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IIpobnema mocmimKeHHsT KOHTAKTHOI MTOBEAIHKH TiJT 32 HAasBHOCTI TepTs, (puK-
LIIHOrO MPOKOB3YBAaHHS, 3HOLIYBaHHA Ta iX BIUIMBY Ha KOHTaKTHY MIIHICTb 1
JeopMaTHBHICTh CTPYKTYyp HaOyBae BCe OUIBIIOT aKTyaJdbHOCTI. 301IbIICHHS
JIOBTOBIYHOCTI ¥ HAJIHHOCTI Ma€ i EKOHOMIYHE 3HAYEHHSI, a/pKe OUIBIIICTE Bij-
MOB MAIIIMH B1JI0YBA€ThCSl BHACIIJIOK 3HOITYBAHHSI 1X OKPEMHX BY3JIiB.
PosmisinaeTrest mtocka 3a1a4da mpo 3HOIYBaHHS TPY>KHOTO MBIPOCTOPY i TI€0
HPSIMOKYTHOTO B NEPepi3i MITaMIIa, 10 PYXA€ThCs B3AOBK TBIPHOI 3 MOCTIHHOIO
mBUIKicTO. [103a mramMmom moBepxHs MIBIUIONIMHY HE 3aBaHTaxeHa. Temmepa-
TypHEMH e(heKTaMU, sIKi HOMUHYYe BUHUKAIOTh, HEXTYEMO, OCKLITBKH 3a]1a4a po3-
IVISJA€THCS B CTAIIOHAPHIM TIOCTAHOBIII. BiIMOBITHO, 3HOIITYBaHHS PO3IISAAETHCS
y BUIVISI JIiHIAHOT yHKII1. [Tpy oMy BBeICHHSI HOBOT (DYHKIIIT «CTApiHHSD A€
3MOTy (PEHOMEHOJIOTIYHO BPaxXyBaTH Ti CKJIaIHI MEPETBOPEHHS 1 3MiHH, AKi Biji-
OyBalOTHCSI B TAK 3BAHOMY «TPETHOMY» TiJIi — TOHKOMY NPUIIOBEPXHEBOMY IIapi,
(bi3nuHi, XiMiuHi I TPHOONOTIYHI BIACTUBOCTI SIKOTO CYTTEBO BiAPI3HSIOTHCS Bif
BJIACTUBOCTEN OCHOBHHUX MarepiajiiB KOHTAKTYIOUMX TiIL

Po3B’s130Kk 3amadi Teopil MPY>KHOCTI OYIyeThCS 3a JOMOMOIOI IHTErPaIbHOIO
neperBopeHHsT Dyp’e. KoHTakTHI HampyKeHHS MIYKAIOTHCS Y BHIIDIAL PSITY
Dyp’e, kKoedIliEHTH PO3BUHEHHSI SKOTO 3aJI0BOJILHSIOTH TTAPHUM 1HTErPAIbHUM
PiBHSAHHAM. BUKOpPHCTABIIM METO TOYKOBOI KOJIOKAIIIT, ISl 3HAXOKEHHS HEBI-
JOMUX KOE(ILI€HTIB OTpUMANN CHCTEMY HENiHIMHUX anreOpHYHNX PpiBHSHB.
HeBnacHi iHTerpany 004MCIIOBAIHCS 3riAHO 3 TeopeMoto Kot mpo MKy, 3/1ii-
CHIOBAJIOCS IHTETPYBAHHS 0 BIAMOBITHOMY KOHTYpY. [ paHUYHI BUITAIKK CTAHOB-
JISITh HAWOLTBIIN 1HTEpeC, OCKUTBKH TAF0Th MOMIIMBICTH OOUMCIUTH HAHMEHIIIE
¥ HaliOUTbIIe 3HONTYBaHHA. B 1HIMX BUMaaKaxX po3B’s30K OyJe MICTHTHCS MiX
PO3B’sI3KaMu 1THX 3aa4. [t po3B’si3aHHs HEJHIIHOI CHCTEMH PIBHSIHb BUKOPH-
CTaHO METOJ] ITPOCTOI iTepallii, 3a HyJIbOBE HAOIMKECHHS BHOPAHO CEpPEHE 3HA-
YEHHS PO3B’sI3KiB 000X KpaifHiX BUIMAIKIB.

OTprMaHO CBOJIOLI0 KOHTAKTHUX HAIPY)KCHb, 3HOIIYBAHHS i CTUPAHHS B Yaci.
J71st 9acTUHHUX BHIIAJIKIB BUSIBIICHO 3POCTAHHS a00 MOCTIHHICTh BEPTUKAIbHHUX
MepEeMIIlIeHb BIIMOBIIHO. Y TPaHHYHOMY BHIAJIKy OTPUMaHI pe3yiibTaTh CITiBIa-
JIAfOTh 13 BIJOMAMH B JIITEpaTypi.
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Investigation of thermal stresses and wear in the contact couple is an important
problem for many engineering researches. The steady problem of thermoelasticity
currently is sufficiently investigated. However, taking into account the actual
operating conditions, in particular wear, leads to complication of statement and
mathematical modeling of problem. This is due to mathematical difficulties
that arise in the solution of dual integral equations. The authors of this paper
developed a method of constructing solutions of contact problems with wear.

In this work the plane contact problem on wear of elastic half-plane by a rigid
punch has been considered. The punch moves with constant velocity. Arising
thermal effects are neglected because the problem is investigated in stationary
statement. We use this model for plane contact problem of rectangular punch
and elastic half-plane consideration in stationary statement, therefore wear
is representative by linear function with time. Introduction of new function
“ageing™ gives the opportunity to take account of difficult transformations and
changes, which takes place in what is called “third body”. “Third body” is a
thin near surface layer with its physical, chemical and tribotechnical properties,
which differ from properties of main material of contacting bodies. In this case
the crumpling of the nonhomogeneities of the surfaces and abrasion of half-
plane take place. Out of the punch the surface of half-plane is free of load.

The solution for problem of theory of elasticity is constructed by means of
Fourier integral transformation. Contact stresses are found in Fourier series
which coefficients satisfy the dual integral equations. It leads to the system
of nonlinear algebraic equations for unknown coefficients by a method of
collocations. Cauchy theorem about residuals is used for computing integrals.
This system is reduced to linear system in the partial most interesting cases for
computing of largest and smallest wear. This system is reduced to linear system
in the partial most interesting cases for computing of maximum and minimum
wear. The iterative scheme is considered for investigation of other nonlinear
cases, for initial approximation the mean value of boundary cases is used. The
evolutions of contact stresses, wear and abrasion in the time are given. For both
last cases increase or invariable of vertical displacement correspondently is
obtained. In the boundary cases coincidence of results with known is obtained.
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Beryn. YV 3B’A3KYy 3 NpPUKIAIHUMHU 3alUTAMU
MIKpOMEXaHiKH, TPHOOJIOTii, GloMeXaHIKH Bce Oib-
I0i aKTyaJlbHOCTI HaOyBae TpoOniemMa JIOCIiHKeHHS
KOHTAKTHOT TIOBEJIIHKY TiJI 32 HASIBHOCTI TePTI, (PpHK-
LiI{HOrO MPOKOB3yBaHHS, 3HOLIYBAHHS Ta iX BIUIMBY
Ha KOHTaKTHY MIIHICTb i Ae(pOpMaTUBHICTH CTPYKTYD.
[Ipobrema nOBroBivHOCTI i HAAIHHOCTI Ma€ i €KOHO-
MiYHE 3HAUCHHS: YHACHIZOK 3HOLIyBaHHS OKPEMHX
By31iB BitOyBaeThes 80-90% BiiMOB MallivH, BUTPATH
Ha PEMOHT 1 TeXHIUYHEe OOCIYroByBaHHS CTAHOBIISITH
10-15% BaprocTi oOnagHaHHs, @ BUTPATH B MAIIMHO-
Oy/TlyBaHHI BHACITIZIOK 3HOIITYBaHHS 1 TEPTS B TEXHIYHO
PO3BUHYTHX KpaiHax pocsraioTh 4—5% HauioHab-
HOTO JIOXOAy. Y BCHOMY CBITI OIp TEPTIO MOTIIMHAE
30-40% eneprii, 10 BUPOOISETHCS MPOTATOM POKY,
MIPUYOMY €HEpris MpU TepTi He MPOCTO TyOUThCs, a
[IEPETBOPIOETHCS B TEILIO, SIKE HArpiBae MEXaHI3MHU i
BY3JIM MaIlIMH, 1110 TPU3BOIUTH J10 BiAMOB Ta aBapiii.

3amaui 3 ypaxyBaHHSM 3HOCY BIIEpILE TOCITIKEH]
B mparpix [1; 2], a MaremMaTiuHi MOJeIi 3HOITYBaHHS
3alporoHOBaHO B po0oTi [3]. Po3B’s30K KOHTaKTHOI
OCECHUMETPHUYHOI 3a1a4i 31 3HOLIYBAaHHSAM Ul KPyro-
BOTO IIITamIia i MBIIPOCTOPY HaBeNEeHO B mpaii [4].
3agaya mMpo TEPMONPYKHUM KOHTAKT MiBIUIOLIMHH
3 NPSMOKYTHMM IITAMIOM 32 TEIUIOYTBOPEHHS Bij
TepTs JocHiKyBanacs B pooori [5]. Kiacuunum aHa-
JTITUYHAM METOJIOM TOOYIOBH PO3B’SI3KY 3ajiadi Teo-
pii IPY>XHOCTI B TUIOCKIH ITOCTAHOBIII € 3aCTOCYBaHHS
iHTerpaigpHoro meperBopenHs Pyp’e [6]. Omnak
ypaxyBaHHs 3HOLIYBaHHS YCKJIAIHIOE MaTeMaTH4HY
ITOCTAHOBKY 3aJla4i i CTBOPIOE TPYAHOII TP PO3B’sI-
3yBaHHI CUCTEMH ITapHUX IHTETPAIbHUX PiBHSIHb.

MeTtoro poboTu € po3poOICHHS METOUKH TT00Y-
JOBH PO3B’SI3Ky 3aAauyl NPO KOHTAKT IITamma 3
MPY>KHOIO MiBIUIOIIMHOIO 3 ypaxyBaHHSIM 3HOILY-
BaHHS, sIKA TIPYHTYETbCSI HAa BHUKOPUCTAHHI iHTe-
rpajbHOro mneperBopeHHs Dyp’e, TOBHU3HAYCHHI
HeBigoMoi QyHKII1, po3B’A3yBaHHI CUCTEMH HapHUX
IHTETpaJIbHUX PIBHSIHb METOJIOM ITOTOYKOBOI KOJIO-
Karil Ta 3BEIEHHI 3aJadl O CUCTEMH HEJIHIMHUX
anreOpUYHUX PiBHSIHB.

®opmyoBaHHs 3ajadi. Po3nisiHeMO IUIOCKY
3a1a4y TPO 3HOLIYBaHHS MPYXXHOTO MiBIPOCTOPY Mij
JI€10 IPSIMOKYTHOTO B IIEpepi3i IITaMIIa, IO PyXa€eThCs
B3I0BXK TBIPHOI 3 MOCTIHHOO MBHAKICTIO. Temneparyp-
HUMH eEeKTaMH, SKi HeMHUHYY€e BUHUKAIOTh, HEXTYEMO,
OCKUIBKH 3a/1a4a PO3IIIAETHCS B CTALlIOHAPHIM HocTa-
HOBILI. BigmoigHO, 3HOIIyBaHHS PO3TISIOAETBCA Y
BUTIISiI JTiHIMHOT (yHKIl. [Tpy 1iboMy BBeIEHHS HOBOI
(byHKUIT «cTapiHHD 1a€ 3MOTy (PEeHOMEHOIOTIYHO Bpa-
XyBaTH Ti CKJIa[HI TIEPETBOPEHHS 1 3MiHH, sIKi BiIOyBa-
IOTBCSI B TaK 3BAHOMY «TPETHOMY» TiJIi — TOHKOMY TIpH-
MOBEPXHEBOMY I1api, (i3uuHi, XiMidHi 1 TPHOONIOTIUHI
BJIACTHBOCTI SIKOTO CYyTTEBO BiJPi3HSIOTHCS BiJl BIACTH-
BOCTEH OCHOBHHX MarepiaiiB KOHTAKTYIOUHUX TiJI.

Hexait 1o momenty wacy t=0 mix yTucHyTHM
CHJIOIO P y IPYKHY IiBIUIOIIMHY [ITAMIIOM THCK CTa-
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I[IOHAPHO PO3MOAIISABCS, 3MHHAIOUN MIKPOHEPIBHOCTI
MOBEPXHi. 3 MOMEHTY 4acy t =0 IITaMII pyXa€eTbCs 3
MOCTIHHOIO TIBHIKICTIO ¥V, 1 BiOyBa€ThCsS CTHPAHHS
niBruromyHA. [To3a mramMmom moBepxHs MiBIUTOIMHA
He 3aBaHTakeHa. J1s po3B’s3aHHA 3a7a4i HEOOXiTHO
MIPOIHTErpyBaTH PiBHAHHSA TEOPii MPYKHOCTI:

pAu + (A +p)oe/ox =0, (1)
pAY + (A +p)o0/dy =0, 2)

Jie 0 =0u/ox +0v/oy, u 1 v — KOMIIOHEHTH BEKTOpa
nepeMimieHb, A 1 p — xoedimientu Jlame, 3a Takux
TPaHUYHHUX YMOB IIPH y =0 :

v=f(x)+(kV,t/H, + k2)|6y (x)|a, |x|<a, (3)
|x| > a, 4)
|x]| < oo. 5)

Oy (x) =0,
1, (x) =0,

Tyr f(x) — 3agaHi nepeMillleHHA MiJ IITaM-
oM, d — TIBIIMPWHA IMTammna, H, — TBEPIICTh 3a
Bpinenem marepianmy miBIutonmmHN, T — bac. [Ipo-
Iec 3HONTYBaHHS BW3HAYAETHCS Mmapamerpamu [7]
k, k, 0<a<l.

IloOynoBa po3B’sa3Ky 3amadi. 3aCTOCOBYIOUH IO
piBEsIHB (1)—~(2) iHTerpanmsHe mepeTBopeHHsT Dyp’e
Ta 3aJOBOJBHSIOYN TpaHumdHUM yMoBaM (3)—(5),
OTPUMAEMO TIapHi IHTETpabHI PIBHSHHS:

+0

S () (s 20 CEe ™ [ hdz = £ (x) + (kVi / Hy +ho)o, ()]
|x| < a 6)

_%j?(x-i-u)zCngl&le—iéx/)bda:()’lx|>a‘ (7)

[Ipomorxxnmo (7) Ha BCIO BICh X 3a JOMOMOTOIO
¢dyHKIIii XeBicaiina:

+0

—% I (n+ )’ G2 lele™ /ade =c,(x)H (a—|x[). (8)

Tomi 3rimHO 3 MPSMOIO POPMYIIOI0 IHTETPATHLHOTO
nepeTBopeHHs1 Pyp’e:
A +a .
C=—"5—|0,(x)e~dx.
2u(n+p) ey J '
[IpencraBuMO HOpMaJbHI HAPYKESHHS Y BUIIISIL
psany Oyp’e:

N
o,(x)= Y a,exp(innx/a), ©)
n=—N
Otpumaemo:

e ; N, sin(&a +nn)
Fdx =2 —_—

:[Icy(x)e by n;va" p—

3BIJIKH:

A N sin(&a + nn)

lzu(kﬂu)zézlil v Ermn/a
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3aMiHUBIIY B IHTETpaJibHOMY piBHsIHHI (6) C, iioro
3HAYCHHSIM, 31 CITiBBiTHOIICHB (6)—(7) OTpuMaemo:

7»+p

A+ 20 N sin (&a + nn) s
T dE +
p(h+p) , j\§\§+nn/a) '
+2n {kgzt + kz] L;N a, exp ’TI:XJ = 2nf (x)
BukoprcTaBmm MeTOm TOYKOBOI KOJIOKAIlil TIpH
x=x,=-a+a(j-1)/N, (1:1, 2N +1), Wi 3Haxo-
IDKCHHS HEBIOMHX woedirtientin a,, (n=1,2N+1)
OTPUMAEMO CHCTEMY HETiHIHHAX alreOpUIHIX PiBHSHB!
zlal+c(z]o]) =b (10)
ne
Z= (a—N7a—N+15 < Ay gy aN) = (Zl’ Lyseees zan)’
A+2 sin (&a + nn o
ki = 5 -[ A - Fde by =2nf (x)),

E[(&+nk / a)
d, ; = exp(inkx/a), (k,j=1,2N+1), C=2n(kVyt/H, +k)-

HesnacHi iHTerpanu oOYMCIIOBAINCS 3TiTHO 3
Teopemoro Ko mpo Jumikw, 3aiiiCHIOBaIOCS iHTe-
TPyBaHHA IO BiJIMOBITHOMY KOHTYDY.

[Ipn a=1 Ta o =0 HeNiHIHA cHCTeMa PiBHSIHB
(10) mepeTBOpIOETHCA B JiHINHY 1, BiIMOBITHO, HAOy-
Ba€ BUIVILY:

a(l4l+clol) =5 (1)

Ta

% HAH = (12)

I'pannuni Bunmaaku (o=0, o=1) CTAaHOBIATH
HaHOUIBIIMI THTEPEC, OCKIJIBKU JIAl0Th MOYKJIUBICTh
OOUMCIUTH HalMeHINe W HaHOiNbIle 3HOIIYBAaHHS.
[pu 0<a<1 po3r’s3ok (10) Oyae MicTHTHCS MiX
po3B’si3kamu 3a1a4 (11) 1 (12).
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Jns  po3p’s3aHHA HENiHIHHOI CHCTEMH piB-
HsHb (10) BUKOpHCTaeEMO METOA TPOCTOi iTepartii.
[IpencraBumo cucremy y Bumaal Z =g(Z) abo
2, =8(2:2 52, ), (k=2N +1), ne

& (2,20

.
——{ § 0neSac(Sa.] o
joj \m=j+l m=1

Itepais npOBoL[I/IJIaC;Ba(popMyHOIO z

= g(z"
10610 2" =

=g (z. o 2 ) (j=1,k), abo inaxme

Zl(n+1} =g (zl("),..., Z/({n))
z£n+l) =5 (zl("), ey Zin)) ) (13)
n+1 =g (Zl 5 szl(cn))

3a HymbOBE HAOMIKEHHS BHOMPAEMO CEpEIHE
sHaueHHss 7" =(Z, +7)/2 MK pO3B’A3KOM 3ajaui
(11)1(12).

BucnoBku. YwncioBi pe3yapTatd  OTPUMaHO
MIPU TaKWX 3HAUYCHHSAX BXITHUX TapaMeTpiB: Mare-
pian miBmIOMMHA — amoMiHii (A =5.6x10" Tla,
w=2.6x10" ITa), ¥, =0.25 m/c, a =025 M, H, =113
k[la/mMm? , k, =107, k, =10, f(x)=const =0.01 M,
N =23. Po3mopin mepemimeHh v Ta TPHUBEICHUX
HalpyXeHb o, = 26,4 / P HaBeleHO Ha puc. 1, Bix-
moBigHO, IpH © =0 1 © =100 ¢. Kpusi 1 BignmoBimaroTh
a=0,axpuBi 2 — a=1.3HaueHHsa cwim P oOdmHC-
JIFOBAIOCS 32 (hopMyIIoIo:

P= —Tcy (x)dx =

VY Bumagky o =1 3i 30UIbIICHHSIM 4Yacy B3ae-
MOl BEpPTUKAIbHI TEepPeMIlIeHHS 3pPOCTal0Th, IO
CBITUATH TPO 3OUTHINICHHS BEIWYMHHA 3HOIICHHS
Marepiany (kpuBi 2 Ha puc. 1). Bunmagky o =0 Biamo-
BiZIAfOTh MOCTIiHI TepeMitieHHs y (kpusi 1 Ha puc. 1).

T imkx
__[ Z Tyapa) XD —— = =242, .
= a

-0.25 0 0.25

.
Vv, CM —ay

-0.25 0 0.25

a)

0)

Puc. 1. Po3nogin nepemMiniens i npuBeAeHUX HanpykeHbnpu =0 (a)
Ta 1 =100 ¢ (0) BigmoBigHo (kpuBi 1 pu o =0, KpuBi 2 IpH a.=1)
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OtpuMaHi pe3y/IbTaTh 1Sl [PAHMYHOTO BUIAJKY o = 0, AHTUILIOCKOI 3aJadi, KOIM A0 HiBIUIOLIMHU IIPHKIIA-
t=0 CHiBNajaroTh i3 BiZoMuMH B Jiteparypi [1]. Ha  meHO notwuni Hanpyxkenns T. = /19, ne f; — xoedi-
ozlepKaHMil PO3B 30K MOTPIOHO HAKIACTH PO3B’SI30K  LIEHT TEPTS, a G, BU3HAYAIOTHCA POpMyYIoro (9).
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