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Key words: d-function, When design engineers are creating new design methods, it is important for
asymptotic method, hybrid them to have analytical dependencies to assess the impact of the parameters and
approximation by perturbation external loads of the system under study on its stability and dynamic behaviour.
and WKB-methods, variable This is used to create heterogeneous structures for aerospace engineering, the
coefficients, approximate construction industry, and mechanical engineering. The solution of a large
analytical solution, singular number of mathematical physics problems that boil down to the necessity of
nonlinear differential equation. solving singular differential equations with variable discontinuity coefficients

is often based on the use of numerical methods that do not allow for a
qualitative analysis of the dependencies obtained. A feature of this work is the
development of a hybrid WKB-Galyorkin asymptotic approach to the solution
of nonlinear singular (with a “small” parameter at the older derivative)
differential equations with variable discontinuous coefficients in the presence
of a 6-function in the right-hand side. An approximate algorithm of analytical
solution suitable for solving of mathematical physics applied problems using
the perturbation method, which allows estimating the influence of the nonlinear
component of the equation and computer algebra. is proposed. As an example,
a nonlinear Duffing type differential equation with variable coefficients
is considered. Particular attention is paid to the influence of the nature of
the change in the coefficients of the main singular differential equation on
the effect of the presence of a d-function in the first derivative. Numerical
results of analytical solutions (depending on the value of the parameters of
the asymptotic development in two approximations) and comparison of the
approximate analytical solution with the direct numerical solution of the
problem under study are provided. Using computer algebra software package
“Mathematica”, graphs of the results of calculations of the main equation of
the problem are constructed by the direct numerical integration and the hybrid
asymptotic method.
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Knrouosi cnosa: 5-gynxyis,
acuUMnMOmMu4HUL Memoo,
2ibpudHa anpoxcumayis 3a
Memooamu 30ypeHHss ma

BKb, 3minni koegiyicnmu,
HAORUNICEHUT AHATTMUYHUL
PO38 30K, CUHSYNIAPHE HeNIHiliHe
ougheperyianvre pigHAHHSL.

Js iHXKeHepiB-KOHCTPYKTOPIB y CTBOPEHHI HOBUX METOMIB MPOEKTYBAaHHS
BOXJIMBO, 100 ICHYBanM aHANITUYHI 3aJ€KHOCTI AJS OIIHKHU BIIIUBY
napaMeTpiB 1 30BHIIIHIX HaBaHTaXeHb JOCHIIKYyBaHOI CHUCTeMH Ha ii
CTaOUIBHICTE 1 JUHAMIYHY TOBEIiHKY. lle BHKOPHCTOBY€ThCS y CTBOPEHHI
HEOIHOPITHUX  KOHCTPYKIil  aepokocMiuHOi  TexHikW, OymiBeNbHOI
IPOMUCIIOBOCTi, ~MAIIMHOOYAyBaHHsA. BupimeHHs BeIMKOi  KUIBKOCTI
3aa4 MaTeMaTHYHO! (Pi3HKH, IO 3BOIAATHCSA A0 HEOOXIIHOCTI pO3B’S3aHHS
CHHTYISIDHUX JU(EepeHIiaTbHUX pIBHSAHb 31 3MIHHUMH  PO3PHUBHUMHU
Kkoe(ilieHTaMy, 4YacTilmie 3a Bce 0a3ylOTbCs Ha 3aCTOCYBAaHHI UHCEIBHUX
METO/IIB, IKi HE JO03BOJIAIOTH SKICHO MPOAHaNi3yBaTh OTPUMaHI 3aJIeKHOCTI.
OcobnuBicTio  pobotu €  po3Butok  ribpugnoro  BKb-lamsopkin
ACUMOTOTUYHOTO MiAXOAYy 1O pO3B’S3Ky HENIHIHMX CHHIymspHUX (i3
«ManuM» HapaMeTpoM MpHU CTaplIiil MOXigHii) IudepeHIialbHUX pPiBHSIHb
31 3MIHHMMH PO3PUBHUMH Koe(illieHTaMH 3a HasgBHOCTI O-(pyHKIIT y mpaBiit
YaCTHHI 31 CTBOPEHHSIM QJITOPUTMY HAONIHKEHOTO aHAJITUYHOTO PO3B’S3KY,
IOPUAATHOTO 1O BHPILIEHHS NPUKIAJHMX 3a7ad MaTeMaTH4yHOI (i3uku i3
3aCTOCYBaHHSIM METOAY 30ypeHHsI, SKUH J03BOJISIE OI[IHUTH BIUIUB HENiHIHHOT
CKJIaJI0BOi YAaCTHHU PIBHSHHS, Ta KOMII'IOTepHOi anrebpu. Sk mpuxnazn
po3mIsLIaeThCsl HeMiHiMHe audepeHmiagbHe piBHAHHSA THIY [lrod¢inra.
Oco6m1Ba yBara npuijieHa BIUIUBY XapaKkTepy 3MiHU KOe(illi€HTiB OCHOBHOTO
CHHTYJISIPHOTO IU(EepeHIIIaNbHOTO PiBHSIHHS Ha e(peKT HasBHOCTI O-(pyHKmii
npu nepuriil moxinHii. Hanani yucenbHi pe3ynbTaTH aHATITHYHUX PO3B’S3KiB
(3aJIeXKHO BiA BENIMYMHM HapaMeTpiB aCUMITOTHYHOIO PO3BHHEHHS Y JIBOX
HAOMIDKEHHAX) 1 TOPIBHSAHHS HAOIMKEHOTO aHANITUYHOTO PO3B’SI3KY i3
IOpSMUM YHCEITBHUM PO3B’SI3KOM JOCHIPKYBaHOI 3a/1a4i. I3 BUKOpUCTaHHIM
IporpaMu KOMI'IoTepHOi anrebpu «Mathematicay mnoOymoBaHi Tpadiku
pe3yabTariB 00YMCICHh OCHOBHOTO PIBHSHHS 3aja4i 332 MPSMHUM YHCEIbHUM
IHTErpyBaHHAM i FiOPUIHUM aCHMITOTHYHUM METOIOM.

Introduction. Numerical calculation methods,
which are often used to construct new structures with
variable parameters dependent on coordinates and
time, for example, multilayer plates and shells of
revolution made of variable mass composite materials,
which are subjected to external pressure dependent
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on time, do not provide reliable analytical results
and require a significant amount of computer time.
Therefore, the exact solution of nonlinear singular
differential equations with variable coefficients and
8 -function, with the help of which such structures
are built, is an urgent problem for the theory of
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differential equations. As a result, in recent years,
for the analytical solution of such problems, hybrid
asymptotic methods based on perturbation methods
and phase integrals (WKB method) have been used
[1-10], which make it possible to construct fairly
accurate approximations that do not depend on the
value of the parameters in the first derivative. The
purpose of the research is to create an algorithm for an
approximate analytical solution of the equation. The
object of the study is a non-homogeneous nonlinear
differential equation with variable coefficients and a
d -function on the right-hand side.

1. Formulation of the problem of solving a
nonlinear differential equation with a é-function
on the right-hand side. Approximate analytical
solution using the hybrid asymptotic approach.

The basic differential equation of the problem of
the dynamics of systems with discrete-continuous
characteristics and time-varying coefficients in a
nonlinear formulation has the form:

V() +a(t)y' (t)+o’ (1) y(1)=
==N(0)y*(1)=v(1)y'(1)3(1~1,),
where o (1)= o, B (1).

Dividing both parts of the equation by ?, we
have:

(1

S +a(y(O]+B0r0=

o, > 1 —natural oscillation frequency,

8(1—1,)

N =uN, (t ) )

p — nonlinearity parameter (p<0).

The resulting equation is a prototype of the Duffing
differential equation with cubic nonlinearity. To solve
such an equation, we will use the hybrid asymptotic
approach. Using the perturbation method, we present
the function y(7) in the form of an asymptotic series
according to the parameter p :

Y() =y (1) +wy (£) + 12y, (1 Zuy, e

We obtain the equation in the first approx1mation
after substituting equation (3) into equation (2):

& o (1) + (1) v (1) ] +B(2) 3 (1) =
=7 (1) y, (£)8(¢—1,).

Using the WKB method (method of phase
integrals), the homogeneous equation is:

& [y (1) +a(t)y, ()] +B(1)», (£)=0  (5)

and solution will be obtained in the form:

— the Dirac function,

“4)
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ni-c exp@[fslﬁ% (t)—“—’)“)@(’)jdt}
(6)

Considering that:
1
0u: (1) = 4B (1) )

solution (6) can be represented in the form:

v (1)= expl:ija(t)%(;))dt:l.

.[Cl cos(k(t)) +C, sin (k (t))]

where k() =[e"B" (1) dr. (9)
Solution (8) is simplified if o(r)=0. We use a
hybrid approach:
o ()= C cos(k(t))+C,sin(k(z)).  (10)
The method of variation of arbitrary constants

makes it possible to obtain a solution of the
inhomogeneous equation (4):

o (1) =C, (t)cos(k())+C,(t)sin(k(r)). (11)
To find the constants C,(z) and C,(r), we
substitute (11) in (4), we have the first derivative:

Yo ()= k'(t)[—Cl (t)sin(k(t)) +G, (l)cos(k(t))] +
+C, (t)cos k(1)) + C, (¢)sin(k(1))
The second derivative has the form:

o (1) =k"(1)[ =C, (¢)sin (k(£)) + C, (¢)cos k(1)) ] +

@®)

(12)

+k’(l)[—C' (t)sin(k(1))+C, (l)COS(k(l))]-i- (13)
k2 (1)[=C, (1) cos (k (1)) = C, (r)sin (k (1)) ]
Provided that: p

(=" l(t) (14)

we substitute (11), (12) and (13) into equation (4):
I k"(t)[f sm( t)) cos( (t))}r
)

+k' (t)[ sm( (t) cos( (t))}+ +
e || +k" (1) -C (¢ )cos(k(t))——C (¢ )sm( (t))}
(z

&}

15
[ s1n(k(t ) cos(k(t))}+ (15)

| C (1) cos( )+C2(t szn( )
+u(z)[Cl(t)c0s(k (1))+C, (¢)sin(k(r) )J ()it 1)L

After some simplifications we obtain a system
of algebraic equations for finding the unknown
constants C,(¢) and C,(r), provided that £"(r) can
be neglected:
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sm(k(t)) =0

oo (k1) = F (1)
where F (¢ ):_k’_(t)yo( )8(¢—1,). (17)

We find the functions C,(7) and C,(r), taking

Latmtone
7(1)

into account the properties of the Dirac & -function
and the function F(7):
G (t) =% (to)yo (to)>
Cz(t)zyz(to)%(to)a (18)
Y(¢,)sin( k(¢
where 7, (1,) = 7( O)S(IH( ( 0))’
K'(1,)
Y(t,)cos(k(z
1) - Ll k) (19)

Therefore, the general solution of the linear
inhomogeneous problem in the first approximation
has the form:

v (1)= cos(k(t))[Cl +7, (1) v (4, )] ¥
NG~ (6)7 (1)

Then the function of the main equation in the
second is approximated by the parameter p :

2 (1) =cos(k (1)) d + TN, (t)dt+v,(1,) v, (1) ]+

(20)

+sin (k (¢

21
wsin(k (1)) dy =N, (1)dr+v, (1) 3 (1) ]
where ]VOI (1)= N, Sin(k(f))>
N,, (t)= N, cos(k(1)). (22)

The general solution of the nonlinear differential
equation (1) will have the form:

y(t):y0(1)+pyl( )=cos(k(r) [C 1, (1) 3 () ]+
sin(k(0))[ G, ++v, (1) 3 (1) ]
. cos (k (1)) d; +7, (1) v (1 ) No, (1
+sin(k (1)) dy =72 (1) 3o (1) =
=cos (k(){C++(1+m)7, (1) 50 (1) +
+sin(k(1)){C, = (1++1)72 (1) 7, (1) -1
where C, =C, +ud,,
C,=C, +ud,. (24)

2. Numerical solution of the main differential
equation of the problem. Comparison with the
analytical solution.

As an example of a numerical solution, a
differential equation of the form is considered:

()4 B (1) =T () () (-1,

)t ]+
<>J
Ny, ()} +
Ny, (1)t}

5, = 23

(25)

Computer Science and Applied Mathematics. Ne 1 (2024)

We set the functions B(¢) and ¥ (¢):
B(t)=1>,

y(t)=t (26)

The corresponding homogeneous equation takes
the form:

ey, (t)+1’y,(1)=0 (27)
under initial conditions:
=1
3 (0)=1, 28)
B2 (0) =0.
has a solution:
t2
t)= — . 29
()= £ )

Then the solution of the linear inhomogeneous
problem has the form:

el Zfromlz]

(30)
|7 t
+sin [ZHQ —7,(t,)cos {E}}
Provided that
2
=gsin (ij
2
2
scos(i] 31
the solution will be written as:
2 2 2
J, () =cos {;—J {Cl +esin {;—"J cos {;—J} +
(32)

IZ t2 tZ
+sin| — | C, —ecos| -~ |cos
2¢ 2¢ 2¢

If 1,=0,5 and £=0,1, we present the solution in
the form:

Fo(t)= cos[Stﬂ{Cl +0,095cos [512 ]} +

(33)
+sin[ 51 ]{C, —0,032cos[ 51" ]}.
To find the coefficients C, and C,, we substitute
the initial conditions. The final solution of the
equation has the form:

Fo ()= cos[Stz]{O,905 +0,095 cos[St2 ]} +
34
+sin[5t2]{—0,032cos[5z2]}. B9

Figures 1-4 present the results of calculations using the
hybrid asymptotic method and direct numerical integration
of the main equation of the problem using computer
algebra based on the “Mathematics” software package:
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Fig. 1. The solution of the equation
obtained on the basis of the hybrid
asymptotic method (£¢=0,1)

YnCenbHWA /
A t

08

-05 |

aHanimMyH1n

Fig. 3. Comparison of approximate analytical
and numerical solutions for ¢=0,1

Conclusion. An approximate analytical solution in
two approximations of an inhomogeneous differential
equation with variable coefficients and a & -function
is presented. Sufficient convergence of numerical
results based on approximate analytical and direct
numerical calculations is shown. From the point of
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Fig. 2. Solution of the equation obtained
on the basis of direct numerical
integration (¢=0,1)

Fig. 4. Three-dimensional dependence
of the solution on a small parameter ¢

view of further development of this approach, it is
considered expedient to study the influence of the
presence of the & -function and the nature of the
nonlinearity (with the possible existence of “turning
points”) on the solution of singular differential
equations with variable coefficients.
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