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The mixed problem of the elasticity theory for the homogeneous isotropic half-space with the infinite
circular cylindrical cavity, parallel to the boundary of the half-space, is considered. These investigations
are of practical interest in connection with problems of geomechanics and geotechnical engineering. The
aim of the work is to substantiate and to apply the research method of the stress-strain state of elastic
half-space with a circular cylindrical cavity in the case when the stresses are set on a half-space
boundary and the displacements are set on a cavity surface.

A boundary value problem for the Lame equation with the appropriate boundary conditions in the given
domain is solved by the generalized Fourier method. The general solution of the boundary value
problem is presented as a superposition of the external basis solutions of the Lame equation for the
cylinder and the internal basis solutions for the half-space. The addition theorems of the basis solutions
of the Lame equations for the cylinder and the half-space allow to satisfy the boundary conditions and to
reduce the problem to the infinite system of linear algebraic equations which is solved by the reduction
method. It is proved that the operator of the system is quite continuous in space I,. The results of

numerical calculations have been presented.
Key words: generalized Fourier method; elastic half-space; cylindrical cavity; basis solutions of the Lame
equation; addition theorems; reduction method.
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OBOCHOBAHUE OBOBIIEHHOT'O METOJIA ®YPBE
JIJISI CMEIIIAHHOM 3AJIAYU TEOPUHU YIIPYTOCTH B NOJYIIPOCTPAHCTBE
C HWINHJAPUYECKOH MMOJIOCTHIO

[Tpouenko B. C., a. ¢.-m. H., mpodeccop, Ykpaunen H. A., cT. npenogaBaresns

Hayuonanvnuiii aspoxocmuueckuu ynueepcumem um. H.E. JKyxoeckoco « XAy,
yn. Ykanosa, 17, 2. Xapvkos, 61070, Ykpauna
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PaCCManI/IBaeTCﬂ CMCIllaHHasd 3aJa4a TCOpUU  YyHOpyroctu Ajid OJAHOPOJAHOI0  HM30TPOITHOIO
NOJIYIPpOCTPAHCTBA C OeCKOHEUHOI prl"OBOfI HHHHHHpI/I‘IeCKOﬁ IIOJIOCTHIO, HapaﬂﬂeﬂbHOfI €ro rpaHuiic.
OTta 3aJa4da MpeACTaBIACT HpaKTI/I‘IeCKI/Iﬁ HUHTEpEC B CBIA3U C HpO6J’IeMaMI/I ITCOMCXaHUKHU H
reoTEeXHUUECKOM HWHXCHEPHUU. Llem, paGOTLI — o0ocHOBaHue MPpUMEHCHUEC MCTOJa HCCIICIOBAaHUSA
HaHpﬂ)KeHHO'ﬂe(bOpMI/[pOBaHHOFO COCTOSHHA yrpyroro MOJYIIPOCTPAHCTBA C prFOBOﬁ
HPIHPIHZ[pH‘leCKOﬁ MOJIOCTBIO B CIy4ac, KOrAa Ha I'paHUIIC MTOJYIPOCTPAHCTBA 3aJaHbl HAIIPSAKCHUSA, 4 HA
TIOBCPXHOCTHU IIOJIOCTH - NEPEMCIICHUA. Pemenne OIHOPOAHOI'O YpaBHCHUA Jlame C
COOTBCTCTBYHOIIMMHU I'PAHUYHBIMHA YCJIOBUSIMU B 3TOH 00jacTu HaﬁHeHO O606H.[€HHLIM METOAOM CDpre.
O6Luee peHICHUC 3a4a41 MPEACTABIIACTCA B BUAC CYNCPIIO3UIIUN 0a3HCHBIX peH.IeHI/Iﬁ U qUuiIHApa U
NOJIYIIPOCTPAHCTBA. C NIOMOIIBIO TCOPEM CIIOKCHUS ITUX peLHCHPII;‘I YAOBJICTBOPAKOTCA TI'PaHUYHBIC
YCJIOBUA U 3aJa4a CBOJAUTCA K OCCKOHEYHOH CHCTEME JTMHEHHBIX anre6pa1/meCKI/1x ypaBHeHI/If/lL I[OKaSaHa
TeopeMa O TOM, YTO OHOCpaTrop CHUCTCMbI ABJIACTCSA BIIOJIHC HCHPCPLBIBHBIM B IIPOCTPAHCTBEC |2' 2T0

MIO3BOJISIET PelIaTh CUCTEMY METOAOM penyKIuu. IIpuBeaeHsl pe3ynbTaThl YUCICHHBIX PACUETOB.
Kniouegvie cnosa: obobwennviti memoo Dypve, ynpyzoe NOIYRPOCMPAHCIMBO; YUIUHOPUYECKAS NOIOCTb,
basucHvle pewenus ypasuenus Jlame, meopemvl C10JCEHUsL; MEMOO PEOVYKYUU.

OBTPYJ—ITYBAHHH V3ATAJIBHEHOI'O METOY ®YP’€ 151 MIIITAHOI 3AJTAYI
TEOPII IIPYKHOCTI B HAINIBITPOCTOPI 3 TUJITHAPUYHOIO ITIOPOXKHUHOIO

[Tpouenko B. C., 1. ¢.-m. H., mpodecop, Ykpainens H. A., cT. Bukiagad

Hayionanvnuii aepoxocmiunuii ynieepcumem im. M.€. JKykoecvkoeo « XAI»,
eyn. Ykanosa, 17, m. Xapxkis, 61070, Ykpaina

nattalja2004@mail.ru

Y cTarTi po3risAmacThcs MilllaHAa 3aJada  Teopii MPYXKHOCTI UIS  OJHOPIAHOTO i30TPOITHOTO
HAaMiBIIPOCTOPY 3 HECKIHYEHHOIO KPYrOBOIO MIJIIHIPUYHOIO ITIOPOXXKHWHOIO, TapajelbHOI0 JI0 HOTro
noBepxHi. Ll 3agada CTaHOBHUTH NPAaKTUYHWK iHTEpeC y 3B'I3Ky 3 MpoOjIeMaMH T€OMEXaHIKH i
reOTeXHI4HOI 1HXeHepii. MeTo0 JTOCiPKEeHHSI € 00IPYHTYBaHHS 1 3aCTOCYBaHHS METOJLY JIOCIIPKECHHS
HaNpyXeHO-e()OPMOBAHOTO  CTaHy MpPYXKHOIO HAIiBIOPOCTOPY 3 KPYrOBOIO  LIMJIIHIPUYHOIO
MOPOKHMHOI y pasi, KOJIM Ha IOBEPXHI HAaMiBIPOCTOPY 3ajaHi HANpYXEHHs, a Ha MOBEpPXHI
MOPOKHUHU — TepeMilieHHs. Po3B's30k onHOpigHOro piBHAHHS Jlame 3 BIANOBITHMMHU TpaHUYHHMH
YMOBaMH B I[iii 00JacTi 3HAIIEHO 3a JOMOMOIOI0 y3arajibHeHOro Metony dyp'e. 3aranbHuil po3B'sI30K
3aj1a4l NPECTaBISIEThCS Y BUTIISLI CyNepHo3uliii 0a3ucHUX PO3B'SI3KIB IS IMIIIHIPA 1 HAIIBIIPOCTOPY.
3a JOMOMOToI0 TEOpeM J0JaBaHHA IMX PO3B'A3KIB 3aJOBOJBHSIOTHCS TPAHWYHI YMOBH 1 3ajaada
3BOJIUTHCS IO HECKIHYEHHOI CUCTEMH JIIHIHHUX anreOpaiuHuX piBHAHB. JloBeseHO TeopeMy Ipo Te, 10
OIepaTop CUCTEMH € IIJIKOM HellepepBHUM y mpoctopi |,. Lle 103Bomse po3s’s3aTH CHCTEMY METOIOM
penykuii. [Ipencrapieni pe3yapTaTH YHCETHHUX PO3PAXYHKIB.

Kmiouosi cnosa: yzaeanvrenuti memoo Dyp’e; npysicHull HANiGNPOCMIp, YULTHOPUYUHA NOPOICHUHA, OA3UCHI

Pp0o38 3K pieHanns Jlame, meopemu 000a8anHs, Memoo pedyKyii.

INTRODUCTION

Questions of calculation of strength and reliability arise in the design of underground tunnels, mines
and mining [1, p.24]. As a model of such objects we can use an infinite hollow cylinder in an elastic
half-space. We can consider this domain as a multiply connected elastic body and solve the main
problems of the elastic theory for this body, in particular, determine the stress and the strain near a
cylindrical surface.

The stress-strain state of an elastic half-space having a cavity of finite size has been studied
intensively by many authors. For an infinite half-space with the cylindrical cavity the main
problems of the potential theory and the elastic theory have been considered in the papers [2, p.52;
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3, p.102; 4, p.17; 5, p.189; 6, p.192]. The generalized Fourier method [7, p.83] was used for the
solution of these problems. However justification of this method to the solution of the mixed
problem of the elastic theory was not given.

The aim of this work is justification and applying of the generalized Fourier method for
investigation of the stress-strain state of an elastic half-space with a circular cylindrical cavity in a
case when the stresses are set on a half-space boundary and the displacements are set on a cavity
surface. This problem is of special interest for practice.

FORMULATION OF THE PROBLEM

Denote by 2 a half-space with an infinite circular cylindrical cavity. Suppose the cylinder is
parallel to the boundary of the half-space. The domain 2 is filled with a homogeneous isotropic

elastic medium. We introduce a rectangular Cartesian coordinate system {x, Y, z} and a cylindrical
coordinate system {p,gp,z}. The z -axis coincides with the cylinder axis. The y -axis is directed

vertically upward. Let S, (y=h) be the boundary of the half-space, and S, (p=a) the surface of

the cylinder. Here, a is radius of the cylinder, and h is the distance between the cylinder axis and
the boundary of the half-space, with a<h. The domain 2 is defined by the system of inequalities

{y<h,p>a}.

Consider the boundary value problem for the Lame equation

QA+ Vdivi=0, )
1-20

FU|Sl =FUy, (x,2), 2)

lj|s2 =l (¢.2), 3

where o is the Poisson's ratio. We use the generalized Fourier method for the solution of the
problem (1)-(3).

GENERALIZED FOURIER METHOD

According to the generalized Fourier method, the system of basis solutions of the Lame equation is
introduced for each boundary surface of the domain 2. These solutions are written in the coordinate
system associated with the corresponding surface.

We seek the general solution of the boundary value problem as superposition of the basis solutions
with unknown integral densities and unknown series coefficients. These integral densities and series
coefficients are determined by the boundary conditions.

The basis solutions of the Lame equation for the half-space and the cylinder are constructed in the
papers [2, p.53; 3, p.103]. These solutions are written in the Cartesian and the cylindrical coordinate

systems respectively. By Ulgi) (x, Y, Z; A, ,u) denote the internal (external) basis solutions for the half-
space. They are the vector functions regular in {y<h} ({y>h}). By Rem(p.0.z:4)
(§k,m( £, , z;/l)) denote the internal (external) basis solutions for the cylinder. They are the vector

functions regular in {p <a} ({p > a}) . These basis solutions have the form

Ui(i) (X,¥,2;4, 1) = Ni(l)uir (X,y,2;4, 1),

4(0‘—1)

0y (%, Y, 232, p1)= 2

+ — 1 +
u*(x,y,24, )" +IV(yu— (%Y, z;i,y)) ,
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Rem (0:0,52) =N (0,0,2:2),

Sem(p0.z2)=NPs (p.0.7:2).

Here

Nl(j) v, Néj) =%rot(§3(j)~),

0 _(2) 0
£{ogle-03)

1=13, j=12, k=13, m=0,£1,£2,....

In these expressions the vectors éj(k) are the orts of the Cartesian (k =1) and cylindrical (k =2)

coordinate system, and the functions u™ (x,y,z;4, 1), tn(p.@.Z;A), Sn(p.0,2;4) represent the
Cartesian and cylindrical basis solutions of the Laplace equation [8, p.58, p.73]

ui (X, V,Z; A, ,U) _ eiyx+iﬂziyy ’

rm (p’ o, 271) :eim¢+iﬂ.z Im (ﬂ«p),
sa(0: 0.2, 4) = (signA)" e™" K (|2] p),

where Im(ﬁ,p), Km (|ﬂ|p) are the modified Bessel functions of the first and second kind of order

m respectively, y =\A>+ 4, A, ue(~o0,0).
The general solution of the boundary value problem (1)-(3) can be represented as a superposition of

the external basis solutions of the Lame equation for the cylinder §k,m(p, ¢,7;A) and the internal

basis solutions for the half-space u( )(x Y, Z; A, 1t)

ii T A)Sym (00,73 2) dﬂ+ZjIH ly)u+ (%Y, z; A, u)dpdA. (4)

_—v pP=1 -
Inour case By, (4) and H(4,4) are unknown integral densities.

Consider the boundary conditions (2) and (3). We write the second term of the expression (4) in the
cylindrical coordinate system. Then, to satisfy the boundary condition (3) we apply the re-

expansion formulas of the internal basis solutions for the half-space u (x y,Z;A, 1) on the

internal cylindrical basis solutions Rk,m (p, o, z,/i) [2, p.53]. We obtain a system of linear algebraic

equations with respect to the integral densities B,, (1) (k=1.3m=0,+1+2,..). Let D{" (|4|a, o)
be the determinant of this system. This determinant is not equal to zero and bounded below [4, p.20]

D (|4|a,0) = 4(1- 2a)f[ Koo (|2]2). (5)

To satisfy the boundary condition (2), we write the first term of the expression (4) using the re-
expansion formulas of the external cylindrical basis solutions §k’m(p, o, z;/l) on the external basis

solutions for the half-space uI (x Y,Z; A, ,u) [2, p.54]. We obtain a system of linear algebraic
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equations defining the functions H_ (4,4) (p=1.3). Let D,(4,u) be the determinant of this

system. This determinant is given by D, (4, ) =—4G%"e€*"/A? , where G is the shear modulus.
This determinant is not equal to zero. Solving this system, we express the integral densities
H_ (A, 1) interms B, (4). As a result the first system of linear algebraic equations reduces to the

infinite system of linear algebraic equations defining B, (1)

1)=3 3 G (2)B,,(4)+Q0 (2).

g
k=1.3, m=0,+1+2,.... (6)

This system can be rewritten as (1 +G)b =g, where G is an operator of the system, | the unit

operator, b the column vector of the unknowns Bi, (ﬂ,) and G the column vector of right part

Q' (4).

Theorem The operator G of the system (6) is quite continuous in |, if boundary surfaces S, and

S, are not intersect (a<h).

Proof. Consider a double series

> e (4], 0

M=—o0 N=—c0

where k, j=1..3. Let's prove the convergence of this series. The functions Gk“j“”(/l) include the

N=—o0

integrals reducible to the Laplace integral. The Laplace integral may be given by 2Km+nm(2/1h),
where o € N . The series (7) contains expressions
|67 (A2) 6 () 7 (a)] <
1 K 21h)|. 8
m;,o (m*+1)1,,(2a)D["(|2|a, o) Z(n #1)lt (42) Ko (220) ®)

Here f™(j2]a) is one of the functions K, (|2a) (p=0), LpéKm+p(|/l|,0)J

op
p=a
£ (|/1|a) =K., (|/1| ) , f,"(2a) is one of the functions 1 . (4a), [pal%(’lp)} ~ with
0
p=a
p=0,+1, r=+1, s=0,+1.
Assume that A >0. We write the addition theorem for the modified Bessel functions
D Knen(AY) 15 (4%) cosng =Ky, (A12) cosmg, (9)

N=—o0

where z = \/xz +y? —2Xycose, sing= X sin . Differentiating this equality on a variable ¢ twice,
z

we will put ¢ =0, ¢=0, X=a, y=2h, then

5 1K (2201 (22) = 22K, () K (26)), 1)

n=—c0
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where &=2h—a. On applying the equalities (9), (10), we summarize the series (8) over an index n
and obtain

17 (2a) 1 (22) £ (fa)
m;,o (m*+1)1,,(2a)D] (|2]a, o)

Aah
(

% (Ko (26)+75 (K (26) + mml(/%é))]. (11)

By L(/l, a, h) denote the expression (11). Taking into account the estimate (5), we get

= f™(2a)f," (1a) f," (1a)

a0 TR kK]
[ Koo (A(E)) _, A Koo (26)+ Kioa (A4 )J. (12
(mz +1)|m(/1a) £ (m2 +1)Im(/1a)

By L7, (4,ah) denote a series contained in right part of this inequality. For example,

()= 3 b (0 (20220, (20) 1, (22) |

i (m?* +1)K, (1a) &

prs

Using the addition theorem (9) and the inequality [9, p.426]

<4Jze(l+v)m’l, (v),

Ky (0)
with v >0, |m| >1, it can be shown that L‘fllo (i,a,h) is bounded above by a continuous positive
function of 4 L,,;(4,a,h)<g(A). The function g(4) has a finite limit at the point =0, and
g(1)—>0 as A —oo. The function L°,, (4,a,h) is positive and bounded for all 4 &[0,)

LO—llO (ﬂ“’ a, h) = {ggé) Lgno (}”’ a, h) :E?llo ’

where [°,,, = const.

Similarly, it can be proved that the function L% (4,a,h) is positive and bounded above for all

values p, r, s and «. It follows that series (7) converges for positive values of the A under the
condition a<h. Under the same condition the series made from the squares of the modules

2
Gy ()] also converges.

The case of the negative values A is reduced to previous by means of replacement A =—x, with
x>0.

Hence the series Z Z Gi" ( ‘2 converges for all A e(—0,00) under the condition a<h, and

m=—c0 N=

the operator G of the system (6) is quite continuous in |,. The Theorem is proved.

In the same way, it can be proved that under the condition a<h the series made from the modules
of the right parts |Q[" ()| of the system (6) converges for all A& (—o0,00). Thus, the right parts

Q¢ (4) of the system (6) belong to the space |,.
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From Gilbert's alternative and belonging the right parts of (6) to the space |, it follows that the
system of equations (6) is solvable and has a unique solution in the space I,. An approximate
solution of the problem can be obtained by the reduction method.

RESULTS
According to a reduction method, the infinite system of the linear algebraic equations for the
unknown integral densities B, (1) was replaced by the finite system of the linear algebraic

equations. To estimate the rate of convergence for the method we calculate an approximation of the
function U on the cylinder surface and of the function Fu on the boundary of the half-space. We

consider that the solution is found if an error of approximation of the boundary conditions does not
exceed 10°°.

We compute the solution of the problem (1)-(3) for the functions Fuy,(x, 2)/(2G)=

= (0,—cos(/12)/(1+(x/l)2),O) and Ugy (,z) =0 and for various values of a geometrical parameter

&=a/h. Calculations show that the stresses in the body concentrate near the cavity surface. The
stress distribution on the cylinder is presented in Fig. 1, 2.

Fig. 1 shows the normal stresses o,, o, and the tangential stress z,, on the cylinder surface in a

plane z=0 for £=0.3, 0=0.25, A=1 and | =1. The dimensionless stresses are presented. They
are non-dimensionalized by division by Young’s modulus. The o, component reaches the greatest

values. At p €[0, 7] o, is compressive stress and at ¢ e[, 27] is tensile stress.

Fig. 2 gives the o, on the cylinder surface for various values of the parameter & . The stress in the

body significantly depends on the geometrical parameter ¢. They sharply increase as ¢ —1. The
largest compressive stresses act in the domain between the boundary of the half-space and the
cavity. The largest tensile stresses arise in symmetrically located areas under the cylinder at

p~Tr/6 and @~117/6. The occurrence of the tensile stresses can lead to destruction of the
elastic body.

L™

..nm.l.uhlqn I“”"""u
W \

Fig. 1. The stress distribution on the cylinder surface: o, Fig. 2. The normal stress o, on the cylinder surface for

(solid line), o, (dashed line) and 7, (dotted line) £ =0.3 (dotted line), £ =0.5 (dashed line) and £=0.9
(solid line)
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In conclusion we note that the known numerical methods of solution of the space problems for the
multiply connected elastic body, for example, a finite element method, are not applicable for the
infinite domains and are ineffective in case of close located boundary surfaces. The generalized
Fourier method, used in the present paper, allows to obtain the solution in case of close located
boundary surfaces by rather small increase in an order of the system of the linear algebraic
equations.

CONCLUSIONS

The mixed problem of the elastic theory for a half-space with a circular cylindrical cavity is
considered. The generalized Fourier method is used for the solution of the problem. Application of
addition theorems of the basis solutions of the Lame equation for the half-space and for the cylinder
allows to satisfy the boundary conditions and to reduce the problem to the infinite system of the
linear algebraic equations. The theorem that the operator of the system is quite continuous in space
I, was proved. The system was solved by a reduction method. Results of calculations have been

discussed.
REFERENCES

1.  Hai-Sui Yu. Cavity Expansion Methods in Geomechanics / Yu. Hai-Sui. — Dordrecht : Kluwer
Academic Publishers, 2000. — 385 p.

2. IIpouenko B. C. Bropas ocHOBHasi KpaeBas 3ajadya TEOPUU YIPYTOCTH Uil MOJYIPOCTPAHCTBA C
Kpyroso# mummHApudeckoi monocteio / B. C. Ilponenko, H. A. Ilonosa // lomoBini HAH Ykpainu. —
2004. — Ne 12. — C. 52-58.

3. ITonogra H. A. HUccnenosanue HaNpPsOKEHHO-1eOPMUPOBAHHOTO COCTOSIHUSA YIOPYIroro
MOJTYTIPOCTPAHCTBA C KPYroBOo# muimHAprdeckor monocteio / H. A. Tlonosa // BicaHuk XapkiBChKOTO
HarioHaJpHOTO yHiBepcuTery. Cepist MaremaTnka, MpUKIaJHa MaTemMarnka 1 mexaHika. — 2004. —
Ne 645. — C. 102-107.

4. IIpouenko B. C. Cmemannas 3agada Juisl yIpyroro NOJIyIpOCTPaHCTBA ¢ KPYTOBOM IMJIMHAPUYIECKON
nonocteio / B. C. [Iponienko, H. A. Ykpaunen // Teoperndeckas 1 npukiaHas MexaHuka. — J{oHelk,
2006. —Ne 42. - C. 17-22.

5. IIpouenko B. C. Ilpumenenne o6o0menHoro Mmerona Oypre 1i1s peleHus 3a1ad TEOpUH MOTeHIHaIa
W TEOpUH YIPYrOCTH B MONYMPOCTPaHCTBE ¢ IuimHAprdeckoi monocteio / B. C. [Ipornenko,
H. A. Ykpannren // CoBpeMeHHBbIE TpPOOIEMbl MaTEeMaTHKH, MEXaHUKH U WHOOPMATHKH: COOPHHUK
crareii / [mox pexn. H. H. Kusunosoii, I'. H. XXontkesuua]. — XapokoB : Anoctpod, 2011. — 452 ¢. —
C. 189-200.

6. [Mpouenko B. C. TIpumenenne o6odmenHoro meroga Oypbe K pelieHHi0 MepBOl OCHOBHOW 3a/1a4u
TEOPUH YOPYrocTH B TIOJNYHNPOCTpPaHCTBE C IwimHAprdeckod monocteio /  B. C. IIponenko,
H. A. Ykpaunen // Bicauk 3anopi3bkoro Hail. yH-Ty: 30ipH. Hayk. cT. Di3.-MaT. HAyKH. — 3arOPiXOKs
3anopi3pkuii Hail. yH-T, 2015. — Ne 2, — C. 192-201.

1. IIponienko B. C. Pemenne mnpoCTpaHCTBEHHBIX 3a1a4 TEOPHH YIPYTOCTH C IOMOINBIO (OpMYI
nepepasnoxenus / B. C. [pouenko, A. I'. Hukonaes // [Tpuknangnas mexanuka. — 1986. — T. 22, Ne 7.

—C. 83-89.

8.  Epodeenxo B. T. Teopemsl cnoxenus: CnpaBounuk / B. T. Epodeenko. — Munck : Hayka u TexHuka,
1989. — 255 c.

9. Jhok 0. CnennanpHble MaTeMaTndeckue QyHKIMH 1 ux annpokcumarmu / FO. Jlrok. — M. : Mup,
1980. — 608 c.

REFERENCES

1. Hai-Sui, Yu. (2000), Metody rasshireniya polosty v geomehanike [Cavity Expansion Methods in
Geomechanics], Kluwer Academic Publishers, Dordrecht, Netherlands.

2. Protsenko, V.S. and Popova, N.A. (2004), “The second boundary-value problem of elasticity theory
for the semispace with the circular cylindrical cavity”, Dopovidi NAN Ukrainy, no. 12, pp. 52-58.

DizuKo-mamemamuyHi HayKu ISSN 2518-1785 (Online), ISSN 2413-6549 (Print)



Visnyk of Zaporizhzhya National University. Physical and Mathematical Sciences 221

Popova, N.A. (2004), “Analysis of the stress-strained state of an elastic semispace with the circular
cylindrical cavity”, Visnyk kharkivskogo natsionalnogo universytetu, seriia Matematika, prykladna
matematika i mekhanika, no. 645, pp. 102-107.

Protsenko, V.S. and Ukrainets, N.A. (2006), “The mixed problem for an elastic semispace with a
circular cylindrical cavity”, Teoreticheskaia i prikladnaia mekhanika, Sbornik nauchnykh trudov, no.
42, pp. 17-22.

Protsenko, V.S. and Ukrainets, N.A. (2011), “Application of the generalized Fourier method to solving
the problems of potential theory and elasticity theory in the semispace with the cylindrical cavity”,
Sovremennye problemy matematiki, mekhaniki i informatiki, Sbornik statey, Edited by Kizilova, N.N.
and Zholtkevich, G.N., Apostrof, Kharkiv, pp. 189-200.

Protsenko, V.S. and Ukrainets, N.A. (2015), “Application of the generalized Fourier method to solve
the first basic problem of elasticity theory for the semispace with the cylindrical cavity”, Visnyk
zaporizkogo natsionalnogo universytetu, Fizyko-matematychni nauky, no. 2, pp. 192-201.

Protsenko, V.S. and Nikolaev, A.G. (1986) “Solving spatial problems of elasticity theory by means of
formulas reexpansion”, International Applied Mechanics, vol. 22, no. 7, pp. 83-89.

Yerofeenko, V.T. (1989), Teoremy slozheniia. Spravochnik [Addition theorems. Handbook], Nauka i
tekhnika, Minsk, Belorussiia.

Lyuk, Yu. (1980), Spetsialnye matematicheskie funktsii i ikh approksimatsii [Special mathematical
functions and their approximations], Nauka, Moskow, Russia.

VIIK 539.3

OCOBEHHOCTHU JAE®OPMHUPOBAHHOI'O COCTOSAHUA
IJIACTOMEPHOI'O BUBPOU30OJIATOPA TTPU PA3JINYHbBIX
MEXAHNYECKHUX XAPAKTEPUCTUKAX

Pemesckas E. C., Haymenxko /I. A.

3anopooicckuti HaYUOHATLHBIU YHUSEPCUMEN,
ya. ZKykoseckozo, 66, 2. 3anopoorcve, Yrpauna

naymwm@gmail.com

PaccmaTpuBaeTcs 3amada omnpenaeneHus 1e(GOpPMHPOBAHHOTO COCTOSHMS 3JIACTOMEPHOTO 3JIEMEHTA
CIIOKHOM TeoMeTpHu4eckodl (OpMBI HpH PA3IUYHBIX MEXaHHMYECKUX XapaKTepUCTHKAX PE3HHBI
OnacTOMEpHBIM MaTepuall UMEET Psii YHUKAJIbHBIX CBOWCTB — BBICOKYI0 MEXaHMYECKYIO IPOYHOCTB,
AMaCTHYHOCTh M CNabyio CKMMaeMoCTh. B CBS3M € 3THM Ui aJEeKBATHOTO OMHCAaHUS IOBEICHUS
KOHCTPYKLUH M3 3JaCTOMEPOB B YCIOBMAX 3KCIIyaTallUU HYKHBI CHEIMAbHBIE NMPHUEMBI M METOJbI
peleHust MOCTaBICHHBIX 3a7ad. [IpuBeneH 0030p pasIMUYHBIX IOAXOJOB K PEIICHHIO MPOOIEMBI
HaXOXJICHNSI HaIpsHKEHHO-1e(OPMUPOBAHHOTO COCTOSIHUSI 3JIACTOMEPHBIX 3JIEMEHTOB METOI0M
KOHEYHBIX JJIEMEHTOB. Bce paccMOTpeHHBIE METOIBI OCHOBAHBI JHOO Ha CHCTEME YIIPOIIAIOIINX
rUnoTe3, 100 HMEIOT BHUJA, HE YNOOHBIM [UIS HCIIOJIB30BAaHMS B pacdeTax, JMOO MO3BOJSIOT
IIPOU3BOJUTH PACUYETHI JINIIb JJIsl YACTHBIX CJIy4aeB KOHKPETHBIX IIOCTAHOBOK 3a/1a4.

Jnst pacuyeToB ObLIa NpPHMEHEHAa CXeMa KOHEYHOIO 3JIeMEHTa, KOTOopas 3aKiIiodyaeTcsi B TPOHHOM
anMpOKCHMAIINH IT0JIeH mepeMelieHnii, nedopmannii 1 GyHKINN H3MEeHeHHs oobema. [Ipruem mopsaok
pasnoxenust pedpopMmand M (QyHKIMM W3MEHEHHsT o0beMa MJOJDKEH HaXOJIUTBCS B  CTPOTOM
COOTBETCTBUU C MOPAJKOM PA30KEHUs lepeMelieHui. [laHHas cxeMa [osy4usia Ha3BaHUe MOMEHTHON
CXEMBbI KOHEYHOTO 3JIEeMEHTa JUIs cllab0CcKMMaeMoro MaTepHuara.

[Ipu BBIOOpE paIOHATBHBIX HapaMEeTPOB PE3WHOBBIX JeTajed MamiH OOJIBIIOe 3HAYEHHE HMEET
IIpaBWJIbHAs OLICHKA TEXHUYECKUX CBOMCTB PE3UH, IPUMEHSIEMBIX B COBPEMEHHOM MAaIlIMHOCTPOECHUH.
[TpoBenen pacuer 1eOPMHUPOBAHHOTO COCTOSIHHUS 3JaCTOMEPHOTO BHOPOM3OJISTOpA IPH Pa3INIHBIX
MEXaHWYECKUX XapaKTepPUCTHKaxX. lIpHBeIEHHBIE pPE3yNbTAaThl UYHCICHHBIX pAacueTOB MOTYT OBITH
MIPUMEHEHBI [IPU BHIOOpE MapKU PE3MHBI IS IPAKTHYECKOTO TPUMEHEHHSI.

Kniouegvie  cnoea: anacmomepwvi,  8UOPOU3OAAMOPLI,  MOMEHMHAS — CXeMA  KOHEYHO20  dlleMeHma,
deghopmuposanHoe cocmositue.
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