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MOBYJOBA IHTEPIIOJIALINHOI' O ITOJIHOMA 5-T'O CTEIIEHS HA
JOBIVIBHOMY TPUKYTHUKY 3 BUKOPUCTAHHSAM BASUCHHUX
HOJIIHOMIB HA «OAUHUYHOMY» TPUKYTHUKY

Jluteuna O. M., Kopanenko I'. B., [leaucosa O. 1.

Vrpaincoka inoicenepro-nedazociuna akademis,
eyn. Yuisepcumemcoxa, 16, m. Xapxis, 61000, Ykpaina
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VY crarti po3misgaeThes NoOynoBa iHTEpIOJLILIHHOTO mojiHomMa 3naMana-)KeHimeka 5-ro cTeneHs Ha
JOBUILHOMY TpPUKYTHHKY. 3amnpolOHOBaHAa HAaMH cXeMma IOOYJOBH IHTEpPHOJISIIIHOIO TOoJIiHOMa
0a3yeTbcss HA BUKOPUCTAaHHI Oa3MCHHUX TIOJIHOMIB Ha «OIMHUIHOMY» TPHUKYTHHKY (3 BepmMHaMHU B
TOYKaX (0 0), (1,0), (0, 1)) bazucHi mNONMIHOMH Ha JOBUILHOMY TPUKYTHUKY BH3HAYAIOTHCS  SIK
KOMITO3HIIIs Oa3UCHHX TONIHOMIB Ha «OAMHHYHOMY» TPHKYTHHKY Ta JIHIHMX QYHKIIH, sKi 3a1a10Th
a(iHHE NEepeTBOPEHHS IUIOLIMHY, IO MEpEBOJIUTH JOBUIBHUHA TPUKYTHUK B «OJMHUYHUIT». 3HAHICHO
¢dopmynu st oOuHciIeHHs Koe(ilieHTiB JiHiIHHOI KoMOiHanii 0a3MCHUX MOJIHOMIB Ha JOBUIBHOMY
TPUKYTHHUKY, TPH SKHX BOHA 3aJa€ IHTEPIOJSIIMHUKA IOJIHOM 5-rOo cTemneHs Ha BiANOBITHOMY
TPUKYTHHKY.

Kmiouosi crnosa: inmepnoasyitinuil norinom 3namana-Keniwieka 5-20 cmenens, 6a3uchi ROJHOMU, 00LIbHUL

MPUKYIMHUK, «OOUHUYHUILY MPUKYMHUK, d)iHHe nepemEopeHHsl.

IMOCTPOEHUE UHTEPHOJISIIAOHHOT O IIOJITMHOMA 5-OM CTEIIEHH HA
IMPOU3BOJIBHOM TPEYT'OJIBHUKE C HCITIOJIb30BAHUEM BA3UCHbBIX
INOJIMHOMOB HA «<EJUHUYHOM» TPEYI'OJIbHUKE

JIuteun O. H., Koanenko A. B., Jleaucosa O. U.
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B cratbe paccmarpuBaeTcs TOCTPOSHUE HWHTEPIOJSAIMOHHOTO MOJWHOMA 3iamana-)KeHumieka S5-oi
CTCTICHH HAa  TPOW3BOJIBHOM  TpeyrojbHUKe. [Ipe/toskeHHass HaMH  cXeMa  IOCTPOCHHS
WHTEPIONSIIMOHHOTO TMOJMHOMAa 0a3upyeTcsi Ha HCIOJBb30BaHUM 0a3WCHBIX TOJWHOMOB Ha
«CIMHUIHOMY» TpeyroisHuke (¢ BepmmHamu B Toukax (0,0), (1,0), (0,1)). basucHple monmHOMEI Ha
MIPOU3BOJIBLHOM TPEYTOJbHUKE OMPEENSIOTCS KaK KOMITIO3UIINS 0a3MCHBIX MOJMHOMOB Ha «ETUHUYIHOM)
TPEYTOJIbHUKE W JIMHEWHBIX (YHKIHMHA, KOTOpHIe 3amaloT a@uHHOE INpeoOpa3oBaHUE ILUIOCKOCTH,
MIEePEBOJISAIIECE MPOU3BOJIBHBIM TPEYTOJNbHUK B «EAUHUYHBIN». HaiineHsl GopMynbl s BBIYUCICHUS
KOX(PHUIHIEHTOB TMHEWHOW KOMOMHAIINH 0A3MCHBIX MOJMHOMOB Ha IPOU3BOJIBHOM TPEYTOIBHUKE, TIPU
KOTOPBIX OHA 33JaET UHTEPHOJIALMOHHBIN OJMHOM 5-0M CTENIEHU Ha COOTBETCTBYIOIIEM TPEYTOJbHUKE.
Knioueswvie cnosa: unmepnoaayuonnsiti nonunom 3namana-Kenuwexa 5-oii cmenenu, 6asucHvle noauHoMbl,
NPOU3BOIbHBLIL MPEY20IbHUK, «COUHUYHBLILY MPeYeoibHUK, ag@unHoe npeobpaszosanue.

CONSTRUCTION OF INTERPOLATING POLYNOMIAL OF THE 5TH DEGREE ON
ARBITRARY TRIANGLE BY USING BASIS POLYNOMIALS ON THE “UNIT”
TRIANGLE
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In this article, we consider the construction of the interpolating polynomial of Zlamal-Zenisek 5th
degree on an arbitrary triangle. The proposed scheme for the construction of the interpolating
polynomial is based on the use of the basis polynomials on the “unit” triangle (with vertices (0,0), (1,0),
(0,1)). We obtain explicit formulas for all twenty-one basis polynomials. To find these basic
polynomials we assume known values of interpolated function and its partial derivatives up to second
order in all the vertices of the triangle, and the values of the derivatives in the direction normal to the
inner sides of the triangle, calculated in the middle of the sides. Constructed basic polynomials have
certain interpolation properties that allows you to record the interpolation polynomial in the form of a
linear combination of basis polynomials that their coefficients are exactly equal or function values, or
the values of its partial derivatives up to second order in the vertices of a triangle, or the value of the
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derivative in the direction of the inward normal to the sides of the triangle, calculated in the middle of
the sides.

Basic polynomials on an arbitrary triangle is defined as the composite function of the basis polynomials
on “unit” triangle, and linear functions, which define an affine transformation that maps an arbitrary
triangle into the “unit” triangle. But coefficients in the expression for the interpolating polynomial will
not be exactly equal to the values of the interpolated function and certain of its derivatives. We

introduce into consideration an auxiliary operator of interpolation Sf (X, y) for calculating part of these

coefficients. This operator is defined as a linear combination of basis polynomials obtained on the basis
of 18 basis polynomials for “unit” triangle, which stand at the values of the interpolated function and its

partial derivatives. We have obtained expressions for the coefficients of the operator Sf (x, y) at which

it satisfies the interpolation conditions: its value and value of its partial derivatives (up to the second
order) at the vertices triangle are equal to the corresponding values of the interpolated function and its

derivatives. Our main result is the construction of the operator of interpolation Of (x, y), which equal to

the sum of operator Sf (x, y) and a linear combination of 3 basis polynomials obtained using basis
polynomials for the “unit” triangle. These basis polynomials arranged at the values of the normal
derivative of the interpolated function. It is shown that the operator Of (,y) has all the interpolation

properties of the operator Sf (x,y) regardless of the coefficients at the basis polynomials in the

difference Of (X, y)—Sf (X, y). We have obtained expressions for these coefficients, at which operator

has the interpolation property: value of its derivatives with respect to the direction normal to the inner
sides of the triangle, calculated in the middle of the sides are equal to the corresponding derivatives of
the interpolated function.
Key words: interpolating polynomial of Zlamal-Zenisek 5th degree, basis polynomials, arbitrary triangle,
“unit” triangle, affine transformation.

BCTYII

OcTaHHIM dYacoM TMOCTIHHO 30UIbIIYETbCA KIUIBKICTh TIpallb, MPUCBIYEHHUX MMOOYIOBI Ta
JOCIIKEHHIO allPOKCUMAaIIMHUX BIACTUBOCTEH IHTEPIOJSIIHHUX MOJIIHOMIB €PMITOBOTO THUITY JJISI
(GyHKIIH ABOX 3MIHHUX HAa TPUKYTHUKY. Take MiABUIIEHHS IHTEpeCy A0 IIUX 00’ €KTiB 3yMOBJICHO iX
3pYUYHICTIO Ta €PEKTUBHICTIO MPU PO3B’SA3yBaHHI NPUKIATHUX 3a/1a4, [TOB’SI3aHUX 3 HAOIMIKEHHSAM
¢bynkuid. Baxnueum ¢dakTopoM mpH 1bOMY € OypXJIMBUH PO3BUTOK OOUMCIIIOBAJIBHOI TEXHIKU Ta
MaKeTIB MPUKJIATHUX TPOrpaM, IO JO3BOJISE CYTTEBO 3MEHIIMTH Yac Ha BUKOHAHHS 00YHCIICHb TIPU
peaiizanii anropuTMiB NOOY0BU IHTEPHOSALIMHUX MOJTTHOMIB.

OaHuMH 3 MEepUIMX IPYHTOBHUX Ipallb, Y SIKUX PO3BUBANACAd TEOPis MOOYAOBH IHTEPIIONSLIMHUX
MHOT'OWIEHIB Ha TPUKYTHHUKY, € poboTu 3namana i JXKenimeka [1-4]. Inei, BUkiageHi B UX Opamsx,
JICTaJIM MOJANBIIOr0 PO3BUTKY Ta MOTIHOIeHHS B poboTax [5-8].

3okpeMa, y poOoTi [6] 3ampOMOHOBAHO METOJA MOOYAOBHU IHTEPHOJAIIHOTO MHOTOYIEHA 5-TO

CTCTICHS! Ha JIOBUIBHOMY TPUKYTHUKY Ty 3 BepmmHamu A, A), A;. OHIM 3 OCHOBHHX pe3yIIbTaTiB

1i€i poOOTH € HACTyITHA TeopeMa.

Teopema [6]. Jlnst koxkHoi dpynkuii f (X, y)eC? (Tijk) oreparop

of ow 3
S5f(x,y):w(x,y)+(i’jz)eQ Wu_ﬁu MHij(X,y), W(X,y)=i > D’f(A)h,(xy)

BH3HAYAE MOJIIHOM 5-TO CTENeHs 3 BIACTHBOCTIMU

osf| et | .
D*S.f| =D*f| ,pe{l,2,3,0<|al= +a, <2, = = (i, j)eQ,
5 A ‘Ap p { } | | 1 2 avij ‘ avij‘ ( J) Q
Mi; Mj;
fe V; — OIMHMYHHMIT BEKTOp BHYTDIlHBOI HOpMani cToponn AA, TpukyTHuKka; M, — cepenuHa
croponn 4, 4;; D” :%, o= +a,, a=(a, ).
oX“oy
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chHKull hiﬁ (Xa y)l I :1!3! ﬁ:(ﬁl:ﬁz)a O S ﬂl +ﬂ2 S 2! H|J (Xl y):('a J) EQ :{(11 2)!(213)1(311)}
— 0a3uCHI MOJTIHOMH, SIK1 33JI0BOJIBHSIOTH IHTEPITOJISIIIIHI YMOBH:

1) Dahkﬁ‘AY =60, Lke{l,23}, 6,, =0, 404, 5,0 1€ O, ; — cumBoI KpoHnekepa;
2) DH; \ =0, OS|0(|32, ke{l,2,3}, kK1, J;

Myl g Ml Lo i o
3) 8_1/”M =1, ™ =0, (i,j)=(mn); (i,j).(mn)eQ.

ij i M mn

Takox Oysn0 HaBeIeHO SBHI BUpa3d g Oa3sucHUX (DYHKIH hiﬂ(x, y) Ta Hij(X, y) TUTST

«OJIMHIYHOTOY» TPUKYTHHKA 3 BepmmHamu X, (0,0), X,(L,0), X, (O,l).

V uiit po6oti Gyino 3a3HaueHo, WO oneparop iHtepnousuii S f (X, y) MOKHa BUKOPHCTOBYBATH

TaKOX B 1HIIH Gopmi

3 oh
f = D” f h B T
Ss (X. y) 2103%32 (Ak) kﬂ(x, y) (i‘jZ):eQ o, (X.,,Y,J)H”(x, y) 4
P TREIPAT H , .
I CBALICE)

[lepeBaroro 11bOT0 MPEACTABICHHS ONEpaTopa € Te, M0 MPH PYHKITIAX

oh
Vi (% Y) =Py (X, y)—(i %GQ_aj (% ¥ ) Hy (%) 72 Vg (xy)=H; (xy) 1)
, ;

BHYTPILIHBOIO HOPMAJUIIO /10 CTOPIH TPUKYTHHKA.

BukopucroByroun pe3ynbrati podotH [6], MokHa OyayBaTH SIBHI BUpa3u Ul Oa3UCHUX MONIHOMIB
5-TO CTENeHs Ha JOBUIbHOMY TpUKYTHHKY. [Ipore 11 moOymoBu moTpeOylOTh BETUKOI KUIBKOCTI
o0YMCIIeHb 1, SK HACNIJOK, 3HAYHMX 3aTpaT 4Yacy HaBiTh NPU BHUKOPUCTaHHI OOYHUCIIIOBAIBHOT
TEXHIKA. 3 TOYKH 30py €KOHOMIi KUIBKOCTI omepauiil /uis moOyAaoBH Oa3MCHHUX TMOJIHOMIB Ha
JOBITBHOMY TPUKYTHHKY e(DEKTUBHUMH € inel podotH [5], y siKiif 3amporoHOBaHO METO OOy I0BH
KyOIYHHUX IHTEpHOJALINHUX TMOMIHOMIB 3namana-)KeHilmeka Ha JIOBUIBHOMY TPUKYTHHKY,
3aCHOBAHUN HAa BUKOPUCTAHHI 0a3MCHUX MOJIHOMIB 3-TO CTENEHs Ha «OJUHUYHOMY» TPUKYTHHKY.
Hawm He BimoMa xoaHa poboTa, y SKii 114 i1es Oyna 0 peanizoBaHa I IHTEPIIOIAIIHHAX TTOJIIHOMIB
3namana-XKenimeka 5-ro crenens. OTxe, akTyaJbHOIO € MpodJemMa MoOyJOBU IHTEPHOISLIHHUX
nosiiHoMiB 3namMana-KeHimeka 5-ro cTeneHss Ha JOBUIBHOMY TPHUKYTHHKY 3 BUKOPHCTaHHSIM
0a3MCHUX MOJIIHOMIB Ha «OJJUHUYHOMY» TPUKYTHUKY.

MeTtor Hamoi podoTu € moOya0Ba THTEPHOJALIMHOTO MHOTOWIEHA 5-TO CTENEHs Ha JOBUIBHOMY
TPUKYTHUKY aAA,A; 3 BHKOPHCTaHHAM Oa3MCHHX IOJIHOMIB Vi, (X, y) Ta |V ( X, y) Ha

«OIUHUYHOMY» TPUKYTHHKY.
BUKJIAJI OCHOBHUX PE3YJIBTATIB JOCJIKEHHSA

BukopucroByroun ¢opmynu (1) Ta pesynbratu podoTtu [6], y sikiit HaBeaeHO siBHI GopMysH [Uis
GyHkmin  h, ﬂ(x, y), H; (X, y), MOKHa OTpHUMAaTH $IBHI BHpa3u JUIsl BCIX Oa3MCHUX (QYHKIH

Vis (X, y) Ta V; (x, y) JUTsL «OIMHUYHOTO» TPUKYTHUKA. HaBenemo neski 3 HuX:
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3, 2 1, 3 1. 2 1 ,,
Vigo (X, Y) :EX y(x+y-1) _EX (x+y-1)", V(X y) = y’(y-1) _ZX y*(x+y-1),

Vi, (X, y)=16x*y(x+ y—l)z, Vs (X, Y) =822y (x+y-1), Vyu(xy)=16xy*(x+ y—1)2 :

3a ponomMoror 0Oe3mocepedHiX OOYMCIIEHb MOXKHA IEpPEeKOHATHCsA, MO I (YHKIII BOJOAIIOTH

TAKMIMH {HTEPIOIALIHHIMA BracTiBOCTAMI: DA Vieq (x, y)‘X :5k’|5( AB)(Pa)"
. B)(p.
oV, oV .
— =1 — =0, (m,n);é(l,j) (M; — cepenuna croponn X; X ),
6\/” " 81/” "
ij mn

B — 11 P —
DAV, (x, y)‘XI =0, VI=13 0<B+8,<2 (i,j)eQ={(12),(23),(31)}.
Meron, 3ampornoHoBanuii y po6oTi [5], 6a3yeTbcss Ha BUKOpHCTaHHI aQiHHOTO MEPETBOPCHHS, SKE
BioOpaxkae JOBUTHbHHUN 33JaHUH TPUKYTHUK B «OIUHUIHUI.
AdinHe mnepeTBOpeHHs O, sKe BimoOpaxae MOBUIbHUI TPUKYTHUK aAA,A, B «OAMHUYHHUI»

TpukyTHUK 2 X, X, X, (mpuaomy o(A)=X,, I= 1,3 ), 3a/1a€THCS BIAOBIIHO:

X'=0,(xy)=ax+by+c,
y' =0,(xy)=dx+ey+f,

Jc
a__Yl_Y3’ b:X1—X31 c= X1y3_X3y1’ dZY1_Y21
A A A A
y y X Y1
ez_X1A2’ fz%’ A=|x, vy,
X3 Ys

Posrsnemo dyHKil W, (X, ¥) =V, (9, (X ¥). 9, (X, y)), K =13, p,qe {012}, 0<p+q<2
Teopema 1. Jlns noBinmsHuX K, | € 1,_3 byHKIIIsS Wipq (x, y) 3aJI0BOJIbHSIE YMOBH:

1 k=I,

1) Wkoo(A)=5k,| :{0, k=l 2)

a, axkmo k =1, ( p,q) =(1,0),
2) Dl’OWkpq (X, y)‘/A1 = 5k]|5(l‘0)y(pyq)a+5k'|§(011)1(p‘q)d =<d, axkmo k =1, ( p,q) = (0,1), (3)
0, BIHIIMX BUMOAIKaX.

b, sxmo k =1, (p,q)=(1,0),
3) Dw, (X, y)‘A = 8100002+ F1G0,(na) =18 AKmOK =1, (p,q)=(0,1), (4)

0, BiHIIMX BUITAIKAX.

4) D*"Wigq (X, Y)‘A1 - 5k,|5(2,0)~(P,UI)a2 +61911)(p.0) 289 +610(0.2),(p ) 0 ‘= )
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a®, axmo k =1, (p q):(2,0),
2ad, sxmo k =1, (p,q)=(11),
d?, sikmo K =1, (p q) (O )

0, B IHIIMX BHMAOKaX.

5) Dl'lwkpq (X’ y)‘/A1 - §kv'§(2v0)~(p,q)ab * 5k"5(1»1)»(p,q) (ae +bd ) + 5k,'5(0~2)v(pvq)de - ©)
ab, sxmo k =1, (p q)=(2,0),
_ Jae+bd, skmo k =1, (p,q)=(1,1),
de, skmo k =1, (p,q)=(0,2),
0, BiHIIMX BUMAIKAX.
6) Do,zwkpq (x, y)‘A = 5k,l§(2,0)’(p’q)b2 + 5k'|5(1’1)’(p'q) 2be + 5k’|5(0’2)’(p’q)e2 - (7)
b?, sxmo k =1, (p,q)=(2,0),
_ | 2be, sxmo k =1, ( )=( 1)
e?, sxmo k =1, ( p.q ) 0, 2)

0, BiHIIMX BUIIAAKAX.

Josedenns. 1) 3 o3HadeHHs QYHKUIH W, (X, y), BJIACTUBOCTEH a()iHHOTO MEPETBOPEHHS O Ta

IHTEPIOSUIHHUX BIACTUBOCTEH OasuCHUX QYHKIIH v, . (X, y) BUIUIMBAIOTb PIBHOCTI:

1 k=lI,

Wkoo(A):Vkoo(gl(A)’QZ(A)):VKOO(XI):5k'| :{0, k=l.

2) 3a npaBuwiaMu JudepeHIitoBaHHS CKIaIHOT PYHKIII MaeMo:
Dlvowkpq (X’ y) - Dlvovkpq (gl (X’ y)’ 9 (X’ y)) Dmgl (X’ y)+ DO’]Vkpq (gl (X’ y)’ 9 (X’ y)) D1,092 (X’ y) -
D"Viq (8:(%¥), 9, (X, ¥))a+ D"V (9, (X,¥), 9, (X ¥))d.

Toni
DlYOWkpq (X’ y)‘/ﬁ - Dl’OVkpq (gl(x’ y)’ 9, (X' y))‘p' a+t DOYlepq (gl(x’ Y). 9. (X' Y))L‘ d=

~ D'y, (x, y)‘x. a+ D, (X, y)‘xl d =880, (pa@+ FsSom(pad =

a, sxmo k =1, (p,q)=(1,0),
=<d, sxmo k =1, (p,q)=(0,1),

0, B IHIIMX BUIIAIKaX.

Tak caM0 TOBOJUTHCS BJIACTHBICTH 3.

£) D™, (5,)= 01 (0 (1)) = D% (D 0 (1Y) 85 (5,Y)) D0 (1.9)+
D"V, (0, (%), 8, (% ¥)) D0, (x,¥)) = D™ (D" Vg, (0, (%, ¥). 8, (%, y))a+

+ D"V (84 (%, ¥), 6, (%, ¥))d ) =(D* Mg (8, (X, ¥), 9 (% ¥)) D*g, (%, y) +
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+ D0 (91 (%), 8, (X, ¥)) D9, (X, ¥))a+(D"Vigq (9: (X, ¥), 8, (X, ¥)) D9, (X, ¥) +
+ D", (9, (% ¥), 9, (x,¥)) D9, (%, y))d = D*vig (9, (% ¥). 9 (X y))a* +

+D1’1Vkpq (gl(x’ y)' 9, (X’ y)) 2ad + Doyzvkpq (gl (X' y)’ 9. (X' y))dz.

Toni
D?w,,, (X, y)‘A - Dy, , (gl(x, y), 9, (X y))‘/A1 a’ + D, (gl(x, y),9,(x y))‘ﬁ1 2ad +

+D% (9,(% ), 9 (X, y))‘/}1 d? =D, (X, y)‘XI a’ + D', (X, y)‘XI 2ad + D%, (X, y)‘xI d’=

a’, sxmo k =1, (p.a)=(2,0),
) , _|2ad, sxmok =1, (p,q)=(11),
5k,|5(z,o),(p,q)a +5k,|5(1,1),(p,q)2ad +5k,|5(o,2),(p,q)d 142 sxmo k =1, (p.0)=(0.2).

0, BiHIIMX BUITAJKaX.

BrnacTtuBocti 5 Ta 6 1oBOAsATHCS aHaANOTiyHO. Teopemy 1 1oBeneHo.

PosristHeMo 1HTepIoALIHHUE ortepaTop

SF (X,¥) =32 1 (&) Whao (%, ¥)+ 3 Coa ()W (4,3)+ 3 Coan (1) () +

3 3
+2Ck20 szo X y)+zckll( f )Wkll(x’ y)"’ZCkoz ( f )Wk02 (X, y)'

k=1 k=1

Teopema 2. J{ns Toro, mo6 onepatop Sf (X, y) 3a/I0BOJILHSIB YMOBU

Sf (x, y)|/A1 = f(x, y)| D" (x,y)|, =D"f(x, y)‘ D'Sf (x, y)‘A1 = D% f (x,y)‘p1 :

A

D*7Sf (x, y)‘/}1 =D*"f (x, y)‘/l1 , DS (x, y)‘A1 =D"f (x, y)‘/l1 , D*?sf (x, y)L\ =D**f (x, y)‘A ,

1 =1,3, crani koediuientn Coyg (), Cooy (), Coo( ), Caa(F), Cuo (T), k=13 nosummi 6yrn

PO3B’A3KaMH TaKUX CUCTEM JIIHIHHUX areOpaiyHuX piBHSHB!

Cuo (f)a+Cy (f)d=D"1 (x.7)], .

NP ®)
Cllo(f)b+c|01(f)e:D 'f(x,J/)‘A‘ ,
Cia (f)a2 +C|11(f)2ad+c|02 (f)dz :Dzyof(xd’)‘/A1 '
Cipo (f)ab+Cy, (f)(ae+bd)+Cy, (f)de:Dl‘lf(x,y)L‘ , 1=13 (9)

CIZO (f)b2 +Cm(f)2be+C|02 (f)ez =D°’2f(x,y)‘A1 )

Josedenns. 3rinno 3 Teopemoro 1, pynkuii w,,, (X,y) 3an0BonbHs0TE YMOBY (3). Toni
3

3
D™t (x,y) ‘ Z A ) D" wqq (%, y)‘/\ +zcklo(f)D1'OWk10(X’y)L\ +
k=1

k=1

Dizuxko-mamemamuuni HayKu ISSN 2413-6549



Visnyk of Zaporizhzhya National University. Physical and Mathematical Sciences 159
3 3 3

+2Ck01( f ) Dl’Oka (X' y)‘/A1 + chzo ( f )Dl]owkzo (X1 )’)‘A1 + chll( f )Dlyowkn (X1 )’)‘A1 +

k=1 k=1 k=1

+choz (f)D" Wy, (X, y)‘A‘ =Cpyo(f)a+Co (f)d.

AHaIoriyHo, BpaxoByl04YHd yMOBY (4), MaeMo:

3
D'sf (x,y) ‘ Z f(A) D' W (X, y)‘ +2.C klo(f)Do'kalo(X’y)‘A -
k=1

3 3 3

+ch01( f ) DOYkam(X’ Y)‘A‘ +2Ck20 ( f )DOYkazo (X, y)‘/A1 +ch11( f )Do’lwkn()@ Y)‘/A1 +

k=1 k=1 k=1

3
+2Cie () D" Wy (X,Y)], = Ciag (/)b +Cin(f )
k=1
Omxe, inTepnonsuiiini ymou D"Sf (X, y)‘A1 =D""f (x, y)‘/A1 ,  D%sf (x, y)‘/A1 =D*f (x, y)‘A1
PIBHOCHJIbHI CHCTEMI JIIHIMHKUX ajareOpaidHuX piBHIHb (8).
3 BuKOHaHHs YMOB (5)-(7) st GyHKUiA W, (X, y) Maemo piBHOCTI:

3 3
D*°Sf (x, y)‘A => f(A)D* Wy (X, )/)‘,A1 +kZ:Ck10 (f)D* Wy (X, y)‘A +
=1

écwl( £) D Wi (%,Y)], +§Cm (f)D* s (x,Y)], +icm( F)D* Wiy, (x.)], +
+ZCW (f)D* Wy (X,Y)], = Cizo (/)@ + Ca (/) 20 + Cio (f)d°
D™'Sf (x, y)\/\ =k231: f (A)D"'W,g, (X, y)\A +k23;‘ckl° (f)D"Wyo (X, y)\A +
+kzallck01( f) D*Wiq, (X, y)‘ﬁ +kzal:Ck20 (f)D"W,p (X, y)‘p1 +§Ckll( f) D" Wy, (X, y)L\ +

3 Cuon (1) DMy (%, V), = Cua (/)b + o () (ae-+ bd ) + i ) e

3 3

D%2Sf (X, y)‘A1 => f(A)D** Wy (X, y)‘/A1 + D Cryo (F) D%y (X, y)‘A1 +
k=1 k=1
3 3 3
"’chm( f ) D0'2Wk01(xa Y)‘/A1 +chzo ( f ) DO'Zszo (X: Y)‘A1 "'chn( f )Do,zwkll(x, Y)‘A +

k=1 k=1 k=1

3

+2Can (1) D" W (X, )|, = Ciag ()% + Ciay (/) 2be+ Cip (f ) .
k=1

Omxe, inTepnonsuiiini ymosun D*°Sf (X, y)‘/A1 =D*"f (x, y)‘A1 , D¥sf (x, y)‘A1 =D"f (x, y)‘/31 :
D*?sf (X, y)‘/A1 =D**f (x, y)‘/A1 PIBHOCHIIBHI CHCTeMI NiHiiHUX anreGpaidnux pisHsaHb (9). Teopemy

2 DOBENECHO.
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Hacnioox 1. Tarepnionsuiiiauii oneparop Sf (X, y) 3a7I0BOJIbHSE THTEPIOAIIHHUM yMoBaM (8)-(9),

SIKIIO:
D™ f (X, y)‘p‘ d a DYf(x, y)‘A
D% f (X, y)‘/A1 e b D™f(x y)‘A
C|1o(f): a d C|01(f)= a d
b e b e
D“’f(x,y)‘A1 2ad  d? a’ D?"Of(x,y)‘/A1 d?
1 1
Cin ()=~ Df(xy), ae+bd de|, Cua () =—=[ab D*f(xy)|, de|
D°'2f(x,y)‘A 2be € b? D°’2f(x,y)‘p1 e?
2 2,0
1 a 2ad  D*°f(x, y)‘/A1 2 2ad  d?
Co(f)=—|ab ae+bd D“f(x,y)L‘, 1=1,3, me A" =lab ae+bd de|.
A b> 2be ¢€°
b?>  2be D‘)'Zf(x,y)‘p1

Posrisinemo dynkuii W, (X, y) =V, (gl(x, y), g, (X, y)) :
Teopema 3. J{yisn 6Gyap-sikoro | € {1, 2, 3} dynxuii W, (x,y), (i, j) €Q 3210BONBHAIOTE yMOBH:

D7 W, (X, y)‘A‘ =0, 0<y, +y,<2.

Josedenns. BpaxoByroun osHadeHHs Qynkuii W, (x,y), BmactuBocTi QyHKmii V;(X,y),

BJIACTMBOCTI a()1HHOTO MEPETBOPEHHS O , MAEMO:

D°W, (x, y)‘ W (, y‘ =V, gl(x ¥),9,(x.y) ‘ =V, ( y)‘XI =0.
"W, (x,y), =D"V;(8,(%¥).6,(x¥)), D6 (x.y)|, +D"V; (6:(x.¥).8,(x.Y))], *
xD'g, (X y)‘ = D"V, (x, )‘ a+D"V; (x, y)‘X d=0-a+0-d =0.

A
DWW (%, )], = D"V (81 (x.¥). . O Y)), D°'gy (x,y)|, +D"V; (8,(%.¥).8: (x.¥))], ¥
A

1

xD"g, ( Xy)‘A‘—D10 xy‘ b+D"™V, (x, y)‘ e=0-b+0-e=0.

D*W, (, ) ‘ _D1°(D1 (9,(% ), 9, (% ¥)) D0, (%, y)+ DV, (9, (%, ¥), 9, (%, ¥))x
xDg, (X, y))‘ =D*% ( O\/”(gl(x y), gz(x,y))a+D N (gl(x y), gz(x,y))d)L _
=((D*; (9. (% ¥), 92 (%)) D*: (%, ¥) + D™V, (0, (% ), 8; (x.¥)) D5, (x,y))a+

+(Dl’]Vij (gl(X, y), 9, (%, Y)) D"g, (x,y)+ D"V, (gl(X’ y). 9 (X, y)) D™g, (% y))d )‘A B
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=DV, (gl(x, y),d, (X, y))‘ a’+D"V, (gl(x y),9, (X, y))‘p1 2ad +D*, (gl(x, y), 9, (x, y))‘/}1 d? =
=DV, (X, y)‘XI a’ + D"V, (x, y)‘XI 2ad + D"V (x, y)‘xl d>=0-a?+0-2ad +0-d? =0.
AHarnoriuno ofiepkyemo piBHocTi: DMW (X, y)‘ =0, D™™W, (x, y)‘A‘ =0. TeopeMy 3 10Be/IEHO.

Posriasgaemo oreparop Of (X y Z C 'J X y) e Sf (X, y)— oreparop, SIKAH
| j eQ

3aJI0BOJIbHSIE YMOBH TEOPEMH 2.
Teopema 4. Oneparop Of (X, y) s OyIb-KOrO |e{1, 2,3} Ta JUId Oyab-SKHX CTaaMX

C; ( f ), (i, j) € Q 3a10BOIBHSE YMOBH:

D71r}’zof (X’ y)‘p‘ = D71r72 f (X, y)"A1 y 0< 71 +72 <2.

Josedenns. 3rigHo 3 Teopemoro 3, pyHkuii V\/ij (X, y), (i, j) €Q n1opiBHIOIOTH HYIO (pa3oM 3 ycima

CBOIMH MOX1HUMHM JI0 2-TO HOPSIKY BKJIIOUHO) Y BEpUIMHAX TPUKYTHUKA a A A A, Tomy

D"720f (X, y)‘;\ = D772 Sf (x, y)‘;\ +(.Z):QC". (f)D"7W, (x, y)‘/A1 = D772 Sf (x, y)‘/A1 +
i,j)e

+ .,Z;QC )-0=D"725f (x, y)‘ﬁ1 =D f (X, y)‘A .

Teopemy 4 noBeneHo.

o0f (x,y)

Teopema 5. J{ns toro, mo6 oneparop Of (X, y) 3a/10BOJIBHSAB YMOBH

crani koedimientn C; (), (i, j) €Q nosunni Busnauarncs popmynamu:

Co(f)- A of (xy)| st (xy) }

sign(A)|AA|| - ov, w0V

Cu(f)= A2 of (xy)| st (xy)
% sign(A)| A Al Ovy . Vo o, ’
C, (1) A of (xy)|  asf(xy)
. sign(A)[AAl vy |, ove |, )

2 2
ne ‘AAJ-‘ = \/(Xi - Xj) +(yi - yj) — oBxkuHa Biapiska AA;, P; — cepenuna Binpiska AA;, v —
BHYTPIIIHSA HOPMaJb 10 CTOpoHK A A; TpUKyTHHKa aAAA,.

Jloseoennsi.

oof (x,y)| &S (x.y)| W, ()| of (xy)|
ov | - ov (,;QC av | -~ ov | ’ (m,n)eQ.

mn mn mn
Pon Prn P Fn

5 oW, (x,y)
3HaligeMo 3HaYeHHI ——————

TUTSL BCIX (i, j),(m,n)eQ.

Pmn

ov

mn
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aVvlz(x y)| 5|gn( 312){ _ anz(Xa y)_ _ anz(X’Y)]
i B rvu (L O e GRS o

R

IAA| X g, a9, ‘ X |P12

P2 P2

_sign(A [ [ 12 (9 ( xy Qz(X y))| o9, +5V12(91(X’y)’92(x’y))| og, | }L

+(X [ ( gz Xy>| % +6V12(91(X,Y),92(X,y))| 0gz| ]}_

ay P, ag2

5P ‘ P2

2

sign (A)((¥:=¥,)" + (%= %))

_sign(4)[AA]
A

Mu ckopucTanucs TuMm, 1o

avlz(gl(x,Y),gz(X,y))| :6V12(x,y)| o 8V12(gl(x,y),g2(x,y))| NV, (X, Y)|

=0, = =1,
. bl : wo
ne M, (%,Oj — o0pa3 Touku P,, mpu nepeTBopeHHi o .
AHaJIOTIYHO OJIEPKYEMO:
oW, (X, )| _sign(A)[AA] AW, (x, y)| _sign(A)|AA| |
OV, |F,23 A2 , 0vy |P31 A
Wy (%, Y)Wy (X Y)W, (xY)| Wy (Y)W, (x )| | Wa(x.Y) o
vy, g, vy, o O0Vys b, OV b, o0vy b vy b
Orxe, oof (X’ y)| = oSt (X’ y)| Clz(f)awﬂ—(xy) 1 pIBHICTh oof (X’ y)| = of (X’ y)| Oyne
Mz, M |y, 12 Ip, Mz, My,
Mat Micue mpu C, (f)=— A of (x, y)| an (x y)| .
sign(A)AAI ov, |, 0w |
AHaNoriyHo
oof (x,y)| _asf(xy)| +C23(f)aW23(X’y)| ~ oof (xy)| _ast(xy)| +C31(f)8W31(x,y)
OV, . OVy, b, OV, . OVy . O0Vy |P31 Ovy .
1 pIBHOCTI 00f (x, y)| = o (x y)| , 00t (x, y)| = of (x y)| OyAyTh MaTH Miclie IpH
OV, . OV, . ovy b ovy b
Ca(f)= A2 aF(xy) esf(xy) C(f)- A aF(xy) ast(xy)| |
sign(A)AAI vy |, v |y sign(A)AAl ovs |, vy |
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TeopeMy 5 noBezneHo.

3 Teopem 2, 4, 5 BUILJIMBAE HACTYITHA TEOpPEMA.
Teopema 6. Oneparop Of (X, y)= Z C; ( (X,Y),y sxomy
| j eQ

3

St (% y)=2 F (A) Wi (X.Y) +Z3:Ck10 f) Wigo (X, Y)+i_ckm( f)Wior (X, y)+

k=1 k=1
3

3 3
+2Ck20(f)wk20(x, Y)+2Ck11( Wkll X y +2Ck02 Wk02 X Y)
P

k=1 k=1

a xoedinientn  C, (f) (k =13 0<p+¢g< 2), G (f) ((1]) € Q) 00YHCITIOIOTHCS

dbopmynamu:

Dlof(x,y)‘ d a D1°f(x,y)‘
D*f(x,y) e b D"f(xy)
CIlO( ‘A‘ ! IOl(f) ‘ !
a d a d
b e b e
D**f(xy), 2ad d’ a® D*f(xy), d’
C,Zo(f)_% D"f(xy), ae+bd de| c,n(f)_Al* ab D™f(xy), de|,
D% f ( y)‘ 2be  €° b> D% f ( y)‘ e
a® 2ad D*°f(x y)‘A1
Cioo () Al* ab ae+bd Df(xy)| | 1=13,
b>  2be  D%*f(x y)‘A
A o (x,y)|  o5f(xy)
Cp,(f)== -~ ,
sign(A)[AA[l ov, [, v |
A2 of (xy) oSt (x,y)
Cy(f)== - ,
sign(A)|AA|l Ovy, g OV, g

c, (1) A of (xy)|  asf(xy) J

sign(A)|AA|l v, o Ova
BOJ'IOI[iC BJIaCTUBOCTAMM:

1) D}’lJ’ZOf (X, y)"A1 = D71v72 f (X, y)‘/s‘ ) Ogﬂ/l +7/2 32’

2) o0f (x,y) :8f(x,y)| |

163
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BUCHOBKHA

Y po6oTi 3amporoHoBaHO MOOYJAOBY IHTEPHOJAIIKHOTO mojiHoMa 3mamana-)KeHimeka 5-ro
CTENEHs Ha JOBUIBHOMY TPUKYTHUKY aAAA,, mo 0a3yeTbCsi Ha BHUKOPUCTAHHI 0Oa3MCHHUX
IIOJIIHOMIB Ha “OIMHUYHOMY’ TPUKYTHHUKY a X, X, X,.
[TepcnekTHBY MOAATBIINX HAYKOBUX PO3BIJOK BOAYAEMO B JIOCIIPKEHHI MOXUOKHA HAOIMKCHHS IS
3aMpoNOHOBAHUX (POPMYI Ta MOOYAOBI IHTEPIOISIIHHO-aIPOKCUMAIIIMHUX CIUTAHIB 5-TO CTEIICHS
Ha JIOBUIBHIN TPiaHTYJIbOBaHIHN CIiTIII BY3JIiB.
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