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The article discusses the algorithm and methods of statistical processing of one
type of grouped data — interval-censored samples with overlapping observation
intervals. The samples are censored by the observation time interval of the
measured value. The samples consist entirely of such interval observations.
The initial information was the data of one-time and multiple inspections of
the structure in operation in order to detect damage in the form of cracks.
The stage of appearance of the initial crack (macrocrack) in the zone of stress
concentration is determined. A macrocrack, for objective reasons, cannot
be directly detected during inspections. Examples of describing the time
of formation of initial cracks in the form of interval-censored samples with
intersecting observation intervals are presented.

The main focus was on the development of methods for statistical processing
of the studied samples. The maximum likelihood method was applied
for parametric estimation of the time of appearance of macrocracks. Basic
maximum likelihood equations are obtained for distributions with location and
scale parameters. The computational procedure of the accumulation method
with the use of Fisher’s information is applied. Expressions for calculating the
variances of parameter estimates are obtained. An equation for checking the
existence of a solution to the system of likelihood equations is presented. The
appearance of macrocracks can have a different physical nature, for example,
the accumulation of fatigue or instantaneous damage due to an overload
exceeding the calculated one. Different physical nature implies different types
of preventive work to prevent them and is described by different probabilistic
models. A likelihood ratio criterion is proposed to test the statistical hypothesis
about the situation of sudden appearance of macrocracks at a load exceeding
the calculated one.

The results obtained show the features of the structure of the studied samples
and possible methods of statistical processing. Bibliography 11 titles Table 2.
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VY cTarTi pO3MISHYTO aJTOPUTM 1 METOAU CTAaTUCTUYIHOI 0OPOOKU OTHOTO THUITY
3rPYNOBAHUX AAHUX — IHTEPBAIbHO-I[EH3YPOBAHUX BHOIPOK 13 MEPEKPUTTIM
IHTepBaiB CIIOCTEPEXKEHHS. 3pa3ku LEH3YpPYIOThCS 3a IHTEpBajOM dacy
CTIIOCTEPEKEHHS! BUMIPIOBAHOTO 3HAa4eHHsS. BUOIpKU MOBHICTIO CKIAAIOThCS
3 TaKUX 1HTEPBAIbHUX CIIOCTEPEKEHB.

Buxianoto indopmarriero Oyiu 1aHi 0THOPA30BHX Ta 0araTopa3oBUX OOCTEKEHD
KOHCTPYKIIi1, IO eKCILITYaTy€eThCsl, 3 METOO BUSBIICHHSI TOIIKOKEHb Y BUTIIS AL
TpilyH. Bu3HaueHo cTafiro MosBU MOYATKOBOI TPILIMHU (MaKpOTPILIHMHU) B
30HI KOHIIGHTpAIil HampykeHb. MakpoTpilluHy 3 00’€KTHBHUX NPUUUH HE
MOKHa 0e3M0cepeiHbO BUSIBUTH MiJ] yac ormisiiB. HaBeneHo npukiaau onucy
4acy YTBOPEHHS MOYAaTKOBUX TPIIIMH y BUINIAJI 1HTEPBAJIbHO-IIEH3YPOBAaHUX
BUOIPOK 3 TIEPECIYHUMU IHTEPBAJIAMH CIIOCTECPEKEHHS.

OcHoBHY yBary Oyno MPHIIEHO PO3pOOIi METOMAIB CTATUCTHYHOI 00pOoOKH
JOCTUKyBaHUX BHOIpok. [lns mapaMeTpuuyHOi OI[HKM 4Yacy TOSBH
MaKpOTPILIMH 3aCTOCOBAHO METOJ MAaKCHUMAJIbHOI IMPaBJONOAiOHOCTI.
OTpuMaHO OCHOBHI PpIBHSHHA MAaKCHUMaJbHOI IpPaBAONOMIOHOCTI IS
PO3IOALIIB 3 MapamMeTpaMH pPO3TallyBaHHA Ta MacIiTaly. 3acTOCOBYETHCS
O0UHCIIOBaJIbHA MpPOLEAYpAa METOAOM HAKOIMMYEHHS 3 BUKOPUCTAHHIM
iHpopmamii Pimepa. OTpUMaHO BUPA3U AT PO3PaxXyHKY AUCIEPCIH OIIHOK
napamerpiB. HaBeneHo PpiBHSHHS A NEpEBIpKH ICHYBAaHHA pPO3B’SI3KY
CHCTEMM DpIBHSHb IIPaBAOMNOMIOHOCTI. BHHUKHEHHS MaKpOTPIIIMH MOXe
MarTH pizHy (i3UdYHy IPHPOAY, HAIPUKIIAMA, HAKOIMUYEHHS BTOMH a00 MUTTERE
MOMIKO/PKEHHST BHACIIAOK MEPEBAaHTAXEHHsI, IO IEPEBUIIY€E PO3PaXyHKOBE.
PizHa ¢ismuHa npupoma mependadae pi3HI BUAU NPOQITaKTHUHOI poOOTH
3 iX 3amo0iraHHs Ta OIKCY€ThCA PI3HUMU IMOBIPHICHUMH MOJAEISIMU.
3anpornoHOBAHO KPHUTEPiH BiTHOIICHHS MHPaBIONOMIOHOCTI AT NEpEeBipKH
CTATHCTUYHOI TilIOTE3W IIO0 CUTYallii pamToBOi MOSBH MAKPOTPIIIHMH NPH
HABaHTAKCHHI, 110 TIEPEBHUIIY€E PO3PAXYHKOBE.

OTpumaHi pe3ynsTaTH MOKa3ylTh OCOOIHMBOCTI CTPYKTYPH JOCTIIKYBaHUX
BHOIPOK Ta MOXJIMBI METOAM CTaTHCTHYHOI 00poOku. bibmiorpadis 11 Hass
Tabmms 2.

1. Introduction

durability of the structure before the appearance of an

The purpose of this work is to study the possibility
of statistical processing of one type of grouped
samples — interval censored samples with overlapping
observation intervals. The study was carried out
on the examples of the analysis of damage to the
structure of the airframe of an aircraft in operation
during inspections. Interval censored samples with
overlapping observation intervals describe the

Computer Science and Applied Mathematics. Ne 1 (2022)

initial crack (macrocrack).

In the absence of interfering events, the observation
results will be known for all observations and the
sample will be complete (sample with complete
data). Censoring is defined as an interfering event that
prevents the observation of the event of interest from
being obtained, for example, in terms of the size of the
initial damage in mm (inches). The observation result
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can be indicated only in a certain time interval. The
boundaries of the observation intervals are determined
by the well-established names of individual data: right
censored data, left censored data, interval censored
data. The difference between these data is only within
the boundaries of the observation intervals.

In libraries of data processing programs, for
example, Reliability Python library (2021), it is
possible to process samples consisting of complete
data and supplemented with censored data. In this
case, a certain procedure is used for ranking the
inspection times in the order of non-decreasing
values and grouping the data with non-overlapping
intervals. These data are actually interval censored
samples with non-overlapping intervals. The methods
for processing such samples are standardized.
For example, the International Electrotechnical
Commission (2008) developed the IEC 61649: 2008
standard, Weibull analysis, for estimation using the
Weibull probability distribution model.

The named programs and standards do not cover
the statistical processing of interval-censored samples
with overlapping observation intervals. This type of
sampling was considered in due time (Artamonovskii
and Kordonskii, 1970) in relation to the analysis of
reliability based on the results of one-time inspections
of structures. In the article, the samples are named
naturally grouped. Let us indicate the main features
of such samples with generalization for one-time and
multiple examinations to describe the initial cracks in
the structure:

1)the result of the observation can only be
described by the time interval on all inspected
structures;

2) the sample consists entirely of such interval
observations;

3) the number of observations in the sample is
equal to the number of observation intervals;

4) each observation in the sample is censored by
time intervals of different length;

S)numeric values of interval boundaries can
include infinity or zero;

6) the boundaries of the intervals intersect and
may overlap arbitrarily.

This type of samples is defined by the object
of research in this article. It is interesting for the
possibility of analyzing the initial signs of degradation
of structures, for example, the appearance of initial
cracks (macrocracks). There are certain stages of
degradation — the appearance of an initial crack of a
small size, then the development of a visible crack up
to a size dangerous for safe operation. This time of
the appearance of the initial cracks is interesting from
the point of view of the development of preventive
measures. The appearance of an initial crack can have
two different causes. This is the result of a gradual
change in the internal state of the structure zone
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(normal situation for fatigue damage) or as a result
of a ‘peak load’ that exceeds the design. In the second
case, preventive maintenance does not improve the
design and reinforcement of the structure is necessary.

As a result of the study, a certain understanding
of the structure of interval censored samples with
overlapping observation intervals was obtained. The
basic relations of the maximum likelihood method
for estimating the parameters of the probability
distribution law and their variances were obtained.
An accumulation method is proposed for the
computational procedure. A statistical criterion for
the likelihood ratio is proposed to assess the cause of
the appearance of initial cracks.

2. Methodology & methods

2.1.Methodology

The research methodology was based on
determining the possibility of statistical processing
of interval-censored samples with overlapping
observation intervals and the development of
statistical analysis methods.

As an example of such samples, we took the
data that are encountered in the analysis of damage
to the structure of the airframe of an aircraft in
operation. A model of damage development has
been constructed to answer the question about the
nature of the appearance of initial cracks. Examples
of the formation of interval censored samples with
overlapping observation intervals in relation to the
appearance of initial cracks are considered.

Further, an algorithm for statistical data analysis
was developed using the maximum likelihood
method for estimating distribution parameters.
The method is usually used for complex sample
structures. A parametric approach is used for a
family of distributions with location and scale
parameters: Weibull, lognormal, and normal. The
accumulation method is used as a special case of the
Newton-Raphson iterative method. The verification
of the existence condition for the solution of the
likelihood equations is considered. The properties
of the maximum likelihood estimates are analyzed.
Relationships are obtained for calculating the
variances of the maximum likelihood estimates.
A likelihood ratio criterion is proposed to test the
statistical hypothesis about the possible quasi-static
nature of the appearance of macrocracks. The selected
methods of statistical processing of interval-censored
samples with overlapping observation intervals are
suitable for the purpose of the study.

2.2.Damage development model

This section describes the model for the
development of damage. The stage of the appearance
of an initial crack (macrocrack) is highlighted. The
time of occurrence of a macrocrack is a random
variable. The size of a macrocrack can practically not
be measured either during tests or during inspections
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in service. It can be estimated for the airframe
structure of an aircraft in the range from Imm to the
minimum size of the detected cracks. At the stage of
the appearance of a macrocrack, it is important to
establish the nature of the appearance of damage —
material fatigue under the action of an alternating
load or a load exceeding the calculated one.

For all complex technical products, there are
programs for monitoring the state of the structure in
operation. This is the control of aging, strength and
corrosion. The rules for examining the zones of the
structure, inspection technologies and the dimensions
of permissible and maximum damage are determined.
As a result, statistical information about damages is
accumulated and processed.

We will distinguish between the concepts of
damage and failure. Failure is an event consisting
in a malfunction of the product. The failure time is
recorded accurately. Damage is an event consisting
in a violation of the healthy state of an object while
maintaining a healthy state and having a certain
size, for example, the length of a crack in mm
(inches). Damage can be revealed after some time
during routine inspections. The damage undergoes
irreversible changes and can develop into failure.

Classification of damages, causes of their
occurrence and probabilistic models of damageability
in the work of Gertsbakh, 1. and Kordonskiy Kh.
(1969) allows describing the fracture propagation
model as follows:

1. Unobservable period — accumulation of
damages in the stress concentration zone. Damage at
this stage is not detected by non-destructive testing
methods (unless only acoustic emission).

2. Macrocrack, initial crack. At this stage, the
incubation period of damage accumulation ends,
a material discontinuity forms, and crack growth
begins. The area of the structure where an initial
crack is likely to occur may or may not be known.

The time of appearance is a random variable. The
size of a macrocrack practically cannot be measured
due to the limited possibilities of non-destructive
testing and visual inspection methods, as well as the
conditions of testing in operation. The probability of
detecting a macrocrack is practically zero. The initial
crack size can be estimated as less than the minimum
detectable crack size when inspected in service.

In structural design and safety life calculations,
e.g. Wood (1971), and also in the work of Tavares,
S. M. O. and de Castro, P. M. S. T. (2019) an initial
crack size 0£0.040-0.070 inches (1-2 mm) is estimated
for the airframe frame of an airplane, and this value is
less than the minimum detectable crack in the sample.

3. Visible crack, trunk. Detected by non-
destructive testing methods and visual inspection.
The growth of a visible crack is determined by loads
and damage accumulation at the crack tip. Its growth
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rate depends on the stress state of the place where the
crack tip is located. Measurement of the crack length
is determined by technological documents. The
detected cracks, as a rule, do not exceed the maximum
permissible dimensions for safe operation, however,
they require analysis in order to prevent them.

4. The nature of the appearance of macrocracks.
For fatigue damage, there is a gradual change in the
internal state that develops into a macrocrack. It is
also necessary to take into account the possibility of
the appearance of ‘quasi-static damage’ — when the
appearance of a macrocrack is caused by a sudden
single external action that initiated its appearance.
This is a situation of random failures, the failure
rate is constant and reinforcement of the structure is
required taking into account the loads exceeding the
design ones. It is necessary to distinguish between
these situations, because they have a different physical
nature and are described by different statistical models.

2.3.0bservations of the current state of
products during inspections

This section discusses the schemes of one-time
and multiple inspections of structures in operation.
Forms of fixing the current state are presented based
on the results of visual inspections or non-destructive
testing, in which the operating time and the size of
the detected crack are indicated. To describe the
moment of the appearance of the initial crack, an
event indicator is used, which takes values of 0 or
1, depending on the fact of a crack detection in the
corresponding observation interval. Based on the
inspection results, interval censored samples are
formed with overlapping observation intervals for the
moments of the appearance of macrocracks.

A one-time inspection of products is defined as
a technical inspection of a set of similar products,
carried out on special instructions or a bulletin in a
specific area of the structure. Table 1 shows typical
results from one-time structural inspections. As an
operating time, i.e. the lifetime of the product, the
operating time from the beginning of operation in
flight hours, number of flights or years (months) is
taken. The current state is shown in the left half of
the table.

The right half of the table describes the events that
characterize the observation results — the moments of
the appearance of macrocracks t. The moments of
occurrence of macrocracks are censored by intervals,
including zero at the event{r, <x,} or infinity on
event {t,>x}. Observation intervals and event
indicators form a sample of interval censored data
with overlapping observation intervals.

The second scheme of examinations is typical
results of multiple examinations, see Table 2.
Inspections are carried out during structural repairs
and other forms of maintenance. The operating time
of the products is recorded from the start of operation
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Table 1

Results of one-time examinations and interval censoring operating time
before the appearance of a macrocrack

Current state during inspections Moments of occurrence of a macrocrack t
S Interval event indicator .
No Inspectlon tlme, Crack lenght, mm 0— no, 1- ves Censor]ng an event
X, 3, {t, <x} {t.>2x} T,
1. 5181 0 0 1 right c.
2. 4676 0 0 1 right c.
3. 4986 15 1 0 left c.
4. 4998 5 1 0 left c.
5. 4800 0 0 1 right c.
6. 4998 0 0 1 right c.
7. 5002 20 1 0 left c.
8. 6411 0 0 1 right c.
Table 2
Results of multiple examinations and interval censoring of operating time
before the appearance of a macrocrack
Current state during inspections Moments of occurrence of a macrocrack t
Inspection time, Crack lenght, Interval event indicator Censoring
x,; <Xy mm 0 —no, 1 —yes an event
X Xai o {t, <x} (<7 <xy) {2 x,} T
1. 6036 9531 65 0 1 0 interval c.
2. 5181 8181 0 0 0 1 right c.
3. 4678 7296 65.5 1 0 0 left c.
4. 4986 8441 8 0 1 0 interval c.
5. 4998 8068 40 1 0 0 left c.
6. 4800 7668 0 0 0 1 right c.
7. 4998 8086 0 0 0 1 right c.
8. 5002 8319 8.5 0 1 0 interval c.
9. 5002 7900 0 0 0 1 right c.
10. 5004 8366 0 0 0 1 right c.
11. 5100 8265 0 0 0 1 right c.

for the last repair (inspection) x, and for the previous
repair (inspection) x, . The size of the detected crack
at the time of the next repair is also recorded.

The right half of the table describes the events that
characterize the observation results — the moments
of the appearance of macrocracks. Inspection times
censor the moments of occurrence of macrocracks
with three types of intervals described by the events
{t, <x,}, {t,2x,} and {x, <7, <x,}. Observation
intervals and event indicators form a sample of
interval censored data with overlapping observation
intervals.

2.4.Maximum likelihood method  for
distributions with location and scale parameters

This section presents the basic relationships
for statistical processing of samples with interval-
censored data with overlapping intervals. Maximum
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likelihood equations are obtained for estimating the
parameters of probability distributions with location
and scale parameters. An iterative procedure for
solving systems of equations by the accumulation
method (a special case of the Newton-Raphson
iterative method) using the Fisher information matrix
is proposed. Expressions for calculating the variances
of parameter estimates are obtained. An equation for
checking the existence of a solution to the system of
likelihood equations is presented. The asymptotic
properties of the estimates are considered.

Let us introduce the following designations:

1. x — operating time from the beginning of
product operation (product life time), calculated in
flight hours, number of flights, months, operating
time is considered as a variable.

2. 1,1,,..,Ty, — operating time before the
appearance of macrocracks. Considered as a
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repeated sampling of random variables 7.,7,,...,Ty,
which are independent and equally distributed
with an unknown cumulative distribution function
F (x)eF. The class F is finite-dimensional and
has the form ]—":{Fx(x;é), eeG)cR’”}. The
cumulative distribution function F (x; é) 1s known,
but the parameters 6 unknown, i.e. parameters
are determined. Distribution density function

oF, (x)
= f.(x), 3. (x) 20.

3. X, X5 X, SX, i=1.,N —  inspection
moments. In the general case, they are
considered as values of random variables
XX Xy Xp1sXosen X,y (for  one-time

examinations  x, =x,,; X, =X,; n,, =0). They
are independent and equally distributed with an
unknown cumulative distribution function F, (x)e F,

={FX (x;0), 6eOC Rz} . Distribution  density
. OF
function 2 ;l(x) = £.(x), 3f.(x)20.
X

4. From physical considerations, we assume
that the censored moments of the appearance
of macrocracks and the censoring moments of
inspections are random and independent. Accordingly,
independent random variables 7,,7,,...7, ®
CB. X, Xy Xy Xy Xy Xy Then  the
inspection moments are censoring points for random
values 7,,7,,...,T, and are deterministic.

5. n,indicator (0, 1), characterizing the appearance
of a macrocrack in the corresponding interval of
inspection times:

1,0,0), if  {r,<x,}
n,=100,1,0), if {x, <t,<x,}, i=1.,N; r=1,23% Y > n,=N
(0,0,1), if {1, >x,}

The cumulative distribution function for t is defined
through the location and scale parameters 6,,6, and, by
definition, describes the corresponding probabilities of
occurrence of the events of interest to us:

E(x,el,ez)%[mj. (1)

e2

The likelihood function is determined at a

fixed value of the samplet=(t,,1,,...,7,) and
independence of T and X:
N
L=L,0,0,)=]]F" (R = F,)" -(1-F)" . (2)
i=1
where

F,=P{t,<x,}, q=12% n,=(n.m.n,), r=123i=1..N.

The estimates é\l,éz of the parameters 6,,0, are
found by solving the system of maximum likelihood
equations (for the scheme of one-time examinations
7., =T,, , the second terms are identically equal to zero):
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5,(6)=0
1(9=0, 3)
S,)=0
where
gl _ 1 K F-F F
5i®)= 0, (TZ F, ™ FE -F ™1-F,
61nL i > uz,Fz,_unEi _ Z"21’F2,i ,
S(e)_ 5. 22}“ F I-F,
Inx, -6, , OIlEF,
u,=—+—— F =—";g=12.
a 0, K Ou

Solving the system of maximum likelihood
equations provides the maximum likelihood function.
We use the computational accumulation method as
an iterative procedure for finding a solution. Let us
expand the maximum likelihood equations in the
vicinity of 0,,0, in a Taylor series up to linear terms
(for the k — iteration):

InL InL “InL AoA *InL
(AnL) (L) (-t Tt ] (=) ] -0
a6, ), A, ). 00; o 06,06, J;

o ~ ~ 6° ~ N o
dlnL = oL +(e|—e|u)) i Int +(92—92(A|) ¢ h‘iL =0
0, )s 0, ). 00,00, ); 0, )i,

Artamonovskii and Kordonskii (1970) show the
asymptotic consistency of the maximum likelihood
estimates and the convergence in probability of
the second derivatives of the likelihood function to
their mathematical expectations. We determine the
elements of the Fisher information matrix 7/ (6)

(4

O il F.) F,.-F)) E.)
el ) BEY L E)
0 6; o E, Y F,-F, 1-F,
F, F, - F, —u,F, E,)
‘Flllz =1, s Z uy ( ) ( Dy, By —uy, ) +m, uy, (F5,) (5)
0 9 E, F, - F, 1-F,
SPND U0 U 2 1 S OO DO ) W (Y o
[lzz:T m,—— 1y, ny, ——=
R~ L R I-F,

We also define the covariance matrix (inverse
information matrix) 7~ (9)

1A 1 122 _112 A
I (0)=—— , Where det[/(0)] —
detl/(OI\ -1, 1,

determinant of a matrix.
The iterative procedure for finding the maximum
likelihood estimates is a function of the accumulations

S, (é(k)),Sz (é(k)) and the Fisher information matrix,
where the unknown parameters are replaced by

e1(1+1)’92(/er1) :
Oicken = Oiy + 804y =125 k=0,,L,...,
- I, (ém)’Sz (é<k))+122 (é("))'S‘ (é(k))
1(k+1) det[7(6w))] 1 (©)
. ) I, (_é(k)) S, (é(k)) +1, (_é(k))-Sz (é(k))
2(k+1) det[7(8)] .
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An important point is the possibility of using the
check for the existence of a solution to the system of
maximum likelihood equations. Artamonovskii and
Kordonskii (1970) proposed a criterion for checking
the samples under study:

zzl(n“ + nzl.) . z:il(n“ -In x”)+zlﬁl(n2i -lnle.) (7
,-il ny; Z:(nzx ‘In xz;)

The results of the research (Makarov, Martinov
and Rastrigin, 1981) showed the effectiveness of the
estimation procedure using the accumulation method.
The number of iterations was compared with respect
to the procedure for applying the method of grids.
The choice of the initial approximations 6,6,
takes into account the peculiarities of the structure
of the initial observation data during examinations.
It takes up to 10 iterations to achieve the specified
precision, {|S1 , S2|} <e e=1-10"°.

In the studies of Rastrigin (1983, 2000), the
properties of maximum likelihood estimates were
established for observation schemes of states during
single and multiple examinations:

1) asymptotic consistency of the estimate

0, —L—0,, i=12,
2) asymptotic efficiency at which the variances

of the parameter estimates correspond to the lower

bound of the generalized Rao-Cramer inequality

L@l
D{el}zm, D{ez}=m(é)], (®)

3) asymptotic normality of estimates
0~ N(é,r‘[é]).

5.1.Testing the hypothesis of quasi-static
damage.

In this section, we solve the problem of testing the
hypothesis that the sample belongs to the exponential
law of operating time before the appearance of
macrocracks t with the alternative of belonging
to the Weibull distribution. When analyzing the
current state of products, it is important to check
the situation of the appearance of macrocracks due
to a sudden external influence. In this case, further
statistical analysis is not desirable, the structure does
not withstand peak loads and the structure needs
reinforcement. Predictive maintenance in such a
damaged area does not improve design. A likelihood
ratio criterion is proposed.

To solve the problem, we express the initial
Weibull distribution with the parameters f, 1 in terms
of the parameters 6,6, :
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E (61,92)=1_exp{_[%jﬁ] _

:1—exp{—exp(ln);_e‘ ﬂ, 0, =Inmn, 0, :%.

2

©

where P is the parameter of the distribution
shape, shows the rate of change in the failure rate;
n — resource, operating time, during which 63.2% of
macrocracks will appear.

The hypothesis H,:B=1 is tested with the
alternative H, :p=1. Earlier (Kendall and Stuart,
1961) used the likelihood ratio test to test hypotheses.
For our problem, we define the statistics S for the
likelihood ratio criterion

LT(él,e2 :1)

S=2h— )

L (o06:) 1o

where
L (él,e2 = 1)
Weibull distribution, 6, =1, 0 is the estimate of the

parameter O , which converts the likelihood function
to the maximum,;

L (é)1 6 ) is the likelihood function of the Weibull
distribution with estimates 6, , 0, ,

is the likelihood function of the

L (61,92 = 1)— actually represents the likelihood

function L_ () of the exponential distribution:

R(k)=1—exp[—exp{lnxe_e'J:|=l—e'“, k=% 0,=1(11)

_ Find a new estimate 6: of the parameter 6, for
0, =1 from the equation:

oL (é,,e2 = 1) N

F, F,. -F, F.
S, = :_znu . + 1y, x . —ny 2=, (12)
691 i=1 Ei F2i _F{z ‘ I_FZI
where
Inx, -6, , OJlnF,
uqize—;F:][: ;qzlnz-a

2

F, =Pl <x,}=F, (6,0, =1), g=12;

qi

i=1,...,N; n, z(nl,,nzi,n3,), r=123.

The statistics S in (10) under the hypothesis H,
is asymptotically distributed over ;. with 1 degree
of freedom. Under the hypothesis, one parameter f3
is checked, then r=1; distribution has r+s=2
parameters, s =1, because s # 0, then the hypothesis
is composite. Critical region at a significance level of
0.05 S > 77005 =3.841.

ISSN 2413-6549



12

The estimates of the parameters [,mand their
variances are determined in terms of the parameters
6,,0,:
~ 1 ~ 1 ~ ~ A ~ ~
b= D{B}_&D{ez}, n=c"; D{nf=exp{20,}-D{B:}. (13)

Example. For illustration, we present the results
of data processing in Table 2 of inspections of the
current state of structures to observe the moments
of the appearance of macrocracks. Checking the
conditions for the existence of a solution (7) of the
system of equations (3) gives the result 0.833>0.822,
i.e. is a solution to the system of likelihood equations.
The solution of the system of equations (3) for the
Weibull distribution (9) using equations (6), (13)
gives the following results:

61 =9.237, 6, =0429, Var(6,)=0.159, Var(6,)=0.187,

2

n=10270., f=2.331, Var(ﬁ)=1.6804+E7, Var(fs):s.317.

Testing the hypothesis about the quasi-static nature
of the appearance of macrocracks H, :3 =1with the
alternative H, : B #laccording to the likelihood ratio
criterion (10) gives the following result:

Lr(é],az :1)
S=-2In

~ A

=-2(-11.646—-(-10.717))=1.858.
Lr(91,92) ( ( ))

Then S <y, hence the hypothesis H, is not

rejected. This may be due to the low accuracy of
estimating the parameter f in this sample.

6. Results and Discussion

Results. The result of the study is the methods
of statistical processing of specific data that are
accumulated during inspections in operation. The
object of research is determined — the type of grouped
samples, interval censored samples with overlapping
observation intervals. Examples of samples entirely
consisting of interval data are given. A model of
damage development has been developed.

Analgorithm and statistical methods for processing
the samples under study have been developed. The
method of maximum likelihood is applied to find
the parameters of the distribution of the time of
occurrence of the initial cracks and their dispersions.
Basic equations of maximum likelihood are obtained
for probability distributions with location and scale
parameters. The solution of systems of equations is
performed by the accumulation method (a special
case of the Newton-Raphson iterative method)
using the Fisher information matrix. Expressions for
calculating the variances of parameter estimates are
obtained. An equation for checking the existence of
a solution to the system of likelihood equations is
presented. The maximum likelihood estimates for
the studied samples are asymptotically consistent,
efficient, and normally distributed. A likelihood ratio

Computer Science and Applied Mathematics. Ne 1 (2022)

criterion is proposed for checking the studied samples
for belonging to an exponential distribution.

Discussion. The discussed research topic of
interval-censored samples with overlapping intervals
appeared in the analysis of data from structural
inspections to assess the development of damage.
The period of the appearance of initial cracks, which
cannot be detected by means of non-destructive
testing for various reasons, is especially highlighted.
This period determines the nature of damage
occurrence (fatigue or overload), and also determines
the initial conditions when calculating the growth rate
of fatigue cracks. The importance of understanding
the specifics of the processed samples in the form
of fully censored observations of the appearance of
initial cracks is emphasized.

The need to develop a mathematical apparatus is
due to the lack of software for the samples under study.
The reason is the lack of data on the exact moments
of the appearance of initial cracks at least on some
structures, which increase the information content of
the initial data and allow the use of standard tools.

Itis possible to analyze the initial signs of structural
degradation through statistical processing of samples
in the form of interval censored samples with
overlapping observation intervals. The mathematical
apparatus in the form of the maximum likelihood
method is used to estimate the distribution parameters
of the time of occurrence of macrocracks. The choice
of the distribution law for a specific analysis is
established from the physics of the damage process.

Interval censored samples with intersecting
intervals characterize the durability of the structure
before the appearance of an initial crack (macrocrack).
Further, the main indicators of the reliability and
durability of the structure can be calculated. The
research results can be used to analyze the appearance
of initial damage during wear and corrosion, as well
as to analyze the survival rate of various research
objects, taking into account the initial changes in the
situation.

7. Conclusions

The conclusions of the study are presented. In
general, the goal of the study was achieved.

The structure of interval-censored samples with
overlapping observation intervals is determined.
Their features in relation to other types of grouped
samples are described. Examples of the formation
of the studied samples according to the primary
information of the results of inspections of structures
in operation are considered. A damage development
model has been built to answer the question about the
appearance of initial cracks that cannot be detected
due to the limited possibilities of non-destructive
testing methods and visual inspection, as well as
inspection conditions in operation. The appearance
of initial cracks leads to the formation of statistical
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samples in the form of interval-censored samples
with intersecting intervals.

A parametric approach is proposed for the
statistical analysis of the studied samples. The
maximum likelihood method was used to find
estimates for the parameters of the probabilistic law
of distribution of continuous events, for example, the
time of appearance of initial cracks (macrocracks)
in the structure. To solve the system of likelihood
equations, the accumulation method was applied to
find estimates of the parameters and their variances.
To establish the nature of the appearance of initial
cracks, a statistical criterion of the likelihood ratio is
proposed.

The presented mathematical apparatus can be
useful for other areas of research, when the structure
of the initial data coincides with interval censored
samples with overlapping observation intervals. It is
also possible that applying a parametric approach to a
solution is not the only solution.
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In general, we will be grateful for any comments
and suggestions for further research of life processes.
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