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The article presents approaches to determining the effective mechanical
properties of a composite material reinforced with solid and hollow fibers,
using the method of a representative bulk element. Matrix and fiber materials
were considered transtropic. The mutual arrangement of solid and hollow
fibers is periodic in the general hexagonal scheme of reinforcement. Double
homogenization was used to determine the effective elastic characteristics
of a composite material containing areas with two types of fibers. The entire
volume of the composite is divided into a system of hexagonal areas, of which
two types can be distinguished. The first is a solid fiber with its surrounding
matrix, the second is a hollow fiber with its surrounding matrix. To pre-
homogenize each type of inhomogeneous area, the method of a representative
bulk element is used. As a result, there are homogenized areas consisting
of hexagonal cells of two types, each of which is transtropic. The isotropy
planes for both regions coincide. Taking into account the periodic nature of
reinforcement, homogenized regions with solid fibers can be represented as a
conditional fiber, and homogenized areas with hollow fibers as a conditional
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matrix. We have an inhomogeneous material with a conditional transtropic
matrix and fiber. The inhomogeneous material consisting of homogenized
regions is re-homogenized by the method of a representative bulk element. As
a result, transtropic effective elastic constants of composite material reinforced
with a system of solid and hollow fibers is obtained.

Using the presented approach, the calculation of effective elastic constants
of unidirectional composite material based on polyester resin reinforced with
hollow and solid fiberglass was performed. The analysis of dependences for
some effective elastic constants on the bulk content of the cavity in the fiber
was conducted.
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Knrwuosi cnoea: xomnozuyitinui VY cTarTi NpeAcTaBICHO MiIXOAU 10 BU3HAYCHHs €()EeKTUBHUX MEXaHIYHUX
mamepian, CyyinbHi 6010KHA, XapaKTEPUCTUK KOMIIO3UIIIHHOTO MaTepialy, apMOBAaHOTO CYLINbHHUMH Ta
NOPOACHUCTIT BOTIOKHA, MOPOKHUCTUMH BOJIOKHAMH 32 JIOTIOMOTOI0 METOAY IPEACTaBHUILKOTO
eghexmuani npyscui cmai, 00’eMHOrO ejeMeHTy. Marepiamu MaTpulli Ta BOJOKHA BBAYKAIUCS
20MO2eHi3ayis, MpaHcmponHul TPAHCTPOITHUMHU. B3aeMHe po3TallyBaHHS CyHIJIBHUX Ta TOPOKHUCTUX
Mamepiai. BOJIOKOH € TIEPIOANYHUM IPH 3arajbHili FeKCaroHaNbHiM cXeMi apMyBaHHS.

Juis BU3HA4YeHHA €(QEKTHBHUX MPYKHUX XapaKTEPUCTHK KOMITO3HUIIIHHOTO
Marepiany, 0 MIiCTUTh 00JacTi 3 JBOMa THUIAMH BOJIOKOH, BHKOPHCTaHO
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MOJBiiHY TOMOTeHi3alito. YBech 00’€éM KOMIIO3MTY PO3IUISEThCS Ha
CUCTEMYy T'eKCaroHaJbHMX OOJAcTeW, 3 SKMX MOKHA BUJIUIMTH JIBa THUIIH.
[epmmit — 1€ CyIiIbHE BOJIOKHO 13 OTOYYIOUOI0 HOTO MAaTpHIEIO, IpyTui —
MOPOJKHHUCTE BOJIOKHO i3 OTOYYIOUOIO Horo marpurero. s momepeaHsoi
TOMOTCHi3allii KOKHOTO THITY HCOHOPiTHOT 007aCTi CKOPUCTAEMOCS METOAOM
IPEICTABHUIIBKOTO 00’ €MHOTO eNIeMEHTY. B pe3ynbTari MaeMo roMoreHi3oBaHi
o0JacTi, MO CKIANAIThCS 13 TeKCaroHaJbHUX KOMIPOK JIBOX THITIB, KOXKHA 3
SKHUX € TpaHCTPOIHOK. [lmomuHu i30Tporii s 000X obmacTei criBnaiaTh.
BpaxoByroun mnepioguyHMN XapakTep apMyBaHHS, TOMOTEHi30BaHi 00macTi
13 CYIITPHMMH BOJIOKHAMH MOXKEMO TIPEJCTaBUTH 32 YMOBHE BOJOKHO, a
TOMOTCHI30BaHi 001aCTi i3 MOPOKHIUCTUMH BOJIOKHAMH — 32 YMOBHY MaTpPHIIIO.
MaeMo HEOTHOPIAHMI MaTepian 3 YMOBHUMH TPAHCTPOITHUMH MaTpPHUIICIO Ta
BOJIOKHOM. J[J1st HEOTHOP1THOTO MaTepialty, 0 CKIIaIa€ThCs 13 TOMOTEHI30BaHUX
oOacTeil, IPOBOAMMO MTOBTOPHY TOMOTEHI3aIli}0 METOJIOM MPEICTaBHUIIBKOTO
00’eMHOTO eleMeHTy. B pesynbTari OTpHMaeMO TPaHCTPONHI e(eKTHUBHI
IPYXXHI CTali KOMIIO3ULIIHOTO MaTepiary, apMOBAaHOTO CHCTEMOIO CYIIIBHIAX
Ta MOPOKHUCTHUX BOJIOKOH.

3a 10IIOMOTOI0 TIPEICTABICHOTO MiIXOMY MPOBEICHO PO3PaxyHOK e(heKTHBHIX
NPYXHAX CTAJINX OJHAKOBOCIPSIMOBAHOTO KOMITO3HMIIHHOTO Marepialy Ha
OCHOBI monieipHOi CMOJIM, apMOBAHOTO TMOPOKHUCTHMHU Ta CYIUTbHUMH
ckioBosokHaMHu. [IpoBeneHo aHami3 3aJIeKHOCTEH s AKX e(peKTHBHUX

HPYXHHAX CTAUX Bi 00’€MHOTO BMICTY TIOPOXKHUHH Y BOJIOKHI.

Introduction. Every year the sphere of appli-
cation of composite materials becomes wider, the
use of composites becomes relevant even in those
industries where they have not been used before.
One of the most common components for the man-
ufacture of composites is hollow fibers. Both hol-
low fiberglass and reinforcing elements have found
their application in the manufacture of fiberglass.
The study of the mechanical characteristics of fiber-
glass based on hollow fibers indicates the feasibility
of using such composites for products under com-
pressive loads. Thus, M.S. Aslanova, S.L. Rogin-
sky, V.I. Dreitzer in their works concluded that the
specific strength of fiberglass with hollow fibers was
almost three times higher than the reinforcement of
solid fibers [1, p. 183—188]. S. Kling and T. Czigany
in their publication performed a comparative analy-
sis of the use of hollow and solid glass fibers in the
design of composite materials [2].

Despite the large number of studies of the stress-
strain state of fibrous composites, only some theoret-
ical studies focus on modeling the elastic behavior
of composite materials with voids in the fibers [3—7].
The mechanical properties of fiberglass can be sig-
nificantly influenced by changing the cross-sectional

Longitudinal modulus of elasticity:

profile of the reinforcing fibers. Thus, R.V. Hum-
phrey determined that the packaging of fiberglass
with a cross section in the form of a hollow hexagon
can result in obtaining a composite with a high fiber
content at low weight [8, p. 401-413]. It is noted
that the density of the composite based on hollow
hexagonal fibers is twice lower than the density of
ordinary fiberglass.

In some load schemes, the combined use of solid
and hollow fibers may be appropriate, but the pres-
ence of both types of fibers in the composite leads to
mathematical complications in determining the effec-
tive mechanical characteristics. To determine them,
we use the approach described in [9], for a composite
material reinforced with two types of unidirectional
solid fibers.

Methods. Let us consider an example of such a
scheme of reinforcement of a three-component com-
posite material of solid and hollow equally directed
fibers of periodic structure (Fig. 1). Let us divide the
entire array of composite material by a system of hex-
agonal cells, as shown in Figure 1.

To determine the effective elastic constants for
hexagonal cells containing hollow fibers, the formu-
las presented in [10] are used.

E, :El*doL(d*f+d°(l—f—g)),

-y

where f and g — respectively, the fiber material volume fracture and the cavity in the composite;
E; —longitudinal modulus of elasticity of the matrix material;
E, — the transverse modulus of elasticity of the matrix material;

* * * . . . .
Vis» Vy» V,; — Poisson’s ratios the matrix material;
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E, —longitudinal modulus of elasticity of the fiber material;
E, — the transverse modulus of elasticity of the fiber material;
Vi, Vyi» Vo — Poisson’s ratios the fiber material;

. ot+Bvy,

b

— (X'+BV12 . d
- Yiz
oE, oE,

a=(1=f=g)((Evis—Esviy) f—Es(f +22)) = Es(1+ f +2) / ;
B=2(/+&) (v (1~ ~g)+ V2 Esf )

d°

oAV .V
Y= Zf(f + g)[VZIEz E_llf -V K, E_llzj .
Poisson’s ratio:

V. = Vo Vipd o —y
12 * ° ‘
Vo (d o= Y)
Longitudinal shear modulus:

Gi (Gt (14 £ +2) +Ga(f +28)(1-(£ +2)))
szf(l—(f+g)2)+Gl*2(f+2g)(l+f+g)z '

Transverse modulus of elasticity:
based on the equality of radial displacements

12 7

2nE;

E =
T](4'Y3(1_V21VT2)+(1+V;3)+71)+2(f+g)(fy1E2°_E;((f"'zg)'Yz+2gV;3))

2

2

where
— _uF _ dOfVZI .
Y1 _(1 V23) d*f+d°(l—f—g) 5
ey d (e,
Yz_(l V23) d*f+d°(1—f—g)’
((r+2)(3e(r+28)-2(f +3)~ fe)u+ S na+((f +8) +e(f+22))1s
£ 36 (g ) (f+2g+1)(f+g-1)

b

((g=(4(f +2) +e(r+28))- )~ 0~ ((f +&) +2(/+28))t
s (g-D)(f+2g+1)(f+g-1) ’

d: =V—i'[v;(lfﬂ]—L{l—Zv;E;ferg]_1_V33 _2\’021\’12 :
n I-vy n E, (1—V23)

=<
£
Il

d*zv_2*‘ V; £f+1 —Lzl—2v;E;ff+g _I_V*23_2V*21V12;
n 1- n E;(1-v3)

dy =[V—2:%—2v; %}(%f(l—v;)—f(l—v;)—zgj—

2

_2;231 +‘]’5221 (1+V23)+ ; (1 v23),
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n:E;(2g+f(1—v;3))(f+g—1)—ﬂ;((f+g)( )+ (1+v23))
r=E;(1+v;3)(f+g—1)+E;((f+g)(1—v;3)+(1+v;));
Yo = disty —dysty s Yy =dyty —distys Ay =4t — bty
dy =k, (> +3(f+g)(g-1))=3k,(f+g)(g-1)(f +2g+1):
dlz=k13((f+g)2+(f+g)(1—3g)+1)—3k14(f+g)(g—l)(f+2g+1);
dy =By (f+g=1)((f+8) +/+g+1)+
+E;f( k(17 432(f +2))=3(1+vis ) (£ +&) (f+g-1)(g=1)(/ +2g +1));
ey (2 43(f +8)(g=1))+ 3k (f +8) (g —1)(f +2g +1);
d22=k23((f+g)2+(f+g)(1—3g)+1)—3k24(f+g)(g—1)(f+2g+1);
dy =k By (f+g-1)((/+8) + f+g+1)+
B f (e (2438 (£ +2))=3(14vis ) (/ +2)' (/ +g=1)(g~1)(f +2g +1));
=4/ +g) (Vs vivi ) - (1+vi ) (143 + 2)');
—a(f+g)(1-viv) (1493 (£ ey -1):
ki =(32(f+g) +& )(1+vi)=4(f + ) (vas +Vavi):
(f+g )1+v23)+4g(f+g)(1 Vv );
=2(f+g) (3+vh—2viv,)+ (1+v23)(1 3(f+g) )
oy =2(f + ) (Vi +2vviy =1) = (143, ) (£ + 2) +1);
oy =(32(f+8) =) (14 Vi) =2(/ + &) (B+vi —2v; vy )
k24=((f+g)2+g2)(1+v;3)—2g(f+g)(v;3+2v;1v:2—1);
t=dyEsf+hnEs (f+g—1)s t,=d\Esf +kpEs (f+g-1);

L= knE;f3 +d12E; (f+g _1) s 0= kZIE§f3 +dzzE; (f"‘g _1) ;
based on the equality of circumferential movements

£ < ME,

2

Poisson’s ratio:
based on the equality of radial displacements

n(4Y3 (1_\’21\/:2)"'(1+V;3)_Y1)_2(f+g)(fY1E; —E; ((f+2g)y2 +2gV;3))

n(4'Y4 (1_V21VT2)+(1+V;3)+'}’1)+2(f+g)(fY1E; -k, ((f+2g)y2 +2gV;3)) '

23 7

n(4y, (1= Vi )+ (1 vi )+ 1, )+ 207 + @) (/s — B ((f +28) 1, + 283 )
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based on the equality of circumferential movements

3 n(4"/4 (1—VLVI})+(1+V§3)—Y1)—2(f+g)(fY1E§ —E, ((f+2g)'Yz +2gV023))

23 T

These formulas are obtained for a composite mate-
rial with a transtropic matrix and a hollow fiber, if the
components are isotropic, then in these formulas it is
necessary to equate the corresponding elastic charac-
teristics of the matrix and fiber materials. For hex-
agonal cells with solid fibers, one can use the same
formulas where g =0.

With this partition, the matrix material in any hex-
agonal cell will occupy the same volume if the diame-
ter of the fibers of both types is the same, and the vol-
ume occupied by the matrix material will be different
if the diameter of the fibers of both types is different.

We have two types of hexagonal cells — with a
hollow fiber (the ring is marked by an inclined hatch-
ing), and with a solid fiber (the circle is marked by
an inclined hatching). Next, we approximate a hex-
agonal cell with a circle equal to the area of this cell.
Applying the formulas of dependence of constants on
the elastic characteristics of the transtropic matrix,
fiber and bulk particles of the fiber and cavity mate-
rial in the composite material, we determine the elas-
tic constants for the first area of the composite and,
taking in the formulas g =0, determine the elastic
constants for the second area of the composite. As a
result, we obtain a two-component fibrous material
with calculated elastic constants of transversely iso-
tropic matrix and fibers (Fig. 1).

For the obtained composite material, we determine
the elastic constants using the method described above.
Then the section of this material is divided into hexag-
onal cells, and we apply to the elementary hexagonal
cell the procedure for determining the elastic constants,
according to the previously defined elastic constants of

n(4Y4(I—VZIVI})+(1+V§3)+Y1)+2(f+g)(fY1E§—Eg((f+2g)Yz+2gV33)) ‘

the matrix and fibers. The volume fraction of a fiber is
defined as the ratio of the area of the circle occupying
the fiber to the area of the hexagonal cell. The obtained
elastic constants of the composite material will deter-
mine the elastic constants of the three-component
composite material with two types of fibers.

If in the original three-component composite
material the volume fraction of the material of the
hollow fiber of the grade f, with the cavity g, and
the solid fiber — £, , the volume fraction of the matrix
material will be 1-f, - f, —g. Then, according to
the above approach to the representation of the matrix
and fiber, the volume fraction of the new matrix will

A
be (1-fi—-f,—g)—"—
U= Qﬁ+ﬁ+g

fraction of the new matrix in the two-component
S
h+hte
larly, let us determine the volume fraction of new
fiber in a two-component fibrous material. The vol-

+ f,. Thus, the volume

fibrous material will be equal to . Simi-

ume fraction of the fiber will be the value, which is
/s
equal to (1-f —f,—g)——==——+ f,. Thus, the
(1=h=1, )ﬁ+ﬁ+& ’

volume fraction of fiber in the composite material
_ S
h+/fi+g

However, it should be taken into account that the
obtained ratios for calculating the elastic properties
of the composite material operate only with the vol-
ume fraction of fibers and do not take into account the

will be the value

Fig. 1. Representation of a three-component composite material
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Fig. 2. Effective longitudinal modulus of elasticity
of a composite material reinforced
with solid and hollow fibers

diameter of the fiber and the structure of the stack-
ing. Therefore, the above technique can be applied
to other schemes of reinforcement, it should only be
taken into account that the more precisely the circle
approximates the boundary of the matrix material in
the model, the more accurate the results are.

Numerical calculation. Let us consider a uni-
directional UD GFRP composite based on polyes-
ter resin (Polimal 109), reinforced with fiberglass
(E-glass). The elastic characteristics of the compo-
nents [11]: for fiber we have E =73 GPa, v' =0,22,
G =29,9 GPa; for matrix —E =3,24 GPa,
v’ =0,385. Suppose that the scheme of reinforce-
ment is the same as Fig. 1. Volumetric content of hol-
low fiber f+g=0,4.

63

2,9 1

2,7 1

2,5 1
GPa

2,1 4
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1,7 A

15
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Fig. 3. Effective shear modulus of a composite
material reinforced with solid and hollow fibers

Figures 2 and 3 show the dependence of the effec-
tive longitudinal modulus of elasticity and shear
modulus on the volumetric content of the cavity.

Conclusions. The method of double homoge-
nization for a composite material periodically rein-
forced with two types of fibers — solid and hollow,
is proposed. Presented this technique for calculating
the effective elastic characteristics of the composite
material on the example of a composite with isotropic
properties of the components. It can be noted that the
increase in the volume content of the cavity leads to
a decrease in the values of the effective characteris-
tics, and for an effective longitudinal modulus of elas-
ticity, this dependence is linear, and for an effective
shear modulus it is nonlinear.
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