¢
3TUM BO3HUKaeT HEOOXOIMMOCTh IMPOBEICHUS AHAIUTUYECKUX HCCIEeIOBaHUN. AHAIUTHYECKHE
pelieHrusT MMEIOT OOJNBIIYI0 IEHHOCTh, TaK KaK TIO3BOJSIOT HW3y4aTh IMOBEACHHE (YHKIUH,
BXOJAIMX B pemieHue. Kpome Toro, aHaauTHYeCKUe pEIIEHUsST MOTYT ObITh MCIOJB30BaHbI Kak
WHCTPYMEHT TECTHPOBAHUS UHWCICHHBIX METOJOB. B maHHOW paboTe NPUBOIUTCS aNTOPHTM
MOJIyYEHUsI aHAIUTUYECKOTO PEIICHUS HECTAIIMOHAPHON 3a]Jaul KOHBEKTUBHON TETIONPOBOJIHOCTH
JIBYXCJIIOMHOM CpeabL.

1. IOCTAHOBKA 3AJIAYH

PaccmatpuBaercs cpena, cocrosimasi U3 AByX cioeB. [lepBbiif croil 3aHuMaeT 001acThb (—Il;O),

BTOPOH — (O;IZ). KoaddunmenTt temrieparyponpoBOAHOCTH &, TEIUIONPOBOAHOCTH A H CKOPOCTh

IBWKEHUS cpeasl W NPUHMMAIOT 3Ha4YeHus &,, 4, W, Ha IepBoMm cioe u a,, A,, W, Ha BTOPOM

cioe cooTBeTcTBEHHO (puc. 1). Ha BHemHMX rpaHunax 3agaHbl OJHOPOAHBIC TPAHUYHBIC YCIOBUS
MEPBOTO poJia, HA OOIICH I'paHUIIC YCIOBUS HIICAILHOTO TEIUIOBOrO KOHTakTa. IIpenmonaraercs,
9TO B HaYaJIbHBIH MOMEHT BpPEMEHH TEMIIepaTypa CIIOEB TOCTOsHHas. TpeOyercs ompeneinuTh

TeMIeparypHyto GyHkiuoo T (X,t) , 3aBUCSIIYIO OT IPOCTPAHCTBEHHOMN MEPEMEHHON U BPEMEHH.

/\
~—

a, Ay, Wy 8y, Ap, W,

v

—
—_—

Puc. 1. JIByxcnoiinast o6nacts

Maremarnueckasi GOpMyITUPOBKA 33/1a4M COCTOUT U3 YPaBHEHUS B YACTHBIX MTPOU3BOHBIX

T (xt)=a- T, (xt)+wT, (xt), (1)
TPAHUYHBIX YCIOBHUI
T(-,t)=0,
T(l,,t)=0,
T 2—202) =T(+0,t), @
AT, (-0.t) = 2,T, (+0.1),
a TaK)KC HAa4YaJIbHOI'0 YCJIIOBHA
T(x,0)=T,. (3)
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2. HAXOXKJIEHUE COBCTBEHHBIX ®YHKIIUM

Pemenne 3amaun mpoBOAMTCA METOJOM KOHEYHBIX MHTETPalbHBIX MpeoOpa3oBaHHUil. ITOT METO[
MIPEIIoIaracT HaxOXKACHHUE SIep WHTETPAIBHBIX MPeoOpa3oBaHMil, KOTOPHIE SBISIOTCS PEIICHUSIMU
3amaun llrypma-JInyBuis [3]. UTOOBI MONMYYUTh YCIIOBHS 3TOM 3a/1auu, IPEICTABUM HEM3BECTHYIO
TEMIEPaTypHYIO (YHKITUIO B BUJE MPOU3BEICHHUS

T(xt)=T (t)e(x). 4)

Omnpenernsist u3 (4) Beipaxenust aust 1, 1), T, u moacrasisis ux, a Takxe (4) B (1) u (2), npuxoaum

K COOTHOHIICHHUSIM, KOTOpPBI€ IO3BOJIAIOT Pa3JeiIUTh MEPEMEHHBIE U MOJYYUTh CIEKTPAIbHYIO
3a/1a4y, COCTOSIIYIO U3 YpaBHEHUS

ap" (X)+wg' (X)+ S°p(x)=0 (5)
¥l IPAHUYHBIX YCIIOBHIl
o(-1)=0, ¢(1,)=0, @(-0)=p(+0), A4¢'(-0)=71¢ (+0). (6)

2
OtmeruM, 4TO B ypaBHeHHE (5) BXOIUT IMOKa HEWU3BECTHAs IOCTOSHHAs pasneneHus £°. s
pelieHus ypaBHeHus (5) ¢ ycnoBusMu (6) cienaem 3aMeHy

o(X)=y(x)e™, (7)
W
w==—=, Xe[—ll;O),
e u= 2\;1 (8)
iy :2—;2, xe[0;1,]:

B pesynbsrare mpuxoaum k 3agaue [typma-JInyBuis. OHa COCTOUT U3 ypaBHEHUS

ay" (x)+( B - 1'a)y (x)=0 (9)
Y IPaHUYHBIX YCIOBHIA
W(_Il) =0,
w(l,)=0,
v (-0) =y (+0), o
Ay (-0) =y (-0)) =4 (v (+0) = (+0)).

3amaga (9)-(10) mo3BomsieT ompenenuTh OECKOHEYHBIH Ha0Op COOCTBEHHBIX 3HAYCHHU [ U

COOTBETCTBYIOIIMX MM COOCTBEHHBIX hyHKIH Y (X).

HYCTB s OIPEACIICHHOCTH L4 S,uz. Torma mias HaxOXOSHHS COOCTBEHHBIX 3HAYCHUN U

COOCTBEHHBIX (PYHKLUI HY>KHO pacCCMOTPETh TPU MHTEPBAJIA, HA KaXKJI0M X KOTOPBIX COOCTBEHHBIE
(GYHKIIMM UMEIOT pa3iauyHblil BUa [4].

1) Ecm 0<pf< ﬂv/a1 , COOCTBEHHBIE 3Ha4yeHHs] [ OINpeAeNsioTCd W3 TPAHCIEHAEHTHOTO

YpaBHEHUSA

(ﬂiﬂl _ﬂz%)Sh(qlll)Sh(Qle ) _ﬂ1q1Ch(Q1I1)Sh (qzlz ) —A4,0,sh (q.‘lll)Ch (quz) =0,

rac
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2 2
qlalﬂf—%, q, = ui—f—z. (11)

Co0OCTBEHHBIM 3HAUEHHSIM COOTBCTCTBYIOT COOCTBEHHEIE (bYHKI_[I/II/I

v, (x)=Ach(gx)+Bsh(g,x), w,(x)=Ach(a,x)+B,sh(q,x), (12)
raec
A=A, =sh(ql,), B,=ch(qyl,),
_ sh(ayh) (At — A + Aach (gl ) (13)

B, .
4,9,

2) B g44Ja, < B < 44,408, , COOCTBEHHBIE 3HaYeHHs [ ONPENENSIOTCA M3 TPAHCLEHAEHTHOTO

YpaBHEHUSA

(ﬂlﬂl —Au, )Sin (q1|1)3h(q2|2 ) — A0 Cos(qlll)Sh(qZIZ)_ﬂqu sin (qlll)Ch (qzlz ) =0,

rac

B, : p
Y I P (14
"\ e a,

CobcTBeHHbIE PYHKIIMHM UMEIOT BUJ

v, (x)=Acos(gx)+B;sin(gx), w,(x)=Ach(ag,x)+B,sh(g,x), (15)
rac
A = A, =sin(ql,), B =cos(qyl,),
B - sin (g ) (As, = Apn) + 4G, COS(qlh). (16)
i 20,

3) Eciu 1,./a, < B <+00, COOCTBEHHBIE 3HA4YeHHSA [3 ONPEAENAIOTCA U3 TPAHCIEHIEHTHOTO

YpaBHEHUSA

(At = Zo15,)sin (), )sin(a,l, ) — 4,0, cos(qyl, )sin(a,l, ) — 4,0, sin(ql; )cos(a,l, ) =0,

/ﬂz 2 B,
= |- = |[Z—— . 17
0, a, MG a, Hy (17)

CobcTBeHHbIE (PYHKIIMHM UMEIOT BUJ

w,(X)= A cos(gx)+B;sin(qx), w,(x)=A, cos(g,x)+B,sin(q,x), (18)

rac

rIe

A=A =sin(ql), B =cos(qyl,),
B. = _ﬂﬂ:LLlSin(qlll)-i_ﬂ’Z:uz Sin(qlll)-i_ﬂlql Cos(qlll) (19)
° 20, '

OxoHuaTeabHBIN BU COOCTBEHHBIX (QYHKIIUN (p(x) MO>KHO TOJIyYUTh C MMOMOIIBIO BbIpaxeHus (7).

A
OTmerum, 4TO QYHIUH (p(x) OpPTOTOHAJIbHBI C BECOM p(x) =Ze** 10 ecTh
a
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Iy 0, n=m,

I iez‘“% ()@, (x)dx =

20
) o, n=m 0

rae ||(pn ||2 — KBaJIpaT HOPMBI COOCTBEHHBIX (yHKIUH [5].
3. ”HTET'PAJIBHOE IPEOBPA30BAHUE U ®OPMYJIA OBPALLIEHUSA

Hcnone3ys (yHKIUU (pn(x) B KayecTBE sIep HHTErPAIbHBIX MPeoOpa3oBaHuil, MpOBEIEM
KOHEYHOE MHTETpalIbHOE Mpeodpa3oBanue mo Gopmyse

T.(0)-| L0, (X)T () dx. (21)

,|1

0 1 A o I
Jliig aToro ymHoskaeM obe yactu ypaBHeHus (1) Ha ge @, (x) U MHTErpupyeM B npenenax ot —l,

1o |,, npu 3TOM mpaByro YacTh MHTErpUPYEeM JBaxabl 110 yacTsM. C yderom ycnosuit (2), (10), a
Takke ypaBHeHua (9), uMeeM JHHeHHOe OOBIKHOBEHHOE mudGdepeHInaIbHOoe YpaBHEHUE
OTHOCUTEIBHO QYHKLIUH T, (t):

T, (t)+ BT, (t)=0 (22)

C HAYaJIbHBIM YCJIIOBHEM
@, (x)dx. (23)

3uauenns B, sxonsmue B (22), 3apaHee OmpeneleHbl U3 anredpandeckux ypasenuii (11), (14),
(7).

Pemenue 3amaun Komm (22), (23) X0opoI1o u3BeCTHO:

T.(t)=T,(0)e™". (24)

n

Hcnonb3ys hopMyny obOpaliieHus1, modydaeM OKOHYATEIbHOE PelIeHUE 3a1a9u

&0 ()T, (t

(=3 2L (25)
el

TJIe BEIpOKEHHS, BXOISIIUE B TIPaBYIO 4acTh (25), onpenenstores popmynamu (7), (11)-(20), (24).

Taxum oOpazom, pemenue 3agauu (1)-(3) nomydeno. OTMeTHM, YTO MPH MOCTAHOBKE 3a/ayMl JJIs
IMPOCTOTBI HU3JIOKCHHA CXCMbl PCIICHHA pacCMaTpUBAIMCh OAHOPOJHBIC T'PAHHUYHBLIC YCIOBUA
nepBoro poxaa. llpu 3agaHuM TpaHUYHBIX YCIOBUN KakK IPOU3BOJIBHBIX (QYHKIMH BHI szep
WHTETPAJIBHBIX MPeo0pa3oBaHUii HE U3MEHHUTCA. B 3TOM ciydae JOCTaTOYHO pa3leNuTh HCXOIHYIO
3a7ady Ha CTAI[HOHAPHYIO M KBAa3UCTAI[OHAPHYIO YacTH.

BbIBO/IbI

Jns  onMcaHus TEIUIOBBIX IMPOIECCOB B TEXHOJOTMYECKMX KOHCTPYKIHMSX MOXET OBITh
UCIOJIb30BaHA MOJIENIb KOHBEKTHBHOM TEIJIONMPOBOJHOCTH JABYXCIOHHOM cpeapl. OOmas cxema
peleHusi MpUMEHUMa Ul pelieHus 0osee CIOKHBIX 3a/a4 MPH U3MEHEHHHM T'e€OMETPUH Cpell, a
TaKXKe MpHU yBEIHMUEHUH 4ucia ciaoeB. OcoOblii HHTepeC MPEeACTaBiIsIeT paclpoCTpaHEHHE METOoJ1a
JUISlL pelIeHusT ABYMEPHBIX M TpEeXMEpHBIX 3anad. KpoMe TOro mnojiydeHHOE aHaJIuTHYECKOE
pellleHre MpeJCTaBIsieT LIEHHOCTh JUIsl TECTUPOBAaHUS KauyecTBa MNPUOJIMIKEHHBIX UHCICHHBIX
METOJIOB.
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BJIMAHUE TPEJIBAPUTEJIBHOI'O TEPMOCHJIOBOI'O HAI'PYKEHUSA
HA HNPEJAEJIBHYIO HAT'PY3KY TPYBbI IIPU EE YNCTOM U3I'NBE
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DOJeMeHThl KOHCTPYKUHMH U3 THYTBIX CTaJbHBIX TPYO IIMPOKO TPHUMEHSIOTCS B XHMHYECKOM,
A’POKOCMHUUECKOI OTpAaCIsiX, B IPAXKAAHCKOM CTPOMTENIBCTBE, MIPU CTPOUTENILCTBE TPYOOIPOBOJIOB U B
KOMMYHQIBHBIX ceTsix. Jlns wm3rmba TpyO OOBIYHO MCHONB3YIOTCS HPOMBIIUICHHBIE THOOYHbIE
ycraHoBkH. OpHako, mpH OONBIIMX JWaMeTpax TpyOd WCHONB30BaTh TakWe YCTAHOBKH HE
NIPE/ACTaBISIETCSl BO3MOXHBIM. KpoMme TOro, 3TH YCTaHOBKHM SBISIFOTCS JIOPOTOCTOSIIIMMH M HX
HCTIONB30BaHue s n3ruba TpyO B HEOONBIIOM 00BeMe HE pallioHATBHO. B CHiTy 3TOTO IPUMEHSIOTCS
Gosiee TpocThle CHOCOOBI M3rnda TpyO, TakoW, Kak, HAlpUMEp, COBMECTHOE AEHCTBHE H3rHOAaIoIIero
MOMEHTa U JIOKJIBHOTO HarpeBa. B pe3ysbTaTe Takoro TEXHOJIOTHYECKOTO IPOLiEcca Ha BOTHYTOH
TIOBEPXHOCTH TPYOBI BOSHMKAIOT CKJIAJIKW M OCTaTOYHbIe HampspkeHHs. [Ipy MOBTOPHOM HarpyXeHHH
9TH CKJAJKH W OCTATOYHBIE HANPSDKEHUS B TpyOe NPHUBOAAT K HEOTHOPOIHOMY HAIMPSKECHHOMY
COCTOSTHHIO M, KaK CIIEJICTBHE, K CHIDKCHHMIO Hecylled crocoOHocTH TpyObl. B paborte ¢ momomipo
nporpaMmHoro komiuiekca ABAQUS noctpoeHa KoHEUHO-3IeMEHTHAS MOJIENb Ae(opMaIiiy T0KaaIbsHO
HarpeToil TpyOBl NpH HAarpy>KeHWH €€ W3rHOalolMM MOMEHTOM C IIOBTOPHBIM HAarpyXeHHEM [0
MOMEHTa MCYEpNaHus Hecymed cnocoOHocTH TpyOsl. IIpuBeneHl pe3ynbTaThl KOHKPETHBIX PAcieTOB
NIpeAeIbHON HAarpy3KHy JUIS TPEX JUIMH TPYOBI.

Kniouegvie cnoea: koneunvie s1emenmol, 00070YKA, NOSMOPHOE HAZPYICEHUE, NPeOelbHas HA2pys3Ka,

udeanvHas nAIACMUYHOCHb.
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