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PosrsnaeTsess TPUBHUMIPHMH TNPYKHHH TPOCTip 3 NWIIHAPWYHAM BKIIOYCHHSAM, IiIKPIIUICHIM
000110HKOI0. PO3IIIIHYTO BHIAAKH, KOTU Ha MOBEPXHIO OOOIOHKHU z[iroTL BiceCI/IMeTpI/Iqu J:[I/IHaMi‘{Hi
HOpMaJIbHI HaBaHTaXXCHHs. PyX mpocropy omnmcyBaBesi AMHAMIYHIMH PIBHSHHSIMH TEOPIl MPYXKHOCTI, a
pyX OOOJNOHKH ONKCYBABCS TPHOMA MCTOJAMH: JMHAMIYHMMH DIiBHAHHSAMH TCOPil NpPYXKHOCTI,
PIBHSHHSMHU, SIKi BPaxOBYIOTh MONIEPEUHH 3CYB Ta iHepuito obepranHs (0000HKA TUIY THMOIIECHKO),
a TaKOoX KJIIACHYHUMH PIBHSHHAMH Teopil TOHKHX OOOJOHOK, SIKi IPYHTYIOThCS Ha rinotesi Kipxroda-
JIsBa. 3amaua po3B’si3aHa METOJOM IHTErpalbHUX MepeTBopeHb Pyp’e (3a OCHOBOIO 3MIHHOIO), Ta
Jlarmraca (3a 3MIiHHOIO 4Yacy), OOEpHEHHS SKHUX NPOBOIMIOCH dYHceNbHO. OTpHMaHi pe3yIbTaTH
MIPOLTIOCTPOBAHO TpadivHoO.
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PaccmaTpuBaeTcss  TpexMepHOE yNpyroe TMpOCTPAHCTBO €  IIJIMHAPHMYECKHM  BKIIOUCHHEM,
TIOJIKPETUICHHBIM  0007104KOH. PaccMOTpeHB! ciydal, KOraa Ha HOBEPXHOCTh OOOJOYKH AEHCTBYIOT
0CECHMMETPHYECKHE HOPMaIbHBIE HArpy3ku. [IBHXKEHHE MPOCTPAHCTBA ONMCHIBACTCS JHHAMHYECKUMHU
YPaBHEHMAMH TEOPUH YIOPYrOCTH, a JBIXKEHHE OO0OJOYKH OIMCHIBACTCS TpeMs METOHAMU:
JUHAMHUYECKUMH YPaBHEHUSMHU TEOPUHU YNPYTOCTH, YPAaBHEHUSIMH, KOTOPhIE YUUTHIBAIOT MONEPEYHBII
CIABHUI M MHEPIHIO BpameHus (00ojo4ka Tuma THMOIIEHKO), a Takke KIACCHUYECKUMH ypaBHEHHSIMU
TEOPUH TOHKUX 000JI0UeK, KOTOpble YIOBIETBOPAIOT rumorese Kupxroda-Jlssa. 3amaua pemeHa
METOJ/IOM MHTETPAIbHBIX NpeoOpa3zoBanuii @ypre (1o oceBoil koopauHate) u Jlamuaca (110 nepeMeHHON
BpeMeHH),  oOpamieHHe  KOTOPBIX  NPOBOJMIOCH  4YucieHHO.  IlomydeHHble  pe3yJbTaThl
MIPOMJLTIOCTPUPOBAHBI Ipaduuecku.

Kniouegvie cnosa: yunumopuueckass 0060n04Ka, ynpyeoe HpOCMPAHCMEO, OUHAMUYECKAS HAZPY3Kd,

ocecummempuyeckas 3a0aud.

NON-STATIONAR DEFORMATION OF CYLINDRICAL SHELL IN ELASTIC MEDIUM,
SUBJECTED TO EXTENDING SURFACE LOADS
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Infinite cylindrical shell, embded in three-dimensional elastic space is considered. Case, when extended
impulsive axi-symmetrical normal load is subjected to surface of the shell, is studied. Axi-symmetrical
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normal load, which depends on time as unit Heaviside function is considered too. For the results to be
compared, static load corresponding to the second dynamic load is considered.
Space motion is described by elastic theory dynamic equations. Shell’s motions, with purpose to
compare results, are described by three methods: elastic theory dynamic equations; equations, that
consider transversal shift and rotary inertia (Timoshenko’s shell) and classic thin shells theory
equations, based on Kirhhoff-Love theory.
Elastic theory dynamic equations are solved by method of two potential functions. Then integral
transform technique is used. Fourier transform on axial variable, and Laplace transform on time are
used.
Transform solutions for displacements and stresses are inversed numerically. Filon’s method (to inverse
Fourier transform) and the displaced Legendre’s polynoms method (to inverse Laplace transform) are
used.
Dependence of shell’s radial displacements and stresses on load’s extension velocity is studied. It is
shown, that shell’s radial displacements and stresses aspire to zero in large timescales
Radial displacements and stresses for normal load, that depend on time as unit Heaviside function, are
observed to aspire to static solution in large timescales.
Based on the received results, we can conclude that the results of shell’s motions approximate
descriptive methods and exact solutions are almost coincide with that was shown on graphs. Therefore
in the following works we can use only one of the given shell’s motions approximate descriptive
methods.

Key words: cylindrical shell, elastic space, dynamic loads, axi-symmetrical problem.

BCTYII

3amadi mpo CTanioHapHy AMHAMIYHY TOBEAIHKY HECKIHYEHHO JOBTUX IMIIHAPUIHUX 0OOIOHOK, SIKi
3HAXOMAThCA B HEOOMEXKEHOMY IHEpUIHHOMY TMPYXHOMY CEPEIOBHINI TMiA i€ PYXOMHX
HaBaHTaKEHb, PaHIIIe PO3rsAaInch B podbotax [1-3], a Takox y moHorpadii [4]. ¥V poborax [5, 6]
PO3TIISIHYTI MOMIOHI 3ajadi y HecTalllOHapHii MOCTaHOBII, ajieé PO3rJisA] OOMEXEHO BUMAJAKaMH,
KOJIM Ui OOOJIOHKM BHKOPHCTOBYIOTBHCSI KJIACHYHI PIBHSIHHSA, @ JUISI ONHCY pEeaKIii cepeoBHIIa
BUKOPHCTOBYETBCSI HabMIKeHa Moglenb Tuily Biacosa-IlactepHaxa, sika HE J03BOJISIE 3HAHTH
HANPY)KCHHS 1 [EPEMILICHHS Y IPYXKHOMY IIPOCTOPI, Ta 0OMEXKYe HOCIIDKCHHS HECTalliOHapHOI
MOBEIIHKU 00OJIOHKH.

ITOCTAHOBKA 3AJIAYI

PO3FJ’I$II[&€TI)C$I BlCGCI/IMeTpI/ILIHa HGCTaHlOHapHa ne(i)opMams{ HECKIHYEHHO JIOBroi III/IJ'IIH)lpI/I‘-IHOI
O6OJ'IOHI(I/I sgKa 3HaXOJHUTLCA B JIHIHHO- pr>KHOMy, OI[HOpl,Z[HOMy Ta 13OTpOl'IHOMy HpOCTOpl Hl,[[
)IlCIO HAaBaHTAXCHDb, 10 PYXAlOTbCA B3J10BXK oci obononku. Hexaii 060oj10HKA Ta HpOCTlp BlI[HCCCHl

JI0 HEPYXOMOI IMIJIIHAPUYHOI CUCTEMHU KOOPJAUHAT {r,¢9, X} , aJie s 1i€i BICECUMETPUYHOI 3a1adi
BCi BETMUYMHHU HE 3aJIeKaTh Bif 3MiHHOI ¢ . BHyTpimHiii pagiyc o6omonku b, a 30BHimHIA — a. Y

MoMeHT 4acy t <0 o0osoHKa Ta MPOCTIp 3HAXOIATHCS B CTaHI CIIOKOIO Ta BUIBHI BiJl HAIPYKCHb.
ITorim y Moment wacy t=0 B Touri Xx=0, r=Db npukmagaerbcs iMIyIbCHBHE HOpMAlbHE

HaBaHTaxkeHHA F, 1 B momambmii MoMeHTH yacy t>0 BinOyBaeTbcs pO3LMIMPEHHS HAaBAHTAXKEHOI
JOUISSHKA 3 TOCTIMHOK IIBUJIKICTIO C TaKMM YMHOM, LI0 CyMapHMM HOpPMaJbHMHA THCK Yy BCl
MOMEHTH 4acy 3ajHumaeTscst piBHUM F,. Takoxx po3rismaeTscst BUMAIOK, KOJHM B MOMEHT 4Yacy
t=0 B obGmacri |X| <d, r=Db npuknamaeTbcs IMIyITbCHBHE HOPMallbHE HaBaHTaKeHHS F,, ske
MOCTIHHO Ji€ Ha Wi AgHII. s MOpIBHAHHS pe3yibTaTiB NpU 3aJ@HOMY HaBaHTAXEHHI
PO3TIITHYTa aHAJIOTIYHA CTaTHYHA 3aja4a.

Y Hamiiit poboti pyx 00onoHKH Oyrnemo ONHCYBATH 32 JIOOMOT00 JTUHAMIYHUX DPIBHSHb TEOPil
NPY)KHOCTI, PIBHSIHB, SIKI BPaXOBYIOTh TMONepeyHHit 3CyB Ta iHepIito obepTaHHs (0OONOHKA THUILY
TumoIeHKo), a TAKOK KJIACHYHUX PIBHSAHB TEOPii TOHKUX OOOJOHOK, SIKi IPYHTYIOTBCS Ha TiMOTe3i
Kipxroga-JIsBa. KoHTakT MiX NpocTOpoM Ta OOOJIOHKOK BBaKAEMO KOB3HUM, a 3B 30K —
nBOCTOpOoHHIM. CepenoBHIIe, 1110 0TOUYE 000JIOHKY, ONUCYEThCA TUHAMIYHUMH PIBHSHHSIMH TEOPii
MPY>KHOCTI.

Po3ristHeMO crioyaTky BHIIAI0K, KO pyX 0OOJOHKHM OMHUCYETHCS PIBHSHHAMU TEOPIii MPYKHOCTI.
VY BekTOpHiii hopMi 11i piBHSIHHS MalOTh BUTIIAA [9, ¢.551]:

2-(K)
o°u

et 1)

(A +24 ) grad div(ﬁ(k))—,ukrot rot(ﬁ(k)) =P,
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S _ (06 k) ; ~1 i =
ne U " =\u,’,u’) — Bektop mepemimieHb, ne K =1 BigHOCHTBCS 10 000JOHKH, a K=2 — 10
npocTopy; A, 4, —napamerpu Jlame, p, — IIUIBHICT.

[Ipu BiACYTHOCTI MacoBHX CHJI BBOJMMO IIOTEHIIAJbHI (QYHKITIT o, wl 34 dhopmynamu
[9, c.565]

(k) (k) (k) (k) (k)
u)((k):(?q) +8‘P +‘P | usk)zé‘q) oY . @)
OX or r or OX
[TigcraBusiroun 3anexHocTi (2) y piBasHHA (1), Maemo:
oo 100" 0% 1 o’0"
7 T t— 7 T a7
or r or OX c, ot 3
o 1ow® ot Wl 1 g2l ©)
2 t7 t— T T2 Az
or r or OX r C, Ot
2G,(1-v G
Clzk:Lk)’ Ch = —=. (4)
pcl-2v) Py
I'paHn4HI YMOBU MalOTh BHUTJISIA:
ol (b,xt)=0, o (b,xt)=—f,(xt) -

o¥) (a,xt)=0 (a,x1)=0, o¥(axt)=c?(axt), u(axt)=u?(axt),
e f,(X,t) — HopManbHe HaBaHTaXEHHS, K /i€ HA BHYTPIIIHIO TOBEPXHIO OOOIOHKH.

Hampyxxennsi, HeoOXigHI Uisi 3aJ0BOJICHHS TpaHUYHUX YMOB (5), BHpakaloThCsl depes
nepeMilieHHs: GopMynaMu:

L _ 26w [ou u) 26, (1-v) auy!
To1-2y, 1-2v, or

OX r
O'S:) =G | —=—+—|
or OX
ko pyx OOONOHKM OMUCYETHCS PIBHSHHSAMH, SIKI BPaXOBYIOTH TOINEPEUHUN 3CYB Ta IHEPINIO

oOepraHHa (000J0OHKa THUIMY THUMOIIEHKO), TO y BICECUMETPUYHOMY BWIIAJKY PIBHSHHS JUIS
obononku MaroTh Burisn [10, c.43]:

(6)

ou v, ow 1 1-v, &u
_+__— ,
ax? aox t2G, ot

vyou  Ll-vi( 0w Oa w 1-v, ®°w 1-v,
———k +—2|+—==- — - f,+q,) 7
a ox 2 {ax2 x | a2 oG, o ZGlh( 0 ) ()
6205 21—v, [ ow 1+v, 0°a

— 6k 1 + — 1 x,
P~ h? (ax Xj o6, o

ae U, W — OoCbOBE Ta pajiajbHe MEepeMIllleHHS CEepeAMHHOI MOBEpPXHI OOONOHKH;, &, — KYT

MOBOPOTY HOpMaJli JI0 CEPEeAMHHOI MOBEPXHI OOOJIOHKH B OCHOBOMY HAamlpsMKy; (, :qr(x,t) -
HOpMaJlbHa peakilisi 3 00Ky IpOoCTOpy Ha MEXKi KOHTAKTy 3 000JIOHKOIO.

VY 11poMy BUNAAKy TPaHUYHI YMOBH ISl IPOCTOPY TaKi:
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o (a,xt)=0, o (axt)=-q,(xt), u?(axt)=w(xt). (8)

Axmo pyx OOOJOHKH ONHCYETHCA KIACHYHMMH PIBHSHHSAMH TeOpli TOHKHX OOOJIOHOK, SKi
BianoBigaroTh rinotesi Kipxrodga-Jlsasa, To y BicecCMMETpUYHOMY BUTIIAKy Oy/Ie€MO MaTH PiBHSIHHS
[10, ¢.27]:

u vyow_ 1-y o

P ey & PYeR

o a ox 2G, ot

1/lau+h2 84W+w pl v, 8w 1- vl(

aox 12ox' @& 2G, ot* 2Gh

(9)

2 10,).

3po3yMmilio, 110 B IbOMY BHIIAJIKY 3aJIMILIATHCS CIPABEUIMBUMH IPAHUYHI YMOBH (8).

[TodaTkoBiI YMOBH y BCiX BUIAJKaX MPUUMAIOTCS HYIHOBHMH, TOOTO mpu t =0 1IykaHi BeTUIHHH
Ta iX MepIii MOXiJHi 32 YaCOM BBAKAEMO PiIBHUMH HYIIIO.

3ayBaXuMo, IO /IS CTaTHYHOI 3amadi TpeGa B3ATH PIBHUMH HYJIO TOXiJHI 32 9acom, a BCl
BEJIMYMHHM HE 3aJIeKaTh B 3MiHHOT {.

PO3B’A30K 3AJAYI Y ITPOCTOPI 306PAKEHD

Z[J'ISI pO3B’$I38.HH$I 3a,uaqi 6yz[eM0 BUKOPUCTOBYBATH IICPETBOPCHHA Jlamnaca 3a 4acoBOIO 3MIHHOIO:

fo(p)=|f(t)e™dt (10)

O =y 8

Ta neperBopeHHs Dyp’e 32 0CLOBOIO KOOPIMHATOO:

_ % T f (x)e™™dx. (11)

[Tepeiinemo 10 6€3pO3MipHHUX BEIHYUH:
a(k)’g(k) =i{q)(k),\y(k)}; {U(k)’U(k)’W’U}=1{u(k),u(k),wlu};
aZ X r a X r

=) = _ L w . 7 _f.om oz 1 :
{G" 1O }_E{Grr 10 }' fn _al' {qulqu}_El{qu’qu}' (12)

1

1 . Cy .. h. G . « P
rl==Ixr!; =2y =— =1 =l d=1-«x«.
{X* r} {X r} T K V4 2 o : i K

3acTtocoByemo mepeTBopeHHs Jlamnaca 3a 3MiHHOIO 7 Ta nepeTBopeHHs Dyp’e 3a 3MIHHOIO X« J0
piBHAHB (3). OTpuMaemo:

—(k) —(k) () i)
PP 10D [, g2\ =( Wi 10Yir (K) 2 7l
o r o ~(s* +n{p*)@iF =0, ol xoon S +r* Fir =0, (13)
e
=S LM e Gy e G 7 I e G v
2 ’ 2 2 * ’ 2 * "
Cu 2(1_V1) Co C, p 2(1_‘/1) Cx

3aranbHUil po3B’sA30K piBHAHB (13) 3 ypaxyBaHHSM yMOB 3aTyXaHHS Ha HECKIHUEHHOCTI Mae
BUTJISL
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(DLF(r,S, p)=C.(s, P)K, (M1 )+C, (s, p) Iy (MK );
‘PLF(r,s, p)=C,(s, P)K,(m,r.)+C, (s, p)I, (m,r.);
D (r.s,p)=Cs(s, pP)K, (Myr);
N7¢ (r.,s,p)=Cy(s, P)K, (M,L.),

2 1) 2 2 1) A2 2 2) A2 2) A2
ne m =4s*+70p?, m, = \s*+n{p*, my=s?+nPp*, m ="+ p®,a Ky, 1y, K, Iy

— moaucgikoani ¢pynkuii beccens.

(14)

3acrocoByemMo niepeTBopeHHs Jlamiaca 3a 3MiHHOIO 7 Ta nepeTBopeHHs: Dyp’e 3a 3MIHHOIO X« 10
piBHHB (2) Ta (6). OTpuMyeMO BUpa3u Il IEPEMIILICHb Ta HANIPY>KEHb Y TPOCTOP1 300paKeHb:

© dp j&@

—(k)
Uk —isol + dPir gl

—isWYLF, (15)

. u (k) _
dr. r. L K.

) L{isu(” n Ur(i)F ]Jr 2(1_‘/1) dUSi)F
1

Ok = !
- L) 1-2y, on
— (1)
oo = [dg—“ lsuﬁL)FJ,
r*
(2) (2) (16)
— 2(1—
i isU?L #ne |, (1=v;) dUye :
(1-2v,)r . (1-2v,)y dr
— (2)
s :l[—duxw +isu§5;j.
y\ dr
VY npocropi 300paXkeHb rpaHUYHI YMOBH MatOTh BUIJISL:
EE‘];()LF (dlusa p)=0, EE':I[:)LF (dl,S, p)Z_TnLF (81 p)| (17)

ooie (15, p)=onie (LS, p)=0, o (Ls,p)=ontr (Ls,p), UL (Ls,p)=U2(Ls p).

Y pe3ynabTaTi OTPUMYEMO CHUCTEMY JIIHIMHUX anreOpaiyHuX piBHAHb BIIHOCHO (YHKIIN
C (s,p),....C.(S, p). Po3s’sa3yroun cucremy merogom Kpamepa, MaTUMEMO:
1 6

det(A,)

= Get(a) 17HO (18)

Ci(s.p)

Z(ml2 —V1<m12 +52)) Ky (md,) N 2m, K, (md,);

= 1-2v,) q,
_2(”‘5‘%(”‘5”2))'0(”‘1(’1)_2%,( 0
a12_ (1—2V1) dl 1 ml 1)
2is . 2is .
ay, :d—K . (m,d, )+ 2ism,K, (m,d, ); 314:d_Il(mzdl)_2|3m2|o(m2d1);
1 1
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=—2ismK, (md,); a,, =2ism 1, (md,); a, =(m; +s°) K, (m,d, ); a,, =(m; +s*)1,(m,d, );

2(m v, (mf +57) ) Ky (m) o (mE v (m s)) 1 (m) |

8y, = (=2v,) +2mK, (m,); a;, = (=2v,) —2ml; (m,);
ay, = 2isK, (m, )+ 2ism,K, (m,); &y, = 2isl,(m,)—2ism,l,(m,);

:2(‘/1(”112+32)_m12)K0(ml)_2lel(ml)_ :_(ism4K1(m4)+ismjKo(m4))_

a35 ’ase )
y(1-2w) y y

=-2ismK, (m,); &, =2ism1, (m,); a, =(m§ +5°) K, (m,); a,, =(m3 +5%)1,(m,);

a55:_2ism3|;1(m3); a56=( 22 aﬁ -mK; (ml) 62_m1|1(m1);
ag, =—isK,(M,);  ag, =—isl;(M,); aE =mK,(my); ag =isK,(m,);

a15:aie:azs:aze:a45:a46:a51:a52:a53:a5420-

Marpuui A;, j=16 orpumyrotbcs 3 Martpuii A 3aMiHOK | -TO CTOBHLA BEKTOPOM 3

KOOPJIMHATAMHU: (—fnLF( p), 0,0,0,0,0).

VY BHIIaJKY, KOJIA PyX OOOJOHKH ONHCYETHCS PIBHSIHHIMH, SIKI BPaXOBYIOTH IONEPEYHUI 3CYB Ta
iHepuito o0epranHs (00omoHKA THUIY THUMOIIEHKO) Y mpocTopi 300paxeHs 3a Dyp’e-Jlannacom i3
(7), npuXOaUMO A0 TaKOI CUCTEMHU:

—sU . +VisW,. = 1_TVlULF p’;
v,isU —kzl_—vl(—szw +isaur ) +W __Iny pz—l_vl(—T +Qu )i (19)
1 LF 2 LF LF 2 LF 2’(}/ nLF rLF
—s?aur —6k — (ISKW,_F +axLF):l+V ExLFp ;
K
onir (15, p)=0, onie (LS, p)=—Gur (5,P), UZ(Ls, p)=W, (s p). (20)

BpaxoBytoun rpannysi ymosu (20), 3 mepuioro ta TpeTboro piBHsAHHA cuctemu (19), 3Hax0oaMMO
bynknii U . (S, p), OxF (S, p) BiJIMIOBIAHO:

2v,is

U ,P)= W, . P); 21
o (5P)= gy e (5 P) @)
~ ek2 1
_ K
o (S, p) - S2 +6k2 1—V1 +1+V1 ZWLF (S’ p) (22)
K? 2

[TincraBusroun (21) ta (22) y apyre piBHsHHA cucteMu (19) 1 BpaxoByroun rpanuuHi ymosu (20),
OTPHMYEMO CHUCTEMY JIBOX PiBHSHB BiTHOCHO HeBimomux C; (s, p), C, (S, p).

SIkmo pyx OOOJOHKM ONHUCYETHCS KIACHYHMMHU PIBHAHHSAMHU Teopii TOHKHMX OOOJIOHOK, IO
BiAmoBimaroTh rinoresi Kipxroda-Jlsea, y mpocTopi 300pakeHb OTPUMAEMO TaKl PIBHSIHHS:
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_SZU LE +VliSWLF = ]%%U LE p21

K* 1-v 1-v, ; — — (23)
viisU +ESAWLF +Wie = _leLF p* _2_,(1(_ Foir + e )
['paHn4Hi yMOBH MalOTh BHUTJIS:
—(2) —(2) -
onir (L5, p)=0, onr (LS p)=—0u (s, p), UZ(Ls, p)=W, (s, p). (24)

BpaxoByroun rpaHudHi ymMoBU (24), OTPUMYEMO CHCTEMY piBHSIHbL (23) BIZIHOCHO HEBIJOMHX
C.(s.p), C,(s,p).

JIst BIAMOBITHOT CTaTHYHOT 3a/1a4i, KOJIM 00OJIOHKA OMHUCYEThCS PIBHSAHHSAMHU TEOPii MPYKHOCTI, il
po3B’s130k Oynemo mrykatu y popmi [lankoBuua-HetiGepa [9, ¢.185] yepe3 aBi rapMoHidHI QyHKIIIT

o (r,x) i pf(r,x):

(k) (k)
uﬁk)(r,x):%Jﬁ%x;
(k) (k)
(k) __Op W, 9P,
u¥ (r,x)=-—"2——(3-4 X2, (25)
< (1) ox (3=4v)e; X

BinmoBinHi HampyKeHHST BUPAKAIOTHCS Yepe3 MmepeMimieHHs 3a popmymnamu (6).

dyuxuii o (r,x) i pi)(r,x) 3amoBonbHsIOTE piBHAHMAM:

2 (k) (k) 2_(k)
qu)gk)zd (0;- +ldcoj +d (p; 0, j=12 k=12 (26)
dr r dr dx

3acrocyBaBiu nepeTBOpeHHs Dyp’e 10 3MiHHIA X« 10 piBHAHB (26), MaeMoO:

AP (0
r q S+ d:’ ~t’’®r; =0, j=12 k=12 (27)
r* *

3aranbHUl PO3B’SA30K pPIBHAHBb (27) 3 ypaxyBaHHSM yMOB 3aTyXaHHs Ha HECKIHUEHHOCTI Mae
BUTJISL

E(Fl)l(r*,s) =C,(s)K, (Sk.)+C,(s)1,(st.);

oY, (r.,5)=Cy(s)K, (s1)+C, ()1, (SK);

(_D(Fz)l(r*, $)=Cy(5)K, (sr.);

or, (r.,8)=Cq(S)K, (SK.).

(28)

3actocyBaBmu nepeTBopeHHs Dyp’e 3a 3MIHHOIO X« /IO CHiBBiAHOIICHH (25), BpaxoByrouu (12),
Ma€eMO:

(k)

oDr1 826F(2k) .
+1

u® - 5)=
e (59) or. Osor.,

— (k)
US;)(I;,S)=iSEF§k)—(3—4Vk)6F(2k)—Sa®F2 . (29)

0S

TpancdopmaHTH BiAMOBIIHUX HANPYyXEHb 3a1at0Thest popmynamu (16).
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[TincraBnsroun cniBBigHOMEeHHS (28) B (29), a moTiM criiBBigHOIICHHS (29) B rpanu4Hi yMOBH (17),
OTPUMYEMO CHCTEMY JIiHIMHMX anreOpaiuHuX piBHAHB BigHOCHO C, (S),..., Cs (S) , sKa

PO3B’sA3y€eTheA 3a hopMyaaMu, aHajgoriaHumu (18).

Po3B’s3ku y Bumagkax, KOJIM OOOJOHKA OIMUCYEThCS PIBHAHHAMH THITy THMOIIEHKO, abo
PIBHSHHIMU KJIACHYHOI Teopii TOHKHX OOOJIOHOK, SIKi 3al0BOJBHSIOTH rinore3i Kipxroda-Jlasa,
OTPUMYIOTHCS QaHAIOTIYHO.

PE3YJIBTATH YUNCEJIBHOI'O AHAJII3A

PosrisiHeMo BHUIAIO0K, KoK B moyatkoBuil MoMeHT yacy t =0 B Touri x =0, r=Db npuknagaerscs
IMITyJIbCHBHE HOpMaJbHE HaBaHTaXEHHI F;, 1 y momampmmii MmomeHT 4acy t>0 BimOyBaeThcs

PO3MIMPEHHS HABAHTAKEHOT TUISHKHU IIMITIHAPHIHOT 0O0JIOHKH 3 MOCTIHHOI MIBUAKICTIO C .

(DYHKI_IiH HaBaHTAXCHHS Ma€ BUTJIA:

FH (ct—|x])
f(xt)=———" 30
(1) 4rctb (30)
ne H (X) — oquHUYHA QYHKIlIT XeBicaia.
TpanchopmanTta HaBaHTakeHHs (30) Mae BUTIIAL:
F
2 V4
far (1)=& T -areq [ 2], @
4272d sc”
* C
e c =—.
Ca1
[Ticns ob6epreHoro neperBopeHHs Pyp’e oTpruMyeMo Bupasu uid Tpanchopmant Jlamnaca:
U@ (r,x.,p)Ga’ U8 (r.,s
L ( p) & 21 *J‘ rLF( 1S, p) E_arctg (i*} COS(SX*)dS, (32)
K 8z°d,c < S 2 sc
—(2) 2 —(2
oL | L, Xs, a o L, S,
i P) - 21 *Ia tr (%5 P) 7 _arctg (ﬂj cos(sx. )ds. (33)
F 8r°dc 1 s 2 sC

PosrnsiHemMo Temep BHMANOK, KOJM B MOYAaTKOBHA MoMeHT dacy t=0 B obmacti |X| <d, r=b
MIPUKJIAIa€THCS IMITYJIbCUBHE HOPMaJIbHE HaBaHTaKeHHS F, sSike MOCTIHHO /i€ Ha 1iH JUISHILI.
OyHKIIis] HABaHTAXKEHHS Ma€ BUTIISL:
f,(x,t)=FH(|]x|-d)H(t). (34)
TpancdopmanTta HaBaHTakeHHs (34) Mae BUTIIAL:
J/2F,sin(d"s)
foir (Sv p) = '
J7sp

(35)

e d*:g.
a

[Ticna oGepueHoro neperBopeHHs Pyp’e oTpuMyeMo Bupasu i TpanchopmanT Jlarmaca:
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u® - X..p)G =sin(d*s\u®@ -
/(%% p) 1=ij5|n( )V (1o p)cos(sx*)ds, (36)
F TPy S
—(?) . « \ (2
om (L. X, p):iwsm(d s)omer (L.S, p)cos(sx \as an
F, pe S KA
BinnoBigHe HaBaHTAXKEHHS U1 CTATUYHOI 3a7a4l Mac BUTIISL:
f,(x)=FH(]x|-d), (38)
TpaHcopmanTa Dyp’e IKOro TOPIBHIOE:
J2F sin(d’s
- (s)=°—()- (39)

Jrs

[Ticns o6epHeHoro nmepeTBopeHHss Dyp’e OTPUMYEMO PO3B’ 30K CTATUYHOI 3a71a4i:

2 © ai * 2
U (r.x.)G, =lj.sm(d s)Uis (r*’s)cos(sx*)ds, o)
F Ty S
E(rf) (r.x.) 1%sin(d’s Urrl):(r*,S)

4]

OO6uucnenHs HeBlacHUX iHTerpaniB y Bupazax (32), (33), (36), (37), (40), (41) 3nilicHIOBasOCS
HAOJIMKEHO 3 BHUKOpUCTaHHAM Meroga Paiinona [7, ¢.76], obepuennst neperBopeHHs Jlamiaca
3MICHIOBAIOCS YMCEIBHO 3a J0MOMOT0I0 3MillleHUX moJtiHomiB Jlexanapa [8, ¢.42].

cos sx. )ds. (41)

Po3paxyHkn mpoBemeHO Ui TaKkuX 3HA4YeHb Oe3po3MipHHMX mapametpiB: v, =V, =0,3, =30,

p* =4, ¥=0,02, d,=1-x=0,98, d”’ :%. Benuuunu I, X., 7, C — 3MiHIOBAJIaCh.

Puc. 1 imocTpye 3MiHYy HOpMallbHUX IEepEMIIlleHb 3a YacOM Ha MeX1 KOHTaKTy OOOJOHKH 1
npyxsoro mpocropy mpu L =1, X. =0 mus pisHux 3HaUeHb 0E3pO3MIPHOI MIBHAKOCTI PyXy

HaBaHTAXXEHHSI, IPU bOMY JUIsl KpUBOi 1 — ¢ = 01, misa 2 — ¢"=025,3-¢c =04. [Ipu npomy
CYLUIbHI KpHBI BIANOBINAIOTH pe3yibTaTaM, KOJIM pPyX OOOJIOHKH OIHUCYEThCS IWHAMIYHUMHU
PIBHSHHSIMH TEOpii TPYXKHOCTi, a IYHKTHPOM 1 INTPUX-TIYHKTUPOM BIiJIOBIJAIOTh TEOPii
Tumomenko 1 Kipxroga-JIssa BigmosigHo. Ha puc.2 HaBeneHi aHaJOTi4yHI pe3yabTaTd Jis
HOpPMAaJIbHUX HAIpYKEHb.

Ha puc. 3 nokaszaHo, siK 3MIHIOIOTbCS pajiajibHI MEpEeMIIIeHHs Ha MeXi KOHTaKTy OOOJOHKH 1
npyxHoro npocropy (f =1) 3a 0ChOBOI KOOPAMHATOI y pi3Hi MOMeHTH yacy mpu € =01, a
puc. 4 UTFOCTpY€E aHAJOTIYHUM PO3MOIN JJIsT OUTBII BHCOKOI MIBHUIKOCTI PO3MOBCIOKEHHS THUCKY,
xomu ¢ =0,4.

Ha puc. 5 1 6 mis maBanTaxkeHHs (34) 300pakeHO 3MiHY 3a YaCOM HOPMAJIbHHX TEPEMIIMICHb 1
Hanpyxenb y Ttoumi h =1, X. =0, npu mpoMy ropusoHTaIbHI mpsMi Ha 000X rpadikax
BI/IMOB1/TaIOTh CTATHYHOMY PO3B’SI3KY.

Puc. 7 imocTpye 3MiHY HOpPMaJbHUX HEpPEMIIlIEHb 32 OCbOBOIO KOOPAMHATOIO JUIsl HaBaHTaXKEHHS
(34) npu 7 =25 npu pi3HUX 3HAYCHHSIX PATIATbHOI KOOPAUHATH, TOOTO Yy MPYKHOMY IPOCTOPi
IIPU BiJIaJICHH] BiJl IPaHUIl KOHTAKTY 3 000JIOHKOIO.
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1
2
3

Puc. 1. 3miHa HOpMaTIBHUX TIEPEMIIIICHb 32 YaCOM HAa MEXI KOHTAKTY O0OJIOHKH 1 MPY>KHOTO ITPOCTOPY LISt
HaBaHTaXCHHS, 1[0 PO30IiraeThes

1
2

|
Puc. 2. 3miHa HOpMaTBEHUX HAMPYXKEHb 32 YaCOM Ha MEXi KOHTAKTYy O0OJIOHKH 1 MPY>KHOTO MPOCTOPY IS
HaBaHTaXCHHS, 10 pO30iraeTbes
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w

—t=t
-—--t=25
—-—--t=5

Ur

Puc. 3. 3miHa HOpMaNbHUX MEPEMIIICHB 38 OCHOBOK KOOPAUHATOO IIPH Pi3HUX 3HAYECHb 4acy Ha MEXi KOHTaKTY
00O0IJIOHKH 1 TIPY>KHOTO TIPOCTOPY Il HABAHTAKEHHS, 0 PO30iraeTbes

1,6 7

—t=1
—-—-t=25
—-—--t=5

Ur

(2

Puc. 4. 3miHa HOpMaJIbHUX TIEPEMIIIIEHb 32 OCLOBOIO KOOPMHATOO IPH PI3HUX 3HAUSHb Yacy Ha MEXi KOHTaKTy
000JIOHKH 1 TIPY)KHOTO TIPOCTOPY JJIsi HABAHTAXKEHHSI, 1110 PO30iraeThest

Puc. 5. 3miHa HOpMAaTBPHAX MTEPEMILICHB 32 YaCOM Ha MEXi KOHTAKTy 00O0JIOHKH 1 IPY>KHOTO MIPOCTOPY LIS
HaBaHTAXXCHHS, [0 3aJICKUTH BiJ] 4acy, K OAMHUYHA QYHKIisA XeBicaliga
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.21

1.4

0.6+

0.8

Puc. 6. 3mina HOpMaTbHUX HAMPY)KEHD 32 YACOM HA MEKi KOHTAKTY O0OOJIOHKH 1 MPY>KHOTO ITPOCTOPY LISt
HaBaHTaXCHHS, 10 3aJICKUTh BiJl 4acy, SK OAMHUYHA QYHKIisA XeBicaiina

r=1
——-r=1,5
—— =2

Ur

Puc. 7. 3mMiHa HOpMaTBHHUX MEPEMIIIICHD 32 OCHOBOIO KOOPIUHATOO MPH Pi3HUX 3HAYCHD PalialbHOI KOOPAUHATH HA
MEX1 KOHTaKTy OOOJIOHKH 1 IIPY>KHOTO MPOCTOPY JUIsSl HABAHTAXKEHHSI, 1110 3aJIC)KUTh Bijl 4acy, sIK ONUHUYHA QyHKIIis

Xesicaiiza

0.3

0.2

0,1

-3 3
r=1

= —— =15
¢ A3 . -

X

Puc. 8. 3MiHa HOpMATLHUX HAMIPYXKEHD 32 OCHOBOIO KOOPAWHATOIO MPH Pi3HUX 3HAYCHHIX PaliabHOI KOOPIUHATH Ha
MEXi KOHTAKTy 00OJIOHKH 1 TIPY>KHOTO TIPOCTOPY IS HAaBaHTAKESHHS, 1110 3aJIe)KHUTh BiJl 9acy, K OJUHUYHA (YHKITIS
Xesicaiiza
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BUCHOBKHA

OTpumaHO PO3B’A30K BICECUMETPUYHOI 3ajadl JUIsl LMIIHAPUYHOI OOOJIOHKH, pPO3TALIOBAaHOI Y
MIPYXHOMY HpOCTopi Ha SKy JIIOTh HAaBaHTAXEHHS, IO PO3IIMPIOETHCS, Ta HABAHTAXKCHHS, SKE
3aJIOKUTh BiJl 4Yacy, SIK OJMHUYHA (YHKIIIS XeBlcaI/ma Jlis HaBaHTaXE€HHsI, 10 p0361raeTLc;1
JOCIIJKEHO 3aJIeKHICTb HOPMaJIbHUX nepeMlmeHb Ta HANpYXKeHb BiJ] HIBMJKOCTI PO30iraHHs
HaBaHTAXEHHS, Ta iX PO3MOALICHHS 32 OCbOBOI KOOPANHATOIO B Pi3HI MOMEHTH 4acy.

JlJis HaBaHTaXEHHS, 10 3aJCKUTh BiJl 4acy sSIK OJUHUYHA (DYHKIIiS XeBlcaI/ma OyJI0 JTOCTIIKEHO
po3n0;[1neHH51 HOpMAJIbHUX TEPEMILIEHb Ta HAIPYKEeHb 32 OCOBOIO Ta PaAiabHOI0 KOOPIMHATOO
B pPI3HI MOMEHTH Yacy.

HopiBHSHO pi3HI METOIM ONHCAaHHS PyXy OOOJNOHKH Ta IOKA3aHO, IO PE3y/IbTATH, OTPUMAHI Ha
OCHOBI 3aCTOCYBaHHS Lux METOJIB, MAJlO BiIpI3HAIOTEC. Ha OCHOBI 1bOro MoxHa 3pobutH
BHCHOBOK, ITI0 TIPY POB’SI3aHHI OUTBIN CKIIQJHUX 33/1ad MOKHA 3aCTOCOBYBATH OJIHY 3 HAOIMKCHHIX
MojieJiell OnucaHHs pyXy OOOJIOHKH.
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CONDITIONS OF OVERLAPPING WITHIN AN INFINITE SET
OF HYPERPARALLELEPIPEDS IN EUCLIDEAN ARITHMETICAL SPACE
AND THE FINITE LEBESGUE MEASURE OF THEIR UNION

Romanuke V. V., professor, d. t. s., associate professor
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An infinite set of hyperparallelepipeds in Euclidean arithmetical space is considered. Each
hyperparallelepiped is closed. It is defined by five parameters. They are the sequence order number and
quadruple of positive integers, giving two numerators and two denominators of two fractions. These
fractions are such that the numerator is always less than the denominator. One fraction is subtracted
from the sequence order number, another one is added to this number. The denominators are raised to
the power which is actually that sequence order number. As a case study, the union of those
hyperparallelepipeds is found. The goal is to ascertain whether the ordinary Lebesgue measure of the
hyperparallelepipeds’ union is finite and, if finite, to calculate it. Besides, it is tasked to find any
overlappings within the infinite set of hyperparallelepipeds by the constrainted fractions. In the
beginning, concepts of overlapping and nonoverlapping are stated. Overlapping and nonoverlapping are
conceived at various levels. Number of these levels is defined by the Euclidean arithmetical space
dimension. Nonoverlapping, however, does not specify overlapping in lower dimensions. The
nonoverlapping is perceived at a level implying the simpler nonoverlappings which correspond to higher
dimensions. Thus, nonoverlapping is specified not through all the levels, but just at the basic level which
is not implied elsewhere. Further, conditions of when overlapping exists are stated in four theorems. It is
revealed that only single overlapping can be, and only first two numbered hyperparallelepipeds can
overlap. The ordinary Lebesgue measure of the hyperparallelepipeds’ union is always finite. Both for
nonoverlapping and overlapping, two formulas for calculating the measure are stated. In the conclusion,
it is mentioned about three cases when each hyperparallelepiped is open or half-open. In these cases,
hyperparallelepipeds cannot overlap at a single point. Nonetheless, the measure calculation formulas
hold.
Key words: infinite set of hyperparallelepipeds, union, overlapping, finite Lebesgue measure.
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