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In this article we solve the problem of following effective mechanical constants
determination: the transverse elasticity modulus and the Poisson’s ratio in the plane
of isotropy for the transtropic composite. We consider the fibrous unidirectional
composite material composed of the isotropic elastic matrix and the fiber. We
assume that mechanical characteristics of components are different for stretching
and compression. So materials of the matrix and the fiber are multi-modular. For
composite’s Froperties modeling we consider its unit cell. It is an endless cylinder.
It is made of a solid cylinder as a fiber, and a hollow cylinder as a matrix. On the
contacting surface between the matrix and the fiber the relative torsion angle is
continuous. Composite’s material is modeled by a solid homogeneous transversally-
isotropic multi-modular material. Its isotropy pf;me is perpendicular to the fiber axis.
We solve the problem of torsion of the cylinder unit cell under the action of constant
torque applied to determine the effective transverse shift module of composite.
The non-zero component of the stress-strain state of composite’s cell is a tangent
stress in the plane of isotropy. We find the relative torsion angle for the matrix and
the fiber. We also solve the similar problem for the homogeneous transversally-
isotropic cylinder cell as a composite. We determine the shift module according
to kinematic terms of the displacement of a relative torsion angle on an outer
matrix surface and the same angle of th eouter surface of a cell of a homogeneous
composite. The transverse shift module of the composite we use to determine other
effective constants: the transverse elasticity Il’lOdulIl)lS and the Poisson’s ratio in the
plane of isotropy of the composite. These constants are functions of mechanical
characteristics of the matrix and the fiber, also depend on the volume fraction of
the fiber in the composite. Obtained formulas could be used for the stress-strain
state calculation of composite constructions.

Bulletin of Zaporizhzhia National University. Physical and Mathematical Sciences. Ne 2 (2020) ISSN 2413-6549



MOJEJb TOMOT'EHI3ALIL PI3BHOMOAYJIbHOI'O TPAHCTPOITHOT'O

BOJIOKHHUCTOI'O KOMIIO3UTY

I'pedeniok C. M.
OOKMOp MeXHIYHUX HAYK, OOYeHM,

npogecop kageopu gynoameHmanrbHOi Mamemamuxu

3anopizbkuti HayYioHAILHUL YHIgEpCUmem

syn. ’Kykoscwvkoeco, 66, 3anopidcocs, Ykpaina

orcid.org/0000-0002-5247-9004
gsmli212@ukr.net

CvoasinkoBa T. M.

acnipaum kagheopu QyHOaMeHmanbHOi Mamemamuxu

3anopizbkuti HayYioHAILHUL YHIgepCUmem

syn. Kykoscwbkozo, 66, 3anopixcorcs, Ykpaina

orcid.org/0000-0003-1679-6501
t.smolyankova@ukr.net

Kianmenko M. 1.

KaHouoam ¢hizuko-mamemamudHux HayK, OOyeHm,
ooyenm Kagpeopu hynoamenmanbHoi mamemamuxu

3anopizbkulli HaAYioHAILHUL YHI8EpCcUmem

syn. ’Kykoscwvkozco, 66, 3anopidcocs, Ykpaina

Knrouosi cnosa: piznomoodynvua
meopis nPYAHCHOCMI, KOMNO3UM,
MOOYIb 3CY8Y, MaAmMpuys,
BOJIOKHO, KPYYEHHS, 8iIOHOCHULL
Ky 3aKpy4y8anus, yMOGU
V320024CEeHHS.

orcid.org/0000-0001-5065-0341
ml1655291@gmail.com

Y poOOTi BUKOHAHO 3aJaHHS 3 BH3HAUCHHS TaKMX €()DEKTHBHUX MEXaHIYHHX
CTaIMX, SK MONEPEYHMH MOYyIb MNPYXKHOCTI Ta Koediuient Ilyaccona y
IUIOLIMH]  130TPOIII TPAHCTPOIHOIO KOMIO3HUTY. PO3IISHYTO BOJOKHHUCTUH
OJJHOCHPSAMOBAaHMH KOMITO3HT, IO CKIAJA€ThCA 3 130TPOIHUX IIPYKHHX MATPHIIL
Ta BOJIOKHA. [IpHITyCKA€eThCs, 110 i/l YaC PO3TATYBAHHS Ta CTUCKAHHS MEXaHI4Hi
BIIACTUBOCTI KOMITOHEHTIB BIAPI3HAIOTECS MDK CO0010, TOOTO Marepiaim
MaTpHLl Ta BOJIOKHA € PI3HOMOAYIbHUMH. JlJIsi MOJICIIOBAHHS BIaCTUBOCTEH
KOMITO3MTHOTO Marepialy BMKOPUCTOBYETbCS HOTO €JIeMEHTapHa KOMipKa.
BoHa € HeCKiHYEHHMM LMIIHAPOM. BiH CKajaeThes i3 CyUIbHOTO LAIHPA,
110 MOJEIIIOE BOJIOKHO, BKIJIAJICHOTO B MOPOXHUHHHI LIMIIHAD, 1O MOZCIIOE
Marpuiro. Ha Meski KOHTaKTy MaTpHIIi Ta BOJIOKHA BiTHOCHUH KyT 3aKpydJyBaHHsI
BBOKAEMO HEIEPEPBHMM. Marepian KOMIIO3UTY MOJIENIOCThCA CYHUILHUM
OTHOPITHAM TPAHCBEPCATBEHO-130TPOITHUAM Pi3HOMOIYIEHIM Matepiaiiom. Horo
IUIOIIMHA 130TpoMNii NepHeHAUKYIsIpHa OCi BOJIOKHA.

J1s1 BU3HaYeHHs €DEKTUBHOIO MONEPEIHOTO MOAYJIS 3CYBY KOMIIO3UTY PO3B’si-
3y€ThCS 3aBJIAHHS KPYYEHHs LMIHAPUYHOI €JIEMEHTAPHOI KOMIPKHM Ml €0
MPUKIIAJACHOTO JI0 HEl CTaJoro KPyTHOro MOMEHTY. HeHylnbOBHM CKIIaHUKOM
HampyKeHO-1e(OPMOBAHOTO CTAHy KOMipPKH KOMITO3UTY € TOTHYHE HAIPy KESHHS,
o Ji€ y TUIOLMHI 130Tpormii. BusHadaeTbes BiZ[HOCHI/If/i KyT 3aKpy4dyBaHHS
JUISl MaTpMIl Ta BOJOKHA. AHAJIOTiYHE 3aBJaHHs PO3B ’si3aHe JIJIsL OJJHOPIHOT
TPAaHCBEPCATLHO-I30TPOIHOT LMIIHAPAYHOT KOMIPKH, IO MOJIENIOE KOMIIO3HT.
Monysb 3cyBy BH3HAYA€ThCS 3 KIHEMAaTHYHOI YMOBH Y3TODKEHHS BITHOCHOTO
KyTa 3aKpy4yBaHHs Ha 30BHILUHII IIOBEPXHI MAaTPHLL TA 3HAYCHHSI LIbOTO KyTa Ha
30BHILIHIH [IOBEPXHI PEACTABHULBKOT KOMIPKH OIHOPIJHOIO KOMIIO3UTY. 3HAM-
JCHUI TTOTIEPEYHHUH MOJYIB 3CYBY OYyJIO 3aCTOCOBAHO IJIsI BH3HAYCHHS TaKHUX
e(eKTUBHUX CTaJMX, SIK MONEePEYHUI MOAYIb MPYKHOCTI Ta KoediuieHT [lyac-
COHa Y IUTONTHHI i30Tpomii KoMno3uty. L1i CiBBiAHOICHHS OTPUMAHO y BUIVIAI
(yHKITH MEXaHIYHUX XapaKTEPUCTUK MATPHUIll Ta BOJIOKHA, a TAaKOX 00’ €MHOI
YaCTKU BOJIOKHA B MaTepiani KoMIo3uTy. BuzHaueHi y po0oTi e(eKTHBHI IpysKHi
CTaJli MOXXHA BUKOPHCTOBYBAaTH IS PO3PAXyHKY HAIpyXeHO-Ie(hOpMOBAHOTO
CTaHy eNIeMEHTIB KOHCTPYKIIii, BATOTOBJICHUX 13 KOMIIO3HUTIB.
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Introduction. Mechanical characteristics of
composite materials are necessary to determine
the stress-strain state. Therefore, problem of
homogenization of a composite implies calculation
of its mechanical characteristics as homogeneous
materials. Inmany cases, this problemalso complicated
by differences in meanings of these characteristics
depends on character of material’s deformation.
Particularly elastic constants of composite are
different under tension and compression. In these
cases of homogenization of a composite, we use
models of the multi-modular theory of elasticity.

Different models of the multi-modular
environment are developed in researches [1; 2].
Results of experimental researches of multi-modular
grainy composites are summarized in [3; 4]. Author
of [5] considers isotropic multi-modular composites.
The phenomenon of multi-modularity for reinforced
concrete is developing in [6].

Solution of the problem of homogenization of
transversally-isotropic elastic composites regardless
multi-modularity is in monograph [7]. Defining
of effective elastic components of multi-modular
transtropic composite includes in [8; 9]. Meanwhile,
in [8] considered the formula for effective elastic
constant as transverse module of elasticity Type I and
Poisson’s ratio in the plane of isotropy of composite.
In [9] we determined longitudinal module of elasticity
under tension and compression of multi-modular
composite.

We analyzed publications and come to the
conclusion that problem of determine of complete
system of elastic constants for its mechanical
characteristics are unsolved yet. The main purpose
of following research is to determine effective
characteristics as the transverse modulus of elasticity
and the Poisson’s ratio in the plane of isotropy
of multi-modular transtropic composite. We use
methods proposed in [7]. In this case we have to
solve problem of transverse shift for system “matrix —
fiber” and for similar homogeneous composite’s cell.
However, at the same time appears difficulties depend
on multi-modularity of materials. In this article, we
solve problems considering problem of torsion of
elementary cylinder composite’s cell. So we can
find the effective transverse shift module of the
composite. According to it, we determine required
constants.

Problem statement. We consider the problem
of homogenization of transtropic fibrous composite
with multi-modular properties. It includes following
isotropic elastic multi-modular components: matrix
and fiber. In [8] we found the ratio == for tension
and compression. E, is the elasticity module and
v,; is the Poisson’s ratio for the isotropy plane of
composite. To obtain formulas for its constants we
define an effective shift module as following formula:
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E,

G,=——2 .
21+ vy)

(1

Elementary composite’s cells are made of a
solid cylinder (0 <r <a), as a fiber, and a hollow
cylinder (a<r<b), as a matrix. We model the
composite as a cylinder (a<r<b) made of a
homogeneous transtropic material. The isotropy
plane is perpendicular to the cylinder cell’s axial.
We solve two tasks to determine the effective shift
module G,,. Firstly, we solve the problem of torsion
of'a compound cylinder making the system “matrix —
fiber”. Secondly, we solve the problem of torsion of a
homogeneous cylinder modeling a composite.

Determination of the effective shift module in
the isotropy plane of the transtropic composite.
We suppose that the twisting moment M is attached to
the outer surface of elementary composite’s cell. We
consider the cross section of the cell perpendicular to
its axial. The torque cased field of the tangent stress
at each point. In this case, the tangent stress is divided
linearly over the cylinder thickness. Symbol *is used
for a matrix and symbol “ is for a fiber. We use the
cylindrical coordinate system (r, 8, z ), where z-axis
the same to the cylinder axial. The tangent stress at
each points of a fiber can be written as:

T =1,-—, 2

In our notation r represents radial coordinates
(the distance between point to the cylinder axis), a
is the fiber radius, t, is the tangent stress for r = a.
? depends on the

The relative torsion angle ‘;—z
tangent stress as the following formula:

do T
—=—. 3
dz G-r ®)
E . .
In(3) G= (1) is the shift module.

For the relative torsion angle at the point of matrix
and fiber equality holds:

dy T do" T
2= 21 4)
dz G -r dz G -r

On the surface of the contact between the matrix
and the fiber r =a the relative torsion angle is a
continuous function, so we have

L —
dz|_, dz
From the eq. (4) and (5) using the equality r = a
in tangent tensions for matrix and fiber, the following
formula could be obtained:
G*

T (a)=ETD (a)=5'ca. (6)

)

r=a

ISSN 2413-6549



In the matrix, the tangent stress is also disturbed
by the linear principle: t° = k-r . We determine the
constant k from the following condition:

’C*(a)=ka=%~‘ta @)

The formula for the coefficient £ can be written as:
Gt

k= a . 8

= (8)

We obtain the tangent stress at points of matrix as
follows:

G*

Go

The twisting moment M , put in the outer surface

of cylinder cell r = b, add the tangent stress t,. So
we obtain the following formula:

*
T =

Lo (9)
a

" r
=1, —.
b
b

(10)

We denominate the tangent stress t, using the
tension 7, :

. a G G b

(@)= S s mn s (D)

The formula (10) for the tangent stress in the
matrix can be written as:

G
*
;

T, (12)

We define a formula for the twisting moment M
using the equality r = b as the following formula:

a b a 3
M = 27:.[ Tridr + an Tridr = ZTEJ' T, T
0 a 0
(13)
b * *
G T, 4 G4 4
+2n£ra‘G— ;d % {a +G°(b —a).
Consider the torsion of the homogeneous

transtropic cylinder adding the twisting moment M
and the equality r = b to it. Hence the relative torsion
angle could be obtained as:

dp M

dz Gy J

r

2M
n-G23-b4'

If r=»5b then the relative torsion angle of the
twisting matrix is equal to the relative torsion angle of
twisting on outer surface of the homogeneous cylinder.

Using the formula (13), we obtain the previous
angle:

do . 2M 2, ey
EM—W%b4a@if (1fﬂ«m

In (15) f =-5 is the volume ratio of the fiber in the
composite. The relative torsion angle of the twisting
matrix for » = b could be written as follows:

(14)
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doy _ v _ ¢®

- Ta 16
dz|_, Gb a-G (16)

We equate (15) and (16). So we find the effective
transverse shift module as

Gy =G +G (1- /7). (17)
So we define the ratio:
E,
e S o G 18
214 vy) f1rG (=17, (18)

E, and v,, are effective values of the transverse
elasticity modulus and the Poisson’s ratio in the plane
of isotropy of the composite.

Defining the effective shift module and the
poisson’s ratio in the plane of isotropy of the
composite. All components of tensions among the
tangent stress in the plane of isotropy are equal to
the zero while torsion. Therefore, G,; is value under
tension and compression have to be equal:

E, E K
2(1+vyy) 2(1+vy) 2(1+vy)

(19)

In our notation the symbol “+” is used for tension
and the symbol “~" is used for compression. In (8)
we determined ratio between the transverse shift
module and the Poisson’s ratio under tension and
compression. In the case of tension, we have the
following equation:

vy () (o) (1) B (ev)(10D)(A- )

Er d,—d, E (d,-d,)

dof(f=1)(viEz (1+90)+ E; (v (1-v2) - 2v7)) 20)
E.(d,~d\)(d" f+d°(1-f))

+

Denote
CAVLEL (B (14 vl) + EL (1))

0 E;“ >
P (Ej(f(l—vi—2viv:)+(l+v:))+E:(l—f)(l—vi—2vjv‘:))
=4 = E
d*_d‘_(E:(f—l)(l—vi—2vivi)—Ej(f(1—vi—2vivi)+(1+vi))\)
1 - E:

The right part of (18) under tension we denote as
A/, and the right part of (20) we denote as 4, :

+ E: . F2 E: _ f£2
A S 2(1+v) +2(1+v*;)(1 7)-@n

Thus we have the following system of equations:
Ey

(22)
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Finally, we get from this system:

44"
Ef=—" 23
P+ AA; (23)
L1244 (24)

Vo3 = 1 s
+2A7 A,
To obtain values of other effective constants
under compression we have to change in formulas
(20) — (23) the index symbol to the opposite sign.
Thus, we determined formulas for -effective
constants of the transtropic fibrous composite such
as the transverse elasticity modulus and the Poisson’s
ratio in the plane of isotropy of the composite.
Conclusions. Thus, we obtained formulas that gave
us a possibility to define effective characteristics of
the multi-modular composites such as the transverse
elasticity modulus and the Poisson’s ratio in the plane
of isotropy of the composite. So we devised formulas
that complemented the system of analytic formulas
for the effective characteristics of the multi-modular
composites in [8; 9]. To obtain a complete system for all
elastic effective constants properly-related parameters
as multi-modular transtropic composites, we have to
define analytic formulas for the transverse shift G, .
We hope to solve this problem in future articles.

Note, obtained formulas for the effective values
E, and v,; without multi-modularity of the matrix
and the fiber are the same to formulas for transtropic
composites in [7].

We can conclude that to define the stress-strain
state of constructions element made of composites
we have to know effective constants of their
characteristics. While homogenization of composites
we have to consider differences in their mechanical
characteristics under tension and compression
available for some materials.

For solving the problem of determination of
effective constants of fibrous composite, we can take
into terms conditions of displacements of homogeneous
composite and its components. We may define the
transverse elasticity modulus and the Poisson’s ratio in
the plane of isotropy of the composite according to the
conditions of the equality of the relative torsion angle
on the outer surface of a matrix and the elementary
homogeneous composite cell.

The opportunity for future researches in the field
of homogenization of the transtropic multi-modular
composites relates with formulas for G, and
development of improved mathematical models for
defining effective mechanical characteristics of the
materials.
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