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VY poboTi MOCTIIKYIOTECS KOPCTKI Ta MaiKe MKOPCTKI caraiilaki MaTpHilb MMOKA3HUKIB. 3HAWICHO
YMOBH TOTO, IO caraifilak OAep>Ky€eThCs 31 CKIHIEHHOIT KiTbKOCTI MaTpHIlb MOKAa3HUKIB Ta 3HaWACHI BCi
JKOPCTKI caraiiiaku Ha 4 BepIInHax.
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RIGID QUIVERS AND ALMOST RIGID QUIVERS
1Zelenskiy O. V., 2Darmosiuk V. M.
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Ohienko str., 61, Kamianets-Podilsky, Ukraine

“Mykolayiv National Sukhomlynsky University,
Nikolska str., 24, Mykolaiv, Ukraine
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One of the most important classes, which appear in various questions of the ring theory and the image
theory, is the class of the tiled orders. In terms of the abstract ring theory tiled order is primary
Noetherian, semi-perfect and semi-distributive Noetherian ring with non-zero Jacobson radical.
Exponent matrices appear in the theory of tiled orders. Each tiled order is completely determined by its
exponent matrix and discrete valuation ring. Many of the properties of these rings are completely
determined by their exponent matrix, such as quivers of rings. The exponent matrix quiver coincides
with the tiled order quiver. In order to research the exponent matrices and their quivers there can be
applied the combinatorial and geometric methods.
This article deals with the question of exponent matrices and their rigid and almost rigid quivers.
Properties of admissible quivers have also been discovered. The authors have proved that a unit quiver
is rigid or almost rigid. If there is a weight function, for which quiver is not a unit quiver, so there is an
infinite number of pairwise nonequivalent exponent matrices, from which quiver is derived. A rigid
quiver cannot have loops. There are only four rigid not isomorphic quivers with four vertices. But there
doesn’t exist almost rigid quiver with four vertices.

Key words: exponent matrix, admissible quiver, rigid quiver.

BCTYII

OnHuM 13 acrekTiB Teopii Kijielb € BUBUEHHS BJIACTUBOCTEH KUIEIh 3a JOMOMOTOI0 Teopii rpadis.
KoxHuil uepennuHuii NopsSA0K MOBHICTIO BU3HAYAETHCS CBOEID MATPHUIICIO MMOKA3HUKIB 1 TUCKPETHO
HOpMOBaHUM KinbileM [1]. bararo BiactuBocTel TakuMx KIJEIh MOBHICTIO BHU3HAYAIOTBHCSA 1X
MaTpPUISIMU MOKa3HUKIB [2, 3], 30kpema, caraiiiaku Takux kineus [1]. [TopiBHSIHO HeTaBHO MAaTpHUII
MTOKa3HUKIB CTaJId OKPEMHM 00’€KTOM BHBUEHHS. HeXOpCTKICTh NOMycTHMOro caraijaka, sSiKAi
Mae xo4ya O OgHY meTiro, AoBeAeHO B [4]. 3 mosiBo0 BaroBux (GYyHKLIA 3’sSBUIIOCS Oliblie
MOXMJIMBOCTEH U1l JOCTIKEHHSI JOMYCTUMHUX caraimakiB [5]. Omuc nesKkux KJaciB KOPCTKHUX
caraifjakiB 3amo4yatkoBaHo B [6]. Y [7] BCTaHOBIEHO BIACTHBOCTI OJAMHUYHUX LHUKIIB Ta
OIMHUYHUX caraiifiaKiB, 30KpeMa 3HANJCHO OOMEXKEHHS JUIsl E€JIEMEHTIB MAaTpHIll MOKa3HUKIB
OJMHUYHOIO caraijgaka. Y poOOTI MpPOAOBXKYIOTHCS AOCHIDKEHHS MaTpUIlb MOKAa3HUKIB Ta ix
caraiJjaKiB, 30Kpema >KOpCTKHX Ta MaiKe >KOPCTKHUX carailJjJakiB MaTpHIlb TOKa3HUKIB.

OCHOBHI BUSHAYEHHS
Hexaii M,,(Z) — e xinblie MaTpuilh PO3MIPHOCTI N 3 HUJTMMH €IIEMEHTaMH.
O3nauenns 1 [1, c. 353]. Marpuns € = (al- j) € M, (Z), s sIKOi BAKOHYIOTHCSI YMOBH:
1) aij + ay = ay A BCix i,k =1,..,n;
2) a;; = 0 s Beix i = 1, ..., n, HA3UBAETHCSA MAMPUYEIO NOKAZHUKIE.
Marpuiist moKa3HUKIB, sl SKOi BUKOHYETHCS yMOBA
3) a;j + aj; = 1 qnascix i,j € {1,...,n} (i# j) Ha3UBAECTBCA 36€0€HOI0 MAMPUYEIO NOKAZHUKIE.
Hexann € = (al-j) — 3BeJICHA MATPHUI TOKa3HUKiB. Beememo marpumo €L = (,Bi]-) =&+E, €
€ M, (Z), ne E, — omunnmuHa wmarpuisi. Baememo wmarpumoo €@ = (yi j) € M, (Z): vy;j =
= ming{Bi + Br;}-

Osnavennss 2 [1, ¢.357]. Caraiimakom 3BemeHOi Marpuili TokasHHKIB Q = Q(E) Ha3uBaeThCS
caraii/lak, MaTpHIIS CyMiXKHOCTI SKOro 3aaethes popmyioro [Q] = €@ — W,
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O3unauvenns 3 [1]. 3BemeHi MaTpulli MOKa3HUKIB £, 1 €, HA3UBAETHCSA €KBIBAJICHTHUMH, SIKIIIO OJHY
MO>KHa OTPUMATH 3 1HIIOI 3a JOITOMOT'0I0 €JIEMEHTAPHUX NIEPETBOPEHB JIBOX THITIB:

1)  BigHATH LiIe 4MCIO t BiJ €NEMEHTIB [-TO psAKa Ta JOJATHU 1€ YUCIO IO CJIEMEHTIB i-Io
CTOBITYHKA;

2)  MOMIHATH MICISIMH JiBa PSAKH 1 IOMIHSATH MICI[IMH J{Ba CTOBITYHKA 3 TAKUMH K HOMEPAMH.

Osnauenns 4 [1, ¢.357]. Caraiizak Q HaA3WUBAETHCA OonycmMuMuM, SKIIO ICHYE 3BEI€HA MaTPHIIS
nokasHukiB £, Taka, mo Q (&) = Q.

Osznavenns 5 [5]. Caraiinak Q = (VQ,AQ) Ha3HMBa€ThCs 3BAXKEHHMM, SKINO BU3HAUEHA (YHKIIis
w:AQ —» R. OyHKIS @ HA3UBAETHCS BAroBOIO, a 1i 3HAYEHHS Ha CTPUIIl HA3UBAETHCS Baroro
CTPIJIKH.

Cyma Bar ycix CTpUIOK IUISIXY HA3UBAETHCS BArolo IUIIXY.

Teopema 1 [5] CubHO3B’ s130wmid caraiinak Q = (VQ, AQ) € IOmMyCTHMUM TOJI i TIABKH TOJI, KOJIH
icHye Barosa ¢QyHkiis w: AQ — N U {@}, sixa 3a10BoIbHSIE yMOBaM:

1)  Bara CTPJKM 3 TOYKH [ y TOUKY j MEHIIIA 32 Bary HUISXY 3 TOUKH { Y TOUKY j AOBXUHH | > 2;
2) Bara meTii B TOYII [ MEHIIE 3a Bary Oy[Ib-sKOrO IHMKIY, IIO MPOXOAMTh Yepe3 TOUKY i,
noBxuuu l > 2;

3)  Bara Oyab-IKOro HUKIy Oinblie abo A0piBHIOE 1;

4)  Bara nerii JOpiBHIOE 1;

5)  uepe3 KOXKHY TOUKY 0€3 METJI IPOXOAUTh UK TOBKUHH [ > 2, Bara sIKOro J0opiBHIOE 1.

3ayBaxkennsi [7]. 3rigHo 3 ymoBamu (4) Ta (5) yepe3 KOXHY TOUKY AOIYCTHMOIO caraijaka
IIPOXOAUTH LIUKJI Baru 1.

Osnauenns 7 [5]. BaroBy ¢yHkIit0, siIKa 33J0BOJIBHSE BCl YMOBU TeopemH 1, OyaemMo Ha3uUBaTH
JIOMYCTUMOIO BaroBOr (PyHKILIETO.

3a caraiinakom Q Ta jnomycTuMiil BaroBii ¢yHKUIi w MOXHa MOOYAYBaTH MaTpPUIIO IMOKA3HUKIB
E= (aij) € M, (Z) takuMm YMHOM: SKIIO caraiffiak @ MICTHTh CTpiIKy 0;j, TO @;j = a)(aij) y
NPOTHJIEKHOMY BUINAJIKY @;;j JOPIBHIOE Ba3i HAUIIETIIONO NUIAXY 13 BEPIUIMHM V; y BEPLUIUHY V;.

Osnauvennst 8 [7]. Tlpocruit nukn y caraiinaky Q = (VQ, AQ), Bara sikoro gopiBaioe 1, 6ymemo
Ha3UBATH OOUHUYHUM.

Teepmkenusi 1 [7]. V monycrumomy caraiinaky Q = (VQ, AQ), Mixk BepiIdHAMH OJUHUIHOTO
LUKITy HE ICHY€ 1HIIUX CTPLIOK, OKPIM CTPLIOK LIbOTO LIUKITY.

Teepaxenns 2 [7]. Jomyctumuii caraiiiak Q He MOXe MICTUTH IBOX CTpiiok (v, v,) Ta (vj, va),
Jie BEpIIMHH V;, V; HAlIE)KaTh OJHOMY OJMHUYHOMY LIHKILY.

Teepaxenns 3 [7]. Honycrumuii caraiinak Q = (VQ,AQ) He Moxe MicTUTH CTpiiku (Vg Vi),
(va, vj), Jie BEpIIMHH V;, V; HAJeXKaTh AEIKOMY OJMHHYHOMY LUKITY.

B opienToBanoMy rpadi Q mo3Haunmo yepe3 d(vq, V,) MIHIMAIBHY KiIJTBKICTh OJUHUYHUX ITHKIIB,
4yepe3 BEPIIMHU SKUX MOTPIOHO MPOWTH, MO0 3 BEPUIMHU V; MOTPANUTH Yy BEPIIMHY V,. bymemo
BBaxkatu d (v, v) = 0.

Jlema 1 [7].

1. d(vi, vj) = d(vj,vi), AJis BCIX v;, ;€ Q,
2. d(w;,v)+d;,v) = d(v;, vj) mna Beix v, vj, vy € Q.

Jlema 2 [7]. B oguanuHOMY caraiijaky Q iCHye BepIIMHA V; TakKa, IO JJIS JOBLIBHOI BEPIIUHH

. . . n
vy, € VQ mae micue HepiBHicTb d(vq, vy ) < [E]
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Osnauenns 14 [7]. Jomyctumuii caraiizak Q OyaeMo Ha3WBaTH OOUHUYHUM, SKIO 00’ €THAHHS
OJIMHUYHHUX IMKJIIB JOMYCTUMOTO caraiijjaka () yrBOpIo€ CHIIBHO3B I3HUH caraiijak (0, Takui, 1o

VQ =V0Q;.

O3unauvenns 15 [6]. JJomyctumuii caraiiiak Q Ha3UBAETHCS HCOPCMKUM, SKIIO ICHYE 3 TOYHICTIO JI0
CKBIBAJICHTHOCTI €/IMHA 3BEJICHA MaTPHUIS MoKa3HUKiB € Taka, mo Q(&) = Q.

O3navenns 16. Hexopcrkuili gonmycTuMmuid caraiinak @, sSKUH OJEpKYeTbCs 31 CKIHUEHHOI
KUTBKOCTI (3 TOYHICTIO JI0 €KBIBAJICHTHOCTI) MAaTpHIb MOKAa3HHUKIB, HA3UBAETBHCI Matlice
AHCOPCMKUM.

OCHOBHI PE3YJIbTATHU

Teopema 2. SIkmio juisi JOBUIBHOT BaroBoi (PyHKINT JOMYCTUMHUN caraiiak OAWHUYHHKA, TO BiH
KOPCTKHHA abo Maibke KOpcTKud. SIKmo icHye BaroBa (yHKINS, Ais AKOi caraiijak He €
OJIMHWUYHUM, TO ICHY€ HECKIHYCHHA KUIBKICTh MOIMAPHO HEEKBIBAJICHTHUX MATPHUIb MOKA3HHKIB, 3
SKHX BiH OZEPIKY€ETHCS.

Jlosedennsa. Cnodatrky JOBEIEMO Meplry yacTuHy Teopemu. Hexait Q — momycTumuil caraiiiax,

KU 1Sl TOBUIbHOT BaroBoi (yHKIT € onnHuYHUM. J[oBeaemo, mo @ omepKyeTbest 31 CKIHUEHHOT

KUTBKOCTI MaTPHIlh MTOKA3HUKIB.

Hexaii Q = Q(&), €= (al-j) € M,(Z). Jlosenemo, mo a;; <n. 3 ngemMu 2 BHUIUIUBAE, IO B

caraiziaKky @ icHye BepIlIMHA V4 Taka, IO JUIsl JOBUIbHOI BEpUIMHH V), € V(Q Mae Mmicie HepiBHICTb
n .

d(vy,v) < [E]

n

2

Omxe, 0 < a;; < n, TOOTO €IEMEHT Q;; MOXKE NpUKMATU He Oulbiue, HK N + 1 pi3HUX 3HAYEHbD.
To6To KiNBKICTh MaTpHUIb MOKAa3HMKIB, 3 SIKUX OJEPXKYeThCs caraijak @ (3a KOMOIHATOPHUM

Aij < d(vi' Uj) <d(,vy) + d(v1,77j) < g +-—=n.

n
npaBwioM 100yTKy), He mepeBumrye (n + 1)z. Omke, caraiiiak Q OIEPKYETHCS 31 CKiHUCHHOI
KUTBKOCTI MaTpHllb, TOMY BiH )KOPCTKUI a00 Maiibke )KOPCTKUH.

JloBenemo Apyry uyacTuHy Teopemu. Hexait w — BaroBa (yHKIsA, OIS siKoi caraiijak Q — He
onuanuHuid. Tomi MHOxkuHY VQ MoxkHa po36utu Ha aBi yactunu VQq ta VQ, Tak, mob He
ICHYBaJI0 OAMHUYHOTO ILIHKIY, SKHH MICTUTh BepIIMHU 3 000X vacTuH. OCKUIBKM caraiifak Q
CWJIBHO3B SI3HHM, TO € CTpUIKH (a00 cTpiika), siki mounHaThes B VQq Ta 3akinuytotbes B VQ,. 3a
BaroBoi0 (hYHKIIE€IO @ MOOYTyEMO BaroBy (yHKIIIO Wy, Y SIKIM Bara CTPUIOK, 10 MOYHMHAIOTHCS B
VQ, Ta 3akinuytotbes B VQ,, 30inbiiena Ha k. OueBuHO, 1110 BaroBa QyHKINS @y € AOMyCTUMA,
TOOTO BOHA 3a/I0BOJIbHsIE BCi yMOBU TeopeMH 1. OcKinbkM 301IbIIMJIACH Bara CTPIJIOK, SIKI HE
HaJIeXaThb OJMHUYHUM IIMKJIaM, TO YMOBU 2-5 BHUKOHYIOTbcA. YMoBa (1) Teopemu | BUKOHYeThCS
TOMY, III0 SIKITIO Bara CTPUIKHW 301UTbIIMIAach Ha Kk, TO Bara Nuisxy 301IbIIAIaCh HE MEHIIIe, Hixk Ha K.

Ockinpku Ut pi3HUX K MU OJIepKyeEMO Pi3HI caraijiaku (Cyma eJIeMeHTIB pi3Ha), TO caraijak Q
OJIEPKY€ETHCS 3 HECKIHUCHHOI KUTBKOCTI MaTPHIIb.

Hacaigok. Jlonyctumuii caraiijak Q 3 nNeTJIsIMU HE € )KOPCTKUM a0b0 Mailke KOPCTKUM.

Jloeedenns. OnuHUYHUN caraiijlak HE Ma€ TeTelnb, 00 KOKHAa HOTO BEpIIMHA HAJICKUTH JACTKOMY
omuHMYHOMY TKiTy. Caraiijak Q Mae rmeTi, TOMy HE € OJIWHUYHUM JUIS TOBUTBHOI JOMYCTHMOT
BaroBoi (yHkii. 3a Teopemoro 2 caraiiiak Q o1ep>KyeThCs 3 HECKIHYEHHOT KUTBKOCTI MaTpUILb.

Teopema 3 [2]. [IBi 3BeieHI MaTpHIll MOKA3HUKIB €KBIBAJCHTHI TOAI 1 TUIBKH TOJi, KOIW BOHHU
MarOTh 130MOP(QHI carai1aku, Bara BiITIOBIAHUX MPOCTUX IUKIIB SKUX OJHAKOBA.

Teopema 4. Ha 4oTupbOX BepIIMHAX ICHYE TUTBKUA YOTHUPHU KOPCTKUX HE 130MOp(HUX caraiijaka Ta
YKOJHOTO Mai>kKe KOPCTKOTO.
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Josedenns. OCKIIBbKHM KOPCTKUN a00 Maiike KOPCTKUI caraiijak He Mae IeTellb, TO Yepe3 KOXKHY
BEPIIMHY Ma€ MPOXOIUTH OJAWMHUYHUNA UHUKJI. 3a TBEPIKCHHSIM | OAWHUYHHMI LIMKI HE MOXKE
MICTHTH IHIIUX CTPIIOK, KPIM CTPLIOK caMoro Iukiay. ToMmy B caraiiiaky 3 4OoTUpMa BEpIIMHAMU
OJMHUYHHUM LUK CKIAJA€ThCA MIHIMYM 3 JIBOX, MAKCUMYM 3 YOTUPbOX CTPLIOK. Po3risiHemMo Tpu
PI3HUX BUNIAJIKU:

a) HaitOinpmmii OMMHUYHUA UK CKJIAJIAE€THCS 3 YOTHPHOX CTPLIOK. OCKUIBKH 3a TBEPKCHHIM 1
caraiilak He MOK€ MICTUTH 1HIIUX CTPUIOK, KPIM IUKITY, TO Y BUIIAJKY a) € TUIBKUA OJUH )KOPCTKUN
caraiiax:

Q4] =

S Om O
oOmO O
=0 O
S OO m

0) HaltGinpmmii OMUHUYHUN IIUKI CKIIAIAETHCS 3 TPHOX CTPUTOK. Hexal 1eil UK mpoXoIuTh Yepe3
BepmnHU (1-2-3). Ockinbku yeTBepTa BepliMHa Oe3 MeTii, TO uepe3 Hel TaKoXK MPOXOIHUTh
OJMHUYHMNA LMKJI. MOXIMBI ABa BUNAAKU: OJMHUYHUNA LUKI, SKUH MPOXOIUTH YEpE3 YETBEPTY
BEPILHHY, IPOXOUTH III€ Yepe3 OJIHY a00 uepe3 /Bl BEpIINHH.

0 0 1 0
(1 0 0 O

VY mepuiomMy BHNAAKy MH OJaepkuMo [Q,] = 0 1 0 1 | KO HETBEPTA BEPIIMHA YTBOPIOE
0 0 10

OJIMHUYHMI LUK HE 3 TPEThOI, a 3 JPYror abo 3 MEepIIOK BEPIIMHOK, TO MH OICPKYEMO

caraitaku i3oMopdHi Q.

01 01
v [0 0 1 0
JPYroMy BHIAIKy MH ojepxkumo [Q3] = 1 0 0 o | #KIO UeTBEpTa BEPUIMHA yTBOPIOE

0 010
OIMHUYHUN ITUKI HE 3 CTPLIKOIO 031, a 3 CTPUIKOIO O ab0 3 CTPUIKOIO O33, MU OJIEPKHUMO

caraiiaku, aHaJorivHi 10 Q3.

3ayBakuMoO, L0 YeTBEpTa BEpIIMHA HE MOXE YTBOPUTH OAMHUYHUN IUKI 3 JABOMa CTPUIKaMH,
OCKUIbKU OJIEP’KY€ETbCS OAMHUYHUM LMK, SKUM CKJIAJaeTbcs 3 YOTHPHbOX BEPIIMH Ta MICTUTH
CTPUIKY BCEpeANHI IIUKITY, 110 CYIePEeYUTh TBEPAKEHHIO 1.

B) HaliGinpmuii oAMHUYHUI LUK CKIAJA€ThCS 3 JABOX CTPUIOK. ToOTO BCl OJAMHHUYHI LUKIU
CKJIaJJal0ThCS 3 IBOX CTPLIOK.

Skmo s caraiijaka @Q MoskHa MmigiOpaTH BaroBy (yHKIIIO, JUIs SKOi B caraijjaky € JBa
OJIMHUYHMX LIMKIIH, AK1 CKJIaJal0ThCs 3 pi3HUX BepunH (Hanpukian (1, 2), (3, 4)), To 3a TeopemMoro
2 Takuil caraifjlak oJIepKyeThCs 3 HECKIHUEHHOI KIJIbKOCTI MaTpHIlb TOKa3HUKIB.

3anuiiaeTbcs pO3INISHYTH BUIAA0K, KOJU BCl OJUHHYHI LUKIU MPOXOJATH YEpe3 OJHY BEPLIMHY.

Hexait nie Oyne Bepmmna 1. Onepxyemo caraiinak [Q4] = , SKMA MICTHTb TpHU

- O
oo m
oo m
oo m

OJIMHUYHMX LK. SIKIIO 10 HBOTO JAOAATH CTPUIKM ab0 CTPUIKY, TO BiH CTaHE HEIOMYCTUMHUM
(TBepmKeHHA 2 a00 TBepKEHHS 3).

OcCkinbKH BC1 MPOCTI HUKIM caraifjjaka Q4 - OJMHUYHI, TO 32 TEOPEMOIO 3 BCl MaTpPHUIli MOKa3HUKIB,
3 SKHX OJEPKYEThCS caraiiak @4, MOMapHO €KBIBAJICHTHI, TOOTO @ — JKOPCTKUH caraiijax.
Amnanoriuno Q,, Q3, Q4 — *XOpCTKi caraiiaku.

OTxe, Ha YOTUPHOX BEPIIMHAX € YOTHUPHU KOPCTKUX caraijaka, Ta >KOJHOIO MailKe >KOPCTKOTO.
Teopema noseneHa.
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BUCHOBKHA

3HaiiIeHO0 YMOBH TOTO, IO caraiilak OJep>KyeThCs 31 CKIHYEHHOI KUIBKOCTI MaTpHUIlb IMOKa3HUKIB.
ko ans qOBUTBHOT BaroBoi (PYHKINT JOMYCTHMHIA caraiijjak OJUHWYHUN, TO BiH JKOPCTKHUN a0o
Maibke KOpCTKHH. SIKmo icHye BaroBa (pyHKIIs, Ui sIKOi caraidijak He € OJUHWYHUM, TO iCHYE
HECKiHYE€HHA KUIBKICTh MOMAPHO HECKBIBAJEHTHUX MATPHILb MOKA3HUKIB, 3 KUX BiH OJEPKYETHCS.
Ha 9oTuphoX BepuMHaX € YOTUPH KOPCTKHUX caraiiaka, Ta >k0JHOro Maiike JKOpPCTKOTO.
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