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ɉɊɈ�ɈȾɂɇ�ɉȱȾɏȱȾ�ȾɈ�ȼɂɊȱɒȿɇɇə�ɅȱɇȱɃɇɂɏ�Ɋȱȼɇəɇɖ�
ɍ�ɑȺɋɌɂɇɇɂɏ�ɉɈɏȱȾɇɂɏ�ɉȿɊɒɈȽɈ�ɉɈɊəȾɄɍ

ɘ��ɇ� Ȼɚɡɢɥɟɜɢɱ���ȱ��Ⱥ��Ʉɨɫɬɸɲɤɨ���Ɉ��ɋ��Ʌɟɜɱɭɤ�

�ɉɪɢɞɧɟɩɪɨɜɫɶɤɚ�ɞɟɪɠɚɜɧɚ�ɚɤɚɞɟɦɿɹ�ɛɭɞɿɜɧɢɰɬɜɚ�ɬɚ�ɚɪɯɿɬɟɤɬɭɪɢ�
�Ɂɚɩɨɪɿɡɶɤɢɣ�ɧɚɰɿɨɧɚɥɶɧɢɣ�ɭɧɿɜɟɪɫɢɬɟɬ�
�ɇɚɰɿɨɧɚɥɶɧɢɣ�ɬɟɯɧɿɱɧɢɣ�ɭɧɿɜɟɪɫɢɬɟɬ�ɍɤɪɚʀɧɢ
©Ʉɢʀɜɫɶɤɢɣ�ɩɨɥɿɬɟɯɧɿɱɧɢɣ�ɿɧɫɬɢɬɭɬ�ɿɦ��ȱɝɨɪɹ�ɋɿɤɨɪɫɶɤɨɝɨª
ED]LOYFK#XNU�QHW��NRVWXVKNRLD�#JPDLO�FRP��RO\D�OHYFKXFN#JPDLO�FRP

Ʉɥɸɱɨɜɿ�ɫɥɨɜɚ�
ɫɢɫɬɟɦɢ�ɥɿɧɿɣɧɢɯ�ɞɢɮɟɪɟɧɰɿɚɥɶɧɢɯ�
ɪɿɜɧɹɧɶ�ɜ�ɱɚɫɬɢɧɧɢɯ�ɩɨɯɿɞɧɢɯ�ɩɟɪ�
ɲɨɝɨ�ɩɨɪɹɞɤɭ��ɩɪɢɜɟɞɟɧɧɹ�ɦɚɬɪɢɰɶ��
ɦɚɬɪɢɰɹ�ɩɟɪɟɬɜɨɪɟɧɧɹ�

Ɂɚɩɪɨɩɨɧɨɜɚɧɨ� ɧɨɜɢɣ� ɩɿɞɯɿɞ� ɞɨ� ɜɢɪɿɲɟɧɧɹ� ɫɢɫɬɟɦ� ɥɿɧɿɣɧɢɯ� ɞɢɮɟ�
ɪɟɧɰɿɚɥɶɧɢɯ�ɪɿɜɧɹɧɶ�ɭ ɱɚɫɬɢɧɧɢɯ�ɩɨɯɿɞɧɢɯ�ɩɟɪɲɨɝɨ�ɩɨɪɹɞɤɭ��ȼɢɤɨ�
ɪɢɫɬɨɜɭɸɬɶɫɹ� ɦɟɬɨɞɢ� ɨɞɧɨɱɚɫɧɨɝɨ� ɩɪɢɜɟɞɟɧɧɹ� ɞɟɤɿɥɶɤɨɯ� ɦɚɬɪɢɰɶ�
ɞɨ�ɞɿɚɝɨɧɚɥɶɧɨɝɨ�ɚɛɨ�ɞɨ�ɛɥɨɱɧɨ�ɞɿɚɝɨɧɚɥɶɧɨɝɨ�ɜɢɝɥɹɞɭ�ɲɥɹɯɨɦ�ɡɚ�
ɫɬɨɫɭɜɚɧɧɹ�ɦɟɬɨɞɭ�ɤɨɦɭɬɭɸɱɨʀ�ɦɚɬɪɢɰɿ��ɐɟɣ�ɦɟɬɨɞ�ɩɨɥɹɝɚɽ�ɜ�ɡɧɚɯɨ�
ɞɠɟɧɧɿ�ɜ�ɛɟɡɥɿɱɿ�ɜɫɿɯ�ɦɚɬɪɢɰɶ��ɤɨɦɭɬɭɸɱɢɯ�ɿɡ�ɡɚɞɚɧɢɦɢ�ɦɚɬɪɢɰɹɦɢ�
ɩɨɱɚɬɤɨɜɨʀ ɫɢɫɬɟɦɢ�ɞɢɮɟɪɟɧɰɿɚɥɶɧɢɯ�ɪɿɜɧɹɧɶ��ɬɚɤɨʀ�ɦɚɬɪɢɰɿ��ɹɤɚ�ɦɚɽ�
ɹɤ�ɦɿɧɿɦɭɦ�ɞɜɚ�ɪɿɡɧɿ ɜɥɚɫɧɿ ɡɧɚɱɟɧɧɹ��

əɤɳɨ ɫɢɫɬɟɦɚ�ɞɢɮɟɪɟɧɰɿɚɥɶɧɢɯ�ɪɿɜɧɹɧɶ�ɦɿɫɬɢɬɶ�ɦɚɬɪɢɰɿ�ɞɪɭɝɨɝɨ�ɩɨ�
ɪɹɞɤɭ��ɤɿɥɶɤɿɫɬɶ�ɹɤɢɯ�ɛɿɥɶɲɟ�ɞɜɨɯ��ɬɨ�ɡɚ ɭɦɨɜɢ ɿɫɧɭɜɚɧɧɹ�ɤɨɦɭɬɭɸɱɨʀ�
ɦɚɬɪɢɰɿ�ɧɚɜɟɞɟɧɚ�ɫɢɫɬɟɦɚ�ɞɢɮɟɪɟɧɰɿɚɥɶɧɢɯ�ɪɿɜɧɹɧɶ�ɩɨɞɿɥɹɽɬɶɫɹ�ɧɚ�
ɞɜɚ�ɧɟɡɚɥɟɠɧɿ ɥɿɧɿɣɧɿ ɞɢɮɟɪɟɧɰɿɚɥɶɧɿ ɪɿɜɧɹɧɧɹ ɩɟɪɲɨɝɨ�ɩɨɪɹɞɤɭ� ɿ��
ɬɚɤɢɦ�ɱɢɧɨɦ��ɡɚɜɠɞɢ�ɦɚɽ�ɚɧɚɥɿɬɢɱɧɢɣ�ɪɨɡɜ¶ɹɡɨɤ��

ɍ�ɜɢɩɚɞɤɭ��ɤɨɥɢ�ɩɨɪɹɞɨɤ�ɦɚɬɪɢɰɶ�ɜɢɯɿɞɧɨʀ�ɫɢɫɬɟɦɢ�ɛɿɥɶɲɟ�ɞɜɨɯ��ɡɚ�
ɞɨɩɨɦɨɝɨɸ�ɦɚɬɪɢɱɧɨɝɨ�ɦɟɬɨɞɭ�ɦɨɠɧɚ ɩɪɢɜɟɫɬɢ�ɜɢɯɿɞɧɿ�ɦɚɬɪɢɰɿ ɩɨ�
ɪɹɞɤɭ ݊ ɞɨ�ɛɥɨɱɧɨ�ɞɿɚɝɨɧɚɥɶɧɨʀ�ɮɨɪɦɢ��ɬɨɛɬɨ�ɪɨɡɞɿɥɢɬɢ�ɩɨɱɚɬɤɨɜɭ�
ɫɢɫɬɟɦɭ ɧɚ�ɞɜɿ�ɩɿɞɫɢɫɬɟɦɢ��ɇɚɞɚɥɿ�ɡɚɫɬɨɫɨɜɭɽɬɶɫɹ�ɬɨɣ�ɫɚɦɢɣ�ɦɟɬɨɞ�
ɤɨɦɭɬɭɸɱɨʀ�ɦɚɬɪɢɰɿ�ɞɥɹ�ɨɬɪɢɦɚɧɢɯ ɩɿɞɫɢɫɬɟɦ��əɤɳɨ�ɨɬɪɢɦɚɧɿ�ɩɿɞ�
ɫɢɫɬɟɦɢ�ɞɚɥɿ�ɧɟ�ɩɨɞɿɥɹɸɬɶɫɹ�ɧɚ�ɩɿɞɫɢɫɬɟɦɢ��ɬɨ�ɧɚɜɿɬɶ�ɭ�ɬɚɤɨɦɭ�ɜɢ�
ɝɥɹɞɿ�ɡɚɜɞɚɧɧɹ�ɡɧɚɱɧɨ�ɫɩɪɨɳɟɧɟ�
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�1DWLRQDO�7HFKQLFDO�8QLYHUVLW\�RI�8NUDLQH�1DWLRQDO�7HFKQLFDO�8QLYHUVLW\�RI�8NUDLQH
�.\LY�,JRU�6LNRUVN\�3RO\WHFKQLF�,QVWLWXWH�
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.H\�ZRUGV�
V\VWHPV�RI�ILUVW�RUGHU�OLQHDU�
GLIIHUHQWLDO�HTXDWLRQV�LQ�SDUWLDO�
GHULYDWLYHV��PDWUL[�UHGXFWLRQ��D�
WUDQVIRUPDWLRQ�PDWUL[�

7KH�SDSHU�SURSRVHV� D� QHZ�DSSURDFK� WR� VROYLQJ� V\VWHPV�RI� OLQHDU� ILUVW�
RUGHU�SDUWLDO�GLIIHUHQWLDO�HTXDWLRQV��:H�XVH�WKH�PHWKRGV�RI�VLPXOWDQHRXV�
UHGXFWLRQ�RI�VHYHUDO�PDWULFHV��6RPHWLPHV��WKLV�DOORZV�WR�JHW�DQ�DQDO\WLFDO�
VROXWLRQ�RU�VLJQLILFDQWO\�VLPSOLI\�WKH�SUREOHP�

6\VWHPV�RI�OLQHDU�SDUWLDO�GLIIHUHQWLDO�HTXDWLRQV�RI�WKH�ILUVW�RUGHU�DULVH�LQ�
YDULRXV� DSSOLFDWLRQ� DUHDV��:H�ZHOO� NQRZ� WKH FDVH�ZKHQ� WKH� V\VWHP� LV�
GHVFULEHG�E\�WZR�PDWUL[HV�RI�FRHIILFLHQWV��,Q�WKLV�SDSHU��ZH�FRQVLGHU�WKH�
FDVH�ZKHQ�WKHUH�DUH�RYHU�WZR�PDWULFHV�

)RU� VLPSOLFLW\�� ZH� ILUVW� FRQVLGHU� D� V\VWHP� RI� WZR� SDUWLDO� GLIIHUHQWLDO�
HTXDWLRQV�IRU�WZR�XQNQRZQ�IXQFWLRQV��)RU�VLPSOLFLW\��ZH�ILUVW�FRQVLGHU�D�
V\VWHP�RI�WZR�SDUWLDO�GLIIHUHQWLDO�HTXDWLRQV�IRU�WZR�XQNQRZQ�IXQFWLRQV��
ݑ ൌ ǡݔሺݑ ሻǢݕ ݒ ൌ ǡݔሺݒ �ሻݕ

ܣ ቀ
௫ݑ
௫ݒ
ቁ ൅ ܤ ቀ

௬ݑ
௬ݒ
ቁ ൌ ܩ ቀ

ݑ
ݒ
ቁǤ ���

+HUH� ��ܣ ܤ DQG� ܩ DUH� FRQVWDQW� VTXDUH� PDWUL[HV� RI� FRHIILFLHQWV��
1RQGHJHQHUDWH� OLQHDU� WUDQVIRUPDWLRQV� RI� WKH� V\VWHP� ���� DUH� WKH�
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ȼɿɫɧɢɤ�Ɂɚɩɨɪɿɡɶɤɨɝɨ�ɧɚɰɿɨɧɚɥɶɧɨɝɨ�ɭɧɿɜɟɪɫɢɬɟɬɭ ʋ��������

UHSODFHPHQW�RI�YDULDEOHV�DQG�WKH�PXOWLSOLFDWLRQ�RI�WKH�V\VWHP�RQ�WKH�OHIW�
E\�D�QRQ�VLQJXODU�PDWUL[��7KXV��WUDQVIRUPDWLRQV�RI�PDWULFHV�DUH�UHGXFHG�
WR�WKHLU�VLPXOWDQHRXV�PXOWLSOLFDWLRQ�RQ�WKH�OHIW�E\�RQH�DQG�RQ�WKH�ULJKW�E\�
DQRWKHU�PDWUL[���

:KHQ� WKH�PDWUL[ܩ� LV�]HUR�DQG�RQH�RI� WKH�PDWULFHV �IRU�H[DPSOHܤ���� LV�
QRQGHJHQHUDWH�� WKH�VROXWLRQ�SURFHVV�FRUUHVSRQGV�WR� WKH�UHGXFWLRQ�RI�WKH�
PDWUL[� SHQFLO�� 7KH� V\VWHP� LV� ILUVW�PXOWLSOLHG� RQ� WKH� OHIW� E\� WKH�PDWUL[�
LQYHUVH�WRܤ���DQG�DIWHUZDUG��XVLQJ�D�VLPLODULW\�WUDQVIRUPDWLRQ��WKH�VHFRQG�
PDWUL[�LV�UHGXFHG�WR�LWV�-RUGDQ�IRUP��,I�WKLV�IRUP�LV�GLDJRQDO��ZH�FDQ�GLYLGH�
WKH� V\VWHP� LQWR� WZR� LQGHSHQGHQW� HTXDWLRQV� DQG�� WKXV�� JHW� D� JHQHUDO�
VROXWLRQ�RI�WKH�V\VWHP�RI�HTXDWLRQV��7KLV�FDVH�LV�DQDO\]HG�LQ�WKH�OLWHUDWXUH��
,I� WKH� -RUGDQ� IRUP� LV� QRQ�GLDJRQDO� WKH� V\VWHP� FDQ� EH� UHGXFHG� WR� D�
WULDQJXODU� IRUP�DQG�RQH� LQGHSHQGHQW� HTXDWLRQ� FDQ�EH�REWDLQHG�� DOZD\V�
LQWHJUDEOH� LQ� TXDGUDWXUH�� 6XEVWLWXWLRQ� RI� WKLV� VROXWLRQ� LQWR� WKH� VHFRQG�
HTXDWLRQ� DOORZV� XV� WR� JHW� D� JHQHUDO� VROXWLRQ� RI� WKH� RULJLQDO� V\VWHP� RI�
GLIIHUHQWLDO�HTXDWLRQV�

,I� DQ� HTXDWLRQ� RI� W\SH ���� KDV� RYHU� WZR� PDWULFHV�� WKHQ� WKH� VLPLODULW\�
WUDQVIRUPDWLRQ� DSSOLHV� WR� VHYHUDO�PDWULFHV��:H� ILQG� WKH� WUDQVIRUPDWLRQ�
XVLQJ�WKH�PHWKRG�RI�WKH�VZLWFKLQJ�PDWUL[��,W�FRQVLVWV�LQ�ILQGLQJ�LQ�WKH�VHW�
RI�DOO�PDWULFHV�FRPPXWLQJ�ZLWK�WKHVH�PDWULFHV�VXFK�D�PDWUL[�7� ZKLFK�KDV�
DW�OHDVW�WZR�GLIIHUHQW�HLJHQYDOXHV��7KH�FROXPQV�RI�WKH�GHVLUHG�VLPLODULW\�
WUDQVIRUPDWLRQ�PDWUL[�DUH�WKH�YHFWRUV�RI�WKH�FDQRQLFDO�EDVLV�RI�WKH�PDWUL[�
7��6XFK�D�VLPLODULW\�WUDQVIRUPDWLRQ�OHDGV�DOO�WKH�RULJLQDO�PDWULFHV�WR�WKH�
VDPH�EORFN�GLDJRQDO�IRUP�ZLWK�WZR��DW�OHDVW��EORFNV�RQ�WKH�PDLQ�GLDJRQDO�

7R�ILQG�WKH�VHW�RI�DOO�PDWULFHV�WKDW�FRPPXWH�ZLWK�WKHVH�PDWULFHV��\RX�FDQ�
GHFODUH� DOO� WKH� HOHPHQWV� RI� WKH� PDWUL[� DV� XQNQRZQV� DQG� PDNH� XS� WKH�
FRUUHVSRQGLQJ�V\VWHP�RI�OLQHDU�KRPRJHQHRXV�DOJHEUDLF�HTXDWLRQV��7KHUH�
DUH�PHWKRGV�IRU�ILQGLQJ�D�JHQHUDO�VROXWLRQ�WR�VXFK�D�V\VWHP�RI�HTXDWLRQV��
,I�WKH�GLPHQVLRQ�RI�WKH�REWDLQHG�JHQHUDO�VROXWLRQ�LV�JUHDWHU�WKDQ����WKHQ�
WKH�VSOLWWLQJ�RI�WKH�RULJLQDO�V\VWHP�RI�HTXDWLRQV�LV�SRVVLEOH��RWKHUZLVH��LW�
LV�QRW��,Q�WKH�ILUVW�FDVH��ZH�FDQ�GLYLGH�WKH�V\VWHP�LQWR�WZR�LQGHSHQGHQW�
HTXDWLRQV�DQG�D�JHQHUDO�VROXWLRQ�RI�WKH�V\VWHP�RI�HTXDWLRQV�

1H[W��ZH�FRQVLGHU�D�V\VWHP�RI�HTXDWLRQV�ZLWK�WKLUG�RUGHU�PDWULFHV��)LUVW��
ZH�PDNH� DQ� DWWHPSW� XVLQJ� WKH� FRPPXWLQJ�PDWUL[�PHWKRG� WR� EULQJ� WKH�
RULJLQDO�PDWULFHV�WR�D�EORFN�GLDJRQDO�IRUP��L�H��GLYLGH�WKH�HTXDWLRQV�LQWR�
WZR� VXEV\VWHPV� RI� WKH� ILUVW� DQG� VHFRQG� RUGHUV��7KHQ� � DSSO\� WKH� VDPH�
PHWKRG�IRU�WKH�REWDLQHG�VXEV\VWHP�RI�WKH�VHFRQG�RUGHU��,I�WKH�VXEV\VWHP�
RI�WKH�VHFRQG�RUGHU�LV�QRW�GLYLGHG�LQWR�VXEV\VWHPV��WKHQ�HYHQ�LQ�WKLV�IRUP�
LW�FRQVLGHUDEO\�VLPSOLILHV�WKH�WDVN�

$�VLPLODU�DSSURDFK�LV�SRVVLEOH IRU�KLJKHU�RUGHU�V\VWHPV��7KXV��WKH�LQLWLDO�
V\VWHP� RI� HTXDWLRQV� XVLQJ�PDWUL[�PHWKRGV� LV� GLYLGHG� LQWR� VXEV\VWHPV��
ZKLFK�VLPSOLILHV�WKH�SURFHVV�RI�WKHLU�IXUWKHU VROXWLRQ�

ȼɫɬɭɩ��ɋɢɫɬɟɦɢ�ɥɿɧɿɣɧɢɯ�ɞɢɮɟɪɟɧɰɿɚɥɶ�
ɧɢɯ�ɪɿɜɧɹɧɶ�ɭ ɱɚɫɬɢɧɧɢɯ�ɩɨɯɿɞɧɢɯ�ɩɟɪɲɨɝɨ�
ɩɨɪɹɞɤɭ�ɜɢɧɢɤɚɸɬɶ�ɭ ɪɿɡɧɢɯ�ɨɛɥɚɫɬɹɯ�ɞɨɞɚ�
ɬɤɿɜ��ɍ�ɪɚɡɿ��ɤɨɥɢ�ɫɢɫɬɟɦɚ�ɨɩɢɫɭɽɬɶɫɹ�ɞɜɨɦɚ�
ɦɚɬɪɢɰɹɦɢ� ɤɨɟɮɿɰɿɽɧɬɿɜ�� ɪɨɡɜ¶ɹɡɨɤ� ɦɨɠɟ�
ɛɭɬɢ�ɨɬɪɢɦɚɧɢɦ�ɲɥɹɯɨɦ�ɩɪɢɜɟɞɟɧɧɹ�ɩɭɱɤɚ�
ɦɚɬɪɢɰɶ�� ɍ� ɪɨɛɨɬɿ� ɪɨɡɝɥɹɞɚɽɬɶɫɹ� ɜɢɩɚɞɨɤ��
ɤɨɥɢ� ɦɚɬɪɢɰɶ� ɛɿɥɶɲɟ� ɞɜɨɯ� ɭ� ɬɨɦɭ� ɱɢɫɥɿ�
ɤɨɥɢ�ɿ�ɩɨɪɹɞɨɤ�ɦɚɬɪɢɰɶ�ɛɿɥɶɲɟ�ɞɜɨɯ�

Ⱦɥɹ�ɨɞɧɨɱɚɫɧɨɝɨ�ɩɪɢɜɟɞɟɧɧɹ�ɞɟɤɿɥɶɤɨɯ�
ɦɚɬɪɢɰɶ�ɞɨ�ɞɿɚɝɨɧɚɥɶɧɨɝɨ�ɚɛɨ�ɞɨ�ɛɥɨɱɧɨ�ɞɿ�
ɚɝɨɧɚɥɶɧɨɝɨ� ɜɢɞɭ� ɜɢɤɨɪɢɫɬɨɜɭɽɬɶɫɹ� ɦɟɬɨɞ�
ɤɨɦɭɬɭɸɱɨʀ�ɦɚɬɪɢɰɿ�

ȼɢɤɨɪɢɫɬɚɧɧɹ�ɩɪɢɜɟɞɟɧɧɹ�ɩɭɱɤɚ�ɦɚɬ�
ɪɢɰɶ� ɋɢɫɬɟɦɚ ɞɜɨɯ� ɞɢɮɟɪɟɧɰɿɚɥɶɧɢɯ� ɪɿɜ�
ɧɹɧɶ� ɭ ɱɚɫɬɢɧɧɢɯ� ɩɨɯɿɞɧɢɯ� ɜɿɞɧɨɫɧɨ� ɞɜɨɯ�
ɧɟɜɿɞɨɦɢɯ�ɮɭɧɤɰɿɣݑ� ൌ ǡݔሺݑ ሻǢݕ ݒ ൌ ǡݔሺݒ ሻݕ
ɦɚɽ�ɜɢɝɥɹɞ�

ܣ ቀ
௫ݑ
௫ݒ
ቁ ൅ ܤ ቀ

௬ݑ
௬ݒ
ቁ ൌ ܩ ቀ

ݑ
ݒ
ቁǤ ���

ɇɟɜɢɪɨɞɠɟɧɿ�ɥɿɧɿɣɧɿ�ɩɟɪɟɬɜɨɪɟɧɧɹ�ɫɢɫ�
ɬɟɦɢ�����± ɰɟ��

ɚ��ɡɚɦɿɧɚ�ɡɦɿɧɧɢɯ�ቀ
ݑ
ݒ
ቁ ൌ ܵ ቀ

ܷ
ܸ
ቁ��ɞɟ�6 ± ɧɟ�

ɨɫɨɛɥɢɜɚ�ɦɚɬɪɢɰɹ��ܷ��ܸ ± ɧɨɜɿ�ɮɭɧɤɰɿʀ�ɡɦɿɧ�
ɧɢɯݔ�ǡ Ǣݕ

ɛ��ɦɧɨɠɟɧɧɹ�ɫɢɫɬɟɦɢ�ɥɿɜɨɪɭɱ�ɧɚ�ɧɟɨɫɨɛ�
ɥɢɜɭ�ɦɚɬɪɢɰɸܪ���
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ɉɪɢ� ɰɶɨɦɭ� ɦɚɬɪɢɰɿ� ��ܣ ��ܤ ܩ ɩɟɪɟɬɜɨ�
ɪɹɬɶɫɹ�ɞɨ�ɜɢɞɭ�

መܣ ൌ ǡܵܣܪ ෠ܤ ൌ ǡܵܤܪ ෠ܩ ൌ Ǥܵܩܪ ���

ȼɢɩɚɞɨɤ�� ɤɨɥɢ� ɦɚɬɪɢɰɹ� ܩ ± ɧɭɥɶɨɜɚ� ɿ�
ɨɞɧɚ�ɡ�ɦɚɬɪɢɰɶ��ɧɚɩɪɢɤɥɚɞܤ����ɧɟɜɢɪɨɞɠɟɧɚ��
ɡɚɝɚɥɶɧɨɜɿɞɨɦɢɣ�� ɍ ɰɶɨɦɭ� ɜɢɩɚɞɤɭ� ɩɪɨɰɟɫ�
ɪɿɲɟɧɧɹ�ɜɿɞɩɨɜɿɞɚɽ�ɩɪɢɜɟɞɟɧɧɸ�ɩɭɱɤɚ�ɦɚɬ�
ɪɢɰɶܣ� ൅ Ǥܤߣ ɋɢɫɬɟɦɭ�����ɦɨɠɧɨ�ɩɪɟɬɜɨɪɢɬɢ�
ɞɨ�ɜɢɝɥɹɞɭ�

ଵܣ ቀ
௫ݑ
௫ݒ
ቁ ൅ ܧ ቀ

௬ݑ
௬ݒ
ቁ ൌ ቀ

Ͳ
Ͳ
ቁǡ

ɞɟܣ�ଵ ൌ ǡܣଵିܤ ܧ Ȃ ɨɞɢɧɢɱɧɚ� ɦɚɬɪɢɰɹ�� ɇɚ�
ɞɚɥɿ ɦɨɠɧɚ�ɡɚɫɬɨɫɭɜɚɬɢ�ɞɥɹ�ɦɚɬɪɢɰɶ�ɩɟɪɟɬ�
ɜɨɪɟɧɧɹ�ɩɨɞɿɛɧɨɫɬɿ��ɹɤɟ�ɧɟ�ɦɿɧɹɽ�ɨɞɢɧɢɱɧɭ�
ɦɚɬɪɢɰɸ�� ɚ� ɿɧɲɭ� ɦɚɬɪɢɰɸ�ɩɪɢɜɨɞɢɬɶ� ɞɨ� ʀʀ�
ɠɨɪɞɚɧɨɜɨʀ ɮɨɪɦɢ��əɤɳɨ�ɰɹ�ɮɨɪɦɚ�ɞɿɚɝɨɧɚ�
ɥɶɧɚ��ɬɨ�ɦɨɠɧɚ�ɪɨɡɞɿɥɢɬɢ�ɫɢɫɬɟɦɭ�ɧɚ�ɞɜɚ�ɧɟ�
ɡɚɥɟɠɧɿ�ɦɿɠ�ɫɨɛɨɸ�ɪɿɜɧɹɧɧɹ�ɿ��ɬɚɤɢɦ�ɱɢɧɨɦ��
ɨɬɪɢɦɚɬɢ� ɡɚɝɚɥɶɧɢɣ�ɪɨɡɜ¶ɹɡɨɤ� ɫɢɫɬɟɦɢ�ɪɿɜ�
ɧɹɧɶ >�@�

əɤɳɨ�ɠɨɪɞɚɧɨɜɚ�ɮɨɪɦɚ�ɦɚɬɪɢɰɿܣ�ଵ ɧɟ�
ɞɿɚɝɨɧɚɥɶɧɚ��ɬɨ�ɫɢɫɬɟɦɭ�ɦɨɠɧɚ�ɩɪɢɜɟɫɬɢ�ɞɨ�
ɬɪɢɤɭɬɧɨɝɨ�ɜɢɞɭ�ɿ�ɨɬɪɢɦɚɬɢ�ɨɞɧɟ ɧɟɡɚɥɟɠɧɟ�
ɪɿɜɧɹɧɧɹ�� ɡɚɜɠɞɢ� ɿɧɬɟɝɪɨɜɚɧɟ� ɜ� ɤɜɚɞɪɚɬɭɪɿ��
ɉɿɞɫɬɚɧɨɜɤɚ�ɰɶɨɝɨ�ɪɿɲɟɧɧɹ�ɜ�ɞɪɭɝɟ�ɪɿɜɧɹɧɧɹ�
ɞɨɡɜɨɥɹɽ�ɨɬɪɢɦɚɬɢ�ɡɚɝɚɥɶɧɢɣ�ɪɨɡɜ¶ɹɡɨɤ�ɩɨ�
ɱɚɬɤɨɜɨʀ�ɫɢɫɬɟɦɢ�ɞɢɮɟɪɟɧɰɿɚɥɶɧɢɯ�ɪɿɜɧɹɧɶ�

ɉɨɫɬɚɧɨɜɤɚ� ɡɚɞɚɱɿ��ɍ� ɧɚɜɟɞɟɧɿɣ� ɪɨɛɨɬɿ�
ɪɨɡɝɥɹɞɚɽɬɶɫɹ�ɪɿɲɟɧɧɹ��ɱɢ�ɫɩɪɨɳɟɧɧɹ��ɫɢɫ�
ɬɟɦɢ�ɪɿɜɧɹɧɶ�����ɿ�ɚɧɚɥɨɝɿɱɧɢɯ�ɡɚ�ɞɨɩɨɦɨɝɨɸ�
ɩɟɪɟɬɜɨɪɟɧɧɹ� ���� ɭ� ɜɢɩɚɞɤɭ�� ɤɨɥɢ� ɦɚɬɪɢɰɶ�
ɛɿɥɶɲɟ�ɞɜɨɯ��ɭ�ɬɨɦɭ�ɱɢɫɥɿ�ɤɨɥɢ�ɿ�ɩɨɪɹɞɨɤ�ɦɚ�
ɬɪɢɰɶ�ɛɿɥɶɲɟ�ɞɜɨɯ�

Ɇɟɬɨɞ�ɤɨɦɭɬɭɸɱɨʀ�ɦɚɬɪɢɰɿ� ɐɟɣ�ɦɟɬɨɞ�
ɡɚɩɪɨɩɨɧɨɜɚɧɢɣ�ɨɞɧɨɱɚɫɧɨ�Ⱥ��Ʉ��Ʌɨɩɚɬɿɧɢɦ�
ɿ�ȿ��Ⱦ��əɤɭɛɨɜɢɱ�>����@��ɉɪɢ�ɰɶɨɦɭ�ɜɢɤɨɪɢɫ�
ɬɨɜɭɸɬɶɫɹ� ɬɟɨɪɟɦɢ� ɬɟɨɪɿʀ�ɦɚɬɪɢɰɶ� >�@��Ɇɟ�
ɬɨɞ�ɤɨɦɭɬɭɸɱɨʀ�ɦɚɬɪɢɰɿ�ɜɠɟ�ɞɚɜɧɨ�ɜɢɤɨɪɢɫ�
ɬɨɜɭɽɬɶɫɹ�ɞɥɹ�ɫɩɪɨɳɟɧɧɹ�ɿɧɲɢɯ�ɫɢɫɬɟɦ�ɪɿɜ�
ɧɹɧɶ�>�������� �@�

Ɋɨɡɝɥɹɧɟɦɨ� ɦɧɨɠɢɧɭ� Ȧሺܤఔሻ ɭɫɿɯ� ɦɚɬ�
ɪɢɰɶ��ɳɨ�ɤɨɦɭɬɭɸɬɶ�ɿɡ�ɡɚɞɚɧɢɦɢ�ɦɚɬɪɢɰɹɦɢ�
ߥఔሺܤ ൌ ͳǡ݉തതതതതതሻ� ɐɹ� ɦɧɨɠɢɧɚ� ɽ� ɚɥɝɟɛɪɨɸ� ɧɚɞ�
ɩɨɥɟɦ� ɤɨɦɩɥɟɤɫɧɢɯ� ɱɢɫɟɥ� ɿ� ɧɚɡɢɜɚɽɬɶɫɹ�
ɰɟɧɬɪɚɥɿɡɚɬɨɪɨɦ ɦɚɬɪɢɰɶ�ሼܤఔሽ� əɤɳɨ�ɿɫɧɭɽ�
ɦɚɬɪɢɰɹ�ܶ ߳ Ȧሺܤఔሻ��ɳɨ�ɦɚɽ�ɯɨɱɚ�ɛ�ɞɜɚ�ɪɿɡɧɿ
ɜɥɚɫɧɿ ɱɢɫɥɚ�� ɬɨ� ɩɟɪɟɬɜɨɪɟɧɧɹ� ɩɨɞɿɛɧɨɫɬɿ�
෨ఔܤ ൌ ܵିଵ ή ఔܤ ή ܵ �ɞɟ� ܵ ² ɦɚɬɪɢɰɹ�� ɫɬɨɜɩ�
ɰɹɦɢ�ɹɤɨʀ�ɽ�ɜɟɤɬɨɪɢ�ɤɚɧɨɧɿɱɧɨɝɨ�ɛɚɡɢɫɭ�ɦɚ�

ɬɪɢɰɿ�ܶ ��ɩɪɢɜɨɞɢɬɶ�ɭɫɿ�ɦɚɬɪɢɰɿ�ሼܤఔሽ ɞɨ�ɨɞɧɚ�
ɤɨɜɨɝɨ� ɛɥɨɱɧɨ�ɞɿɚɝɨɧɚɥɶɧɨɝɨ� ɜɢɞɭ� ɡ� ɞɜɨɦɚ�
�ɹɤ�ɦɿɧɿɦɭɦ��ɛɥɨɤɚɦɢ�ɧɚ�ɝɨɥɨɜɧɿɣ�ɞɿɚɝɨɧɚɥɿ�

Ⱦɥɹ� ɡɧɚɯɨɞɠɟɧɧɹ� ɰɟɧɬɪɚɥɿɡɚɬɨɪɚ� �ɬɨɱ�
ɧɿɲɟ�ɤɚɠɭɱɢ��ɣɨɝɨ�ɛɚɡɢɫɭ��ɦɨɠɧɚ�ɨɝɨɥɨɫɢɬɢ�
ɭɫɿ� ɟɥɟɦɟɧɬɢ�ɦɚɬɪɢɰɿ�ܶ ɧɟɜɿɞɨɦɢɦɢ� ɿ� ɫɤɥɚ�
ɫɬɢ�ɫɢɫɬɟɦɭ�ɥɿɧɿɣɧɢɯ�ɨɞɧɨɪɿɞɧɢɯ�ɚɥɝɟɛɪɚʀɱ�
ɧɢɯ�ɪɿɜɧɹɧɶ��ɳɨ�ɜɿɞɩɨɜɿɞɚɽ�ɦɚɬɪɢɱɧɢɦ�ɪɿɜ�
ɧɹɧɧɹɦ

ఔܶܤ ൌ ఔǡܤܶ ߥ ൌ ͳǡ݉തതതതതതǤ

Ɉɬɪɢɦɭɽɦɨ� ଶ݊ߥ ɪɿɜɧɹɧɶ� ɫ� ݊ଶ ɧɟɜɿɞɨ�
ɦɢɦɢ�� Ɂɚɝɚɥɶɧɢɣ� ɪɨɡɜ¶ɹɡɨɤ� ɬɚɤɨʀ� ɫɢɫɬɟɦɢ�
�ɩɪɢ� ɧɟɜɟɥɢɤɨɦɭ� ݊�� ɦɨɠɧɚ� ɨɬɪɢɦɚɬɢ� ɜɿɞɨ�
ɦɢɦɢ�ɦɟɬɨɞɚɦɢ��ɇɚɣɛɿɥɶɲ�ɟɮɟɤɬɢɜɧɿ�ɨɛɱɢɫ�
ɥɸɜɚɥɶɧɿ�ɚɥɝɨɪɢɬɦɢ�ɡɚɩɪɨɩɨɧɨɜɚɧɨ�ɜ�>�@�

ɉɨɡɧɚɱɢɦɨ� ɛɚɡɢɫ� ɰɟɧɬɪɚɥɿɡɚɬɨɪɚ� Ȧሺܤఔሻ
ɱɟɪɟɡ� ଵܹǡ ଶܹǡ ǥ ǡ ௥ܹ�� əɤɳɨ� ɪɨɡɦɿɪɧɿɫɬɶ� ݎ
ɰɟɧɬɪɚɥɿɡɚɬɨɪɚ�ɞɨɪɿɜɧɸɽ����ɬɨ�ɭɜɟɫɶ�ɰɟɧɬɪɚ�
ɥɿɡɚɬɨɪ�ɫɤɥɚɞɚɽɬɶɫɹ�ɡ�ɦɚɬɪɢɰɶ��ɤɪɚɬɧɢɯ�ɨɞɢ�
ɧɢɱɧɿɣ� ɦɚɬɪɢɰɿ�� ɍ ɰɶɨɦɭ� ɜɢɩɚɞɤɭ� ɩɪɢɜɟ�
ɞɟɧɧɹ�ɦɚɬɪɢɰɶܤ�ఔ ɞɨ�ɛɥɨɱɧɨ�ɞɿɚɝɨɧɚɥɶɧɨɝɨ�
ɜɢɞɭ�ɧɟɦɨɠɥɢɜɨ��əɤɳɨݎ� ൐ ͳ� ɬɨ�ɜ�ɹɤɨɫɬɿ�ɦɚ�
ɬɪɢɰɿ� ܶ�� ɹɤɚ� ɜɢɤɨɪɢɫɬɨɜɭɽɬɶɫɹ� ɞɥɹ� ɡɧɚɯɨ�
ɞɠɟɧɧɹ� ɩɟɪɟɬɜɨɪɟɧɧɹ�� ɜɢɛɢɪɚɽɦɨ� ɦɚɬɪɢɰɸ�
ɛɚɡɢɫɭ�ܹ ௞��ɳɨ�ɦɚɽ�ɯɨɱ�ɛɢ�ɞɜɚ�ɪɿɡɧɿ�ɜɥɚɫɧɿ�ɱɢ�
ɫɥɚ��ȼɟɤɬɨɪɢ�ʀʀ�ɤɚɧɨɧɿɱɧɨɝɨ�ɛɚɡɢɫɭ�ɽ�ɫɬɨɜɩ�
ɰɹɦɢ�ɲɭɤɚɧɨʀ�ɦɚɬɪɢɰɿ�ܵ ɩɟɪɟɬɜɨɪɟɧɧɹ�ɩɨɞɿ�
ɛɧɨɫɬɿ� Ɉɫɨɛɥɢɜɢɣ ɜɢɩɚɞɨɤ��ɤɨɥɢݎ� ൐ ͳ��ɚɥɟ�
ɭɫɿ�ɦɚɬɪɢɰɿ�ɛɚɫɢɡɚ�ɧɟ�ɦɚɸɬɶ�ɪɿɡɧɢɯ�ɜɥɚɫɧɢɯ�
ɱɢɫɟɥ��ɪɨɡɝɥɹɧɭɬɢɣ�ɭ >�@�

ȼɢɩɚɞɨɤ��ɤɨɥɢ�ɦɚɬɪɢɰɶ�ɛɿɥɶɲɟ�ɞɜɨɯ�
Ⱦɥɹ�ɩɪɨɫɬɨɬɢ�ɜɢɤɥɚɞɚɧɧɹ�ɪɨɡɝɥɹɧɟɦɨ�ɡɚɫɬɨ�
ɫɭɜɚɧɧɹ�ɦɟɬɨɞɚ�ɤɨɦɭɬɭɸɱɨʀ�ɦɚɬɪɢɰɿ�ɧɚ�ɧɚ�
ɫɬɭɩɧɨɦɭ�ɩɪɢɤɥɚɞɿ��

Ɋɨɡɝɥɹɞɚɽɬɶɫɹ�ɫɢɫɬɟɦɚ ɞɢɮɟɪɟɧɰɿɚɥɶɧɢɯ�
ɪɿɜɧɹɧɶ �����ɭ�ɹɤɿɣ�

ܣ ൌ ቀ
ͳ ͳ
ͳ ͳ

ቁ ǡ ܤ ൌ ቀ
ͳ െ͵
െ͵ ͳ

ቁǡ

ܩ ൌ ቀ
ͳ ͷ
ͷ ͳ

ቁ�

Ɂɚɞɚɱɚ�ɩɨɥɹɝɚɽ�ɜ�ɫɩɪɨɳɟɧɧɿ�ɫɢɫɬɟɦɢ�����
ɲɥɹɯɨɦ�©ɪɨɡɳɟɩɥɸɜɚɧɧɹª ʀʀ�ɧɚ�ɞɜɚ�ɧɟɡɚɥɟ�
ɠɧɿ�ɪɿɜɧɹɧɧɹ�ɦɟɬɨɞɨɦ�ɤɨɦɭɬɭɸɱɨʀ�ɦɚɬɪɢɰɿ�ɿ�
ɩɨɞɚɥɶɲɨɝɨ� ɨɬɪɢɦɚɧɧɹ� ʀʀ� ɡɚɝɚɥɶɧɨɝɨ�
ɪɨɡɜ¶ɹɡɤɭ��ɋɢɫɬɟɦɭ� ���� ɩɨɦɧɨɠɢɦɨ�ɥɿɜɨɪɭɱ�
ɧɚ� ɦɚɬɪɢɰɸ� ��ଵିܤ ɨɬɪɢɦɭɽɦɨ� ɧɨɜɿ� ɦɚɬɪɢɰɿ�
ɤɨɟɮɿɰɿɽɧɬɿɜ�

ଵܣ ൌ ܣଵିܤ ൌ െ
ͳ

ʹ
ቀ
ͳ ͳ
ͳ ͳ

ቁǡ
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ȼɿɫɧɢɤ�Ɂɚɩɨɪɿɡɶɤɨɝɨ�ɧɚɰɿɨɧɚɥɶɧɨɝɨ�ɭɧɿɜɟɪɫɢɬɟɬɭ ʋ��������

ଵܩ ൌ ܩଵିܤ ൌ െቀ
ʹ ͳ
ͳ ʹ

ቁ� ଵܤ ൌ ܧ ൌ ቀ
ͳ Ͳ
Ͳ ͳ

ቁǤ

Ⱦɥɹ�ɦɚɬɪɢɰɶܣ�ଵ ɿܩ�ଵɡɧɚɯɨɞɢɦɨ�ɰɟɧɬɪɚɥɿ�
ɡɚɬɨɪ��ɬɨɛɬɨ�ɦɧɨɠɢɧɭ�ɦɚɬɪɢɰɶ�ܶ��ɳɨ�ɤɨɦɭ�
ɬɭɽ�ɨɞɧɨɱɚɫɧɨ�ɡ�ɨɛɨɦɚ�ɦɚɬɪɢɰɹɦɢ�

൜
ଵܶܣ ൌ ଵǢܣܶ
ଵܶܩ ൌ ଵǤܩܶ

���

Ɂɚɝɚɥɶɧɢɣ�ɪɨɡɜ¶ɹɡɨɤ�����ɦɚɽ�ɜɢɝɥɹɞ�

ܶ ൌ ܧܽ ൅ ܾ ቀ
Ͳ ͳ
ͳ Ͳ

ቁ�

ɞɟ�ܽ ɿ ܾ ± ɞɨɜɿɥɶɧɿ�ɫɬɚɥɿ��ɍ ɱɚɫɬɢɧɧɨɦɭ�ɜɢɩɚ�
ɞɤɭ�ɩɪɢ�ܽ ൌ Ͳ��ܾ ൌ ͳ ɦɚɬɪɢɰɹ�ܶ ɫɬɚɽ�ɧɚɫɬɭɩ�
ɧɨɸ�

כܶ ൌ ቀ
Ͳ ͳ
ͳ Ͳ

ቁ�

Ȳʀ�ɜɥɚɫɧɿ�ɱɢɫɥɚ�ɞɿɣɫɧɿ� ɿ�ɪɿɡɧɿ�ଵǡଶߣ� ൌ േͳ��
ɳɨ�ɨɡɧɚɱɚɽ�ɦɨɠɥɢɜɿɫɬɶ�ɩɟɪɟɬɜɨɪɟɧɧɹ�ɩɨɱɚɬ�
ɤɨɜɨʀ� ɫɢɫɬɟɦɢ� ���� ɞɨ� ɞɜɨɯ� ɧɟɡɚɥɟɠɧɢɯ� ɪɿɜ�
ɧɹɧɶ� Ⱦɥɹ�ɰɶɨɝɨ�ɫɤɥɚɞɚɽɬɶɫɹ ɦɚɬɪɢɰɹ ɩɟɪɟɬ�
ɜɨɪɟɧɧɹ�ܵ��ɫɬɨɜɩɰɹɦɢ�ɹɤɨʀ�ɽ�ɜɥɚɫɧɿ�ɜɟɤɬɨɪɢ�
ɦɚɬɪɢɰɿ�ܶכ�

ܵ ൌ ቀ
ͳ ͳ
ͳ െͳ

ቁǤ

ȱɧɚɤɲɟ� ɤɚɠɭɱɢ�� ɜɢɤɨɧɭɽɬɶɫɹ� ɡɚɦɿɧɚ�
ɡɦɿɧɧɢɯ�

ቀ
ݑ
ݒ
ቁ ൌ ܵ ቀ

ܷ
ܸ
ቁ ൌ ቀ

ܷ ൅ ܸ
ܷ െ ܸ

ቁǡ ���

ɞɟ�ܷ��ܸ ± ɧɨɜɿ�ɮɭɧɤɰɿʀ�ɡɦɿɧɧɢɯݔ�ǡ Ǣݕ ɫɢɫɬɟɦɚ�
ɩɟɪɟɬɜɨɪɢɬɶɫɹ�ɞɨ�ɜɢɝɥɹɞɭ��

ଶܣ ൬
ܷ௫

௫ܸ
൰ ൅ ܧ ൬

ܷ௬

௬ܸ
൰ ൌ ଶܩ ቀ

ܷ
ܸ
ቁ�

ɞɟܣ�ଶ ൌ ܵିଵܣଵܵ ൌ ቀ
െͳ Ͳ
Ͳ Ͳ

ቁܩ��ଶ ൌ ܵିଵܩଵܵ ൌ

ൌ െቀ
͵ Ͳ
Ͳ ͳ

ቁ��Ɉɬɪɢɦɚɧɚ�ɫɢɫɬɟɦɚ�ɦɿɫɬɢɬɶ�ɞɜɚ�

ɧɟɡɚɥɟɠɧɿ� ɥɿɧɿɣɧɿ ɞɢɮɟɪɟɧɰɿɚɥɶɧɿ ɪɿɜɧɹɧɧɹ�
ɩɟɪɲɨɝɨ�ɩɨɪɹɞɤɭ�

൜
െܷ௫ ൅ ܷ௬ ൌ െ͵ܷǢ

௬ܸ ൌ െܸǤ

Ɋɨɡɜ¶ɹɡɨɤ� ɰɢɯ� ɪɿɜɧɹɧɶ�ɦɚɽ ɜɢɝɥɹɞ� ܷ ൌ
ൌ ݁ଷ௫ ή ݂ሺݔ ൅ ሻǢݕ ܸ ൌ ߮ሺݔሻ ή ݁ି௬ǡ ɞɟ� ݂ǡ ߮ ±
ɞɨɜɿɥɶɧɿ�ɮɭɧɤɰɿʀ�ɜɤɚɡɚɧɢɯ�ɚɪɝɭɦɟɧɬɿɜ�

ቀ
ݑ
ݒ
ቁ ൌ ܵ ቀ

ܷ
ܸ
ቁ ൌ ቀ

ͳ ͳ
ͳ െͳ

ቁ ቀ
ܷ
ܸ
ቁǤ

Ɂ� ɭɪɚɯɭɜɚɧɧɹɦ� ����� ɨɬɪɢɦɭɽɦɨ�ɨɫɬɚɬɨɱ�
ɧɢɣ�ɪɨɡɜ¶ɹɡɨɤ�ɫɢɫɬɟɦɢ�ɪɿɜɧɹɧɶ�����

ݑ ൌ ܷ ൅ ܸ ൌ ݁ଷ௫ ή ݂ሺݔ ൅ ሻݕ ൅ ߮ሺݔሻ ή ݁ି௬Ǣ

ݒ ൌ ܷ െ ܸ ൌ ݁ଷ௫ ή ݂ሺݔ ൅ ሻݕ െ ߮ሺݔሻ ή ݁ି௬Ǥ

Ɂɚɭɜɚɠɢɦɨ��ɹɤɳɨ�ɦɟɬɨɞ�ɤɨɦɭɬɭɸɱɨʀ�ɦɚ�
ɬɪɢɰɿ�ɩɨɤɚɡɚɜ�ɧɟɦɨɠɥɢɜɿɫɬɶ�ɪɨɡɞɿɥɟɧɧɹ�ɪɿɜ�
ɧɹɧɶ�ɫɢɫɬɟɦɢ�ɪɿɜɧɹɧɶ�����ɧɚ�ɩɿɞɫɢɫɬɟɦɢ��ɬɨ�
ɧɿɹɤɚ�ɡɚɦɿɧɚ�ɡɦɿɧɧɢɯ�ɧɟ�ɞɨɡɜɨɥɹɽ�ɪɨɡɞɿɥɢɬɢ�
ɫɢɫɬɟɦɭ�����>�@�

ɉɨɪɹɞɨɤ�ɦɚɬɪɢɰɶ�ɛɿɥɶɲɟ�ɞɜɨɯ� ɍ�ɜɢ�
ɩɚɞɤɭ ɫɢɫɬɟɦɢ� ɞɢɮɟɪɟɧɰɿɚɥɶɧɢɯ� ɪɿɜɧɹɧɶ�
ɬɪɟɬɶɨɝɨ��ɿ�ɛɿɥɶɲɟ��ɩɨɪɹɞɤɭ ɫɩɨɱɚɬɤɭ�ɦɨɠɧɚ�
ɫɩɪɨɛɭɜɚɬɢ�ɡɚ�ɞɨɩɨɦɨɝɨɸ�ɦɟɬɨɞɭ�ɤɨɦɭɬɭɸ�
ɱɨʀ ɦɚɬɪɢɰɿ� ɩɪɢɜɟɫɬɢ� ɦɚɬɪɢɰɿ� ɤɨɟɮɿɰɿɽɧɬɿɜ�
ɞɨ� ɛɥɨɱɧɨ�ɞɿɚɝɨɧɚɥɶɧɨɝɨ� ɜɢɝɥɹɞɭ�� ɬɨɛɬɨ�
ɪɨɡɞɿɥɢɬɢ� ɪɿɜɧɹɧɧɹ�ɧɚ� ɞɜɿ� ɩɿɞɫɢɫɬɟɦɢ�ɦɟɧ�
ɲɢɯ�ɩɨɪɹɞɤɿɜ��Ⱦɚɥɿ�± ɡɚɫɬɨɫɭɜɚɬɢ�ɬɨɣ�ɠɟ�ɦɟ�
ɬɨɞ�ɞɥɹ�ɨɬɪɢɦɚɧɢɯ�ɩɿɞɫɢɫɬɟɦ�

əɤ� ɩɪɢɤɥɚɞ� ɪɨɡɝɥɹɧɟɦɨ� ɫɢɫɬɟɦɭ� ɬɪɶɨɯ�
ɞɢɮɟɪɟɧɰɿɚɥɶɧɢɯ� ɪɿɜɧɹɧɶ� ɜɿɞɧɨɫɧɨ� ɧɟɜɿɞɨ�
ɦɢɯݑ�ǡ ǡݒ ݓ ± ɮɭɧɤɰɿɣ� ɧɟɡɚɥɟɠɧɢɯ� ɡɦɿɧɧɢɯ�
ǡݔ ǡݕ �ݖ

ܧ ή ൭

௫ݑ
௫ݒ
௫ݓ

൱ ൅ ܣ ή ൭

௬ݑ
௬ݒ
௬ݓ

൱ ൅

൅ܤ ή ൭

௭ݑ
௭ݒ
௭ݓ

൱ ൌ ൭
Ͳ
Ͳ
Ͳ
൱ǡ ���

ɞɟ

ܧ ൌ ൭
ͳ Ͳ Ͳ
Ͳ ͳ Ͳ
Ͳ Ͳ ͳ

൱ ǡ ܣ ൌ ൭
ͺ ʹ െʹ
ͳ ͺ െͳ
ͳ ʹ ͷ

൱ ǡ

ܤ ൌ ൭
ʹͲ ͸ െ͸
͵ ʹͲ െ͵
͵ ͸ ͳͳ

൱Ǥ

ɋɬɪɭɤɬɭɪɚ�ɦɚɬɪɢɰɶ�ɰɟɧɬɪɚɥɿɡɚɬɨɪɚ�ܶ ɧɚ�
ɫɬɭɩɧɚ�

ܶ ൌ ൭
ܽ ൅ ܾ ൅ ܿ ܾ െܾ

ܽ ܽ ൅ ܾ ൅ ܿ െܽ
ܽ ܾ ܿ

൱�

ɬɭɬ� ܽ� ܾǡ ܿ ± ɞɨɜɿɥɶɧɿ� ɱɢɫɥɚ�� ɉɨɤɥɚɞɟɦɨ�
ܽ ൌ ͳ�� ܾ ൌ ܿ ൌ Ͳ� ɨɬɪɢɦɭɽɦɨ� ɤɨɦɭɬɭɸɱɭ�
ɦɚɬɪɢɰɸ�

כܶ ൌ ൭
ͳ Ͳ Ͳ
ͳ ͳ െͳ
ͳ Ͳ Ͳ

൱ǡ

ɜɥɚɫɧɿ�ɱɢɫɥɚ�ɹɤɨʀ�± ɞɿɣɫɧɿ�ɿ�ɪɿɡɧɿ�ଵߣ� ൌ ଶߣ ൌ

ൌ ͳǢ ଷߣ ൌ ͲǤ
ɋɤɥɚɞɟɦɨ� ɦɚɬɪɢɰɸ� ɩɟɪɟɬɜɨɪɟɧɧɹ� ܵ��

ɫɬɨɜɩɰɿ�ɹɤɨʀ�± ɜɥɚɫɧɿ�ɜɟɤɬɨɪɢ�ɦɚɬɪɢɰɿ�ܶכǣ

ܵ ൌ ൭
Ͳ ͳ Ͳ
ͳ Ͳ ͳ
Ͳ ͳ ͳ

൱Ǥ ���
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Ⱥɧɚɥɨɝɿɱɧɨ� ɞɨ� ɩɨɩɟɪɟɞɧɶɨɝɨ� ɩɟɪɟɯɨ�
ɞɢɦɨ�ɞɨ�ɧɨɜɢɯ�ɧɟɜɿɞɨɦɢɯ�ɮɭɧɤɰɿɣ�ܷǡ ܸǡܹ ɡ�
ɦɚɬɪɢɰɟɸ� ɡɚɦɿɧɢ� ɡɦɿɧɧɢɯ� ����� ɉɿɫɥɹ� ɰɶɨɝɨ�
ɫɢɫɬɟɦɚ�ɪɿɜɧɹɧɶ�ɩɪɢɜɨɞɢɬɶɫɹ�ɞɨ�ɞɜɨɯ�ɧɟɡɚ�
ɥɟɠɧɢɯ�ɩɿɞɫɢɫɬɟɦ�

൜
ܷ௫ ൅ ͺܷ௬ ൅ ʹͲ ௭ܷ ൌ ͲǢ

௫ܸ ൅ ʹܷ௬ ൅ ͸ ௬ܸ ൅ ͸ ௭ܷ ൅ ͳͶ ௭ܸ ൌ ͲǢ
���

൛ ௫ܹ ൅ ͹ ௬ܹ ൅ ͳ͹ ௭ܹ ൌ ͲǤ ���

Ɋɨɡɜ¶ɹɡɨɤ� ���� ɦɚɽ� ɜɢɝɥɹɞ�� ܹሺݔǡ ǡݕ ሻݖ ൌ
ൌ ݕሺߴ െ ͹ݔǡ ݖ െ ͳ͹ݔሻ��ɞɟߴ� ± ɞɨɜɿɥɶɧɚ ɮɭɧɤ�
ɰɿɹ ɫɜɨʀɯ ɚɪɝɭɦɟɧɬɿɜ�

Ⱦɥɹ�ɩɿɞɫɢɫɬɟɦɢ� ���� ɡɧɨɜɭ� ɡɚɫɬɨɫɨɜɭɽɦɨ�
ɦɟɬɨɞ�ɤɨɦɭɬɭɸɱɨʀ�ɦɚɬɪɢɰɿ��ȿɥɟɦɟɧɬ�ɰɟɧɬɪɚ�

ɥɿɡɚɬɨɪɚ� ɞɥɹ� ɦɚɬɪɢɰɶ� ܥ ൌ ቀ
ͺ Ͳ
ʹ ͸

ቁǡ ܨ ൌ

ൌ ቀ
ʹͲ Ͳ
͸ ͳͶ

ቁ ɦɨɠɟ� ɛɭɬɢ� ɩɪɟɞɫɬɚɜɥɟɧɢɣ� ɧɚ�

ɫɬɭɩɧɢɦ�ɱɢɧɨɦ�כܶ� ൌ ቀ
ͳ Ͳ
ͳ Ͳ

ቁǤ Ɍɨɞɿ�ɦɚɬɪɢɰɹ�

ɡɚɦɿɧɢ�ɡɦɿɧɧɢɯ�ɦɚɽ�ɜɢɝɥɹɞ�

ܵଶ ൌ ቀ
ͳ Ͳ
ͳ ͳ

ቁǤ ���

ȼɿɞ� ɡɦɿɧɧɢɯ�ܷǡ ܸ ɩɟɪɟɯɨɞɢɦɨ� ɞɨ� ɧɨɜɢɯ�
ɧɟɜɿɞɨɦɢɯ�ɮɭɧɤɰɿɣ� ෩ܷǡ ෨ܸ ɡ�ɦɚɬɪɢɰɟɸ�ɡɚɦɿɧɢ�
ɡɦɿɧɧɢɯ������ɉɿɫɥɹ�ɰɶɨɝɨ�ɫɢɫɬɟɦɚ�ɪɿɜɧɹɧɶ�����
ɩɪɢɜɨɞɢɬɶɫɹ�ɞɨ�ɜɢɝɥɹɞɭ�

ቊ
෩ܷ
௫ ൅ ͺ෩ܷ௬ ൅ ʹͲ ෩ܷ௭ ൌ ͲǢ

෨ܸ
௫ ൅ ͸ ෨ܸ௬ ൅ ͳͶ ෨ܸ௭ ൌ Ͳǡ

ɡɚɝɚɥɶɧɿ� ɪɨɡɜ¶ɹɡɤɢ� ɹɤɢɯ� ɦɚɸɬɶ� ɧɚɫɬɭɩɧɢɣ�
ɜɢɝɥɹɞ�

෩ܷሺݔǡ ǡݕ ሻݖ ൌ ߮ሺݕ െ ͺݔǡ ݖ െ ʹͲݔሻǢ
෨ܸ ሺݔǡ ǡݕ ሻݖ ൌ ߰ሺݕ െ ͸ݔǡ ݖ െ ͳͶݔሻǡ

ɞɟ� ߮ǡ߰ ± ɞɨɜɿɥɶɧɿ� ɮɭɧɤɰɿʀ� ɜɤɚɡɚɧɢɯ� ɚɪɝɭ�
ɦɟɧɬɿɜ�

ɇɚɞɚɥɿ� ɩɟɪɟɯɨɞɢɦɨ� ɞɨ� ɡɦɿɧɧɢɯ�ܷǡ ܸ ɡɚ�
ɞɨɩɨɦɨɝɨɸ�ɦɚɬɪɢɰɿ�ɩɟɪɟɬɜɨɪɟɧɧɹ�����ɬɚ�ɜɪɚ�
ɯɨɜɭɽɦɨ� ɪɨɡɜ¶ɹɡɨɤ� ɞɥɹ� ɮɭɧɤɰɿʀ�ܹ�� ɨɬɪɢɦɚ�
ɧɢɣ�ɪɚɧɿɲɟ��ɉɨɬɿɦ�ɡɚ�ɞɨɩɨɦɨɝɨɸ�ɦɚɬɪɢɰɿ�����
ɨɬɪɢɦɭɽɦɨ� ɨɫɬɚɬɨɱɧɢɣ� ɪɨɡɜ¶ɹɡɨɤ� ɜɢɯɿɞɧɨʀ�
ɫɢɫɬɟɦɢ�����

ǡݔሺݑ ǡݕ ሻݖ ൌ ߮ሺݕ െ ͺݔǡ ݖ െ ʹͲݔሻ ൅
൅߰ሺݕ െ ͸ݔǡ ݖ െ ͳͶݔሻǢ

ǡݔሺݒ ǡݕ ሻݖ ൌ ߮ሺݕ െ ͺݔǡ ݖ െ ʹͲݔሻ ൅
൅ߴሺݕ െ ͹ݔǡ ݖ െ ͳ͹ݔሻǢ

ǡݔሺݓ ǡݕ ሻݖ ൌ ߮ሺݕ െ ͺݔǡ ݖ െ ʹͲݔሻ ൅
൅߰ሺݕ െ ͸ݔǡ ݖ െ ͳͶݔሻ ൅ ݕሺߴ െ ͹ݔǡ ݖ െ ͳ͹ݔሻǤ

ɍ� ɪɹɞɿ� ɜɢɩɚɞɤɿɜ� ɩɨɜɧɟ� ɪɨɡɞɿɥɟɧɧɹ� ɫɢɫ�
ɬɟɦɢ�݊ ɞɢɮɟɪɟɧɰɿɚɥɶɧɢɯ�ɪɿɜɧɹɧɶ�ɧɚ�݊ ɧɟɡɚ�
ɥɟɠɧɿ� ɪɿɜɧɹɧɧɹ� ɧɟɦɨɠɥɢɜɨ�� ɩɪɨɬɟ� ɡɚɫɬɨɫɭ�
ɜɚɧɧɹ�ɰɶɨɝɨ�ɩɿɞɯɨɞɭ�ɞɨɡɜɨɥɹɽ�ɡɧɚɱɧɟ�ɫɩɪɨ�
ɳɟɧɧɹ�ɩɨɱɚɬɤɨɜɨʀ�ɫɢɫɬɟɦɢ��

Ɋɨɡɝɥɹɧɟɦɨ�ɫɢɫɬɟɦɭ�ɪɿɜɧɹɧɶ������ɭ�ɹɤɿɣ�

ܣ ൌ ൭
Ͳ Ͳ Ͳ
Ͳ Ͳ Ͳ
Ͳ Ͳ ͷ

൱ǡ ܤ ൌ ൭
͵ ʹ െͳ
͵ʹ ͵ Ͷ
ͺ െʹ ͷ

൱Ǥ

Ⱦɥɹ� ɦɚɬɪɢɰɶܣ� ɿܤ� ɡɧɚɯɨɞɢɦɨ� ɤɨɦɭɬɭ�

ɸɱɭ� ɦɚɬɪɢɰɸ� כܶ ൌ ൭
Ͳ ͳ Ͳ
ͳ͸ Ͳ Ͳ
Ͳ Ͳ െͶ

൱ ɿ� ɜɿɞɩɨ�

ɜɿɞɧɭ�ɦɚɬɪɢɰɸ�ɡɚɦɿɧɢ�ɡɦɿɧɧɢɯ�ܵ�

ܵ ൌ ൭
ͳ Ͳ ͳ
െͶ Ͳ Ͷ
Ͳ ͳ Ͳ

൱�

ȼɤɚɡɚɧɚ�ɡɚɦɿɧɚ ɡɦɿɧɧɢɯ ɩɪɢɜɨɞɢɬɶ�ɦɚɬ�
ɪɢɰɿ�ɤɨɟɮɿɰɿɽɧɬɿɜ�ɫɢɫɬɟɦɢ�����ɞɨ�ɜɢɝɥɹɞɭ�

ଵܣ ൌ ܵିଵ ή ܣ ή ܵ ൌ ൭
Ͳ Ͳ Ͳ
Ͳ ͷ Ͳ
Ͳ Ͳ Ͳ

൱ǡ

ଵܤ ൌ ܵିଵ ή ܤ ή ܵ ൌ ൭
െͷ െͳ Ͳ
ͳ͸ ͷ Ͳ
Ͳ Ͳ ͳͳ

൱Ǥ

Ɍɚɤɢɦ�ɱɢɧɨɦ��ɜɢɯɿɞɧɚ�ɫɢɫɬɟɦɚ�����ɪɨɡɛɢ�
ɜɚɽɬɶɫɹ�ɧɚ�ɞɜɿ�ɩɿɞɫɢɫɬɟɦɢ�

൜
ܷ௫ െ ͷ ௭ܷ െ ௭ܸ ൌ Ͳǡ

௫ܸ ൅ ͷ ௬ܸ ൅ ͳ͸ ௭ܷ ൅ ͷ ௭ܸ ൌ ͲǢ
����

ሼ ௫ܹ ൅ ͳͳ ௭ܹ ൌ ͲǤ ����

Ɋɨɡɜ¶ɹɡɨɤ�ɪɿɜɧɹɧɧɹ������ɦɚɽ�ɩɪɨɫɬɢɣ�ɚɧɚ�
ɥɿɬɢɱɧɢɣ�ɜɢɝɥɹɞ� ܹ ൌ ݔሺͳͳܨ െ Ǣݖ ሻǡݕ ɞɟܨ� ±
ɞɨɜɿɥɶɧɚ� ɮɭɧɤɰɿɹ�� ɉɟɪɲɚ� ɩɿɞɫɢɫɬɟɦɚ� �����
ɞɪɭɝɨɝɨ�ɩɨɪɹɞɤɭ�ɧɟ�ɪɨɡɛɢɜɚɽɬɶɫɹ�ɧɚ�ɩɿɞɫɢɫ�
ɬɟɦɢ��ɨɫɤɿɥɶɤɢ�ɛɭɞɶ�ɹɤɚ�ɦɚɬɪɢɰɹ��ɳɨ�ɤɨɦɭ�
ɬɭɽ�ɡ�ɦɚɬɪɢɰɹɦɢ�ɤɨɟɮɿɰɿɽɧɬɿɜ��ɤɪɚɬɧɚ�ɨɞɢɧɢ�
ɱɧɿɣ��Ⱥɥɟ�ɧɚɜɿɬɶ�ɭ�ɬɚɤɨɦɭ�ɜɢɝɥɹɞɿ�ɡɚɜɞɚɧɧɹ�
ɡɧɚɱɧɨ�ɫɩɪɨɳɟɧɟ�

ȼɢɫɧɨɜɤɢ� Ɋɨɡɝɥɹɧɭɬɨ� ɧɨɜɢɣ� ɩɿɞɯɿɞ� ɞɨ�
ɪɿɲɟɧɧɹ� ɫɢɫɬɟɦ� ɥɿɧɿɣɧɢɯ� ɞɢɮɟɪɟɧɰɿɚɥɶɧɢɯ�
ɪɿɜɧɹɧɶ�ɭ ɱɚɫɬɢɧɧɢɯ�ɩɨɯɿɞɧɢɯ�ɩɟɪɲɨɝɨ�ɩɨ�
ɪɹɞɤɭ��Ɂɚ�ɞɨɩɨɦɨɝɨɸ�ɦɚɬɪɢɱɧɢɯ�ɦɟɬɨɞɿɜ�ɩɨ�
ɱɚɬɤɨɜɚ�ɫɢɫɬɟɦɚ�ɪɨɡɛɢɜɚɽɬɶɫɹ�ɧɚ�ɧɟɡɚɥɟɠɧɿ�
ɩɿɞɫɢɫɬɟɦɢ�� ɳɨ� ɡɧɚɱɧɨ� ɫɩɪɨɳɭɽ� ɩɪɨɰɟɫ� ʀɯ�
ɩɨɞɚɥɶɲɨɝɨ�ɪɿɲɟɧɧɹ�
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ȼɿɫɧɢɤ�Ɂɚɩɨɪɿɡɶɤɨɝɨ�ɧɚɰɿɨɧɚɥɶɧɨɝɨ�ɭɧɿɜɟɪɫɢɬɟɬɭ ʋ��������

Ʌɿɬɟɪɚɬɭɪɚ

�� Ʌɨɩɚɬɢɧ Ⱥ� Ʉ�� Ɉɛ� ɚɥɝɟɛɪɚɢɱɟɫɤɨɣ� ɩɪɢɜɨɞɢɦɨɫɬɢ� ɫɢɫɬɟɦ� ɥɢɧɟɣɧɵɯ� ɞɢɮɮɟɪɟɧɰɢɚɥɶɧɵɯ�
ɭɪɚɜɧɟɧɢɣ��Ⱦɢɮɮɟɪɟɧɰɢɚɥɶɧɵɟ�ɭɪɚɜɧɟɧɢɹ� ������Ɍ� ���ʋ����ɋ�����±����

�� əɤɭɛɨɜɢɱ�ȿ��Ⱦ��ɉɨɫɬɪɨɟɧɢɟ�ɫɢɫɬɟɦ�ɡɚɦɟɳɟɧɢɹ�ɞɥɹ�ɧɟɤɨɬɨɪɨɝɨ�ɤɥɚɫɫɚ�ɦɧɨɝɨɦɟɪɧɵɯ�ɥɢɧɟɣɧɵɯ�
ɫɢɫɬɟɦ�ɚɜɬɨɦɚɬɢɱɟɫɤɨɝɨ�ɭɩɪɚɜɥɟɧɢɹ��ɂɡɜ��ɜɭɡɨɜ��Ɋɚɞɢɨɮɢɡɢɤɚ��������Ɍ������ʋ����ɋ�����±�����

�� Ƚɚɧɬɦɚɯɟɪ�Ɏ��Ɋ��Ɍɟɨɪɢɹ�ɦɚɬɪɢɰ��Ɇɨɫɤɜɚ��ɇɚɭɤɚ������������ɫ��

�� Ⱦɟɤɨɦɩɨɡɢɰɢɨɧɧɵɟ� ɦɟɬɨɞɵ� ɜ� ɦɚɬɟɦɚɬɢɱɟɫɤɨɦ� ɦɨɞɟɥɢɪɨɜɚɧɢɢ� ɢ� ɢɧɮɨɪɦɚɬɢɤɟ�� ɬɟɡɢɫɵ�
ɞɨɤɥɚɞɨɜ���ɨɣ�Ɇɨɫɤ��ɤɨɧɮ����ɉɨɞ�ɪɟɞ��ɘ��ɇ��ɉɚɜɥɨɜɫɤɨɝɨ��Ɇɨɫɤɜɚ��ȼɐ�ɊȺɇ������������ɫ�

�� Ȼɚɡɢɥɟɜɢɱ�ɘ��ɇ� ɑɢɫɥɟɧɧɵɟ�ɦɟɬɨɞɵ�ɞɟɤɨɦɩɨɡɢɰɢɢ�ɜ�ɥɢɧɟɣɧɵɯ�ɡɚɞɚɱɚɯ�ɦɟɯɚɧɢɤɢ��Ʉɢɟɜ��ɇɚɭɤ��
ɞɭɦɤɚ������������ɫ�

�� Ȼɚɡɢɥɟɜɢɱ ɘ� ɇ��� Ʉɨɫɬɸɲɤɨ ɂ� Ⱥ�� Ɉ� ɩɨɫɬɚɧɨɜɤɟ� ɡɚɞɚɱ� ɬɨɱɧɨɣ� ɞɟɤɨɦɩɨɡɢɰɢɢ� ɥɢɧɟɣɧɵɯ�
ɦɚɬɟɦɚɬɢɱɟɫɤɢɯ� ɦɨɞɟɥɟɣ�� Ɇɟɠɞɭɧɚɪɨɞɧɵɣ� ɧɚɭɱɧɨ�ɬɟɯɧɢɱɟɫɤɢɣ� ɠɭɪɧɚɥ� ©ɉɪɨɛɥɟɦɵ�
ɭɩɪɚɜɥɟɧɢɹ�ɢ�ɢɧɮɨɪɦɚɬɢɤɢª��������ʋ����ɋ����±����

�� Ʉɨɥɨɤɨɥɨɜ�ɂ��ȼ���Ʉɭɡɧɟɰɨɜ�ȿ��Ⱥ���Ɇɢɥɶɲɬɟɣɧ�Ⱥ��ɂ��ɢ�ɞɪ��Ɂɚɞɚɱɢ�ɩɨ�ɦɚɬɟɦɚɬɢɱɟɫɤɢɦ�ɦɟɬɨɞɚɦ�
ɮɢɡɢɤɢ��Ɇɨɫɤɜɚ��ɗɞɢɬɨɪɢɚɥ�ɍɊɋɋ������������ɫ�
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