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AHTHUIIVIOCKA 3AJAYA J1JIsA OJHOMIPHOT' O
IPE3OEJEKTPUYHOI'O KBA3IKPUCTAJIA 3 MIZKPAZHOIO TPIINIMHOIO
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Po3misiHyTO TYyHENBHY TPINIMHY B3JOBX MEXI PO3AUTY JBOX 34YCIUICHUX
OHOBHMIPHHUX  II'€30€NEKTPUYHUX  KBA3IKPUCTATIUYHUX  MiBIPOCTOPIB.
JlocmipKyIoTbCsl  TIPOBiAHI  CNEKTPUYHI YMOBHM Ha Oeperax TpIill[HHU.
BBaxaeTbcs, IO PpO3TALIyBaHHSA AaTOMIB € TEPIOAUYHMM Y IUIOLIMHI,
HNEepHECHANKYSIPHIH  (POHTY TPIIMHU Ta KBa3iMepiOAMYHUM Yy HampsMi
(bpoHTY, MPUYOMY OCTaHHS BICh CIIBIAJa€ 3 HANPSIMKOM MOJSpU3aIlii
MmarepianiB. PIBHOMIpHO po3moAiiieHi aHTHIIIOCKI (POHOHHI Ta (ha30HHI 3CyBHI
HANpy>KeHHSI Ta eNCKTPUYHE MMOJe B IJIOMIMHI, NePICHANKYISIPHIH (POHTY
TPIIIMHY, 33]]JaH1 Ha HECKIHYEHHOCTI.

[ToGynoBaHi MaTPHYHO-BEKTOPHI MPECTABICHHS ISl QOHOHHUX Ta (Pa30HHUX
HaNpYXEeHb Ta EINEKTPUYHOTO IOJis, a TAaKMK JUIsi MOXIMHUX BiJ cTprOKa
(oHOHHUX Ta (DA30HHUX MEPEMIIICHb Ta EJIEKTPUYHOTO 3MIIICHHS dYepes3
BeKTOP-(QYHKIIit0, TOTOMOP(HY y BCill KOMIUIEKCHIH TUIONINHI, 32 BUHATKOM
oOmacti TpimuH. 3aJ0BOJBHIIOYM 3 BHKOPUCTAHHSIM IIMX MPEACTABICHb
yMOBaM Ha Oeperax TPIillUHH, GOPMYITIOETHCS 3aa4a JiHIHHOTO CIPSHKCHHS
Pimana-I'ins0epra 3 BiIMOBITHIMHI YMOBaMH HA HECKiHUCHHOCTI Ta Oy/Ty€eThCs
AQHATITUYIHAN PO3B’SA30K i€l 3a1a4di. AHATIZYIOUN I PO3B’SI30K, OTPUMAIIH
AQHANITUYHI BUpasu A (OHOHHMX Ta (Pa30HMX HANPYXKEHb Ta CTPUOKIB
MepeMilieHb Y37I0BK Mexi momainy marepiamiB. [lokazaHo, 1Mo OTpUMaHHMA
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PO3B’SI30K Ma€ OCIMIIIOIOYY KOPEHEBY CHUHTYJISIPHICTH Oijisl BEpIIMH TPIilIMHU. BaXkinuBo, 1o 1s 0COOMUBICTh HE
MIPU3BOUTE JI0 B3a€EMHOTO TPOHUKHEHHS OepETiB TPILIMHY, SIK Y INIOCKOMY BHMAAKY. J[0 Toro %k 061acTi ociuusii
€ Ty’Ke MaJMMH, TOMY OTPUMaHI PO3B’3KH € MPUHHATHUMHU JJIS IPAKTHYHOTO BUKOPUCTAHHS.

UYucenpHUi aHai3 NpOBEACHUN st KOMOiHAMIT Pi3HUX KBa3IKPHCTANIYHUX 3’€IHAaHb. Pe3ynbTati oTpuMaHi 1is
(hOHOHHUX Ta (ha30HHUX KOMIIOHEHT NPY>KHO-1e(hOPMIBHOTO CTaHy B3/I0BXK MEKi MOALTY MaTepiaiiB i MpeCcTaBICH]
B rpadiuniit popmi. 3poOiieHi BUCHOBKH CTOCOBHO 3MiHM (JOHOHHMX Ta (pa30HHUX XapPAKTEPUCTUK HA MEXI MOALTY
MarepialliB 3a1€XKHO BiJ] 30BHIIIHIX HABAHTAXXEHb Ta TCOMETPUUHUX (DAKTOPIB.

ANTIPLANE PROBLEM FOR A ONE-DIMENSIONAL
PIEZOELECTRIC QUASICRYSTAL WITH AN INTERFACE CRACK

Biliy D. V.
Postgraduate Student at the Department of Theoretical and Computer Mechanics
Oles Honchar Dnipro National University
Gagarin avenue, 72, Dnipro, 49000, Ukraine
orcid.org/0000-0001-6873-5765
biliy.dmitry@gmail.com

Komarov O. V.
Candidate of Phisical-Mathematical Sciences,
Associate Professor at the Department of Theoretical and Computer Mechanics
Oles Honchar Dnipro National University
Gagarin avenue, 72, Dnipro, 49000, Ukraine
orcid.org/0000-0002-8532-2820
21 21@ukr.net

Loboda V. V.

Doctor of Physical and Mathematical Sciences, Professor,
Head of the Department of Theoretical and Computer Mechanics
Oles Honchar Dnipro National University
Gagarin avenue, 72, Dnipro, 49000, Ukraine
orcid.org/0000-0002-0432-629X

loboda@dnu.dp.ua
Key words: crack, quasicrystal, A tunnel crack along the interface of two coupled one-dimensional piezoelectric
linear relationship problem. quasicrystalline half-spaces is considered. Conductive electrical conditions on

the cracks are investigated. It is believed that the arrangement of atoms is
periodic in the plane perpendicular to the crack front and it is quasi-periodic
in the direction co-directed with the front, and the last axis coincides with the
direction of materials polarization. Uniformly distributed antiplane phonon
and phason shear stresses and the electric field in the plane perpendicular to
the crack front are given at infinity.

Matrix-vector representations for phonon and phason stresses and electric
field, as well as for the derivatives of phonon and phason displacements
jumps and electric displacement are constructed. In these representations the
mentioned values are expressed through the vector function holomorphic in
the whole complex plane, except of the crack region. Satisfying with the use
of these representations the conditions on the crack faces, the Riemann-Hilbert
problem of linear relationship with the corresponding conditions at infinity is
formulated and the analytical solution of this problem is constructed. Analyzing
this solution, we obtain analytical expressions for phonon and phonon stresses
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and displacements jumps along the materials interface. It is shown that the obtained solution has an oscillating
square root singularity near the crack vertices. It is important that this singularity does not lead to mutual penetration
of the crack faces as in the plane case. In addition, the oscillation regions are very small, so the resulting solutions

are acceptable for practical use.

Numerical analysis was performed for a combination of different quasicrystalline compounds. The results are
obtained along the material interface for the phonon and phason components of the stress-strain state and are
presented in graphical form. Conclusions are made regarding the variation of phonon and phason characteristics at
the material interface depending on external loads and geometric factors.

Beryn. Kpazikpucranu, 1mo Briepiie BUCBITICHI
B [1], — e HOBHIi KJjlac MarepiaiiB, KU aKTHBHO
BHBYAETHCS ONM3BKO KITBKOX OCTAHHIX JIECATHIITB.
Kazukpucranu (KK) Bimpi3HSIOTHCS BijJ 3BHUAHIX
KpPHUCTAIB Ta HEKPUCTATIB CBOEI0 BHCOKOKO MIiITHi-
CTIO, BUCOKOIO 3HOCOCTIMKICTIO, HU3BKOIO TEIUIOBII-
nadero, Tomo. Lli Marepiaim chOromHi BUKOPUCTOBY-
IOTBCSI JJIS1 TIOKPUTTS TIOBEPXHi ABUI'YHIB, COHSYHUX
Oarapeil, TepMOCJIEKTPUYHUX [IEPETBOPIOBAYIB, KOH-
TEHHEPIB 3 AACPHUM HAJTUBOM TOLLO.

Hp06J'IeMPI MEXaHiKH pyI/IHyBaHHS{ KBaSIKpI/ICTaJ'IlB
Ta Cy'{aCHI/II/I PiBEHb 1OCIIIKEHB 110 IaHii TeMi mpen-
cTaBiieHi B [2—4].

barato kBazikpHuCTadi4YHMX MaTepialliB MaroTh
I’ €30€JIEKTPUYHI BIACTUBOCTI. TeopeTHuHi OCHOBH
I1’€30€JIEKTPUKN B KBa3WKpUCTanax Oynu po3ris-
HYTI B [5; 6].

TpimuHM MiX ABOMA I’ €30€JIEKTPUYHUMH KBa3H-
KpHUCTaJaMH JI0 bOT0 4acy BUBYEHI HEAOCTAaTHBO. I3
uiei Temu B [7; 8] aHANITUYHO-YUCEILHUM METOJIOM
JOCHIDKEHO EJIeKTPUYHO HENPOHMKHY TPIlIMHY B
OZHOBHUMIPHOMY T'€KCAarOHaJbHOMY TEPMOEIIEKTPO-
MpY’KHOMY KBa3iKpucTajiuHomy Oimarepiami. Mix-
¢azui Tpimmau Tany 111 Mix 3BUYaliHUMHU TIPY>KHUM
MarepiajJoM Ta KBa3iKpHCTaJoOM Oyiu pO3IISHYTI B
[9] Ge3 m’e3oenexTpuuHoro edekry. TpimmHa Mix

PI3HOPITHUMK OJHOBHMIPHUMH T'€KCArOHAJIbHUMHU
I’ €30€NIEKTPUYHUMH KBa3HKPUCTAJaMU 3 EJIEKTPO-
NPOHUKHUMH Ta HEMPOHUKHUMH yMOBaMu Ha Oepe-
rax TPilIMHYU B aHTUIJIOCKOMY BHIIAJIKy BHBYAJach y
po6ori [10].

[TpoBinna Mixkda3Ha TpiLIMHA IPH AHTUIIOCKOMY
MEXaHIYHOMY HaBaHTaKCHHI Ta IUIOCKOMY eJIeK-
TPUYHOMY HaBaHTaXEHHI Oyina po3misHyTa B po0Oo-
tax [11; 12]. ¥ nux poboTax BUSBICHA OCIMIIOIOYA
ocoOnmuBicTh Ha KiHuMKax TpimuHu. Crocid ycy-
HEHHS 1i€] 0COOIMBOCTI AJISI MPOBIAHOI TPIIMHK Y
HEIUIOCKOMY BMITAJIKy 3arporoHoBaHo B [13]. B3ae-
MOZisl TYHETIBbHOT POBiIHOT TPIIMHY Ta BiAJaICHOTO
CMYTOBOTO €JIEKTPO/Ia, pO3TALIOBAHOTO HA MEXKi po3-
Iy ABOX I1"€30€IEKTPUYHHUX MaTepiaiiB, BUBYAIUCS
B [14]. OxgHaxk, SK BiJIOMO aBTOpaMm, eJIEKTPOIIPOBiIHA
Mik(]a3Ha TpilIMHA MK IBOMA I’ €30€JIEKTPUIHUMH
KK panime e posrisaanaca. Came taka npodiema
JUIS BUMAJKy aHTHILUIOCKOTO MEXaHIYHOIro Ta IJIoc-
KOTO EJIEKTPUYHOTO HABAaHTAXEHHS € OCHOBHOIO
TEMOIO JAHOI CTaTTI.

IocranoBka 3agauyi. Po3rmistHeMo TyHenbHY Tpi-
HHY ]_LII/IpI/IHOIO (c,b) Ha Mexi nozuny JIBOX OJIIHO-
BUMIPHHUX 11’ €30€TIEKTPUUHUX KBa31KpI/ICTaJ'IlB x,>0
ta x,<0 (Puc. 1). Aromu po3MilieHi nepiogudHO
B IUIOLIMHI X, —X,, Ta KBa3iepioOAUYHO MO OCi X;,

1
|
1
—> ' 7] 7, —>
I 00
E” ! E
—> —>
X1
— —
—> —>
—> —

Puc. 1. CxemaTnune 300paskeHHs] TYHEJbHOI TPillIUHA
MiK 1BOMA OTHOMIPHUMH KBa3iKpPHCTAJAMH 3 YMOBAMH HABAHTAKeHHS
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sIKa CITIBIAIa€ 3 HAIMPSIMOM TIOJISIpH3aIlii MaTepiaiB.
[liBmpocTopy HaBaHTa)keHI Ha HECKIHYEHOCTi 3CyB-
HUMH (QOHOH G, =T,, Ta ha30H H,; =T, HANpPyKEH-
HSIMH Ta eNeKTPUIHUM ToseM E~

[Ipn TakoMy HaBaHTaXEHHI B TiJli peaizyeThCs
aHTHIUIOCKa NMedopmartis. Tosi BU3HAUAIBHI CITIBBiJI-
HOIICHHS JUT KOJKHOT 3 ITito0acTeil MaloTh BUIIISL

O3 Us,;
Hyr=Riw;, ¢ (j=12), (1)
D, ®,;

Cy Ry —ep
ne R=| R, K, -—¢;], 2)
es &5 &

Jj=(x,x,), a i=1,2 — nua BEepXHBOIO 1 HUX-
HBOIO MaTepialiB BiANOBIAHO; G, — KOMIIOHEHTU
¢doHOH HampyxeHHs; H, — KOMIOHEHTH (a3oH
HanpyxeHHs; C,,, K, — Ipy»KHI KOHCTaHTH y ()OHOH-
HUX 1 ()a30HHUX IOJSIX, BIANOBIAHO; R, — IpyXKHa
KOHCTaHTa 3B 513Ky (DOHOHHUX 1 (PA30HHUX MOIIB; €5,
d,s — I’€30€NeKTPUYHI CcTalll; A,, — JAleJIEeKTpHYHA
MIPOHUKHICTb.

Bpaxyemo MexaHiuHi 1 €1eKTpOCTaTUdHi PiIBHSIHHS
piBHOBaru Ajsi aHTUILIOCKOTO BUIAJIKY

:Oj %4_%:0’ %_{_%:05(3)

Ox,  0Ox, ox,  Ox, ox,  Ox,

0o oo
31 + 32

Ta 3B’5A30K MK CJICKTPUYHUM TI0JIEM 1 MOTEHIIia-
JIOM @

- _(pn ] E2 = _(p92 (4)
Kombinyroun (1), (2) i (3) Ta ymoBH 3B’SI3KY,
MOYKEMO 3aITUCATH :

C,,Vu, + RV:w, +¢,Vp=0

RNV’u, +K,V’w, +d,p=0 (5)
e, Viu, + K,V:w, +1,0=0
2 2
ne V2 = a 8—2
axl 0ox,
Beenemo Bekropu
u=[uy,m,0] , [G3I,H3J,D] . (6)
Toni piBasHHS (1) MOKHA 3anucaru y GopMi
t,=Ru, (j=12). (7)

I3 piBHaAHB (5) crmigye, mo QyHKOIT uy, ¢ Ta W,
3a710BOJIBHAIOTH PIBHAHHA Auy =0, Apg=0, Aw,; =0,
BIJIMTOBITHO, TOOTO BOHH SIBIITIOTHCSI TAPMOHIUHUMU.
Tomy npescTaBUMO BEKTOP U, KOMITOHEHTaMH SIKOTO
1€ QyHKIIT u;, @ Ta w;, K JIMCHY 4aCTHHY AESKOI
AHATITHIHOI BEKTOP-(QyHKITIT

U=2Re®(z)=0(2)+®(7)
(2 BBOTUTHCS TSI 3PYYHOCT1), (8)
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T .

ae q) [q) ) OX (z)] € JIOB1Ib-
HOIO aHaJ'IlTI/I‘IHO}O cpyHKuleIo KOMILJIEKCHOI 3MiHHOL
z=Xx,+ix,.

[MigcraBnstoun (8) B (7), oTpuMaemMo

t, =—iB®'(2)+iB®(Z), t, = BO'(2)+ BB'(7), (9)

ne B=iR.

Jns po3B’si3Ky 3ajavi, MOCTaBIEHOI B AaHIid
CTaTTi, BBEIEMO TaKOK HOBi BEKTOPH:

T AT
v'=[u/\wy,D,] , P=[o,,H,,¢'] . (10)

Ha ocHoBI paHilie OTpUMaHUX MPeICTaBICHb (8)

Ta (9) Ui HOBI BEKTOPU MOXXEMO 3allMCaTH B HACTYII-

Hilt popmi
V=M (z)+ M®'(Z), (11)
+N

P=N®'(z)+N®'(z), (12)

e M= Mi/:li’j:123’ N = I:Nijl,jzl,z,3 i M“:
_M22=1’ M12=M M =O M =B3j,
N2, (12131 2123), Wy <1 N, <N, =0

Ile 3HauuThL 110 ManHul M Ta N OynyTh MaTH
HACTYIIHY CTPYKTypy

1 0 0 B, B, B,
M=0 1 0| N=|B, B, . (13)
B, B, B, 0 0 1

[MpunyctuMo, mo 00nacTh, siKa PO3MISIIAETHCS,
CKOMIIOHOBaHa 3 JBOX MHiBIpocTOpiB x,>0 Ta
x, <0. Toxmi mpeacrasiaenus (11) ta (12) MoxyTb
OyTH 3alucaHuUMHU Ui 000X MiBIpOCTOpiB x, >0 Ta
x, <0 B dopmi

V(Wl) — M(M)(I)'(M)(Z) + M(M)&)'(M)(E) ,
P = N™@'""(2)+ N"®'""(z),  (14)
ne m=1 Jys BEpXHbOI YACTUHU KOMIIOZUTY
Ta m=2 I HWKHLOI YaCTHUHHU, BIJAMOBIIHO;
M N — marpuni, ananoriuai M, N, juis miBm-
poctopis 1 Ta2; ®"(z) — n0BiNbHI BekTOP-(yHKIIIT,
aHANITHYHI B MIiBIpocTopax 1 Ta 2, BiAMOBIIHO.

Bynemo BuMmaratu mgani BHKOHAHHA PIBHOCTI
PY =pP? ya yciit Mexi moniny marepianis. Toxi, Ha
ocHoBi hopmynu (14) Mmaemo

NV (x, +10)+N(1)(I)' (x,—i0)=
= NDo'®) (x, —i0)+ NP@ (x, +i0)

IUIsT —00 < X, <00 . (15)
Tyt OyJ10 BUKOPHCTAHO MO3HAYEHHS
F(x,£i0)=F*(x,), W0 O3HAa4Yae IpaHMYHC 3HA-

yeHHs (QyHKIIT F (z) npu x, -0 3 HaOIMKEHHAM
3BEpPXY UM 3HU3Y, BiJOBITHO.
PiBasirHEs (15) MoxHa 3ammcaTtd B HACTYIHIN
dopmi
N (x +i0) - N“)&)'(z) (x1 +i0) =
= NP (x,-i0)- NV (x, -i0).
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bynemo BBakaTH, m0 NpaBa Ta JiBa YacTHHA
OCTaHHBOI PIBHOCTI SBIISIE COOOI0 TPAHWYHI 3HAYCHHS
(hyHKIIH
N (2) - NPD" (2) ma x, >0  (16)
Ta
N (Z)—N(l)&)'(l) (z) wi x, <0, (17)
SIK1 aHAJIITUYHI B BEPXHIM Ta HWXKHIA MIBILIOLIM-
Hax, BIINOBIHO. AJle 11e O3HAYa€ iCHyBaHHs QyHKIIT
H(Z) , SIKa € aHAJITUYHOIO y BCIM IJIOLIMHI 1 1OpiB-
Htoe GyHKIisM (16), (17) 11 KOXKHOT TMIBIUIOIIAHY.
[TpumycTuMO, 110 H(Z)| . — 0, Toxi Ha ocHoBi
Teopemi JliyBijis 3HaijeMo, M0 KOXKHA 3 (QYHKILH
(16), (17) pina 0 aunst Oyab SKOTO Z B KOXKHIH 3 MIBII-

nomuH. OTXKE OTPUMYEMO:
-1

&),(2) (Z) _ (N(Z)) N(l)q)r(l) (Z) s x, > 0, (18)

&)/(1)(2)2(57(1))71 N(z)(b’(z)(z) st x, <0. (19)

Jauti 3HaliieMo cTprOOK HACTYITHOT BEKTOP (PyHK-
1ii mpu nepexoi yepes inTepderic

<v'(x1 )> =y (x, +i0) —y (x, —i0),

3Haxoxsuu 3 nepuroi popmynu (14)

(20)
v (x,£i0)= MPep® (x, £i0)+ MPe " (x, Fi0) .
i mijcrasisiroun B (20), MaemMo:
(v'(x)) =MV (x, +i0)+ MV®'" (x, —i0) -
M (x,-i0)- MDD (x, +i0). (1)
Busnauarouu 3 piBHsHHs (19)
@ (x,-i0) = (N@))'l N (x, -i0)

1 TiacTaBIsAOYM e Bupasz pazom 3 (18), mpwm
x, =40, B (21), BU3HauuMoO cTpuOOK y popmi

<V'(x1 )> = po'" (x, +i0)+ Do (x,—i0),
1

e D=m" _M(Z)(N(Z)) N
BBonsiun HOBY BEKTOP-(PYHKIIIFO

po'V(z), «x, >0,
W(Z):{ (). =

—B(I_)'(l)(z), x, <0,

(22)

(23)

piBHSHHSA (22) MOXKHA 3aIIMCaTHy BUIVISII
V(@) =W ()W (x). @4
I3 nmpyroro cmiBBimHOmEHHS (4) OymemMo MaTh
HACTyIIHE:

PY(x,,0)= N0 (x, +i0)+ NGO (x, —i0). (25)
B3sBm o yBaru, mo Ha OcHOBI (23)
@' (x,+i0)= D™W (x, +i0)
& (x,~i0)=—(D") W (x,~i0),
1 MACTABISIOYM LI CHiBBiAHOWEHHS B (25), oTpH-
MYEMO

P (x,0)=8SW"(x)-SW (x), (26)
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1 — . .
ne S=N Op~'. 3 ocranHboOro CHIBBIHOIIEHHS
OTPUMYEMO

s:[Mm( NO) N(z))T, 27

TakuM 4MHOM, OTpUMaHi HACTYIHI Ba)KJIMBI PiB-

HSTHHS
<Vl(x1 )> =W (xl)_wi()ﬁ)s (28)
PY(x,0)=SW'(x)-S W (x), (29

nie W(Z) — JIOBiIJIbHA BEKTOp-(QYHKINSI aHai-

THYHA B KOXKHIH 3 MIBIUIOLIMH.
UucenbHUI aHaIIi3 MOKA3ye, IO MATHIIS

TaKy CTPYKTypy
Sy Sn S ISy, IS, Sp
S= S21 Szz

S Sy, Sy Sy Sy ISy

S Mae

., (30)

Sy | =Sy ISy Sy

Iie BCi s; € IIMCHAMM.
BBeneMo ofHOPAAKOBY Marpuilio R = [RI,RZ,R3]
1 noMHOxkUMO Ha Hei (29). Ilicns 1poro orpuMaeMo
RP" (x,,0)=RSW' (x,)-RSW (x,) (31)
Beenemo HOBy Marpuiio T HACTyIHUM YHHOM
RS=T, RS=—T, (32)
ne T= [7},7’2,7’3] — OJIHOPSJIKOBA MaTpHULIA.

[TincraBuBim HOBI npe3enTaii (32) B (31), otpu-
MaeMo

RPY (x,0)=TW* (x,)+yTW (x,)  (33)
BBezneMo HOBY JI0BiIbHY (DYHKIIiIO BUTIISITY
F(z)=TW(z). (34)
Toni piBHsiHHS (33) MOXHA 3aMUCaTH TaK
RPY(x,0)=F* (x,)+yF (x), (35

Ha ocHogi piBHsHB (32) MaeMo:
T=RS=-y'RS=R(S+7'S)=0=R(yS+S)=0.

TpaHcTOHY04H JTIBY 1 MpaBY YaCTHHY OCTaHHBOTO
PIBHSIHHS, OTPUMAEMO
(vS"+S")R" =0. (36)
I3 3amucanoro piBHAHHA BugHO Mo ¥ i R' =0 €
BJIACHUM 3HAYCHHSIM Ta BIACHUM BEKTOPOM CHCTEMH
(36), BimnoBigHo. ToX IS MOAANBIIOTO aHAJI3Y
HOTPiOHO iX BU3HAYUTH. _
PiBusiHas Bursimy — det (yS "+S T) =0 MoxHa
3amKcaTH B PO3TOPHYTOMY BHUIVISIAL SIK:

i(y="Ds,, i(y=Ds, (v+Ds;
det| i(y—1Ds, i(y—Ds, (v+1Ds, |=0,
(y+Ds;  (v+Dsy iy —Dsy

POBKpI/IBaIO‘lI/I BU3HAYHUK, OACPIKYEMO:
3 3
Py =1)7(8,50555 = $1255,833) +
. 2
FIY =DV + D)7 (81582383 8138325 — $135283 = 51182383,) =0

(37)
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Po3B’s3aB1IM PIBHSHHS, OTPUMAEMO TPH KOPEHI:

1+9
Yl = ’ (38)
1-96
812523831 T 813530521 ~ $13522531 ~ 851152353,
S33 (SIISZZ _s12S21)
I[J-Iﬂ 3HAXOIKCHHS K BJIACHUX BeKTOpiB, 3riHHO 3
(36), maeMo

Yzz'}’;lv Y3=1a

ae 8% = . (39)

i(Y—l)Sn i(Y—1)521 (’Y+1)S31 Rl
i(y=Ds, i(y=Ds, (y+Ds;, 1R, =0 (40)
(y+Ds;  (v+Dsy  i(y—Dsy; | (R

Bukopucrasiuy paHilie BU3Ha4€He Y = 7,, MOKHA
3anucaru (40) y BUDIISIL:

i(y,=Ds;;  i(y,=Ds, (v, +Dsy, || R
i(y,=Ds;, iy, —Dsy, (v, +Dsy, (R, 1 =0 (41)
(v, +Ds;; (v, +Dsy; iy, —Dsy; | [ R,

[To3HaunmMo 0fHYy 3 KOMITIOHEHT BJIaCHOT'O BEKTOpa
Kk R, =1 Ta posmsHemo I i II piBusnna (41). Otpu-

MaeEMO
r(% —Ds; (v, +1)sy :HRI } _ {_l:(% _1)521} (42)
i(y,=Ds, (v, +Dsy, || B =i(y, = Dsy,

3 i€l cucTeMu piBHSIHB, OIEPIKYEMO

SyySz; — 8,18 81180y — ;S
_ 222731 21732 J— 11722 12721
R =————=, R;—IST,
1-y
_ _ _ 1
ae D=5, —5,5 6——1 .
+7v,

Amnanoriyno B3sBIIH 3 (38) 3HaueHHs y=7, =11
nigcrapuBi B (40) orpumMaeMo

0 0 s |[R
0 0 s, 3R, =0
S Sy 1R

3Bigku cnigye mo R, =0, a BuOpaBmu R, =1,

BHU3HAYAEMO 3HAYEHHS R, =—5,,/5,;.
JIns  3pyYHOrO  NPEACTaBIEHHA  OTPHMA-
HUX pe3yJ‘ILTaTiB, BBCIICMO HaCTyHHi ITO3Ha-
S1,8:7 — 5,8 S8, — 8,8
GCHHSI po=225 " % ry = 5outn St
D D
I’3] = _523 /Sl3 , ITI1CJISI YOro MOXKHa 3anurcaru ManI/IHIO
R, CKOMIIOHOBaHy 3 BIACHUX BEKTOPIB, y BUIIIAI
noo1oin
R=|-n, 1 —in, |, (43)
rp, 1 0

Bpaxosytoun, mo T =RS orpumaemo HacTynHe
IIPEACTABIICHHS

itll itlZ ll3
T=|it, it, b, (44)
it, ity 0

Bicauk 3amopi3pkoro HalioHaabHOTO yHiBepcuTeTy. Disnko-maremarmyni Hayku. Ne 1 (2021)

BaxMBo 3a3Ha4MTH, 10 BCi ENEMEHTH 7;Ta ; B
(43) ta (44), BiAMOBIIHO, MIHCHI.

BuxopucraBim pasnimie orpuMaHi piBHSHHS (35)
Ta (43), MOXXEMO 3aIHCaTH:

13.10(213) (x,,0)+ HY) (x,,0)+ irj3El(1) (x,,0)=
=F; (x)+7,F (x), G=1,3)
ae r; =0.
Bpaxosyroun ipencrasienns (34), Ha HOro OCHOBI
OTPUMAEMO
F*(xl)—F_(xl)zT{W+ (x,)-W~ (xl)} ,

a TakoX BHKopHcTOBYtoun (opmynu (15) i (44),
MOYKHA 3aIMCaTH HACTYITHY PiBHICTb

i) <“§ (x, )> it <W§ (x, )> +js <D2 (x )> -

ZF;(XI)_F‘f(xl)v

J

(45)

(46)

IpU koMY £, =0.

EnextponpoBigna Tpimuna

PiBasiHHS (45) Ta (46) MOXYTh OyTH BUKOPHCTaHI
i (GOpMyBaHHS Ta 3HAXODKEHHS PO3B’SI3KY pi3-
HUX aHTUILIOCKUX 3afa4 i 1D m’e30enexTpuaHux
OimMaTepiaJibHUX KBa3iKpHCTANIYHUX KOMIIO3MTIB 3i
3MILIAHUMH TPaHUYHUMH yMOBaMH. Po3rsiHeMo
€JIEKTPONPOBIAHY TpilMHYy c<Xx, <b Ha IHTep-
deiici x, =0 Mk aBoma miBopocropamu x, >0 i
x, <0, cxomnoHoBanuMu 3 1D 1’e30eneKTpUYHUX
KBa3IKpPUCTAJiB, MOJSPHU30BAHUX B HANPIMKY OCI
x; (Puc. 1). IliBnpocTopu miagaroTbes piBHOMIPHO
PO3IMOAIIEHOMY 3CyBHOMY (DOHOH G,, Ta ha3oH H,,
HAIpYKCHHAM, a TaKOX EJIeKTPUYHOMY Toiro £
Ha HeckiHueHHOCTi. Cama X TpIll[MHA BBaXKA€THCS
BIJIBHOIO BIJI MEXAHIYHUX HABAHTAXXEHb. TaKWil THUII
30BHIILIHIX MOJIIB HABAaHTAKEHb MPU3BOIATH 10 aHTH-
TUIOCKOTO CTaHy, a OT)Ke, MOYKHA PO3IVISIIATH Iepepi3
y IUIOLIMHI, OPTOTOHANBHIH X, .

I'pannyni yMOBH B Takiil 3a1a4i MOKHa copmy-
BaTH y BUIJISIL

ol (x,,0)= HY) (x,,0)= E" (x,,0)=0

i c<x, <b, (47)
<623>=07 <H23>=0’ <D2>=0’ <u;>=0,
(E\)=0, w,=0 s x, ¢(c,b).  (48)

YMoBH (48) 3 BHUKOPHCTAHHSM IIpeICTaBIEHb
(46) 3abesnedyroTh HenepepBHicTb QyHKuii F, (z)
Ha Bigpiskax x, &(c,b) inTepdeiicy marepiany, a
yMoBa (47) 3 BUKOPUCTAaHHM (45) Beae 10 HACTYII-
HOTO PIBHSHHS:

Fi(x)+7,F; (%)=0 ams c<x, <b. (49)

Bepyuu 10 yBaru mo i BipisKy x, ¢ (c, b) crpa-
BeumBi ciBeinHowenns F(x,)=F (x,)=F(x,),
Ha OCHOBI (45) onepxyeMo Ui x, —> o0

(1 Y, )F/ (xl ) = r_/15(213) (xl,O) + Hgls) (xl ’0) + i’”_/sEl(l) (xl ’0) .
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A?e BPAXOBYHOH 1O ¢byHKLil Fj (z) aHAITHYHI
y BCii IJIONIMHI 32 BUKIIFOYEHHSIM BIAPI3KY X, € (¢,b)
Ta BHKOPUCTOBYIOYM yYMOBH Ha HECKIHYEHHOCTI, 3
OCTaHHBOT'O PIBHSHHS OTPUMAEMO

F(z),  =%+i5,. (50)
r, v+ H r.E”
ne @, = 2,5, =L"—, (j=12.3).
/ I+y, T T4y,

Po3B’s130k piBHsHHS (49) 32 YMOB Ha HECKIHYCH-
HocTi (50) Oyno 3HalAeHO 3 BUKOPUCTAHHAM [15] y

hopwmi:

o z—(b+ )/2—18[( Jgf
F/.(z): T,+i6, ,(51)
/)= A (z=¢c)(z-b) \z-D

ne sj:ilny_/, I=b-

®oHoH Ta ($a30H HANPYKEHHS, Ta EIEKTPUYHE
noJie Ha iHTepdeiici orpuMaHi 3 piBHsHB (45), (51) B
Takii (opmi:
1 . 1
r 6(23) (xl,O) + Hg (xl,O) + 11”_/.3E1( ) (xl,O) =

i€

X, —(b+C)/2—i8jl x,—c)’
Y =e)(x —b) (x=b

(52)

EnexTpuuHy iHAYKIIO Ta MOXiTHY BiJ CTpHOKa

TIepeMIIieHHsT 3HaiaeMo Ha OCHOBiI dopmyn (46),
(51) y Bursami

it <u; (x1 )> +it <w§ (xl )> +1;5 <D2 (xl )> =
_raE” ~itly x—(b+e)/2-ied(x—c)"

o —o)(b—x) \b=x

o0 0 . 0
:(rl.lr +Hy +ir,E )

s X, >a.

—_— 7 ©
lel’C

Jr

s c<x, <a. (53)
[HTEerpyI04u OCTaHHIO PIBHICTH, OTPUMYEMO
it (15 (3,)) it (ws (35,)) +2,5 <Z)2 (x )> =
irt +iH: —r.E” X, —C s
— b _ Jjl 23 Jj3 1
(x =) (b—x) \/Z b—x,
i c<x, <a, (54)

ae (Da(x,,0)) = [ (D, (x,,0) ;.

Bci HeoOximHi koMmmoHeHTH (GOHOH Ta (a3oH
HaIpyXeHb Ta CTPUOKIB IMEPEMIMEHHS MOXKYTh OyTH
OTpUMaHi 3 PiBHSAHG (52) Ta (54), po3IIsIatouH iX Ipu
j=1 ta j=3, BignmoBigHO. 3 OmepKaHUX PE3Yib-
TaTiB BHIHO, IO OiJi1 BEPIIMH TPIITUHA BUHUKAE
KOpEHEBa OCIIIIAIIIHA 0COONMBICTh. BaxkmBo, 1o
I 0COOJMBICTh HE MPU3BOIUTEH IO B3aEMHOTO IIPO-
HUKHEHHS OCpeTriB TPIIIMHM SIK B TUIOCKOMY BHITAIIKY
[16]. 1o Toro sk 007aCTi OCIHIUISIIT € qy’KE MaJIUMH,
TOMY OTpPUMaHI PO3B’s3KU € TPUHHITHIUMH TSI TIpaK-
TUYHOTO BUKOPUCTAHHSI.
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YmucenbHi pe3yJbTaTH Ta 00rOBOPEeHHS

VY maHoMy po3[iii OCHOBHA yBara Oyie npuiieHa
BHITAJIKY €JIEKTPOTIPOBITHUX YMOB, SIKi MAIOTh MiCIIe
NpY HAsSBHOCTI E€JEKTPONiB Ha Oeperax TPIIIMHH.
BukopucTaemo 1 HIKHBOTO Ta BEPXHBOTO MaTepi-
aliB 1’ €30€JEKTPUYHI KBa3iKPUCTAIN 3 HACTYITHUMHU
xapakrepuctukamu [17]:

cl) =3.55x10" Ia, eV =17K/m*,

K\ =0.15x10° ITa, R =1.765x10° I1a,
eV =17K/m*, E)=151x10"K*/(Hw’) nmns
BEPXHBOTO Marepiaiy,
¢ =5.0x10"Ia, e? =—0318K />,
K =0.3x10°ITa , (2)=12><109Ha
51(52)——0.16K/M, @ =8.25x10 12K2/(HM)

JUTSL HIDKHBOTO MaTepiany. Pe3yJ'II>TaTI/I OTpUMaHi JIIs
c=-0,05m, b=0,05m.

Ha Puc. 2 mokasani hoHOHHE <u3> (a) 1 pazonHe
<w3> (0) pO3KpUTTS TPIMUHK, MOOYAOBaHI IS
pI3HUX 3Ha4eHb eNeKTpUYHoro moms £, a came
E” =5000 B/m (xpusi I), 0 (xpusi II), -5000 B/m
(xpusi I1I) mpu o5, =10°Ta, H;, =0, a Ha Puc. 3
MOKa3aHi BIAMOBIAHI Tpadiku MHUX K€ BEINYHH,
moOy0BaHI TIPH TAKUX K€ 3HAUCHHSX EJICKTPHIHOTO
1o, 10 i Ha pUcyHky 2, i 63, =01Ila, H;; =10 Ia.
SIK BUAHO 3 IMX PHUCYHKiB, OUIBIIMH BIUIMB Ha
CTPHUOKHU TIepeMillleHHS <u3> Ta < > BUKITUKAE Came
(ha30H HaBaHTaKEHHSI, a BIUTUB €JIEKTPHIHOTO TIOJS €
JIOCUTb CYTTEBHUM.

®DOHOH HaNpYXKCHHsSI HA MPABOMY MPOIOBKEHHI
TPIIIMHYU, OTPUMaHI MIPH HYJOBOMY EICKTPUIHOMY
noimo i o, =10°Ta (kpusa I), 5x10° ITa (IT), 10° [a
(III), maBemeni Ha Puc. 5. JIerko MOMITUTH, IO TIPH
3MiHI HaBaHTAXCHHS HA HECKIHYCHHOCTI 3MIHIFOTHCS
1 3HaUEHHS TIOJIiB HATpYXKEHb Ha TPOAOBKEHHI Tpi-
nHA. BogHOYAC BIUIMB €IEKTPUYHOIO OIS, MPH-
KJIQJICHOTO Ha HECKIHYEHHOCTI, He CYTTEBO BIUIMBAE
Ha (hoHOH Ta (Ha30H HANIPYKCHHSI B OKOJII TPIIIIIHH.

BucHoBku. J{ociipkeHO HOBY 3ajauy JUisl €JIeK-
TPONPOBIIHOI TPIIIUHK B3IOBK MEXKi PO3AUTY JTBOX
3UEIUICHUX  OJHOBUMIPDHUX  I1'€30€JEKTPUYHUX
KBa3iKpHUCTAJIYHUX ITIBIPOCTOPIB I €0 aHTH-
IJIOCKOTO MEXAaHIYHOTO HaBAaHTAKCHHS 1 TUIOCKOTO
CJICKTPUYHOTO TIOJIs, MEPICHIUKYISIPHOTO (POHTY
Tpitan. CHopMyNnboBaHi MOJAHHS ISl HAIIPYKEHb
Ta eNeKTpUIHOTro mois (33), a TakoXK JJIs TTOXiTHIX
BiJl CTprOKa MEXaHIYHOTO Ta EJICKTPUIHOTO MepeMi-
nieHHs (34) yepe3 BekTOp-(QyHKIII0, ToJIOMOPhHY Y
BCili KOMIIJIEKCHIN IUION[MHI, 38 BHHSITKOM 00JIacTi
TpimmH. Ha OCHOBI IIMX pIBHSHB OTpHMaHa 3aj1a4a
niHiitHOTO cripsbkeHHs (37) 3 BiAIOBIAHIMA YMOBaMU
Ha HecKiHueHHOCTI (38) Ta moOymoBaHMii ii aHATITHY-
HUI po3B’s130K. Ha 0CHOBI IOTO PO3B’sI3Ky OTpHUMaHi
AHANITUYHI TONAHHS Il (POHOHHUX Ta (Ha30HUX
HanpyKeHb, CTPHOKIB IMTEPEMIIIIEHb Ta eNEKTPHIHOTO
TOJIST Y37I0BXK MeXi po3ainy marepiaiiB. BussneHo,
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W3(m)
uz(m) I
0,0000003 0,0000012
! 0,000001
2,56-07 N
I 0,0000008
0,0000002 X;() 0,0000006
0,0000004
1,5€-07
0,0000002
0,0000001 i 0
—— -0,06 |-0,04 -0,02
SE.08 -2E-07
-4E-07
0
-6E-07
0,06 004 002 0 002 004 006
-5E-08 X;(m) -8E-07

(@)

Puc. 2. Crpu6ok nepemimennst (u,) (a) Ta (w,)

()

(0) B 3a;1€2kHOCTI BiJ eJIeKTPUYHOIO moJist £/

npu o5, =10°Ma, H}, =0

us(m)

0,0000002

1,5E-07

0,0000001

5E-08

-0,05

-0,025 0

0,025 0,05

X;(m)

-5E-08

()

Puc. 3. Crpubok nepemimeHHst <u3> (a) Ta <w3>
npu c,, =01la,

1110 OTPUMAHUI PO3B’A30K MAE OCIIIIIOI0YY KOPEHEBY
0COOJIMBICTh B OKOJIi BEpIINH TPIIIUHH.

Jist KOHKpeTHOT KOMOiHaIi{ KBa31KpUCTATIYHAX
MaTepiasiB MpoBeJieHa YUCeIbHa peani3allis OTpH-
MaHUuX pe3ynbrariB. Y rpadiuHiil hopmi npegcras-
JIeH1 pe3yabTaT Po3paxyHKy (POHOHHUX Ta (pa3oH-
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0,000003
0,0000025
0,000002
0,0000015
0,000001
0,0000005

0

0

-0,
-5E-07

-0,000001

(6)

(0) B 3aJ1€2KHOCTI Bifl eJIGKTPUYHOTO NOJsA E°
HZ =10 Ta

HUX KOMIIOHEHT MPYXHO-Ie()OPMIBHOTO CTaHy
B3JIOBXK MEX1 ToJiiny marepiamiB. BcranoneHo,
IO eJIEKTPHUYHE TI0JIe, MPUKIIaJeHe Ha HeCKiHYCH-
HOCTIi, 0COOJIMBO CYTTEBO BIUTMBAE Ha (pa30HHI PO3-
KPUTTSl TPIIIMHU 1 MEHII CYTTEBO Ha HANPYKCHHS
B i1 OKouIi.
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03 (H/3?)
3500000

3000000

2500000

2000000

1500000 Tl

1000000

500000 /
\
X;(m)

0,05 0,055 0,06 0,065 0,07 0,075 0,08

Puc. 4. 3mina ¢oHOH HANPY:KeHHSI HA MPOAOBKeHHi TPimuu, npu E° =08/ u
i pi3HHX 3HAYeHHSX 30BHIIIHHOT0 3CYBHOI'0 HANIPY:KEHHS G, .
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Y crarti po3misAaeThCs JTiHIMHE iHTerpanbHe piBHSAHHA Dpearoabma
II pony 3 HeBUpOKEHUM siApOoM. HaBOAUTBCS OIS METOMIB 3HAXOKEHHS
HOro HaOJMMKEHUX PO3B’S3KiB. BHBUAETHCS BUIAIOK, KOIHM 32 HAOIMKCHHH
PO3B’SI30K PIBHSIHHS BUOUPAETHCS (DYHKILS, 11O JiHIHHO 3aJI€KUTh BiJ] HU3KH
BIIBHUX MapameTpiB. ONTUMAIbHI 3HAYEHHS IIUX MapaMeTpiB MPONOHYEThCS
BU3HAYATH 3 YMOBM MiHIMyMy BiJIOBiHOI HOPMHU IHTErpajbHOI HEB’SI3KH,
sIKa YTBOPIOETHCS MICIIS MiJICTAHOBKU BKa3aHOI (yHKIIi B PIBHAHHA. Y CBOIO
qepry, 3aja4a MiHiMi3alii HOPMU HEB’S3KH PO3IVISIA€THCS SIK ONTHMI3alliiiHa
3aja4a, i I 11 po3B’sI3aHHS BUKOPUCTOBYETHCS aITOPUTM AU(epeHiaabHOT
€BOMIONI, IPU3HAYEHUH JUIS MOLIYKY IIOO0ATBHOTO MIHIMyMY (MAaKCUMYyMY)
(yHKIiH 6araThoX 3MIHHUX. Y IIbOMY aJITOPUTMI JUISl IOMYJISILii BEKTOPIB, Ki
IPEICTABISIOTE COO00 MOXKIIMBI PO3B’SI3KH 33141 MiHIMi3a1lii, MOIETIOIOThCS
6a30Bi mporecu 010JIOTriYHOT €BOJIONIT: CXPEIlyBaHHS, MyTallis Ta CEJIEKILis,
mo6 chopMyBaTH HACTYNHY MOMYJSIiI0 BEKTOPIB, 3HAYEHHS IJILOBOI
¢yHKIil (kpuTepito MiHiMi3alii) skux OyIyTh MEHIINMH, HDK Yy BEKTODIB
MOMEPeHbOI TOMy/ANii. YMOBOIO 3aKiHUCHHS AalrOPUTIMY € JOCATHEHHS
3aJJaHOTO MAaKCHMAJIbHOTO uKcia nomyisimii. Koopaunaru BekTopa ocTaHHBOT
MOMYJISAIT, AKHMi Ma€e HaliMEHIIIe 3HaYeHHS 1JTbOBOT (DYHKIIT, € ONTUMATbHUMH
3HAQUCHHSMH MapaMeTpiB HAOMIKEHOTO PO3B’SI3KY. AJNTOPUTM TMPOCTHUH
y mporpaMHiii peamizamii Ta 3acTOCyBaHHI (MICTUTh MajO MapaMeTpiB
HAJAIITYBaHHA), AO3BOJISE€ BHKOPHCTOBYBAaTH Pi3HI HOPMH IHTETPalbHOI
HEB’s13KM (KBaIpaTUYHY, PIBHOMIPHY, CyMY MOAY/IiB 3HaU€Hb HEB’s3KH). Cxema
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3aIPOIIOHOBAHOTO AITOPUTMY MOAN(IKOBaHA MOPIBHSAHO 31 CTAHAAPTHOIO 1 HE MICTUTH omepariii cxpenryBaHHs. Lle
JIO3BOJIHJIO CIIPOCTUTH QJITOPUTM O€3 IIKOAU AJIsl TOYHOCTI OTPUMAHUX PE3ysbTaTiB. Sk moka3as 0OUMCITIOBAIBHUN
CKCTIEPUMEHT, ISl 3HAXOKCHHS ONTHMANbHUX 3HAUCHb MapaMeTpiB IMJIKOM JOCTATHHO OMNEpariil myTamii Ta
ceJseKInii. ANTOpUTM IMIUIEMEHTOBaHUH y cucteMi Matlab. PosmisimaloTecst MpUKIIau 3HaX0HKEHHS HAOMMKEHUX
PO3B’S3KIB 3 BUKOPHCTAHHSAM PO3POOICHOTO aNrOpUTMY, SIKHH MOXKHA PO3IIISAATH SIK JJOMATKOBUIM IHCTPYMEHT 70
BIZIOMHX MPOCKIIIHHUX METOAIB PO3B’sI3aHHS PiBHSIHDb Dpearoiaspma.

SOLVING FREDHOLM INTEGRAL EQUATIONS OF THE SECOND KIND

USING DIFFERENTIAL EVOLUTION
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Fredholm linear integral equation of the second kind with a nondegenerate
kernel is considered in the paper. An overview of methods for finding its
approximate solutions is given. We study a case when a function that linearly
depends on a number of free parameters is chosen as the approximate
solution of the equation. If we substitute the function into the equation, an
integral residual is formed. It is proposed to determine optimal values of the
parameters from minimum condition for a corresponding norm of the integral
residual. We consider the problem of the residual norm minimization as an
optimization problem and propose to use a differential evolution algorithm,
which is designed to find a global minimum (maximum) of many variables
functions. In this algorithm, basic processes of biological evolution —
crossover, mutation and selection — are simulated for a population of vectors
to form the next population of the vectors with smaller values of the objective
function (minimization criterion).The vectors of these populations are the
possible solutions of the minimization problem. If a given maximum number
of the populations is reached, the evolutionary process in the algorithm ends.
Coordinates of the vector of the last population, which has the smallest value
of the objective function, are the optimal values of the parameters of the
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approximate solution. The algorithm is simple in software implementation and application (it contains few settings
parameters), it allows to use different norms of integral residual (quadratic, uniform, a sum of residual values
modules). The scheme of the proposed algorithm is modified compared to the standard scheme and it does not
contain the crossover operation. This allowed simplifying the algorithm without compromising the accuracy of
obtained results. A computational experiment has shown that mutation and selection operations are sufficient to find
the optimal values of the parameters. The algorithm is implemented in Matlab. Examples of finding the approximate
solutions using the algorithm are given. The proposed algorithm can be considered as an additional tool to the
known projection methods for solving Fredholm equations.

Beryn. [aTerpanbHi piBHAHHS @penronbMa BUKO-
PHUCTOBYIOTBCSI AJISl OIUCY PI3HOTO POAY KpaOBHX
3a/ad. Y bOMY CEHCI BOHU €KBiBaJICHTHI 3BUYAHUM
TUQepeHIliaTbHUM DPIBHSHHAM 13 KpaHOBHMHU YMO-
BaMH. Y poOOTI pO3MIAgaeThCs JNiHIHE iHTErpabHe
HeoHopiaHe piBHsIHAS Openromsma Il pory

YE) A KCe9)p()ds=f(x). (1)

a

ne f(x) —3anana QyHKIisA, BU3HAUYEHA Ha [a,b],
sapo K(x,s) — 3amaHa (yHKIIisI, BU3HAYCHA Y KBa-
apati O(x,s)={a<x<b,a<s<b}, y(x) —urykaHa
¢bynkiis (po3s’sa30k piBHsHHS) [1]. o Takux iHTe-
IpaNbHUX PIBHSIHD MPHUXOASATH MPU MATEMaTHIHOMY
MOJICTIIOBaHHI, HANpPUKIaJa, B 3ajayaX BH3HAYCHHSI
THTEHCUBHOCTI HapOJKEHHSI 4acTOK B aTMoc(epi mij
BIUIMBOM CBITJIOBOTO TMOTOKY, ONTHMAIBHOI JTIHIHHOT
(inpTparlii 32 HasIBHOCTI O1710T0 HIyMY, B 3a/1a4ax Ipo
BUMYIIICH] TIOTIEPEYHi KOIMBAHHS CTPYHH Ta iH. [1; 2].

Ha npakruii ofHUM 13 HAHMOIIUPEHIIUX METO-
IiB po3B’sizaHHs piBHAHHS (1) € MeTO/ 3aMiHM iHTe-
rpaja CKiHYCHHOI CyMOIO 3 BUKOPHUCTaHHSM Ti€l uu
iHII01 KBaaparypHoi Gpopmynu (IPSIMOKYTHHKIB, Tpa-
neniit, Cimncona Tomo) [1; 3]. 3Hauenns y,,...,»,
pPO3B’SI3Ky Yy By3JIax XppeeesX,, s SK1 BiJINOBIZAI0Th
Bn6paH11/1 KBajpaTypHii (bopMym 3HaXOJSITh 13 CHC-
TEMH JIIHITHAX anre6pa1qHHx plBHS[HL Mo nux 3Ha-
YCHHSX 32 JIOMIOMOTOI0 IHTEPIOJISIIT OTPUMYIOTh
HaOMMKEeHUH po3B’ 30K iHTErpaibHOTO piBHIHHS (1)
Ha yChOMY Bi/Ipi3Ky [a,b].

st po3B’si3anHs piBHAHHS (1) BUKOPUCTOBYIOTH
TaKOK METOJ 3aMiHM sijipa Ha BUpomkeHe [1; 3; 4].
[opsimok cucTeMu piBHSIHB, SKy HEOOXiTHO PO3B’si-
3yBaTd y IIbOMY METOJI, SIK MPaBUJIO, 3HAYHO MEH-
HIMd, HDK y MeToli KBajaparyp. s 3HaXOMKeHHS
BUPOJIDKEHOTO S/pa, OIU3BKOTO J0 33aJ]aHOTO, BHKO-
pucTOBYIOTH po3kinan K(x,s) y psan Teimopa a6o B
psan ®@yp’e [3], Haiikpanyy anpokcumamnio K(x,s)
OUTIHIMHOK KOMOIiHaIi€ (YHKIH OfHieT 3MiHHOT
[5-7] Ta iH.

Hunst po3w’sizanHst piBHAHE @penronsma Il pomy
3aCTOCOBYIOTBCS ITEpalliiHi METOIH, HaIpPUKIAI,
MOCJTIIOBHUX HaOMkeHs [ 1; 3], mpocroi itepartii [1],
[Monoxis [ 1], romoTomnigHoro 30ypeHHs [8; 9], 1ekom-
no3utii Anomiana [9; 10] (esiki 3 HUX BUKOPUCTOBY-
IOTBCSI 1 y BUTIAJIKY HEJIIHIHNAX PIBHSHB).

[poexuiitni Ta BapiamiiiHi Metoau (MOMEHTIB,
KoOJIOKallli, HaMMEHIIMX KBajapariB, Pitma ToIio
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[1-5]) rpyHTYIOTBCS Ha IPEACTaBICHH] HAOIMKEHOTO
po3B’s3Ky y,(x) piBHAHHA (1) dyHKILi€EO NMEBHOTO
BUIIISIITY

Y,(¥)=®(x;6,...5¢,) 2

IO 3aJIeKUTh BiJ MapaMeTpiB c,...,c,. HeBinomi
¢, BU3HAYAIOTh TaKUM YMHOM, 10O MiHIMi3yBaTH
Jesikuid  (YHKIOHAJ BiJl IHTErpajibHOI HEB’S3KH,
SKa YTBOPIOEThCA IPH MincTaHOBII (yHKIIT Y, (x)
3amicTh y(x) B piBHsHHS (1). Sk mpaBuio, e npu-
BOJIUThH JIO HEOOX1THOCTI PO3B’sI3aHHS CHCTEMHU aJire-
OpaiuHMX pIBHSAHb BIIHOCHO HEBIJIOMHX C,,...,C,
. [IpoekIifini METOIM MOXKHA 3aCTOCOBYBATH TaKOX
JUTSL PO3B’sI3aHHS HENIIHIMHUX IHTETrpalbHUX PIBHSHB,
ajie y IbOMY BHUIIAJKy CUCTEMa JUI 3HAXOMKEHHS C,
Oyze HemiHiiHOO [3].

Sk BimoMo, TpH PO3B’S3aHHI KpaloBHX 3alad
Ul TudepeHIiadbHuX PIBHSHb TaKOK BHUKOPHCTO-
BYETHCS METO/IU TMOIIYKY TapaMeTpiB HAOIMKEHOTO
PO3B’sI3KYy NUISIXOM MiHiMi3amii HopMu audepeH-
mianabHOT HeB’si3ku. Y pobotax [11; 12] Oyino noka-
3aHO €()EKTUBHICTh BUKOPUCTAHHS y TAKMX BUIAIKaX
EBOJIOLIMHUX alITOPUTMIB, a came JudepeHiiaibHoT
€BOJIIOLIIT Ta TCHETHYHOTO aJTOPUTMY.

MeTa po6oTH — aJjanTyBaTH ajJroputM andepeH-
mianbHol eBostontii (JIE) amst 3HAXOIKEHHS ONTH-
MaJIbHUX 3HAYEeHb MapaMeTpiB HAOIMKEHHX PO3B’si3-
KiB iHTerpanbHuX piBHAHb Dpenronbma 11 poxy.

®opmyawBanHs 3amgadi. Posrmismaemo 3amady
3HAXO/DKEHHS HAOIIKEHOTO PO3B 3Ky V, (X) JMiHiH-
HOTO IHTerpasbHOro piBHAHHSA Ppenaroasma I pomy
(1) 3 HEBUPOJUKEHHM SIPOM. Bubupaemo yn(x) y
BUTIISIAI (1)yHK]_[11 (2), o NiHIIHO 3aJIeXKUTH BiJ Bijb-
HUX [TapaMeTpiB C,,...,C,

5,00 = 0,00+ X, ), 3)

ae ¢,,...,0, — 3a1aHi JdiHiiHO He3anexHI QyHK-
i, sKi Ha3WBAIOTHCS KoopAWHATHUMH. DyHKIiO
¢,(x), 30kpema, MOkHa HIOKIacTu ¢, (x) = f(x) abo
¢,(x)=0. Ilicna mincranoBku ¢yHkuii (3) B pis-
HsHHS (1) 1 mepeHocy yciX WieHIB piBHSAHHS B OJUH
0iK, OTPUMYy€EMO IHTETpaJbHY HEB’SI3KY |L :

W) = () Yew (1), (@)

Jc

Vo (6,1 =y (¥) = A [ K ()0, (5)ds = £ (x),
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060 = 6,(0) =M K(x,9),(s)ds , i =1,....n.

Tounwii pO3B’SI30K MEPETBOPIOE HEB' 3Ky (4)
B Hy’ab. CniJ 3ayBakUTH, 110 TPU CTPOTOMY PpO3-
VISl TUTaHHS ONMU3BKOCTI HAONMMKEHOTO 1 TOYHOIO
PO3B’S3KIB 3a BEIMYMHOIO HEB’SI3KH MOTPiOHO 3aiy-
YEHHS BIAMOBIAHUX OIiHOK [13, 14].

Hesinomi koediuieHta c¢,,...,c, OyaeMo BH3Ha-
YaTH 3 yMOBH

[n(xc,...0c,) — min ®)
ae || . || — nesika 3aaHa HopMa ¢yHkuii. Ha mpak-
THUII HAUTOMYJSIPHIII TaKi HOPMH:
— KBaJ[paTHYHa

luxicisene)], = D0 (xiscpenmne,) s (6)
k=1

— piBHOMipHa (200 YeOUIIIOBCHKA)

mCeserse el = max [uCxs el (D)
— cyMa MOJYJiB 3HaueHb (DYHKIIi
m
InGescene,) =;|M(xk;0p---a0n) )
Ie X,,...,X, — TOUKH Jlesn;o'f citrku E, cla,b].

Sxmo limy,(x)=y(x), TO B3SBIIM JOCTATHHO
n—x0

BEIUKY KUIBKICTh TapaMeTpiB 7, MOXKHA 3HAUTH
Po3B’s130K y(x) iHTerpanbHOro piBHAHHSI (1) 3 Oynb-
SIKOKO Harepe]l 3aJaHok0 TOUHICTIO [4, ¢. 172].

[Ipu TpamutiiHOMY TiIXOI AT KOYKHOT 3 TIepei-
YEHUX HOPM BHKOPHCTOBYETHCS CBIM METOJ MOLIYKY
ONTUMAJIbHAX 3HAuCHb MapaMeTpiB, HA SIKUX JIOCS-
raeTbCs MIHIMYM BiIITOBiHOT HOPMH IHTETrpajbHOI
HeB’si3kU. Hanmpukiaza, y Bunanky Hopmu (6) 3acto-
COBYETHCS METOJ HalMEHIINX KBaJpaTiB (IUCKPET-
HUH BapiaHT) [3, 4], B SKOMY NPHUPIBHAIOTH JI0 HYIS
noxigni ¢ynkuii (6) no ¢,...,c,. Y BUNAIKy HOpMU
(7) BHKOPHCTOBYIOTH METOIW 1 TMpOTpaMHi 3aco0m
HaWKpamoro piBHOMIPHOTO HaOMIKEHHS QYHKITT
y3arajibHeHUM IoJjiiHoMoM [ 15; 16].

VY crarti uid 3HaXOIKEHHS ONTUMAJIbHMUX 3Ha-
4eHb MapaMeTpiB Cj,...,C, MPOMNOHYEThCS aIamTy-
Barn airoput™M audepeHuiansHoi eBoirouii (E)
[17], sxmif po3poOIEeHO IS TOMIYKY TIO0aThbHOTO
ONTUMYMY HeAn(EpEHIIHOBHUX, HENHIMHNX, MYJIb-
TUMOJANBbHUX (QYHKIiH OararboX 3MIHHHX. AJTO-
PUTM TIPOCTHH y TpOTpaMHiil peamizarii, J03BOIsIE
BUKOPHCTOBYBAaTH Pi3HI HOpMHU HeB’si3ku [12; 18] i
norpedye 00UHCIICHHS JINIIE 3Ha4YeHb IITLOBOT (PyHK-
ii (KkpuTepiro onTumizarii), ajge He 11 OXiTHUX.

Aaroput™m. Anroput™m [IE Bxoaute y rpymy
EBOJIIOIIMHUX aJTOPUTMIB, SIKi MOJICITIOIOTH 0a30Bi
nporecu 0i0NOTiYHOI eBOMIOINii — CXpellyBaHHS,
MyTalniro Ta cejekuiro. B amroputmi JIE eBo-
JMIOMIHHAN TIpolleC TOYMHAETHCS 31 CTBOPCHHS
MOYaTKOBOI MOMYJsALil BEKTOPIB, SIKi y 3aKoJ0Ba-
HOMY BHUIISIII TPEACTABISIOTH COOOK MOMXKJIMBI
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po3B’s13ku 3aja4i onrumizanii [17]. Jlo Hux mocii-
JIOBHO 3aCTOCOBYIOThCS Omepallii myTraiii, cxpe-
HIyBaHHS 1 celleKIlii, mob copMyBaTH HACTYIHY
TIOITYJIAIII0 BEKTOPiB, 3HAYCHHS IMiTHOBOT (QYHKITIT
SKAX OyIyTh KpallMMH, HIXK y BEKTOPIB IOIepe-
JMHBOI momynsiii. Bkazana mociiJoBHICTh TOBTO-
PIOETHCS 10 TUX TP, TOKH HE BUKOHAETHCS 3ajjaHa
TepMiHajabHa yMoBa [17].

Cxema anroputMmy Uil po3B’si3aHHs piBHIHHS (1)
Mou(ikoBaHA MTOPIBHAHO 3 ONMCAHOK) BUIIE CTaH-
JapTHOO cxeMoro JIE i He MICTHTB oreparlii cxperiy-
BaHHs. Sk mokaszaHo B [12], 4y CTBOpPEHHS MOTPiO-
HOTO pI3HOMAHITTS BEKTOPIB TOMYJSil MOXHA
OOMEXUTHCS OTIepaIli€l0 MyTallii, OCKUTbKH BIUIHB
CXpEIlyBaHHS Ha €BOJIOIIIO TIPH PO3B’sI3aHHI MOi0-
HOT 3a/1a4i BKpail He3HAYHHIA.

Hwuxue HaBOAUTHCS MOKPOKOBA CXEMa ajrOPUTMY
JE nns 3HaxoJKEHHs ONTUMAaJIbHUX 3HAUEHb Iapa-
METpPiB HAOIMKEHOTO PO3B’sI3KY piBHAHHS (1).

1. Tenepyerbcs TMOUYATKOBA TMOMYIIAIS 0a30BUX
BekTtopiB V, =(v,,....,v,), i=L...,N, ne N — po3-
mip nomyssuii. Koopnunaru v,,...,v, Bektopa V, —
BUTIAJIKOBI AiKicHI uncna 3 Biapisky [ —1, 1] (y Hactyn-
HUX TOMyJSISX 3HAYeHHS KOOPAWHAT MOXKYTh
BUXOJIUTH JAJIEKO 32 MEXK1 BKa3aHOTO MTPOMIXKKY ).

2. J1y1s1 koxkHOrO0 6a30BOTO BeKTOpa V, = (V,1,...,V;,)
00UYMCITIOIOTHCS 3HaUeHHS HinboBOi GyHKIIT F(V)) :

F(Vi):||p(x;v”,...,vm) ,i=1...,N. ©)

st poro BiApi3oK [a, b] 3aMIHIOETBCS CITKOIO
E = {xl,. ..,X | 3m TOYOK, 1 Ha II¥ CITII B 3aJIEKHO-

m m

cTi BiJl BUOpaHOT HOPpMH HAOJIMIKEHHS — KBaJ[paTHy-
HOI, piBHOMIpHOi 200 CyMH MOIYJiB 3HaYeHb (yHK-
1ii — o0uncIoeThest HopMa [ 3a popmynamu (6), (7)
abo (8) BiamosiznHo.

3. Jlns 6a30BOr0 BEKTOpA V; CTBOPIOETHCSA MY TaHT-
HUH BeKTOp V:

Vi=V. +Fm-(V, =V,),i=1...,N,

ne Fm e (0,2] —3ananunii koedimieHt myTauii, 7,
r,, ¥, — BUIIAJKOBI L1l yucia 3 IpoMikky [l, N],
n#ER £ #0, 1 3a Gopmynoro (9) obumcmoeTbes
F(7).

4. 3a J0TIOMOTO CeleKIlii 3AiiCHI0EThCS (hop-
MyBaHHs HACTYIHOI HOMyJsALii BekTopiB. ko
FWV,)<F(V;), T0 B HAaCTyIIHY NOIYJIALII0 BKJIIOYa-
€TbCSI BEKTOP V;, y MPOTUIIEIKHOMY BHIAAKy — 0a30-
BUH BekTop V.

5. Slkmo KijgbKiCTh MOMYJSIIN HE NEPEeBUILYE
3aJjaHe MaKCHMajlbHe 4YMcio nonymsauid Gen, TO
3MIUCHIOETHCS Tepexia Ha 1. 3. Y IpOTHIC)KHOMY
BUINIAAKYy — B momyssiuii 3 Homepom Gen BU3Haua-
€Tbcsl BEKTOp V', sAKuil Mae HaliMeHIIe 3HAYEHHS
uinbosoi Qynxuii F(V )=min F(V}), i arroputm
3aBepmyeThes. KoopmuuaTu Bektopa V- mpencras-
JISIFOTH COGOI0 ONTHMANBHI 3HAYEHHS C,,...,C, KOE-
¢inienTiB HabIMKEHOTO PO3B’sI3KY (3) iHTErpaib-
HoTO piBHsHHSA (1).
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Posmip momymsmii N, koedimient myTtamii Fm i
MaKcHMaJbHE Yuciio nonymsuiil Gen € mapaMeTpamu
HaJIAIITYBaHHs 3arnponoHoBaHoro ainroputmy JE.
[Ipu po3B’si3anHi 3amadi (5) peKOMEHIY€EThCSI BUOH-
paru N i Fm y takux miamazoHax: Sn< N <10n,
0,4<Fm<0,6. Bubip mapamerpa Gen 3alexuTh
BiJl 4HcIia HEBIIOMHUX KOe(]ilieHTiB 7. 3 pocToM 7
JOLIJIFHO 301IbITYBaTH 1 3HaYeHHs napamerpa Gen
(muB. mami npuknaau 1 i2).

AHaJi3 pe3yabrariB 004UC/II0BAIBHOIO eKCIIe-
pumeHTy. 3anpornoHoBanuii anroputMm JIE peamizo-
BaHO 3ac00aMM CUCTEMH KOMII IOTEPHOT MaTeMaTHKH
Matlab, i mpoBeeHO 0OUHCITIOBAIBHUN EKCIIEPUMEHT
[0 PO3B’SA3aHHIO HHU3KM TECTOBHX piBHsHb Dpen-
ronema Il pomy. Jlami HaBeneHO TPUKIAAH PO3B’s-
3aHHS IHTETrpajJbHUX PIBHAHB 3a anroputmom [IE Ta
MOPIBHAHHS OTPUMaHUX HAaONIMKEHHWX PO3B’SI3KIB 3
BiJOMHUMH TOUHHUMH PO3B’SI3KAMH.

Hpuknag 1. Po3B’sa3yeTbest iHTETpasibHE piB-
HsHHS [4]
12
y(x)—J.SZy—(Szds:xarctgl. (10)
0 X +s X

Woro nabmmkeHuit po3B’ 130K MIyKA€EMO Y BUTIIAII

V,(X)=c +c,x.
Y 1upoMy BHMAJKy IHTErpajbHa HEB’s3Ka Mae
BUTIIA

1
w(x;e,c,)=—cxarctg—+
x
1 X 1
+¢|x——=+—In|1+—
2 2 X

3a amroputmom JIE 3 mapamerpamm N =20 ,
Fm=0,5 1 Gen =30 3HalineHo TaKi ONTUMaJIbHI 3Ha-
YeHHS KOCQIIIE€HTIB 1 MITLOBOT (PYHKIIIT JJIsT BUITATIKY
piBHOMIipHOI HOpMU (7) Ha piIBHOMIpHI# ciTui £, :

1
—Xxarctg —.
X

5

¢ =-1,¢,=-1, F(V*)EH u(x;cf,cj)”c =0.

Orxe, mykanuMm po3B’s3koM piBHAHHA (10) €
¢byukuis  y,(x)=-1. PiBHicTh niaboBOI (yHKIT
HYJIIO CBITYMUTH MPO Te, IO 3HAWIEHWH pPO3B’SI30K
»,(x) € TouHUM (1Ie TaKOX JIETKO MEepeBIPUTH, Mij-
CTaBUBIIM HOTO y PIBHSHHS).

19

Ipuknax 2. Po3B’s3yeTbcs iHTerpaibHE piB-
HsIHHS [1]

y(x)—J.(xs+x2)y(s)ds=1. (11)

Ha6mmkenuit po3s’si30k piBHsHHA (11) mrykaemo

y BUTJISI
3x2 -1
y;(x)=¢ +c2x+c3T ,

(12)

Jle 3a KOOpAWHATHI (PyHKIT B3ATO IOJIIHOMHU
Jlexanapa. Ilpu mincranoBmi ¢yskmii (12) y pis-
HsHHA (11) Maemo iHTeTpallbHy HEB SI3KY

2
n(x;c,cy,c5) =c1(1—2x2)+02§+c3¥—1.
3a anroputmom JIE 3 HamamryBanasmMu N =30

Fm=0,6 1 Gen=60 Ha piBHOMIpHIH ciTui FE,)
OTPHUMAHO TaKi Pe3yabTaTH:
¢ =3,¢6=0,c=4,
FI)=|utxe,¢.e)], =0.

TakuM umHOM, HaAOJMKEHHM PO3B’SI3KOM PiB-
usans (11) € y,(x) =1+6x>. Jlerko nepesiputH, 10
11e TOYHUH po3B’ 130K piBHAHHSA (11).

BucHoBkM. Y CTaTTI U151 3HAXOMKEHHS ONTHMAIb-
HUX 3HAueHb MapaMeTpiB HAOIMKEHHX PO3B’S3KiB
JMHIMHAX iHTeTpalNbHUX piBHAHL Dpenronpma Il pory
agantoBaHo airoput™m JIE. BiH mpocTmii y mpo-
rpaMHiil pearizallii Ta 3acTOCyBaHHI (MICTHTh Majo
napaMeTpiB HaJAIITYBaHHS), JO3BOJISIE BUKOPHUCTO-
BYBaTH Pi3HI HOPMH IHTETPabHOI HEB’SI3KH 1 TIOTpe-
Oye oOdYMCIIEHHS IUIIEe 3HA4YeHb ITbOBOI (DYHKIIII,
aze He ii moxigaux. Cxema anroputMy MoandikoBaHa
MOPIBHSHO 31 CTaHIAPTHOK 1 HE MICTHTH Omeparii
cxpemtyBaHHs. Lle 103BONMMIIO CIIPOCTUTH aJITrOPUTM
0e3 mKoaM Ul TOYHOCTI. SIK MoKaszamu pe3ynbTaTH
00UYHMCITIOBAJIBHOTO EKCIICPUMEHTY Ha TECTOBUX HpH-
KJagax, Uil 3HAXO[DKCHHS ONTHMAJIBHHX 3HauCHb
napaMeTpiB MIyKaHWX HaOMMKEHUX PO3B’S3KIiB IIiJI-
KOM JIOCTaTHBO OIepalliii MyTailii Ta cenekiii. 3ampo-
MOHOBAaHMI ANTOPUTM MOXKHA PO3INISAATH SIK J0JarT-
KOBHH iHCTPYMEHT J0 BiJIOMHX MPOEKIIHHUX METO/IIB
pO3B’si3aHHS  iHTErpadbHUX piBHAHE @pearonsma
II poxy. Y nonanpmioMy miaHyeThCsl HOMUPUTH M-
Xin i3 BukopructanHaM /|E Ha HeiHIHHUHT BUITJIOK.
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The propagation of a solitary wave over a submerged obstacle installed at the
channel bottom is numerically investigated. The topic is closely related to the
operation of protective structures in natural bodies of water used for dissipation
of wave energy. The developed numerical technique couples the method of
boundary integral equations used to determine the free surface deformations
and the vortex scheme for modeling the vortex field generated by the wave.
In order to examine the validity of the model, the calculated free surface
elevations were compared for a special case with corresponding data of the
experimental research conducted in the hydrodynamic flume of the Institute
of Hydromechanics. The comparison has been demonstrated that the present
numerical scheme provides a good estimate as of reflected as of transmitted
waves, which form above a submerged obstacle. Systematic calculations of the
propagation of a solitary wave over submerged vertical barriers of different
heights and lengths are performed. Their results point out that the type of
interaction of a solitary wave with a barrier depends on the coefficient, which
is the ratio of the incident wave amplitude to the thickness of the water column
over the obstacle. When its value is less than the critical value, which is about
1, the incident wave splits smoothly into reflected and transmitted solitons and
it breaks down otherwise causing chaotic oscillations of the free surface. The
detail investigation of the vortex flow generated by the solitary wave near a
vertical barrier detected two large-scale opposite vortices forming one after
another at the obstacle tip. Interacting with the obstacle and channel bottom,
the vortices grow to the size of the water depth and are shed to the flow in both
the upstream and downstream directions. The vortices specify generation of
water flows and intensity of turbulent processes near the obstacle. It is revealed
that the influence of the vortex field on the stability of the submerged obstacle
depends on its height. When the barrier is tall, the vortices go up to the free
surface and are carried away by the collinear flow. In the case of a low obstacle,
the vortex flow dissipates in its vicinity causing bottom erosion in this region.
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UucenbHO AOCTIMIKYETHCS MOIIMPEHHS COJITOHHOI XBWJII B KaHasi, Ha JHI
SKOTO BCTAHOBJICHO 3aHypeHy nepemikofy. Llg mpobnema TicHO moB’si3aHa 3
eKCILTyaTalli€l0 3aXUCHUX CIOPY U PO3CII0BAHHS CHEPTii XBUIIb y IPUPOIHUX
BojloiiMax. Po3BHHEHAa MOJENb MOETHYE METOA TIPAaHUYHUX IHTETpaIbHUX
PiBHSIHB, 110 3aCTOCOBYETHCS JIJIsl BUSHAYEHHS 1ehopMaliiii BUTbHOI TOBEPXHI,
1 BUXPOBY CXEMY JUIsl pO3PaxXyHKY BUXPOBOI'O MO, SIKE TEHEPYETHCS XBHIICIO.
Juia i Baniganii 3amydeHi JaHi aHaIOT1YHUX eKCIIEPUMEHTAIBbHUX J10CITIHKEHb,
10 TPOBOJMINCA B TiApaBIi4HOMY JIOTKY IHCTUTYTy rimpomexaniku. 30ir
CKCIIEPUMEHTAIbHUX Ta YHCEIbHUX PE3YNbTaTiB IOJO0 EBOJIOLI BiIBHOI
MOBEPXHI BKa3ye Ha Te, L0 3aIPONOHOBAHA TEOPETUYHA MOJENb aJ€KBAaTHO
OTIUCY€E TApaMeTPH SIK MPOXiAHOI, Tak 1 BIAOUTOI XBUIb, SKI YTBOPIOIOTHCS
HAJl 3aHyPEHOI0 MEePEIKo1010. BukoHaHi po3paxyHKH MOUIMPEHHS COTITOHHOT
XBHJII HaJl 3aHYPEHUMH BEPTUKAIBHIMHU 0ap’epaMu pi3HOi BUCOTH Ta TOBXKHHU.
3 IXHIX pe3y/IbTaTiB BUILTUBAE, 1[0 TUII B3a€MOJIT COJIITOHHOT XBUIIi 3 6ap’epoM
3aJICKUTh Bif Koe(illieHTY, SIKUH € BiIHOMICHHSIM aMILTITYAU MaJalo4oi XBUI
JI0 TOBIIMHY CTOBIIA BOAM HAJ Neperkonoro. Komu ioro 3HaueHHS MeHIIe 3a
KPUTUYHE, SIKe CTAHOBUTH MPUOIM3HO 1, Magaroda XBUIS M’ SIKO HOAIISETHCS
Ha BIIOWTHN Ta MPOXIiTHUHA COMITOHH. B iHIIOMY pa3i BOHa pyHHYETbhCS, 110
BUKITUKAE€ XAOTHYHI KOJMBaHHS BUIBHOI MOBEpXHi. JleTanbHe NOCTiHKEHHS
BUXpOBOi Teuii, SIka T€HEPYEThCS COJITOHHOK XBHIICK MOOIM3y Oap’epy,
BUSBUJIO B IIii 00JaCTi /1B BEIMKHUX MPOTHIICKHO CIPSIMOBAHUX BUXOPH, IO
MOCITIZIOBHO YTBOPIOIOTHCS Ha BepIIMHI Oap’epy. Bzaemomitouu 3 mepemniko10to
Ta JIHOM KaHaly, BOHH 3POCTAIOTh JI0 PO3MIpiB, CMIBCTaBHUX 3 IIIMOMHOIO
BOJIM, Ta BiApHBaIOThCA. OJUH i3 HUX PyXaeThCs 3a TEUi€lo, HIIMN — MPOTH
Hei. 11i BUXopu BU3HAYAIOTH PO3BUTOK TEUil Ta IHTCHCUBHICTH TypOyIEHTHUX
npoueciB mobnusy mnepemkoan. OTpUMaHO, IO BIUIMB BHUXPOBOTO MOJIS
Ha CTIHKICTh 3aHYpPEHO! KOHCTPYKIIii 3aJekuTh Bif ii Bucotu. Komu Gap’ep
BHCOKHI, BUXOPH MiJHIMAIOTBCA 1 3HOCATHCS CYMYTHBOIO Tewiero. Y pasi
HHU3BKOI MEPENIKoaN BUXPOBUH MOTIK AUCHUITye MOONN3y HEl, CHPUYNHSIIOUH
epo3ito JIHA B I1iii 00IacTi.
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Introduction. The interaction of surface waves
with submerged obstacles in shallow water is a clas-
sic problem of coastal and marine hydrodynamics.
The topic is closely related to the construction of sub-
merged protective structures dissipating wave energy
and preventing coastal erosion. Besides, it deals with
natural factors that may lead to dangerous processes
in coastal zones such as the wave propagation over
coral reefs or continental shelf. The importance of the
problem has led to a large number of theoretical and
experimental studies over the past decades. In most of
them, a solitary wave is considered owing to unique
relationship between wave nonlinearity and steepness
that reduces the number of important parameters to
one [1]. Solitary waves present a limiting condition
for the run-up of an extreme non-linear long wave,
such as tsunami [2]. Besides, the connection of the
solitary solution with ocean waves is ensured by the
fact that periodic waves in deep water are unstable
and break up into groups whose circumferential line
has the properties of a soliton [3].

Earlier researches were based on the solitary
wave theories in the shallow water such as Boussin-
esq and the KdV equations [4; 5]. The models pre-
dict accurately the reflected and transmitted waves
within of its applicability but calculate higher wave
amplitudes as compared with experimental data for
strongly non-linear problems [5; 6]. To overcome this
restriction, the Boundary Element Method (BEM)
was applied. The BEM is based on the potential flow
theory and adapted to solve the Laplace equation
with nonlinear boundary conditions on the free sur-
face. Using this approach, Grilli et al. [7] described
the wave breaking above obstacles of different shape.
The influence of wave amplitude and obstacle param-
eters on wave behavior was described in [7], where
the BEM was applied for studying the interaction of
a solitary wave with a submerged semicircular cylin-
der. One of the latest applications of the potential the-
ory to calculation of wave evolution is simulation of
the interaction of a solitary wave with a wave energy
converter in the presence of bottom irregularities and
collinear currents [9].

It is well known that the solitary wave passing
over a submerged obstacle causes intense vortical
flows inside the water column which strongly affect
the wave energy and stress distribution on the bed.
The potential theory with irrotational flow assump-
tion is not suitable to investigate the flow separation
and generation of vortex field near the structure. To
take into account the above- mentioned effects, the
numerical methods based on the viscous flow equa-
tions were developed. The volume of fluid (VOF) and
mark-and-cell chart (MAC) methods are two main
approaches for modeling viscous fluid flows with
strong nonlinearity on a free surface. Those employ
the Reynolds Averaged Navier—Stokes (RANS)
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equations with a k& —¢& non-linear turbulence closure
model [10]. Basing on these approaches, significant
advances have been made in understanding the phe-
nomena accompanying the interaction of a solitary
wave with submerged obstacles [11; 12; 13].

The great disadvantages of the grid-based numer-
ical schemes are the difficulty in tracking the fluid
interface and implementation of the free surface
boundary conditions, especially when a moving grid
is used. An alternate approach is using the Lagrang-
ian-type numerical schemes which model a free sur-
face by a system of singularities moving with the fluid
particles. It allows reducing the initial boundary value
problem of determining the free surface configuration
to a system of the integral equations in respect to the
strength of singularities [14]. In this approach, the
generation of vorticity by the free surface is predomi-
nantly neglected, which greatly simplifies the bound-
ary conditions. One can find examples of the use of
the Lagrangian scheme in papers [15; 16], where
interaction of a solitary wave with a submerged rect-
angular structure is considered. Note the viscous flow
under the free surface is calculated with the vortex
method, which is based on the velocity-vorticity form
of the Navier-Stokes equations. The vortex field is
shown to be the main factor determining the drag of
the structure.

A similar theoretical model is developed in
the present study. Its difference from the previous
schemes lies in the simpler involvement of the free
surface dynamic condition, which, nevertheless, does
not affect the calculation results. Taking into account
that the generation of vorticity at the free surface is
ignored, the vortex scheme developed by authors in
paper [17] can be utilized for viscous simulation. The
validity and efficiency of this algorithm has been con-
firmed when solving various two-dimensional prob-
lems of viscous fluid dynamics [18; 19; 20]. In order
to verify the mathematical model, a set of laboratory
experiments in the hydrodynamic flume was per-
formed with a solitary wave passing above a vertical
barrier. In both the numerical simulation and exper-
iment, the free surface elevations were measured
in the given locations and the obtained results were
compared. A good match between the data of the cal-
culations and the physical experiment was obtained
as for reflected as for transmitted wave.

Problem statement. A solitary wave travelling in
viscous incompressible fluid over a submerged rect-
angular obstacle of height d and length a is consid-
ered (Fig. 1). A Cartesian coordinate system is fixed
such that its origin is connected with the midpoint
of the obstacle, the X-axis lies in the bottom and the
y-axis points vertically upward. The still water depth
is & and the amplitude of the incident wave is 4, .
Taking into account that the fluid in the flume is under
the action of gravity, its motion is governed by the
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Fig. 1. Schematic diagram of the numerical flume
with a solitary wave passing over a submerged
rectangular obstacle

following system of equations:
V-V =0, 6]

a—V+(V V)V——vmiv v, 2)
ot Re

where the hydrodynamic pressure P is equal
to the total pressure p minus the hydrostatic pres-
sure: P= ery/Fr2 , V is the velocity and ¢ is the
time. The variables in (1), (2) are scaled by the still
water depth % and the phase speed of linear long-
wave /gh , where g is the acceleration due to the
gravity; ?zt@ / h=t\{g/h is the dimensionless
time (the overline in (2) and further is omitted). The
Reynolds number is evaluated based on the depth-av-

eraged velocity under the wave crest U :fc,

where c¢=,/g(h+4) 1is the wave celerity, then
Re=Uh/v=A4./g(h+ Al.)/v . The Froude number is

introduced as Fr = c/ @ .

The kinematics boundary condition at the free sur-
face X forces the surface to follow the trajectories of
the fluid particles z, lying on it. This means that the
following evolutionary equation is realized:

dzy
= Vs. 3)

The dynamic condition declares the continuity of
stresses when jumping across a free surface. It is writ-
ten under the assumption that the surface tension and
viscosity are neglected:

Ps=Pa> 4)
where p, denotes the atmosphere pressure.
The non-leaking and no-slip boundary conditions
must be required at the bottom:

V(,.0-i=0, (5)

V(#,0)-7=0, (6)

where 7, denotes the radius-vector of bottom

points, 7,7 are the normal and tangential unit vector
on the bottom, respectively.

To avoid the wave reflection at the lateral bound-
aries of the numerical wave flume, wave damping is
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introduced following the method proposed in [14]. For
this reason, numerical sponge layers are put at both lat-
eral boundaries to absorb the outward-traveling waves.

Numerical model. Boundary value problem
(1)-(6) is solved using the numerical model that com-
bines the boundary integral equation method calculat-
ing the free surface evolution and the vortex scheme
for simulation of the viscous flow near an obstacle. It
has been described in details in papers [17; 18] there-
fore generalities of the model are only considered here.

Since the vorticity generation at the free surface
is ignored, the flow is irrotational far from the sub-
merged structure. At the same time, the wave motion
causes an intense vortical flow in close proximity to
the structure. Following the Helmholtz decomposi-
tion principle [21], the flow under consideration is
decomposed into the potential part in the thin layer
near the free surface and the rotational part every-
where except the fluid boundary. Then the velocity
field is represented by the sum:

V(#,1)=V+Vx(Pk), (7)

where 7 denotes the radius-vector of a point, ¢

and ®k are the scalar and vector potential of the irro-

tational and vortical flows, £ is the unit vector out of
the page.

In the present model, the vortex flow is described
by the function of vorticity @ =k -V . To take into
account the free surface and bottom irregularity, the
method of boundary integral equations is applied.
According to this approach, the free surface and the
underwater obstacle boundary are modeled by vor-
tex distributions of strength p and y respectively
[14; 17]. According to these assumptions, velocity
field (7) is written by the following equation:

V(b = vjp(

-, . 0G(7, r)dl(ﬁ,
on

L, o\ OG(FF)
= di(7") +

+ij( r)+

+ jm( Dk x VG(F,F) ds(7), (8)

where X, D denote the free surface and the
boundary of obstacle respectively, S is the viscous
flow domain, G(#,7") is the Green function for a
point vortex in the half-plane [21].

For convenience, we describe the flow field with
a complex coordinate z =x+iy . The free surface X
and obstacle boundary D are parameterized in terms
of linear parameters e and s respectively, which
are the Lagrangian coordinates of the points lying
on these interfaces. The vorticity field o is approxi-
mated by a set of vorticity carrying particles as pro-
posed in [22]:

oo(z,t)zzrj(t)]%(z—zj), (9)
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where I’ j and z; are the circulation and coordi-
nate of the j—th vortex, N is the number of free
vortices, f; is the distribution function of vortex.

Within this approach, equation (8) can be rewrit-
ten as:

V@J):E%ju@gn[ ! !

- - de’ +
z—z(et) z-z (e’,t)}

| , 1 1 ,
%J;Y(S ’t)[z—z(s') - Z—z*(s’)}ds

1 & . 1 1
+— . I - — |, (10)
2mi 5 z—z,(t) z—z;(1)

where the asterisk denotes conjugation about the
Ox-axis. Note the principal value of the integrals is
considered in (10) in order to avoid singularities.

In the discrete scheme, the continuous vortex
sheets located along ¥~ and D are replaced by sets
of the panels of length Ae and As. Complex coordi-
nates of the panels are:

(2),,(0) = z5(e,,.0), (zp), = zp(s;), (11)

where m=12,..,N,, k=12,.,N,, Ny, N,
are the numbers of the panels. The strengths p(s,?)
and y(s,?) are assumed to be constant along a panel,
so we deal with distributions of the piecewise contin-
uous functions:

(O =ple,.0, v, =y, .  (12)

To determine these functions, free surface
dynamic condition (4) and non-leaking condition (5)
are applied in accordance with the technique devel-
oped in [23]. It involves solving the evolutionary
equations for (z;), and ¢, . The first of them is
kinematic condition (3), and the second follows from
dynamic condition (4). Then the system of linear
algebraic equations with respect to p, (¢) and vy, (¢)
is solved. One can find a detailed description of this
method in paper [18].

Following [10], we utilize a fourth-order Adams—
Bashforth—Moulton (ABM) predictor-corrector scheme
to integrate the evolutionary equations for (z;), and
¢,, . The regularization procedure is fulfilled in the end
of a time step to eliminate numerical instabilities on the
computed free surface. According to this procedure,
the panel lengths are recalculated so that all segments
should be equal. Additionally, the strength function
u,, () is changed on the m -th panel proportionally to
the new value of Ae. Note that the number of panels
at the free surface does not change during the entire
modeling process. This regularization improves con-
siderably the stability of free-surface computations that
allows extending the range of parameters of the prob-
lem under consideration at which the simulation will
be successful. In particular, breaking solitary waves are
considered together with regular processes.

Wave reflection on side walls of the numerical
flume is eliminated with the help of the sponge lay-
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ers damping perturbations of the scheme parameters.
This way involves the incorporation of additional
damping terms into the evolutionary equations as for
points (z;), as for potential ¢, . For the first time,
the technique was proposed in [24] and since then it
has been successfully used when integrating the prob-
lems with a free-surface [11; 13].

In this study, modeling the evolution of a solitary
wave when it passes over a submerged obstacle is
coupled with calculations of the vorticity field gen-
erated by the wave. The last are performed with the
well-known vortex method [22], which applies the
velocity—vorticity form of the Navier—Stokes equa-
tions instead the traditional pressure—velocity for-
mulation. If one takes the curl of the Navier—Stokes
equations, the pressure field will be eliminated
including the component associated with gravity.
Taking into account that the generation of vorticity
at the free surface is neglected, the vortex scheme
developed by us in paper [17] can be utilized for vis-
cous simulation. The validity and efficiency of this
algorithm has been confirmed when solving various
two-dimensional problems of viscous fluid dynam-
ics [18; 19; 20].

Model verification. The developed numerical
model has applied by us for simulation of solitary
wave propagation over a step [18]. Comparison of
the obtained results with the experimental data from
paper [25] shown that the simulation predicted accu-
rately the fission process with respect the dependence
of the number of secondary solitons on the incident
wave amplitude and step height.

In this study, the model’s ability to simulate accu-
rately the evolution of a free surface is verified against
laboratory experiments with a solitary wave passing
over a submerged vertical thin barrier. The exper-
iments were conducted in a glass-wall flume of the
Institute of Hydromechanics. The laboratory setup,
equipment and experimental technique have been
described in detail in paper [26]. Fig. 2 illustrates the
normalized parameters of the problem under consid-
eration as well as positions of the gauges utilized to
fix free surface elevations as in laboratory experiment
as in numerical modeling.

J)
4;=035h G2

:T e 11— > Th —>

h=11cm
0.84

i J

“Y

>
1k

Fig. 2. Parameters of laboratory
and numerical researches
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Fig. 5 demonstrates the time histories of instan-
taneous free surface elevations m(z) at the selected
locations G1 and G2 derived in the measurements
(solid black lines) and in the calculations (dotted red
lines). The comparison indicates that the numerical
calculations fit the measurements well for the main
waveforms in terms of the incident and reflected
waves recorded by the gauge G1 and the transmit-
ted wave recorded by the gauge G2. It should also
be noted that the experimental and numerical results
are in good agreement with respect to the propagation
rate of free surface perturbations. Here and below,
the dimensionless time # =0 is defined as the instant
when the crest of a solitary wave passes exactly above
the top of the obstacle.

Setup of the numerical experiment and results.
A numerical wave flume used in this study is of
Im depth and 140m length. Normalized parameters
of the problem will be further considered. The width
of the absorbing layers adjoining the lateral sides of
the flume is put to 2/ . The rectangular obstacle is sit-
uated in the middle of the computational domain. At
the initial time instance, the wave crest is located at
x/h=-20 and then it propagates from left to right.
To derive the initial data for a solitary wave, profile
and velocity potential, the MatLab implementation of
the iterative method proposed in [27] is utilized. Since
it computers the approximated solitary solution of the
Euler equations, both horizontal and vertical motions
of fluid particles under the wave can be considered.
This allows modeling not only the free surface evo-
lution but also the dynamics of the vortex field gen-
erated by a solitary wave. The number of vortex
panels along the free surface is equal to Ny =2800;
a uniform grid system of Ax=Ay=0.01% is put on
the flow field; the time step is A7=0.005\/g/% ;
Re=0.69-10°.

Fig. 4 demonstrates the free surface elevations
Nn(x,¢) arising when the solitary wave of amplitude
A /h=0.2 passes over submerged rectangular bar-
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riers of different height d /4 and length a/#h . The
results represented in Figs. 4a,b,c are obtained at
a/h=0.1, so they reflect the wave evolution above a
thin vertical barrier. It is reasonable to classify those
involving the quantitative parameter K, , = 4,/(h—d).
It was introduced in [26] based on the data of lab-
oratory experiments and was called the interaction
coefficient. Fig. 4a illustrates the weak interaction
of the solitary wave with the thin barrier of height
d/h=0.7. It is characterized by the growth of the
incident wave over the obstacle and its smooth split-
ting into the reflected and transmitted solitons mov-
ing in opposite directions. Note that the interaction
coefficient in this case is K, =0.65.

Free surface profiles in Fig. 4b are obtained at
d/h=0.8, which corresponds to the interaction
coefficient K, ~1. The transmitted wave has not yet
destroyed here, but the dynamics of the process is
complicated due to dispersion effects conditioned by
the generation of a chain of secondary solitons. Note
also that the local rising of the free surface level in
Figs.4a, 4b observed immediately behind the obstacle
is produced by the intense recirculation flow devel-
oped in this area.

Fig. 4c demonstrates the strong influence of a sub-
merged barrier on the wave, which is characterized
by the interaction coefficient K, =2 (d/h=0.9).
In this case, the incident wave is divided into three
parts. The reflected and transmitted solitons moving
in opposite directions are formed, as usual. In addi-
tion, a part of the water lying directly above the bar-
rier first rises, and then falls sharply and collapses, as
a result, chaotic pulsations of the free surface arise in
this area. This process is characterized by large gra-
dients of the free surface and the formation of water
splashes. Finally, two regular secondary solitons sep-
arate from this region, which follow the transmitted
wave. It is obvious the more complex the interaction
of the wave with the obstacle the more wave energy
is expended on secondary processes, which primarily
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Fig. 3. Free surface elevations for the solitary wave interacting with a submerged barrier
derived in experimental measurements and calculations by gauges G1 (left) and G2 (right)
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Fig. 4. Transformations of a solitary wave of amplitude 4,//7=0.2
above a submerged rectangular structure:
(a) —d/h=07,a/h=0.1,(b)—d/h=08,a/h=0.1,
(c)—d/h=09,a/h=0.1,(d)—d/h=09,a/h=1.5

affects the characteristics of the transmitted soliton.
One can see a significant decrease in the amplitude
of the transmitted wave in Fig. 4C in comparison with
the previous cases.

The calculation results also show that the wave
destruction over long rectangular structures is not
as intense as over thin ones, even if they are quite
high. This conclusion is confirmed by the free surface
profiles depicted in Fig. 4d, which are obtained when
the solitary wave passes over the rectangle of height
d/h=0.9 and length a/h=1.5. The abrupt change
in water depth is seen to increase greatly the free
surface nonlinearity. As a result, the incident wave
grows above the obstacle and then it divides into a
reflected soliton and a transmitted wave. In addition,
the intense secondary solitons and dispersive wave
chain are generated. At the same time, no destructive
processes in the form of chaotic pulsations of the free
surface near the structure are observed.

The wave propagation over a submerged obstacle
is accompanied not only by effects on the free sur-
face, but also by underwater processes. A travelling
solitary wave generates the intense flow of liquid par-
ticles under the free surface. When this flow meets
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an obstacle, it has to rebuild in accordance with the
obstacle configuration. Due to the flow narrowing, a
shear layer is formed near the structure, followed by
flow separation and the formation of large-scale vor-
tices. Fig. 5 illustrates the velocity fields induced by
the solitary wave of amplitude 4,/4=0.2 around the
submerged barriers of length a//4=0.1 and height
d/h=0.7 (left)yand d/h=0.9 (right).

It is known [28], that the length L  of a soli-
tary wave is related to its amplitude by the ratio
L /h~10,/h/ 4 . Then one obtains L /h~22 at
A,/h=0.2. This means that the formation of the
shear layer due to the approaching wave begins when
the distance between the wave crest and the barrier is
about 11/, which corresponds to the dimensionless
time 7 =tJg/h~-10.

Figs. 5a, 5f show the process of converting the
shear layer into a clockwise vortex, here ¢ =—8. The
vortex originates in the front edge of the barrier and
rotates in the direction of wave movement. As the
wave crest approaches the obstacle, the vortex con-
tinues to grow in size as depicted in Figs. 5b, 5¢g at
t =-2. Figs. 5¢c, 5h correspond to the instant when
the crest of the solitary wave is at the top of the bar-
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rier (£ =0). The horizontal flow velocity reaches its
maximum value over the obstacle, so the main vortex
sheds out and begins to dissipate rapidly.

When the wave has passed the obstacle, the trans-
latory motion of fluid particles almost completely
ceases, as a result, the vortex zone remains close
to the obstacle and grows to the depth of the water
(Figs. 5d, 5i). The zone interacts with the channel
bottom and the rear edge of the barrier forcing gen-
eration of the boundary layer which thickens and
forms the secondary counterclockwise vortex above
the obstacle tip. In Figs. 5d, 5i (7 =8), the counter-
clockwise vortex is still remains attached to the rear
edge of the barrier but further it moves upward and
upstream and sheds out (Figs. 5e, 5j). Subsequently,

29

the primary and secondary vortices reach the free
surface and cause it to bulge. It follows from the
present results that the evolution of the vortex field
forces the water to move upward at the rear edge of
the obstacle as well as in the direction opposite to
the wave motion.

The influence of the barrier height on the vortex
field evolution can be seen by comparing the left
and right columns of Fig. 5. With a lower barrier
height (left column), the main vortex develops near
the structure and remains there until complete dissi-
pation. When the barrier is high (right column), the
gap between its top and the free surface is narrowed
that leads to increasing the fluid velocity here. So, the
primary clockwise vortex is more intense in this case

Fig. 5. Free surface elevations (blue) and velocity fields generated by a solitary wave
of amplitude 4, //#=0.2 around thin vertical barriers of height d//=0.7 (left)
and d/h=0.9 (right) at various time instants
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and localizes closer to the free surface than to the bot-
tom. It moves together with the transmitted soliton
quickly leaving the region adjacent to the obstacle.
Thus, the effect of a vortex flow on the channel bot-
tom is stronger in the case of low obstacles located on
the way of a solitary wave. At the same time, vortices
generated behind high obstacles cause intense bulges
of the free surface.

Conclusions. The numerical model for studying
wave-structure interactions is presented. It com-
bines the boundary integral method for description
free-surface deformations and the vortex method for
integrating the viscous fluid dynamic equations. The
validity of this model is confirmed by the close match
of the calculated elevations of the free surface for a
special case with the corresponding data of experi-
mental researches.

Two types of interaction of a solitary wave with
a vertical barrier were revealed based on systematic
calculations of the propagation of the solitary wave
of normalized amplitude A4 /h=0.2 over barriers

of different heights. Those are the weak interaction,
when the incident wave splits smoothly into the
reflected and transmitted solitons, and strong interac-
tion, when the wave breaks down. The scenario for
the behavior of a solitary wave over a barrier depends
on the interaction coefficient, which is the ratio of the
amplitude of the wave to the thickness of the water
column above the obstacle. It is obtained that the crit-
ical value of the interaction coefficient is about 1, at
which the regimes change.

An analysis of the vortex fields created by the sol-
itary wave around barriers of different heights shows
that the fluid dynamics in the region is controlled by
the interaction of two large opposite vortex structures
generated at the barrier tip one after another. The
effect of the vortex field on stability of the submerged
structure depends on its height. When the barrier is
tall, the vortices go up and are carried away by the
collinear flow. In the case of a low obstacle, the vor-
tex flow dissipates in its vicinity causing bottom ero-
sion in this region.
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Y poboti po3mitHyTOo 3amady Kimacudikaiii 00’€KTiB 3a O3HAKAMH Ta
po3pobneHo Metox Hewitkol knmacudikamii. [is  po3B’sizaHHS  3amadi
3alpPONOHOBAHO BHKOPUCTOBYBATH HEUITKY MOJIENIb TMPEICTABICHHS 3HaHb,
noOy/I0BaHy 3 BUKOPHCTAaHHSAM HABYAJILHOI BUOIPKH, Ta CHUCTEMY HEUITKOTO
JIOTIYHOTO BHBOMY. ABTOMaTHuHEe (DOpPMYBaHHS CUCTEMH HEUITKHX JIOTIYHHX
MPaBHJI BiIOYBA€THCS B TIPOLIEC] HABYAHHS. Y TPOIeci HABYAHHS BiIOYBA€ThCS
HAJIAIITYBaHHS ITapaMeTPiB MOJEII — HEUITKUX TPaHHIb TepMiB. Il yCyHEeHHS
npobieMu 00poOKKU 00’ €KTIB, XapaKTEPUCTHKH SIKUX CYTTEBO BiAPIZHAIOTHCA
BiJl OLMBIIOCTI 00’€KTIB y BHOIpII Ta HAOMMKAIOTHCS 10 MOPOTOBUX, JUIS
BU3HAYCHHS TPAHUIb TEPMIB MPOIMOHYETHCS BHUKOPHCTOBYBATH KBapTHIIbHI
omiHKA. Moaudikarlis KJIaCHYHOTO aITOPUTMY HEUITKOT KJIacH]ikaiii mossirae
B OpraHi3allii JBOXETAIHOI MpoLeaypy Kiacudikariii. s mominmeHHs sIKoCTi
kiacugikanii OyayloTbCs OMOMIXKHI HEUITKI KJI1acH, 3 BUKOPUCTAHHIM SIKUX
3I1MCHIOEThCA BiZJOOpaXKEHHsI 00’ €KTiB B WiTKi KJIAacH 3 HAaBUAJIbHOI BHOIpKU.
Jlnst oniHIOBaHHA SIKOCTI KiacH]iKarlii BUKOPHCTOBYIOTECSI METPUKH TOUYHOCTI
Ta TIOBHOTH. HananryBaHHS mapaMeTpiB alropuTMy HediTkol kimacudikarii Ta
PO3B’sI3aHHS 3a]1a4i HEWITKOI KilacHDikaIlii BAKOHAHO 3 BHKOPUCTAHHIM HabOpy
nanux ipucu @dimepa. HaBegeHO MOpIBHSAHHS pe3yibTaTiB Kiacudikamii 3
BHUKOPHCTaHHIM 3aIIPOIIOHOBAHOTO B pOOOTI ABOXETAITHOTO IOXOAY 1 KITACUYHOTO
QITOPUTMY HeuiTkoi kiacuikamii. /s 3MEHIIEHHS BIUIMBY HAasBHUX Y
HaBYAJIBHIN BUOIpI aHOMaJbHHUX OO0 €KTIB Ha pe3ysbrar Kiacudikamii Juis
BU3HAYEHHS TPAHHIL TEPMIB BHKOPHCTOBYETHCS MIXKBAPTHIIFHE CEPEIHE,
10 POOWTH TIPOLICAYPY BH3HAYEHHS TPaHUIL TepMiB podacTHo. [TokazaHo,
10 BUKOPUCTAHHS MIDKKBAPTWJIBHOTO CEPETHBOTO U BH3HAYCHHS T'PAHUIID
TEPMIB J03BOJISIE OTPUMATH MPUUHATHY TOYHICTH Kiacugikauii aast BUOIPOK,
SK1 MICTSITh 00’ €KTH 3 aHOMAJIbHUMH XapaKTePUCTHUKAMHU.

Jocmimpkeno BIUIMB crnocoOy po30OHTTs BHOIPKM Ha HaBYAJIBHY i TECTOBY, a
TaKOX BILTUB pPO3MIipy HaBUAIBHOT BUOIPKHU HA SKICTh Kiach(piKallii.
3anponoHOBaHMN MMIJIXiJlT € TMPHJATHAM JUIsi OOpOOKH JaHWX B yMOBax
oOMexeHoi BUOIPKH, YACTKOBOTO YH IIOBHOTO IEPEKPUTTS KIACiB 00’ €KTIB,
HAsBHOCTI 00’ €KTiB 3 HETUIIOBUMH 3HAYCHHAMHU XapaKTEPUCTHUK.
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The paper considers the problem of classifying objects by attributes and
developed a method of fuzzy classification. To solve the problem, it is proposed
to use a fuzzy model of knowledge representation, built using a training
sample and a fuzzy logical inference system. The automatic formation of a
system of fuzzy logical rules occurs in the learning process. In the process of
training, the parameters of the model are adjusted — the fuzzy boundaries of
the terms. To eliminate the problem of processing objects, the characteristics
of which differ significantly from the majority of objects in the sample and
approach the threshold, it is proposed to use quartile estimates to determine
the boundaries of terms.

A modification of the classical fuzzy classification algorithm consists of
organizing a two-stage classification procedure. To improve the quality of
classification, auxiliary fuzzy classes are constructed, with the use of which
objects are mapped into crisp classes of the training set. To estimate the
quality of the classification, metrics of accuracy and completeness are used.
The settings of the fuzzy classification algorithm and the solution of the
fuzzy classification problem are performed using the Fisher Iris dataset. The
comparison of classification results using the proposed two-stage approach
and the classical fuzzy classification algorithm is presented. To reduce the
influence of anomalous objects present in the training set on the classification
result, the midhinge is used to determine the boundaries of terms, which
makes the procedure for determining the boundaries of terms robust. It is
shown that the use of the midhinge for determining the boundaries of terms
obtains acceptable classification accuracy for samples containing objects with
anomalous characteristics.

The influence of the method of dividing the sample into training-testing and
the influence of the size of the training sample on the quality of classification
is investigated.

The proposed approach is suitable for data processing in conditions of a limited
set, in a partial or complete overlap of object classes, the presence of objects
with atypical values of characteristics.
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Beryn. OnHiero i3 3a/1a9 aHamizy JaHHUX € 3a/1ada
knacugikanii. Ii po3s’a30k 103BoMsAE PO3OHTH MHO-
KUHY O0O0’€KTiB Ha 3a3/majerigp CTBOPEHI TPyIH
(xmacr) Ha OCHOBI aHaII3y iX (HOPMAIBHOTO OITUCY,
IO JI03BOJISIE TIPUCKOPUTH MPOLEC IOJAIBIION
00poOkn manux. Ilpm kmacudikariii xKokeH 00’€KT
CIIOCTEPE)KEHHS BITHOCHTBCS 10 MEBHOI IpynH abo
HOMiHaJIbHOI KaTeropii Ha OCHOBI JIeSKO1 SIKiCHOT Bia-
CTHBOCTI 200 CYKYITHOCTI BIIACTHBOCTEH.

3amadam kiacudikalii mpucBsiueHo 6arato pooir.
Jlo 4ncna MOIIMPEeHNX METOIB PO3B’S3aHHS 3ajadi
kiacudikarii BiTHOCATHCS: HEHPOHHI MEPEexKi; JoTric-
THUYHA 1 IPOOIT-perpecis; Aepena pilieHb; METO Haii-
OMIKYOTO Cycizia; MalluHKU OTIOPHUX BEKTOPIB; AMC-
KpUMiHAHTHHAN aHaIi3.

Tpanuuiiini miaxoan, 3aCHOBaHI Ha amapari Mare-
MaTHYHOI CTaTUCTUKK a00 IMiTallifHOMY MOJIEINFO-
BaHHI, HE JIO3BOJISIOTH OymyBaTd aJeKBaTHI MOJEINi
B YMOBaxX OOMEXEHOCTI 4acOBUX, OOYMCIIOBATHLHIX
i MarepianpbHHX pecypciB. Tomy mpu po3B’si3aHHI
0ararboX MPAaKTHUYHUX 3aJ1a4, OB’ I3aHUX 3 Kiacugi-
KaIlliero 00’€KTiB, MIMPOKO 3aCTOCOBYIOTHCS MOJIENI 1
METOAN LITYYHOTO IHTEJIEKTY 3 BUKOPUCTAHHSAM TeX-
HOJIOTiH 1HTENIEKTYaIbHOTO aHAi3y JaHUX.

Tak, y po6ori [1] mist po3B’si3aHHS 3a/1a4i KJIacH-
(hikarrii 3acTOCOBY€ThCS amapar He4iTKo1 JIoriku. J{is
knacudikarii 00’ €KTiB 3 TUCKPETHUM BUXOJIOM 3aCTO-
COBY€TbCS HEUITKMH Jloriunuil BuBig timy Cyreno ta
PO3IMIUPIOIOTHCS (PYHKIIOHATBHI MOXKIIUBOCTI ITaKeTy
Fuzzy Logic Toolbox cucremn MATLAB. B3aemo-
3B’SI30K MK YOTHpPMa BXIJHHMH 1 OJHI€I0 BHXiTHOI
3MIHHO{ OIIMCYETHCS TPHOMA HEUITKHMU TPaBHIAMH,
K1 3 TouHIicTIO 85% 3natHi KiacudikyBatu BUOIpKY
«Ipucu dimepar.

VY poboTi [2] mociimKyeThCs 3aCTOCYBaHHS HEUiT-
KHX MoJlelield B 3ajadax kiacu(ikaiii Ha OCHOBI
NPE/ICTABICHHS JTAaHUX Y BUINISII HEUITKHX Tpaja-
uid. BBemeHo kilacu 00’€KTiB, €TAllOHHI 3pa3Kd B
KO)KHOMY KJIaci, a KOXKEH KJIaC XapaKTepU3yeThCs
po3noaineHoi 001acTIO 3HaYeHb HEYITKUX KPUTEPIiB.
[TouarkoBi nani s knacugikaiii € cynepeuInBUMH,
a 00’€KTH, €TAJIOHM 1 KJIAaCH NEepPETHHAIOTHCS, TOMY
moOyioBa po3B’s3Ky 3aJladi B KIIACUYHIN ITOCTaHOBIII
BUKJIMKa€e 3Ha4Hi TpyaHow. Krnacudikauis posrs-
JA€ThCsl SIK PI3HOBM[ 3a/adi NPUHHSATTS pilleHb, B
SIKIM 3@ JOIIOMOTOIO y3araJlbHeHHSI HEUiTKUX (aKTiB,
IO XapaKTepU3yIOTh BIACTHBOCTI, CTaH a00 3MiHY
CTaHIB 00’€KTIB, 3IMCHIOETHCSA BHOIp HAMKpPaIoro
KJ1acy Jist KOKHOTo 00’ ekty. [IpoBeneHo nopiBHSHHS
PI3HUX Mip y3TOAKEHOCTI 00’ €KTIB 3 KJIacaMu, 10CTi-
JDKEHO 1X BIUIMB Ha Pe3yJbTaTh Kiacudikarii.

Y po60Ti [3] pO3BHBAETHCS METO/I TIPCHKOT KJIacTe-
pusauii SArepa-®inboBa Ha BUIIAJ0K HEUITKUX Mpel-
CTaBJICHb POCTOPY CTAHIB 1 O3HAK, IKUH 3aCHOBAHUM
Ha OOYMCIICHHI LITBHOCTI PO3MOALTY 1HTErpaIbHUX
XapaKTEepPUCTHK 00’ €KTiB B HEUITKOMY MPOCTOpI cTa-
HiB. [3 BUKOpUCTaHHIM HEUITKOI BiJICTaHI XeMMiHTa

Bulletin of Zaporizhzhia National University. Physical and Mathematical Sciences. Ne 1 (2021)

35

BU3HAYCHO TNPHHAICKHICTE 00 €KTY NPH TNEPETHHI
o0nacTell HeiTKOTO PO3IOITY O3HAK.

VY po6orTi [4] po3msiaaeThCcs akTyadbHa Ha JTaHUH
MOMEHT IpoOJsieMa reHepanii Habopy HEUiTKUX Mpa-
BWJI JJIS CUCTEMH HEYITKOrO BHMBOAY MampaaHi Ha
OCHOBI1 YHCIIOBHX JIaHUX, OTPUMaHHUX y MpoIleci HaB-
YaHHS CHCTEMH KepyBaHHs. 3anpornoHOBaHUH MiAXixg
0a3yeThCcsl Ha ANTOPUTMAax YiTKOI 1 HEWITKOI KiacTe-
pu3auii — aaroputMi ripcbkoi Kiactepusamii i airo-
putmMi ['ycradcona-Keccens.

Y no6ynoBi cucteM kinacudikanii Ha OCHOBI HEUiT-
KOi JIOTIKM Ba)KJIMBUM € TIpaBWJIbHa MOOYIOBa CHUC-
TEMH MPaBHJI Ta HaJAIUTYBaHHS MMapaMeTpiB MOJEII.
3a3Buyail 1151 BUKOHAHHS TaKUX POOIT 3aIydaroTh
rpynu excreptiB. OfHaK BUKOPUCTAHHS pe3ylbTa-
TiB CIIOCTEpEKEHb Ta aBTOMAaTW4Ha MOOYyHZOBa CHC-
TEMH JIOTIYHOTO BHBEICHHS HA iX OCHOBi JJO3BOJIUTH
MiHIMI3yBaTH JIOACHKUH (PaKTOp, CKOPOTUTH Yac Ta
BUTPATH Ha HAJIAIITYBAHHS MOJAETI.

VY naHiii poOOTi pO3BUBAETHCS MMiIXi]T OO0 aBTO-
Maru3anii moOynoBu cucTeMH Kiacudikaiii 3 BUKO-
pPHUCTaHHSIM HaBYaJbHOI BHOIPKM Ta MOJAETI HEYITKOI
noriky. MeTox mpornoHye aBToMaTuuHe GopMyBaHHS
CHCTEMH ITPaBUJI Ha OCHOBI aHai3y 00’ €KTiB HaBYAIIb-
HOi BHOIpKHM, HaJalITyBaHHS MapamMeTpiB MOIeNi B
npolieci HaBYaHHs, BpaxyBaHHs HAassBHOCTI aHOMaJIb-
HUX 00’€KTIB Y HABUAIBHOT BUOIPIL.

J1nst mokpatieHHs SIKOCTi Kiacugikaiii BHKOPUCTO-
BYIOTBCS IOTIOM1KHI HEUiTKI KJIacH IPUHAJICKHOCTI, 32
JIOTIOMOTOI0 SIKMX 3/[ICHIOETBCS MOJAJIbINE Bi00Opa-
JKEHHsI 00’ €KTIB B YiTKi KJIACH 3 HABYaJIbHOI BUOIPKH.

ITocTanoBka 3amaui. Po3rmisggaerbcs MHOKHHA
00’€exTIB Jiesikoi peaMeTHOT 001acti. O0’€KTH MHO-
KUHA X XapaKTepU3yIOThCS JEesIKUMU O3Hakamu K.
IcHye ckiHueHHa MHOXKHMHA KIaciB Z, cepei SKhX
HEOOXiTHO PO3MOIIUTH 00’ €KTH.

st moOynoBu cucteMu kinacugikariii BAKOPHCTO-
BYIOTBCSI PE3yJbTaTH CHOCTEpEeKeHb 3a 00’€KTamH,
O3HAaKH BHMIPIOIOTBCSl Ta IONAIOTHCS YHCIOBUMHU
3HAYEHHIMU, 11 KOKHOTO 3 00’ €KTIB BU3ZHAYEHO BlJI-
MOBIIHUH KJIAC, JI0 SIKOTO BiH HAJISKUTh. Takuii HaOip
JaHux (opMye HaBuarOuy BUOIPKY BUAY:

X" ={(x;z)}, i=IN, j=1]

e (Xi,Zj) — mapa 00’ekT-K1ac; X; € X" — 00’€KT;
Z; — KJIac, 10 AKOTO HAIEKUTh 00’€KT X, z,€Z.
KoskeH 00°€KT X; XapaKTepU3yeThCsl BEKTOPOM O3HAK
K =(k,,k,,....k) ,k eR.

Hagpuarouya BuGipKa il CKIHYEHOTO YHcia 00’ €K-
TiB omnucye BimoOpaxkenHs F*:X — Z, 3a momomo-
TOI0 SIKOTO MOKHA BU3HAYUTU TPHHAIEKHICTDH TIEB-
HOT0 00’€KTYy 10 IEBHOTO KJacy 00’ €KTiB.

HeoOxigno mobynysaru BizoOpaxenus F:X — Z,
3a JIOTIOMOTOI0 SIKOTO MOMKIIMBO KJacu(ikyBaTH
JIOBIIBHHI 00’ €KT 3 MHOXKUHH X.

VY KkiacuuHIA MOCTAHOBIN 3ajada KiacuQikarii
nependavae, Mo B pe3yibTari po30uTTs Oy1yTh OTpH-
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MaHi JeTepMiHOBaHi KJIach 00’ €KTiB, 1 KOXKEH 00’ €KT
HaJISKUTh TUTBKM OHOMY Kiacy. OfHaK Ha MPaKTHIl
TaKU{ MMOXI]] y ISSKUX BUIAJKaX IPH3BOIUTH JI0 aHa-
JITAYHOI HEBU3HAYEHOCTi, TOMY B POOOTI pO3BHUBa-
€THCS TIXiJl, 3aCHOBAHUI Ha MPEICTaBICHHI 00’ €K-
TiB 1 KJ1aciB 00’ €KTIB y BUIIIA/II HEHITKHUX JaHUX, TKAN
repeadayae po3poOKy CHCTEMH HEUiTKOTO JIOT19HOTO
BHBOMY JUIsl PO3B’si3aHHs 3anmadi kiacudikamii Ta
HaJIAIITYyBaHHS IMapaMeTpiB MOJIelli B MPOIEeCi BUKO-
HaHHS MPOLEAYPH KiIacudikarrii.

Maremartuyna wmogeab 3agavi. g onucy
00’eKTiB TIpeaMeTHO1 o0macTi OyaeMoO BHKOPHUCTO-
BYBaTH HEYITKYy MOJENb NPEICTABICHHS 3HAHb, a
JUTST BUKOHAHHS TIPOIelypH Kilacudikallii — cuctemy
HEYiTKOTO JIOT1YHOTO BUBO/TY.

bynemo BBakatH, IO KO)KHa O3HaKa 00’eKTa
OIMHCY€ETHCS JHTBICTUYHOIO 3MiHHOIO. [l KokHOT
O3HaKH (OPMYETHCS TEPM-MHOKHHA, €JIEMEHTaMHU
SIKOT € HeUITKi 3MiHHI, 33/1af0ThCSI TPAHUIIl TEPMIB.

Jus BimoOpakeHHS YITKMX BXiJHUX 3Hau€Hb
O3HaK k, — B HEUYITKI MHOXXMHH BBOJATHCS (PyHKIIT
NpHHANICKHOCTI M, BUIY:

0, k <a,
k-a, a, <k <b,
blr —a,
M, (k;,a,,b,,c,,d,) = 1, b, <k <c, (1)
=k , ¢, <k <d,
d,—c,
0, d, <k,
ne M, — QyHKuil NpUHANEKHOCTI O3HAKU K,

tepmy t; a,,b,,c,,d, — YMCIOBI mapameTpH, sKi
BH3HAYAIOTh TPAHMUII TEPMiB Ta BIOPSIIKOBaHI BiTHO-
meHHsaM a, <b, <c,<d,.

Jlis migBUIeHHST SKOCTI Kiacudikaiii HediTka
MOJIeIIb TIPEJICTaBIeHHs 3HaHb MOTpedye HaamTy-
BaHHs. JIJis BU3HAUEHHS TPaHUIL TEPMIB OyJIeMO
BHUKOPHUCTOBYBATH JIaHi HaBYAIbHOI BUOIpKH. AHAaIi3
BEIIUKUX OOCSTIB CHOCTEPEKEHb JIEMOHCTPYE, IO
B pe3ysbTarax MOXKYThb OyTH MPHCYTHIMH HETHIIOBI
CTIIOCTEPEKCHHS, 3HAUCHHs SIKUX HE MOXYTh OyTH
OTMCaHi 3araJbHIMH 3aKOHOMiIpHOCTAMHU. HasiBHICTB
TaKWX JaHUX MOXke OyTH TOB’S13aHO 3 TIOXHOKOIO Y
BUMIPIOBaHHSX, aHOMAalliIMH B PO3MOIUT JaHUX
abo ¢axTopamu, siKi He Oynu BpaxoBaHi MpH TOOY-
JIOB1 MoJieIi. 3HAYCHHS, 110 CYTTEBO BiIXMIISIOTHCS,
MOXYTh ICTOTHO MOTIPIIUTH HAJIAIITYBaHHS MpOLe-
OypH Kiacudikaiii, ocKibKu Kiacugikatop Oyne
HaMaraTucs TIOSICHUTH HETUTIOBI CIIOCTEPEIKCHHSI.

VY poOGori ajst 00UMCIIEHHSI TPaHHIb TEPMIB MPO-
MOHYETHCSI BUKOPHUCTOBYBAaTH KBApPTHJIbHI OLIIHKH,
a came MikkBapTwibHe cepenne (MH — Midhinge),
3HAUEHHSA SIKOTO OOYHCIIOETHCS 32 HAaBYAIBHOIO
BUOIpKOIO. 3aCTOCYBaHHsS TaKOTO TMiIXOAy pOOUTH
POy Py BU3HAYCHHS IPAHUIIb TEPMIB POOACTHOIO.

Bicauk 3amopi3pkoro HalioHaabHOTO yHiBepcuTeTy. Disnko-maremarmyni Hayku. Ne 1 (2021)

[l BU3HAYEHHS] MEXKBAPTUIBHOIO CEPeHBOIO
Ha01p TaHUX 3 HABYAJIHHOI BUOIPKHU BIIOPSIKOBYE€THCS
Ta JUINTBCS HA YOTUPH YACTHHH, MOTIM OOYHCITO-
€THCSI CepPeTHE 3HAYCHHS MK TIEPIINM 1 TPETIM KBap-
THISAMHU [5]:

M =25 ; 03 )

N
Z - SQl—l

Ol= Xminot T Ale T

Ny,
3N
T - SQ3—1
Q3= Xmino3 T Axgz n— )

03

e QI, Q3 — mexianu 7 HaWMEHINKX 1 4 HAHO1Ib-
UIMX 3HAYCHb BIAMOBIIHO; X015 Xpinps — HIKHI
TPaHUIl IHTEPBAJIB, MO MICTAThH MEPIIUI 1 TPETii
KBapTuib; Ax,, ,Ax,; — WUpUHA IHTEepPBAIIB; SQH ,
Sy;, — HAKONHMYEHA YaCTOTa iHTEPBANy, IO MEpe-
IIye TaHOMY — MOKe OyTH BH3HAUCHA, K CyMa BCiX
TNONEPENHIX YaCTOT 10 MOTOYHOL; 7y, M,y — 4Yac-
TOTa TIOMAJAaHHS 3HAYCHL HABYAIHHOI BHOIPKH B
IHTEpBaJIH, 110 MICTAThH MEPIIAN 1 TPETii KBapTHIIL
BIJIIOBITHO.

I'parwmi TepMiB BHU3HAYAIOTHCS BITHOCHO eJle-
MEHTIB HaBYAJILHOI BHOIpKH y Takwil crmocio (pis-

HsHHS 3), e MH — mixkkBapTuibhe cepenne; ¢ =1,7
T>2, T — KiNbKICTh €JIEMEHTIB TEPM-MHOXHHHU
JHTBICTHYHOT 3MIHHO.

VY poboti npomnoHyeThcsi Moaudikamis Kiacuy-
HOTO aJTOPUTMY HEUiTKOi Kiacudikamii, sika moss-
rae B oprasizamii JBOXETamHOI NpOLeIypu KiIacu-
¢ikamii. I3 3actocyBaHHSM BBejeHOI Momudikarii
CIOYAaTKy BUKOHYETHCS MPOMiXKHA Kiacuikamis
00’€KTIB BcepennHI CHUCTEMH, B PE3yJbTaTi 4Yoro
OyIyroThCsl Kiacu HEWiTKuX 00’ekTiB [6]. Ha npy-
rOMy eTarri, BUXOJs19M 3 HEUITKUX KiaciB Y, BifOy-
Ba€ThCs KiacH(ikaiisi CTOCOBHO YiTKUX KiaciB Z
3a JIOIOMOTOI0 HaBYaJIbHOI BHOIPKM Ta BBEIEHUX
MeTpuk. Takuid miaxia 103BOJIsIE€ YHUKHYTH ITOMMUJI-
KOBHX pe3yJbTaTiB KiacuQikalii y BHMNAIKy, KOJIH
KJIACH PO3TallOBaHI MOONHM3y OAWH BiJl OIHOTO, a
MOXJIMBO, 1 IEPETUHAIOTHCSI.

Jns  opranizanii mepmoro eramy kiacugika-
1ii BBOASTHCS MPOMDKHI HEWIiTKI Kjacu Y HEYITKHX
00’ektiB. [lin HEYITKMMHU KiIacaMH pPO3YMiIOThCS
KJIACH 3 BIACTUBOCTSIMH, SKi € 3araJlbHUMH JUIsI HEUiT-
KX 00’€KTIB, IO HaNEXaTh Pi3HUM KiacaM. ToOTo
00’ekT X; € X MOXeE 01pa3y HaJexaTH A0 JEKilb-
KOX KJIaciB 3 MEBHOIO Mipoto icTuHHOCTI. BinoOpa-
aKeHHs 00’ekTa X, € X B Kj1ac Y MOXKHA IPEeICTaBUTH
(YHKIIOHAJIBHOIO 3aJISKHICTIO Bil BEKTOPY O3HAK
(ki ky,.. k)

Y =f(k.k,,...k), 4)
Je f— niiicHa QyHKLIs 9iTKUX 3Ha4eHs (k,,k,,.... k).
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min| 4. ), max (k. ||, t=1,T=2
5 i) i

i=1 i=1

min(k. ), max|k. ||, t=T,T=2
. i) i

i=1 i=1

(ki)_‘.nin(ki)

1=

min

(k.),min(k.)+2- i=1
i=1 l . 1

1=

=1

(t-1)-2-MH

i)

T+1

—min
i=1

min

(%)
»max
i=1 j

i=1

(ki)+

JA=1,T>2
T+1
, 3)
(T-1)-2-|MH

il

T+1

—max
i=1

(%)

A<t<T,T>2

2'MH(kz')_maX(ki)

k.)—2~ i= i=
T+1

max
( 1

i:

,max(kl.) 4=T,T>2
i:

PiBusnusa 3

Y poboti 3amexHicTs (4) 300paXyeThCs CHCTE-
MOIO HEWITKHX JIOTIUYHHX TpaBwl. [ 3abe3medeHHs
TTOBHOTH CHCTEMH TIPaBWII IOTPiOHA HASBHICTH X04a O
OTHOTO TIpaBMJIA JJTsT KOYKHOTO TePMY BUXITHOT 3MIHHOI,
a ipu (hopMyBaHHI X YMOBHHX YACTHH CKJIAIAIOTHCS
BCI MOYKITUBI KOMOiHAITii TEpMiB BXiTHUX 3MIHHUX.

Cucrema npaBui OyIy€eThCS y BUTIISIII:

11, Axwo ked, Akyed, Nkedy A.nkied, TO Y =Y,

11, :Axwo keA, Nkyedy, Nedy A..~ked, TO Y=Y ,
11, : Axwo kieA, ANkyeAy, nlyedy A Aked, TO Y=Y,
11, Axwo kied, Nkyed, Nkedy, Ao Aked, TO Y =Y, ,

11, Ao kied, Akyed, Nkedy A.nked,, TO Y=Y,

5
11, Axwo ked, nked,, nkedy A...Aked, TO Y=Y, ., )
11, :HAxwo kieA, Akyed, Nkedy, .. Nked, TO Y=Y, ,
11, Axwo ked, Nked, Nkedy ~...Aked,, TO Y=Y, ,,

1p :Axwyo ked, Nked,, Nkedy, A ANked, TO Y=Y,

ne p=1,P— Homep mpaBuia B 6a3i npaBwi;, P —
3arajibHa KiIbKiCTh NPaBUII; A, — HEYITKMHI TepMm, 110
XapakTepu3ye O3HaKy k, mid mpasuwia p; t=L1T,
T — KinbKICTh TEpPMIB AJIs O3HAKU K, ; Y — MiTKa Ipo-
MIDXKHOIO KJIacy, 10 SIKOTO HaJIEKHUTh 00 €KT X, € X ;
m=1,M , M — KUIbKICTb KJaciB Y.

3aranbHa KUTBKICTH JIOTIYHHX TIPaBHJI BH3HAYa-
€THCS KIJIBKICTIO BCIX MOYKJIMBAX KOMOIHAIlIH JIIHTBI-
CTUYHMX 3HAYeHb A, 1 BiANOBI1IAE yMOBI:
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P sﬁT,
=1

ne L—po3mipHicTs Bektopa o3Hak K : (k,, k, ...,k );
T, — KinbKiCTh TEpMIB JUIs O3HAKH K, .

Meton po3p’sizanns. Kiacudikariis 3milicHIO-
€TBbCSl HA OCHOBI QJITOPUTMY HEYITKOTO JIOTTYHOTO
BuBOAYy. Ha BinmMmiHy Bij kimacuuHoro miaxomy, ¢op-
MYBaHHS CHCTEMH MPABUJ BUKOHYETHCSI aBTOMATUYHO
Ha eTari HaBYaHHS. 3 BUKOPUCTAHHSIM HaBYAIbHOI
BUOIPKH 00’€KTH SIKOT MalOTh OIHAKOBY BHUMIpHICTb B
MPOCTOPi 03HAK, POPMYITIOETHCS cucTeMa IpaBui (5).

Jns BukoHaHHs imeHTH(iKamii 00’€xTa 3acTo-
COBaHO aJTOPUTM HEUITKOTO JIOriuHOro BUBOAY [7],
Moan(}ikoBaHUI BBEACHHSIM J10JaTKOBOTO MEXaHI3My
TIOPiBHSAHHS YiTKOTO BUXiJHOTO 3HaueHHs ¥ Ta CTy-
TIEHIO MPUHANEKHOCTI M, OTPUMAHOTO [T 00’ €KTa
X =(k,,k,,....,k,), 1 BUXITHUX 3HAuCHb Yi* Ta Ml.*
mist 06’extiB X" = {(X;,z;)} , HasABHKUX B Oasi 3HaHb.

Juist BUKOHaHHS polieaypH Qazudikariii BXiTHHX
3MIHHMX k, B HEUITKI MHOXHHHU A4, Oyaemo BHKO-
pUCTOBYBaTH orepaiiito [8]:

i

A, = [ (M, (k) lh,)dlk (©6)
e k,,E—rpaHI/Iui TEPMIB.
CrTymniHb TPUHATICKHOCTI  BXITHOTO  00’€KTa

* .
X =(k,k,,....,k,) HediTkMM kimacam Y 3 0Gasu
3HaHb (5) OMHUCYETHCSA CUCTEMOIO HEUiTKHUX JIOTTIHIX
PiBHSHB!
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M; (X)= VA [ (k)] 1 (7)

JIe OTIepaTopu vV Ta A Bi}lHOBiI[aIOTL BHUKOHAHHIO
joriyaux omepamiii «ABO» Ta «I» BianoOBiAHO.
Y po06oTi BUKOpUCTaHI IX pearnizalii y BUIIIsiIL 3HaXO0-
JUKEHHS max Ta min.

Heuitka MHOXMHA Y TPOMDKHHUX KJIACiB, IO Bij-
TOBiJIa€ BXiTHOMY 00’€KkTy X BH3HAYA€THCS Y BUTIISIIL:

7= agg([ imp(M,, (X),M, (Y)/Y)dY) (8)
m=1,M
Je imp — omepauis iMIUTIKaIii, agg — omneparis
arperyBaHHs, sIKi peali3oBaHi OIepalielo 3Haxo-
JDKEHHS min Ta max BIAIIOBiAHO.
Yirke 3Hau4eHHs BuXOdy Y  BH3HAYAETHCH B
pesynbrati aedasudikamii HewiTKoi MHOKHHH Y 3a
METOJIOM LIEHTPY TSDKIHHS:

v = [ Y-M,)dy jyy M,()dY (9

. . * .
CrymiHp npuHaje:xxkHOCTI M BXifHOTO 00’€KTa
* .
= (ky,k;,....k;) BU3HAUAETHCS B pesynbTaTi Aeda-
3udikarii He4iTKOI MHOXUHH Y 32 METOJIOM IIEHTPY
TSOKIHHS:

M =IjC-M?(Y)dY/ijY(Y)dY (10)

ne C — KOHCTaHTa, 3HAYCHHsS SKOI OOMpaeThCs
EKCIIePUMEHTAJILHO B 3aJISKHOCTI B THITY (QyHKIIT
MIPUHAJICKHOCTI Ta €JIEeMEHTIB HaBYaJIbHOI BUOIPKH.

st opranizauii nmpouenypu HOpiBHAHHS BH3HA-
YUMO BimcTaHh Mik 06’exktom X Ta 06’€KTaMH
HapyanbHOi  BMOipkM X" ={(x;,z;)}. Bincraus
BH3HAUYAETHCS Ha OCHOBI 0OpaHOi METPHUKH B IPO-
CTOpP1 XapakTepucTUK. JIJisi OLIHKK MipH ONM3BKOCTI
CJICMEHTIB BUKOPHCTOBYEThCS EBKIIIIOBA BiJICTaHB:

d(Y MO, M) = (V= X) + (M =M (1)

d((Y",M).(Y . M) <e (12)

[Micns  BukoHaHHS mponenypu aedazudikarmii

obuncmoerscs d((Y ,M ),(Y,,M.)) Ta mepesips-
€Tbcs ymoBa (12). d

Jauti OyryeMo MHOXKHHY Y , 110 IKOT BIIHOCSATBCS
00’exTn HaBuanbHOI BuOipKkH X" ={(X;,z;)} cx0xi

3 06’€KTOM X7, saxmo d((Y,M"),(Y,,M))<¢e, 10

(x;,2;) € Y
Kﬂac JI0 SIKOTO HAJIEKWUTh BXIJTHUM 00’ €KT X
BH3HAYA€THCS Y TaKUH CIIOCi0:

max (card(Y)j
d J=1 d

ne card(Y) — MOTYXHICTh MHOKHHU Y .

7

BKa3aJHy MOCHIAOBHICTG Oili MOXKHA OIHKCATH
HACTYIHUM aJTOPUTMOM.

AnroputMm:

KpOK 0. Inimiamizamis. 3agaTn HaBUANBHY BUOIPKY

= {(xl Z; )} 3HaYEeHHS € — MOXMOKa CHCTeMU;
KUIBKICTh HC‘-IITKI/IX kiaciB Y.

(13)
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KpOK 1. 3a nomoMorow HaByaJIbHOL BH6ipKH

={(x;,2;)} , mobynyBaru q)yHKuu HpI/IHaJ'Ie)KHOCTl
(l) Ta pOSpB.XYBaTI/I IpaHMLi TEPMIB JIIHI'BICTUYHUX
3MiHHUX 4, 3a Gopmyroro (3).

Kpox 2. [1oGymyBaru cuctemy TpaBHUIT Y By (5).

KpOK 3. 3a JOMOMOTOI MEXaHi3My HEYITKOTO
norigaoro BuBeneHHs (6) — (10) po3paxyBaru crTy-
THIeH1 NPHHAJIEKHOCTI 00’ €KTIB HaBYaJIbHOI BUOIPKH
X" He4iTKMM MHOXKMHAM Y , BU3HAUUTH YiTKE 3Ha-
uenns Y ta M°, 36eperTH i 3HAYCHHSA PA3OM 3
HaBYaJIbHOIO BI/I6ipKOIO X" ={(x;.z;, ¥, Y, M)}

Kpok 4. [lns BximHOTO 00’€KTY X Ha Oasi
c(hopMOBaHUX TPOAYKLIHHUX TpaBUII 33 J0MOMO-
roio (6) — (8) po3paxyBaru CTyneHl MIPUHAJICKHOCTI
00’€KTa HEYiTKMM MHOXHMHAM Y . 3a dopmynamu
(9)-(10) orpumary giTke 3HaueHHs Y Ta M .

Kpok 5. 3 wmHOXuHH 00’extiB X' =
={(x;»z;5 Y,Y M)} obparu mamme Ti, nist sxux ¥, =Y,

Kpok 6. O6uncnnty BincTani Mixk 06’extom X
Ta 06paHI/IMI/I 06 €KTaMHM 3 HaBYaJIbHOI BI/I6lpKI/I

={(x;,z}, ¥, Y',M.)} 3a dopmynoro (11), mepesi-
pI/ITI/I BHUKOHAHHS yMOBH (12).

Sxmgo HepiBHicTS (12) € BipHOTO, TOOY/IyBaTH MHO-
KUHY Y Ta rmepeTu 10 KpoKy 8, iHaKIIe epeiTH 10
KpOKYy 7.

Kpoxk 7. O0’exT HEMOXHBO KiacuikyBatu.

Kpox 8. Jlns moOymoBaHOi MHOXHHH Y,
3HAlTH HOTy)KHlCTI) JUISL. KOXKHOTO 3 KIaciB z; 3

_{(XHZJ‘: Y M)}

Kpox 9. OTpI/IMaTI/I pesynbTar imeHTHudiKamii 3
ymoBu (13).

Po3pobnennii anroputm, Oyno peanizoBaHO Y
BUDJISAZI MPOIPaMHOTO 3a0€3MEeYeHHsI 3 BUKOPUCTAH-
HsM MoB C/C++ ta JavaScript, a TakoK TEKCTOBOTO
¢dopmary oOminy nmanumu JSON. s po3poOku
BuKopucToByBanucs 1iarpopmu  NetBeans IDE,
WhiteStarUML, GitHub, WebGL, Chrome, Mozilla
Firefox, Opera.

AHaniz pesyabrartiB kjaacudikauii. 3amporo-
HOBaHMU TiAXin 1o kiacubikamnii 00’exTiB 3a A0MO-
MOTOI0 HEYITKOI JIOTIKM Ta EJIEMEHTIB HaBUYAJIBHOI
BUOIpKH OyB MPOTECTOBAHWM JUIsl JAHUX 3 BiIOMOT
3anaui knacugikamii Iris Data Set — Ipucu ®imepa
[9]. 3amaua kmacudikarnii nepemdadae BU3HAYCHHS
HAJIEKHOCTI ipUCYy A0 OJHOTO 3 3 THITIB POCIUH:
Setosa, Versicolor, Virginica.

Hapuanbna Bubipka X" ={(x;,z;)} cKnanaerbcs
31 150 00’€KTiB X;, KOXKEH 3 AKUX HAJIEKHTh OJJHOMY
3 TphOX KiaciB z;. Koken knmac mictuth mo 50 ene-
MEHTIB BHOIpKH. B poini o3HaK 00’e€kTa BUKOPUCTO-
BYIOTbCS: JIOBXHMHA damoiauctka — sepallLength,
mMpuHa vamonuctka — sepal Width, nosxuna nento-
ctkH — petalLength, mmpuHa nemtoctku — petal Width.
BuxinHa 3minHa Y XapakTepu3ye HPOMiKHI KIIACH
00’exTiB: kinac I, knac 11, kiac 11, KiTbKICTh TPOMIXK-
HMX HEUITKHX KJ1aciB Y cIiBIazac 3 KUIbKICTIO BUX1/I-
HUX KJIaciB kiacudikaiii, ki 3a3Ha4€HO Y BUOIPII.
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Jis  MiHTBICTHYHUX 3MIHHHX, SKi OIMHUCYIOTh
KOXKHY 3 O3HaK, BBOAATHCA TepMmu low, mid, high.
Jlst KoKHOT BX1AHOT Ta BHXIJHOT 3MIHHOT BBOJASTHCS
¢yskmii npuHanexxHocTi BUAy (1), 0OYHCIIOIOTHCS
rpaHuIli TepmiB 3a popmynami (3).

Hani gopmyerbest cuctema mpaBui (5), mepe-
JIYMOBH SIKMX CKJaJeHI 3 yCiX MOXJIMBUX KOMOi-
HaIliif 3HaYeHb HEUITKUX BXITHUX 3MIHHUX (BCHOTO
81 mpasuio).

Jus  ampoOamii  3amporioHOBaHOTO — MIAXOAY
no kmacudikamii  00’eKTiB HapyalbHA BHOIpKa
X" ={(x;,z;)} Oyna moxmineHa Ha [Bi YaCTHHU:
HaBuanbHy O — 120 ipuciB u TectoBy V' — 30 ipucis.

Po3misiHeMo eTanmy BUKOHAHHS MPOLEAYPH Kila-
cudikamii o0’exry X =(6.3, 2.7, 4.9, 1.8), X eV .
Ha mepmromy erami ximacudikariii 3 BUKOPHCTaHHSIM
c(hOpMOBaHNX NPOAYKUIHHUX MpaBUJ Ta MUIIXOM
BHKOHaHHA mpoueayp (6) — (8) Oymo po3paxoBaHO
CTyIEHI TPHHAIEKHOCTI 00’€KTa HEYITKHM MHO-
xuHaM Y . 3a ¢popmymamu (9) — (10) orpumano
nedasudikoani sHauenns Y = 60.35, M~ = 0.46.
Bu3HaueHo, 1110 3a 3HaueHHsM ¥ = 60.35, 06’ ekt X
HaJEeXKUTh 10 npoMmikHux kiaciB I ta III. I[anid 3a

noriomororo (11), (12) mobynoBano MHOXHHY Y i
BU3HAUECHO KJIac, JI0 IKOTO HAJISKUTH 00’ €KT, 3a JI0TIO-
mororo (13):
d d d
max(cam’(Y), card (Y), card (Y)j =

setosa versicolor virginica

d
= max(0,3,7) =7=>card (Y)
virginica

3a pesyapTaTaMu BUKOHAHHX PO3PaxXyHKIB OTPH-
MaHO, 10 00’ €KT HAJICKUTH Kacy Virginica, o BiJl-
TIOBiZIa€ HaBUaJILHOI BHOipIIi [9].

ITopiBHsAHHS pe3ynbTaTiB Kiacudikarlii 3 BHKO-
pUCTaHHSM 3alpOINOHOBAHOTO B POOOTI IBOXETAIll-
HOTO ITIXOAY 1 KJIACHYHOTO aJTOPUTMY HEUITKOI KJT1a-
cudikarii [1] HaBeneno Ha puc. 1.

VY KJIacHYHOMY alNrOpUTMI BUKOPHUCTOBYBAJIACH
MOJIETTh HEYITKOTO JIOTiYHOTO BUBOMY THITy CyTreHO
3 YOTHpMa BXITHUMH 1 OTHIEI BHUXITHOI 3MIHHOIO,
(dhyHKIIIT TTpUHAIEKHOCTI TMOOYIOBaHO 3a CEepPeaHIM
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3HaueHHsAMU. [Ipu BHUKOpHMCTaHHI KJIACHYHOIO Iil-
xomy 00’ext X Oyro BigHeceHo /1o kiracy Versicolor,
pesynbrar ¢asudikamii BUXiTHOI 3MiHHOI, OTpHUMa-
HUHM METOAOM LIEHTPY TSKiHHS, HaBeIeHO Ha puc. | a.

Pesynbrar knacudikariii 3a J0MOMOTO0 3aIIpOIIo-
HOBAHOTO TiXOMy HaBeleHO Ha puc. 1. b). MoxHa
OauuTH, 10 HaBKOJIO 00’ekTy X (Ha puc. 10 mo3Ha-
YeHUH TPUKYTHUKOM) € 3 00’eKxTH Kitacy Versicolor
(ma puc. 16 mo3HaueHi KBajparamMn) Ta 7 00’ €KTiB
kiacy Virginica (Ha puc. 10 mo3HadeHi Kpyramm),
mo 3a (13) cBiqUUTH PO HANEKHICTH 00 €KTy X
no mpomikHoro kiacy III 3 Oimbmioro iMoBipHI-
cTio, Hik 1o kimacy II. IlpoBenenuit anamiz m03BO-
Jisie BU3HAYUTHU HAJIEXKHICTh 00’€ekTy X [0 Kiacy
Virginica, o cmiBnagae 3 pe3yabTarom Kiacugika-
1ii 3a BuOipKoro [9].

VY tabmumi | mogaHo AesdKi pe3ysbTaTi Kiacudika-
1ii eJIeMEeHTIB TeCTOBOI BUOiIpKH V.

Jns  ouiHkd SKOCTI Kiacudikaiii BBOAATHCS
METPHKH:

accuracy — 4YacTHHA INPAaBUIbHUX BiANOBiAEH
MOJEI:

TP+TN
accuracy = ;
TP+TN +FP+FN
precision — TOUHICTb:
.. TP
precision = ——;
TP+ FP
recall — moBHoOTA:
recall = TP ;
TP+FN

fl-score — f-mipa:

2 x (precision x recall)

fl-score = —
precision + recall

ne TP- True Positive; FP — False Positive; FN —
False Negative; TN — True Negative.

I3 BUKOpUCTAHHSIM BBEICHUX METPHK JUISI PE3YJib-
Taty Kiacudikailii, HaBeAeHoro B Tadmuil 1, oTpu-
MaHi HacTymHi 3Ha4eHHs: accuracy=0,87; precision=
0,87; recall = 0,83; fl-score=0,84.

Puc. 1: a) Kinacuunuii anroput™m HeuiTkoi ki1acugikauii; b) Po3podaenuii meron kiaacugikanii
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Ha puc. 2 HaBezeHo po3moin 00’ €KTiB HaBYAIb-
HOI BUOIpKM B JBOBHMIPDHOMY TIPOCTOpi Ha TpH
MIPOMIXKHI KJTaCH, MOXKHA 3a3HAYUTH, IO MPOMIXKHI
Kki1acu 00’€KTiB HaBYaIbHOI BHOiIpKH 00Ope po3pis-
HSIOTHCAL.

Po3misiHeMO BIUIMB  3aIpOIIOHOBAHOTO CIHOCOOY
pOoOacTHOrO BU3HAYCHHS I'PAHUIb TEPMIB y BHIIAJIKY
TIOSIBU B HaBYaNbHil Bubipui X" = {(x;,z;)} 00’exriB
3 aHOMaJIbHUMH 3HAYCHHSIMH, O3HAKH 00’ €KTIB, 10/1a-
HUX JI0 BUOIpKH, HaBeJeHI B Ta0MI. 2, aHOMaJIbHI 3Ha-
YEeHHsI BUJIUJICHI CIPHM KOJILOPOM.

VYV rtabmumi 3 mpencTaBiieHi pe3yNibTaTd BHU3HA-
YEHHsI TPAHMIIb TEPMiB, sIKi OOYHCIECHI 3 BUKOPHC-
tanHsM MH (3) i 3 3actocyBanass AM (Arithmetic
mean) — CepeHbOr0 apu(pMETUYHOTO 3HAYCHHS IS
BHOIPOK, SIKi HE MICTSITb i MiCTSATh aHOMAJIbHI 00’ €KTH.

MoskHa Bif3HAYWTH, [0 NpPU JJOJABaHHI B
HaBYaJIbHY BUOIPKY aHOMAaJIbHUX 00’ €KTIB, PI3HUIA
MDK TPAaHUISAMH TEPMiB OOYHCIIEHHX 3a JIOMTOMO-
roro MH i AM 3MmiHO€eTRCH B giama3oHi Bix 0.015
no 3.67. Haii0inbmri BiqIMiHHOCTI CIIOCTEPITaroThCS
MpU BH3HAYCHHI TPaHUIb TEPMiB JIHTBICTHYHOI

Puc. 2. 3aransHuii po3noain 06’ €KTiB

Tabmnrs 1
. Pesyabrar
Acpasupi- 1-ro eramy J ..
Bxinni mapamerpn mposant KJIacupikanii dY Pesynrar Aiiicue
3HaueHHs Y* A card(Y) kaacudikanii | 3HaueHHs
a M (mpoMiz:kHOT i
Kkiaacudikaii)
X =
S|l < | €| s s | 2| 8
2l 2|z 2|35 | g
= = (=} = = 9 B=
S| 2132 2|2
S| & = | € = e
gl 2| & & N e
31.25, Kiac 1
1 (4931|1502 0.45 Knac 11 8 0 0 Setosa Setosa
33.81, Krnac 1
10 |51 33| 17|05 0.46 Knac 1T 7 0 0 Setosa Setosa
48.97, Kiac 1 . .
14 |5827]39]| 12 038 Knac 11 0 5 0 Versicolor Versicolor
55.49, Kuac 1I . .
20 |56 3 |45 ] 15 04 Knac 111 0 5 0 Versicolor Versicolor
63.06, Knac II o o
21 | 77126 | 69 | 23 0.49 Kac 11T 0 0 5 Virginica Virginica
59.10, Kuac II o oo
26 {6325 5 1.9 047 Knac 111 0 0 3 Virginica Virginica
57.81, Kinac 11 Virginica .
27 | 6 | 27|51 ] 1.6 0.44 Knac 111 0 4 6 Versicolor
56.28, Knac 11 Virginica .
30 163254915 0.45 Koac 11T 0 6 3 Versicolor
Tabmur 2
sepalLength sepalWidth petalLength petalWidth Kaac
0.3 0.1 0.1 0.8 Setosa
0.9 0.3 510.1 0.8 Virginica
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3miHHOI petalLength (B Tabm. 3 Buaineno cipum
KOJIbOPOM).

[Tokaskemo BIUIMB pOOACTHOTO BH3HAYEHHS IPAHULIb
tepmiB MH Ha pesynsrar knacudikarii. Ha puc. 3, puc. 4
HaBEJICHO PO3IIO/ILT 00’ €KTIB MiXK IIPOMIKHIMH KJIaCaMH,
SIKUH OTPUMAHO JUTS TEPMIB, TPAHHLII SIKUX BH3HAYAIIHCS
3 Bukopuctanasm AM (puc. 3) i MH (puc. 4).
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VY BUManKy, KOIU TpaHULl TEepMiB OOUMCIIOBa-
JUCh 3 BUKOpHCTaHHS AM (puc. 3), oTpuMaHi Ki1acu
00’ekTiB Setosa (00’€KTM MO3HAYCHO TPUKYTHH-
koM), Versicolor (00’€KTH MMO3HAUYEHO KBajpaTamH),
Virginica (00’€KTH MMO3HAYEHO KOJIOM) TOTaHO PO3-
pisHstoTbes. Y Bumazaky 3actocyBaHHs MH s
0o0O4YHCIICHHS TpaHuIb TepMiB (puc. 4) Kiacu A00pe

Puc. 3. Po3nogis 00’€kTiB Misk MPOMIKHUMH KJIacaMH, 004HMCIeHUI 3 BUKOpPHUCTAHHAM AM

Puc. 4. Po3nogin 00’€kTiB Mizk MPOMIKHUMH KJIacaMH, 004ncIeHuil 3 BukopucTanusm MH

Tabmmus 3
I'panuui Trepmin I'panuui
Jlinreictuyni | Jlinrsicruyni | I'panuui tepmiB | T'panuui repmis (MH) nput repmis (AM) .
3MiHHI 3HAYCHHS (MH) (AM) AOAABARHI TP 0AABAHHI
aHOMAaJbHUX aHOMAJIbHUX
00’€eKTIiB 00’€eKTiB
sepalLength low [4.3,5.75] [4.3, 5.85] [0.3,5.75] [0.3,5.7]
mid [5.025, 6.025] [5.07, 6.88] [3.025, 6.825] [3.01, 6.80]
high [5.75,7.9] [5.85,7.9] [5.75,7.9] [5.7,7.9]
sepal Width low [2.0, 3.099] [2.0, 3.06] [0.1, 3.099] [0.1,2.98]
mid [2.55, 3.75] [2.53,3.73] [1.59, 3.75] [1.54, 3.69]
high [3.099, 4.4] [3.06, 4.4] [3.099, 4.4] [2.98, 4.4]
petalLength low [1.0,3.35] [1.0,3.76] [0.1, 3.30] [0.1, 6.97]
mid [2.175, 5.125] [2.38, 5.33] [1.7,256.7] [3.54, 258.54]
high [3.35,6.9] [3.76, 6.9] [3.30, 510.1] [6.97,510.1]
petalWidth low [0.1, 1,05] [0.1,1,2] [0.1, 1.05] [0.1,1.19]
mid [0.575, 1.775] [0.65, 1.85] [0.575, 1.775] [0.65, 1.85]
high [1,05,2.5] [1,2,2.5] [1.05,2.5] [1.19,2.5]
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Tabnug 4
MeToa BU3HAYEHHS .
. accuracy precision recall fl-score
TPaHUIb TEPMiB
3Buuaitna BuOipka MH 0,87 0,87 0,83 0,84
AM 0,86 0,85 0,82 0,83
Bubipka 3 aHOMaTsHUMHA MH 0,84 0,84 0,81 0,82
00’exramu AM 0,40 0,38 0,35 0,36
Tabmuis 5
Po3mip HaBuabHOI BUOIpKH -
accuracy precision recall fl-score
(HaBYaJIbHA/ TECTOBA)
130/20 0,87 0,87 0,83 0,84
120/30 0,87 0,87 0,83 0,84
100/50 0,83 0,83 0,80 0,81
75/75 0,77 0,77 0,75 0,75

PO3PI3HAIOTHCS, HE3HauHI NEepEeTHHAHHS MPHUCYTHI
U1t 00’ekTiB Versicolor (mo3HaueHO KBagpaTaMu),
Virginica (IT03Ha9€HO KOJIOM).

VY Tabmuii 4 HaBeACHI 3HAYEHHS METPHK SIKOCTI
pe3ynbTariB Kiacudikarlii 3 BUKOPUCTAHHIM Pi3HHX
croco0iB OOYMCIICHHS TPaHUIL TEPMIB. 3 aHATI3y
TaOJNUINI BHIHO, IO BHKOPUCTAHHSI MIKKBAPTHIIb-
HOTO CEpEeaHBOTO /IS BU3HAUEHHS TPAHMIb TEPMiB
JTO3BOJISIE OTPUMATH IPUUHATHY TOUHICTB KJIacu(ika-
1ii 1711 BUOIPOK, SIKi MICTATH 00’ €KTH 3 aHOMaJTbHUMHU
XapaKTepUCTHKaAMH.

Y po6oTi moCTiIKyBaIOCS TUTAHHS BIUIUBY CITO-
co0y po30HTTA BUOIPKM Ha HAaBYAIBHY 1 TECTOBY, a
TaKOXX pO3Mipy HaBYAILHOT BUOIPKH Ha SKICTH KITaCH-
(hikarii. Pe3yiasraTti mopiBHSIHHS HaBeICHI B Ta0MI. 5.

3 amamizy pe3yibTaTiB BUILIUBAE, IO PO3MIp
HaBYAJIbHOI BHOIPKHM BIUIMBAE€ Ha PE3yabTAaT KIIacH-
(hixartii, 31 SMEHIIIEHHAM 00CATY HaBUAJILHOI BUOIPKH
SKICTB KIacu(iKaIii MOTipIIyeThCsI.

BucHoBku. Y poOOTi Iy po3B’sS3aHHS 3a7adi
kmacudikamii  3ampoNMOHOBAHO BUKOPUCTOBYBATH
HEUITKYy MOJEIb TPEACTABICHHS 3HAHB, IMOOYIO-
BaHy Ha 0a3i HaBYAIBHOI BHOIPKH, Ta CHCTEMY
HEUITKOTO JIOTIYHOTO BUBOAY. [ eHepallisi cucteMu

HEUITKUX JIOTIYHUX TIpaBHJI BigOyBaeThCS aBTO-
MaTHYHO, HAJAIITYBaHHS MOJEJi 3IIHCHIOETHCS B
nporeci HaBYAHHS 3 BUKOPHCTAHHSM HaBUYAJIbHOI
BUOiIpKH. /{71 3MEHIIICHHS BIUTUBY HAsBHOCTI aHO-
MaJIbHUX 00’ €KTiB B HABYAIBHIN BHOIPIIi HA PE3yITh-
Tar kiacudikamii I8 BU3HAYCHHS TPAHUIL TEp-
MiB BHKOPHUCTOBYETHCS MIKKBAPTHIJIBHE CEpEIHE.
[ToOGymoBano aBOXeTamHy MpOIEAypH Kiacudika-
il 3 BUKOPHUCTAHHSAM TOMOMDKHHUX HEYITKUX KJa-
CiB 00’€KTiB, SIKi ITOTIM BiZoOpa)karoThCS B HIiTKI
BHXIJHI Kjacu. HaBegeHo MOpiBHSAHHA pe3yabTarTiB
Kiacuikamii 3 BUKOPUCTAHHSIM 3aIPOITIOHOBAHOTO
B po0OOTi ABOXETAITHOTO MTOXOY 1 KIITACHYHOTO aJIr0-
puUTMy HediTKoi kiacudikamii. BukoHano uwucio-
BH aHAJ3 BINIUBY MMapaMeTpiB MOJEJi Ta pPO3MipiB
BHOIpPKH Ha AKICTh Kiaacudikarii.

3arporoHOBaHUH TiAXiJ JO3BOJSE MiHIMIZyBaTH
y4acTh eKCTepTa I 4yac (POpMyBaHHS CUCTEMH IIpa-
BMJI Ta HAJTAIIITYBaHHS MOJIEII HEUiTKOI Kitacuikartii.

Hanani ruranyeTbest 3aCTOCYBaHHS 3alPONIOHOBA-
HOTO Tiaxomy 10 Kiacugikamii HaOOpiB JaHUX, IO
MICTSTh O0’€KTH 31 3HAaYHOIO KIJIBKICTIO O3HAK Ta
BaXKO KJIACH(]IKyIOTHCS 3 BHKOPHUCTAHHSM KIIACHY-
HUX OIIXOIIB.
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Knrwuosi crosa: uucmuil 3eum, YV po0oTi gocmimkeHa 3a1a4a po YUCTHH 3THH 30CEPEIKEHOI0 CMYTH (0aKn)
cmyea (banka), mpiwuna, 3 JIBOMa CIIBBICHUMH HACKPI3HMMHU TPILIMHAMHU PI3HOI JOBXKHHH, Oeperu
2Na0KUtl KOoHmaxkm oepezie AKUX BUTbHI BiJl 30BHIIIHBOTO HABAaHTAXKEHHS. TPIIIMHU MEpIeHANKYISPHI
MpiYuHU, KOMNIEKCHI J0 oci Oankd, MPUUOMY OJHA 3 TPILIMH YaCTKOBO 3HAXOIUTHCS B 30HI
nomenyiany, 3a0ayi NiHitIHO20 CTUCKaIIbHUX HaNpyXeHb, TaK 10 i1 Oeperu 4acTKoBO TNIAJKO KOHTAKTYIOTb,
cnpadfcenus, Koegiyienmu TOOTO B 00JIACTI KOHTAKTy OeperiB TPIIIMHUA Ma€ MiCIe PIBHICTh KOHTaKTHUX
iHmeHcusHoCmi HanpydiceH, HaNpy>XKeHb Ta BIAMOBIIHUX KOMIIOHEHT MEPEMIleHb, a IOTUYHI HAIPy>KeHHS
KpumuuHe Ha8aHmMadiceHHsl. piBHI Hymo. [Ipyra TpimuHa nepeOyBae B 30HI pO3TATYBaJIbHUX HAIIPY>KEHb.

BukopuctoByroun MeTou Teopii (PyHKIIIH KOMITJIEKCHOT 3MIHHOT Ta KOMIUIEKCHI
MOTEHIIaJIN ABOBUMIPHOI Teopii Mpy>KHOCTI, pO3B’SI30K 3a/adi 3BECHO 10
3aja4 JIiHIHHOTO CHpPSDKCHHS, OTPUMAHO SIBHUM BUIVIS JUIl KOMIUICKCHHX
MOTEHI[1aIiB Ta KOe(illieHTiB IHTEHCUBHOCTI HANPYKEHb. 3aMHCAHO PIBHSHHS
JUISL 3HAXO/DKCHHS TapaMeTpa, 3a JOMOMOTOI SKOTO BH3HAUAIOTh JIOBXKHHY
o0nacTi KOHTaKkTy OeperiB TpimHU. Ha OCHOBI €HEPreTMYHOro KPHUTEPiO
pyiHYBaHHS 3HAEHO KPUTHYHE 3HAUCHHS 3THHATBHOTO MOMEHTY, IIPH SIKOMY
cmyra (Oanka) 3pyiHyeTbes. IIpoBeieHO 4MCIOBUN aHami3 3agadi, 3 SIKOTO
BUILTUBAE, 1110 IPYU HAOIMKEHHI HEKOHTAKTYIOYO1 TPIIIUHH 10 KOHTAKTYIOUOi
0051aCTh KOHTAKTY OCTaHHBOI 3MEHIITYEThCS, A IPH 11 BiTAICHHI HAOIKA€THCS
JI0 007acTi KOHTAKTy JUIsl OAMHOKOI KOHTAKTYI04Oi TPILMHU, OJHA BEpIINHA
AKOi 3HAXOJUTHCS B 30HI CTUCKAJIBHUX HANpyXeHb OAJKH, a iHIIAa — B 30HI
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PO3TATYBATBHUX HANPYKCHb. 3ayBaXXMMO, 1[0 PyHHYBaHHs OaJIKH MOXE BiIOyBATHCS SIK 3 BEPIIMHN KOHTAKTYIOUO]
TPILIMHY, KA 3HAXOAUTHCS B 30HI PO3TATYBAIBHUX HAMPYXKCHBb OAKH, TaK 1 3 BEPIIMHNA HEKOHTAKTYIOYO1 TPIIIMHA
3aJI’KHO Bif il MOJOXKCHHS 1 po3MipiB. [Ipu IboMy NOBHICTIO KOHTaKTyIOUa TPIlIMHA HE BIIMBAE HA HAIMPYKCHO-

neOpMOBaHUH CTaH OaJKH.

PURE BENDING OF STRIP (BEAM) WITH TWO COAXIAL CRACKS
PERPENDICULAR TO ITS AXIS AND ONE OF THEM IS LOCATED

IN ZONE OF COMPRESSIVE STRESSES
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The problem of pure bending of concentrated strip (beam) with two coaxial
through cracks that have different length and their faces are free from external
load is solved in the article. Cracks are perpendicular to beam axis, moreover
one of them is partly located in zone of compressive stresses and its faces
partly smoothly contact, scilicet in contact zone of crack faces is equaling
of contact stress and relevant displacement component and tangent stress is
equal zero. The second crack is located in the zone of tensile stresses. Using
methods of function of a complex variable theory and complex potentials
of two-dimentional stresses theory, solution of the problem is reduced to
the linear conjunction problem. Explicit view for complex potentials and
stress intensity factors is received. Equation for finding parameter by which
determine length of contact zone of crack faces is written. Based on energy
fraction criteria the critical value of bending moment at which strip (beam)
will destroyed is found

Numerical analysis of the problem is done. From this analysis follows that: if
non-contact crack is approaches to the contact crack the contact zone of the
last is decreases; if non-contact crack is distances from the contact crack then
its approaches to contact zone for lonesome contact crack. One top of this
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lonesome contact crack is located in zone of compressive stresses of the beam and the second top is located in zone

of tensile stresses.

Notice, that destruction of the beam can occur both from the top of contact crack, which is located in zone of tensile
stress and from the top of non-contact crack depending on its position and size. At the same time, completely contact
crack does not effect on the tensely strained condition of the beam.

Beryn. banovni eneMeHTH KOHCTPYKIIH HITMPOKO
BHKOPUCTOBYIOTECS B IHXKEHEpHiN mpakTwil. BoHn
MOXYTh MICTUTH TPIIIWHU, SIKi € CUJIBHUM KOHIICH-
TPaTOpPOM HaIpPy>KeHb, 110 3HAYHO 3MEHIIYE Haaild-
HICTb 1 MIiITHICTh TAKOTO KOHCTPYKTHBHOTO €JIEMEHTA.

[lin miero 30BHINTHBOTO HABaHTAXEHHS Oeperu
TPILIMH MOXYTh KOHTAaKkTyBaTd. JlOCHiIKeHHIM
IUIOCKMX KOHTAaKTHUX 3a7ad Teopii TPILIMH B OJHO-
piIHUX Timax 3aiiMaliock 0arato JIOCIIiJTHUKIB,
BOHM PO3BHHYJIM METOAM PO3B’SA3yBaHHS TaKOIO
TUIy 3ajad, Lo BinoOpaxeHo y mpausx Maca-
koBcbkoro B.I., 3aryGixenka I[LA. [1], I'puins-
xoro H.JI., Kita I.C. [2], I'puninskoro /I.B., Jlymm-
muHa P.M. [3], Ilanacioka B.B., JlozoBoro b.A. [4;
5], CaBpyka MLIL. [6], ®unsmiTuHCHKOTO JI.A., XBO-
pocta B.®. [7], Guz A. N., Zozulya V.V. [8]. V nHay-
KOBIH JliTeparypi € BellMKa KiJbKiCTh KPUTEPIiB pyid-
HYBaHHS TiJ i3 TpimuHamu [10-12].

VY mpausx [4; 5] mochimkeHi 3agadi 3THHY CMYTH
(Gaytku) 3 TPINIMHOO MEPIISHIUKYISIPHOI 10 1i oci. Po3-
DISSHYTO BHUIMAJIOK TPILMHA CHMETPUYHO PO3MILIEHOT
BiIHOCHO i oci, Oeperu kol KOHTaKTYIOTh, TaK 1 BUIa-
JIOK TPILIMHMA PO3MILLIEHOI B 30HI PO3TATYIOUHM HAIpy-
*KeHb. BUKOpHCTOBYI0YM METOIH Teopiii (PyHKILIH KoMII-
JIEKCHO1 3MiHHOI Ta KOMITICKCHI TIOTEHITIaJIH, PO3B’SI30K
3aj1a4i 3BeJICHO JI0 33/1a4 JIIHIHHOTO CTIPSDKEHHS Ta CHH-
T'YJISIPHOTO iHTErPAIBHOTO PIBHSIHHS BiZIHOCHO HEBiNO-
MHX KOHTaKTHHX Halpy>KeHb, BU3HAYCHO KOMILJICKCHI
MOTEHLIiaM, JOBKHUHY OOIacTi KOHTaKTy, I'paHHYHE
HaBaHTAKEHHSI, KOJIM TPILIMHA OYHE MOIINPIOBATHCSL.

Y nmawiii poOOTi AocHi/pKeHa MOMiOHa 3ajaya,
PO YMCTHH 3TUH cMYTH (Oasku), KOIU B Hill HasBHI
IBi CITIIBBICHI TPIIIMHKU HEPIBHOI JOBXHHHU, SIKi Hep-
HGH,Z[I/IKyJ'ISIpHi 1o ii oci, npriomy Oepern omHiei 3
TPILMH TMPUXOJIATH Y IJIaJKUH KOHTaKT IO JAEsKIl
if wacTuHi, a iHIIA TpilMHA NepedyBae B 30HI PoO3-
TATYIOYMX HalpyXeHb. BHKOPHCTOBYIOUM METOIM
Teopii (YHKIH KOMIICKCHOT 3MIiHHOiI Ta KOMILICK-
CHI IOTEHIIIaIH, PO3B 30K 3a/1a4i 3BEJCHO JI0 3aJ]lad
JTHIKHOTO CHPSDKEHHSI, 3HAWACHO SBHI BHPA3H VIS
KOMIUICKCHHX TOTEHI1aJIiB, 3aMCaHO PIBHSHHS JUIs
3HAXO/PKCHHS JOXXMHU 00JacTi KOHTakTy Oeperis
TPILIMHM, BHM3HAUYEHO KOE(ILi€HTH iHTEHCHBHOCTI
HanpyXeHb, & Ha OCHOBI €HEPreTHYHOI0 KPHUTEPIiIO
py¥inyBaHH4 [11; 12] 3HalileHO KpUTHUYHE 3HAYEHHS
MOMEHTY, TIPH SIKOMY OaJika MoYHe pyHHyBaTHCA.

®opmyoBaHHa 3amadi. Jlocmigumo Harpyske-
HO-71e(hOPMOBAHUI CTaH 130TPOMHOI cMyTH (0aJKH), 3
NPSAMOJIIHIHHUMHU HACKPI3HUMH CIHIBBICHUMH TPilIU-
Hamu, 3aBIOBKKU 2/,(j=1,2) nepneHauKyIspHUMHA
no 11 oci. beperu TpilmmHM BUTBHI BiJ 30BHIIIHEOTO
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HaBaHTaKECHHS, a Oalika rnepeOyBae B yMOBaxX YHCTOIO
3rMHY 31 3rMHaIbHUM MoMeHToM M. Hexait 2h —
BUCOTa MOIEPEYHOro mnepepizy cMmyru, a 2b— iioro
mmpuHa. BBaxkaemo, 1o Oeperu onHiel 3 TPIMUH TIiJT
J€0 30BHIIIHBOIO HABAHTAKCHHS MPHHIIN B Tajl-
KA KOHTaKT IO JesKili 4acTWHI, a iHIIa TpiluHA
nepeOyBa€e B 30HI PO3TATYIOUH HalpykeHb. BBeaemo
JIEKapToOBy cucTeMy koopauHart Oxy, y CepeauHHIH
TUIOLLMHI CMYTH, HallpaBUBIIK Bick Oy MO oci 0ankw,
a Bich Ox B3JIOBXK IiHIii, /¢ PO3MIIIEHI TPIlHHH.
[Toznaunmo BEPIIMHH TpIlMHU 4epe3 A, ( =1 4)

SKHUM Bi/MIOBIJAIOTh KOOpZMHATH (a, ,0 (,I[I/IB puc. 1),
TPH [EOMY KOOPTMHATH KIHIIS 06J'IaCT1 KOHTAKTY 6epe—
riB TpilmHKA OyayTh (X,O). Binpizok ailicHoi oci, ae
Oeperu TPILMHN KOHTAKTYIOTh HO3HAYMMO uepe3 L, a
Jie 6epery TpilMH HE KOHTAKTyIOTh — uepe3 L. AGc-
LMCH LICHTPIB TPILIMH MO3HAYMMO 9€PE3 X; (j= 1,2).

A
Liﬂ t
Ly L |21
M 2h x/w (A Ay |<4 M -
A 4 —
<13
x| |4 / y
v 12[2 —
v Lf A[ A}b
et
v,

Puc. 1. CxeMa HaBaHTAKeHHS 0aJIKH
Ta po3MillleHHs TPillluH

3rigHo QopmynioBaHHS 3aJadi MAaeEMO Taki Kpa-
HOB1 yMOBH

. £ Lo -
ny—O, ny—O, xel; G,=0,,
vi—v =0, o, =0, xel, (1

ne o, i G, — KOMIIOHEHTH TCH30PA HAIPYKCHb;
3HAYKaAMH + 1 — II03HAYEHO T'paHUYHC 3HAYCHHS B1/-
MOBiTHOT BeJIMUMHU TIpH y — £0, v— KOMIIOHEHTa
BEKTOpa MEepEeMIllICHHS! TOYKH OaJIKu Ha Bick Oy.

IloOynoBa po3B’si3ky 3agaui. Beenemo xomrex-
cui norenuiamn @ (z) i Q(z) [9] Ta ckopucraemocs
3aJIeKHOCTSIMH

6, —ic, =0(z)+Q(2)+(z-2)D'(z), ()
2u8x(u+iv)=KCD(Z)—Q(E)—(Z—E)Q)’(Z), 3)

JIe \W— MOIYJIb 3CYBYy; K — cTaja MycCXeimBiii;
=0f/Ox; u— KOMIIOHEHTa BEKTOpa IepeMi-
IeHHs TOYKH 6anku Ha oci Ox, z=x+iy, i’ =—1.
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3rigHo [6] dyHKIIT d)(z) i Q(z) 3a BEIUKUX |Z|
MOJKHA TIO/IaTH Y BUTIISTI

(I)(Z):CZ/4+O(%} Q(z):3Cz/4+O(%j, @

ne C=M/I, [— MOMEHT iHepLil MOIEePEYEeHOro
repepilzy OajaKy BiTHOCHO MOTO HEHTpaJbHOI JiHii,
[ =4bi*[3.
I3 kpaitoBoi ymoBHU
(c,-ic,) (o, —ic, ) =0, xeL+L,.
3 ypaxyBaHH:IM (2) OTpUMAaEMO
(@(x)-Q(x)) —(D(x)-Q(x)) =0, xeL+L. (5)

BpaxyBaBmm (4) Ta po3B’s3aBIIN 3ajady JiHIN-
HOTO CHPsDKEHHS (5), 0IepKUMO
C

CD(Z)—Q(Z)=—EZ. (6)
I3 kpaitoBoi yMOBU
o, +o, =0, xelL+L,
BpaxyBaBiu (2) i (6), onepxumMo
(D) +D(x)) +(P(x)+D(x)) =0, xeL+L. (7)
SIKmo po3B’sizaTH 3a4ady JIHIKHOTO CIIPSKEHHS
(7) Ta BpaxyBatu (4), TO MATHMEMO
(D(Z)—CT)(Z)zo. ()
I3 kpaiioBux ymoB
vt -y =0, xel,
G;y +0,=0, xel,
oepyun 1o yBaru (3), (2) Ta (6), oTpuMaemMo
[d)(x) + (T)(x)T —[CD(x) + CT)(x)I =0,xelL,

©)
[d)(x)Jr(T)(x)T +[q)(x)+CT)(x)]_ =0,xelL,.

Po3p’si3aBmIn 3amavy JiHiHHOTO crpsikeHHs (9),
MaTHMEMO

— Cz

(I)(Z)+(I)(Z)=—7+2X(Z)P(Z). (10)

ac

z—A\
X(Z"J<z—a1><z—az)(z—a3>’
P(z)=C,+Cz+C,z,

C,;(j =0,2)— nesinomi craui.

(11)
(12)

Honaroun (8) i (10), omepxkumo

®(z):—%+X(z)P(z). (13)

3ayBaKMMO, KON A = a;, TOOTO mepIa TpiluHa
MOBHICTIO IPUXOJIUTH Y IIAJIKUI KOHTAKT, TO B IbOMY
BUTIAJIKY

X(2)=

2

1
\/(z—al)(z—az)
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TO K BUAHO 3 (13), (6), (2), (3) MOBHICTIO KOHTAK-
Tyloua Tpil[MHA HE BIUIMBAE HA HaMpyxeHo-aedop-
MOBaHHU CTaH cMyTH (OaKu).

Bubepemo BiTky ¢yHKIii X(z) Taky, sSka mpu
BEJIMKUX |z| Ma€ PO3BHHCHHS

X(z)=l+&+&+...,

2 3
z Zz z

3
ne p, :%(Zai —lj, P, :%{3((112 +a§)+2ala2 +
i=1

(14)

+(a3—k)[2(a,+a2)+3a3+X]}. (15)

Po3BuBatoun mpaBy 1 JIiBy YacCTHHY 3aJI€KHOCTI
(13) B psam mpu BenWKHX |z| Ta BpaxoByiouu (4),
(12), (14), (15), orpumaemo

C Cl<
=g =g (Zar)
C

I :E{(% —K)[Z(al +a,)-a, —3?»}—((11 —az)z}. (16)

3HaiiieMo mapamerp A, 3a JOHNOMOIOIO SIKOTO
MOYKHA 3HAWTH JOBKUHY KOHTAKTYIO4O01 YaCTHHHU TPi-
HIMHU.

BpaxyBaBiu 3anexHiCTb (3), MOXKEMO 3aIicaTH

210, [(u +iv) —(u +iv)_} =
= K[CIY (x)—(l)’ ()C)]JrQ+ (x)—Q’ (x), xel.

Skmo npwuitasiTa 10 yBaru (6), To 3 (17) orpu-
Ma€eMo

208, (v =v )=k +1)Im[ @ (x) - D (x) ],
xel.

A
J.ﬁx(\ﬁ—v’)dx:O, (19)
TO BpaxyBaBm;I (13) 1 (18), 3 (19) omepxxumo pis-

HSIHHS JJ1s1 3HaXOJUKEHHsI mmapamerpa A, TOOTO J0B-
JKUHU 30HU KOHTaKTy OeperiB TPilluHH

(17)

(18)

Tak sk

¢ xX—=A
P(x) dx =0. (20)
;[ \/(al—x)(az—x)(%—x)
B (20) 3podumo 3aminy
x=au+b,
B PE3yJIbTaTi OTPUMAEMO
1
~ 1—u
P du=0, 21
I (u)\/(1+u)(c—u)(d—u) g @)
e
azk—a3’ b=k+a3’ czaz—b, d=a1_b’
2 2 a a

13(u)=P(au+b).

Iurerpan, mo Bxoguth y (21) Oynemo BHpaxoBy-
BaTW YMCIIOBO [6], B pe3ynbTraTi MaTuMeMO
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Lo, gm-1 < 1
sin P (¢ =0,
;‘ AM (m)\/(c—tm)(d—tm)

ac

t, =Cos

m-l T
M

KoedilienTn iHTEHCHUBHOCTI Hampy>KeHb 3HaM-
nemo 3a hopmynamu [6]

;=2 lim, [ (x—a. )cb(x)] =1,3,
K, —iK,, = 2XL15110[1 fa(a, =)0 (x) |

SKmo BpaxyBaru ( 13) TO ISl BU3HAYCHHS KOe]i-
LI€HTIB IHTEHCUBHOCTI HampykeHb (23) oTpuMaeMo
HaCTYMHi GopMyin

Kll :2\/5

K, —iK,,
(23)

a,—\
(al —a, )(al - a3)

a, =\ (24)

(a,—a,)(a, - a3)P(a2)’

Ky=-22 |— %" pa)K, =0.j=13.
(a,—a;)a, —a;)

Jl1g BU3HaYeHHs] KPUTUYHOTO 3HAUYEHHS MOMEHTY
M, xonmu cmyra (0anka) 3pyHHY€TBCS, CKOpHCTa€e-
MOCS €EHEPreTUYHUM KpI/ITepieM pyWinyBanHns [11; 12]

(K2 +K3), (25)

P(a)),

.
re 8b°E
ne E —wmonyns FOHra, y" — rycrunHa eeKTHBHOT
ITOBEPXHEBOI €HEPTii.
SIKI10 BBECTH MO3HAYEHHS

K, :2\/5%1(;.,
J [ J

TO JUIsl BU3HAYECHHSI KDUTHYHOTO MOMEHTY Oy/1eMo
TaKy 3aJIeKHICTh

(26)

Ml 4 1 —
M= 1 =13), (27)
b*h VEY 3\/_K ( )
e
) a - y
Kllz\/ ~ fll —P(a),
(Cll _az)(al _as)
a, -\
K =— 2 P (a,),
- J@—@X@—@)“%)
a,—\
K'\=- 3 P (a,),
13 \/(51_&3)(&2_53) o(a3)
a=a /191_1/117 i_‘xi/l’ c~1l=)?2+l~2,

a, =x, -1,

Po(x) Cx’+ex+c,, ¢ = =——E2a j

a,=x,+1, a,=x,—1,
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- 1 (. = - . - ~ . N2
G :E{(% —X)[Z(al +a,)-a, —3%]—(al —a,) }
Tak six a, <a,, To Ma€ BUKOHYBAaTHCh HEPIBHICTb
X, =L >x +1.
YucaoBuii aHajdiz ta BucHOBKH. byB mpose-
IEeHUI 4YMCIOBHM aHami3 3amadi, SIKUA [NONaHUU Ha
puc. 2 — puc. 4.

-0.2+

-0.4-

~0.6-

~0.8

Av
Puc. 2. I'padiuna 3ajexnicTs mapamerpa A
BiJl MpuBeaeHol TOBKMHH HEKOHTAKTYIOUYO01

TPILIUHYU MPHU Pi3HOMY MOJIOKEHHI EHTPY
KOHTAKTYI4O0i TPilnHI

Ha puc. 2 naerbcs rpadiuHa 3a1eXHICTb Mapame-

Tpa A= % BiJl 3BE€ZICHOT TOBKWHU JIPYTO1 TPIIIMHH,
1
KOMH X, =X,// =2, mpu pi3HOMY IIOJIOXKCHH] LEH-
Tpy mepuioi TpimuHu X, = x, /I. Kpusa 1 Bixnosinae
BHITAJIKY, KOJIH TIEpIIa TPIIMHA 3HAXOIUTHCS B 30HI
CTHUCKaJbHUX HampyxkeHb X, =—1. Kpua 2, xomm
IEHTP TEPIIOl TPIMUHU 3HAXOAUTHCS Ha OCi OaJIKH
X, =0. Kpusa 3, xomu X, =0,1. SIx BHIHO 3 IIOTO
PHUCYHKY, IPH 3pOCTaHHI BITHOCHOI JIOBXUHH JPYToOi
TpiwwmHu [, =1, / [, NOBXKHMHA 30HU IJIAJIKOTO KOHTAKTY
nepmoi TPIMHN 3MEHIIyeThesl, a ko /, =0, To

Ao —g()?l + 1), TOOTO JIO TOBKUHH KOHTAKTY OfHA-

KOBO{ TPIIITUHHU.

Ha pucynky 3 maerbcs TpadivHa 3aieKHICTH
KPUTHYHOTO MOMEHTY M™ Bijm BiIHOCHOI JOBKHHU
apyroi TplIJ.II/IHI/I l,, npu p13H0My MTOJIOKEHH1 UCHTPY
x1 TepIIoi TleII/IHI/I KOJTH x2 =2. Kpusa 1 Bimmo-
BiJla€ HAMOIIBII BiAMANeHIN Bix Oci 6Ky BepIIMHA
Jpyroi TpilMHU (1a’dbHbOI) A, , KpuBa 2 — cepenHii
BEpLIMHI i€l TpilMHN A, , KpUBa 3 — HEKOHTAKTYIO-
4ili BepmMHi nepioi Tpimunu 4, . Pucynku 3a), 36),
3B) BiAMOBIAalOTH BUMAMKY, KOJIH MPUBEICHUH TICHTP
HEepIIoi TPIIIMHK X, 3HAXOAUTHCS BiIIOBIIHO HA Bif-
nam x, =-1, x,=0, X, =0,1. Sk BUgHO 3 pHUCyHKa
3a), KoM TIepIIa TPINTMHA 3HAXOAUTHCS B 30HI CTH-
CKaJIbHUX HaIpy>KeHb ()?] = —1) pyWHYBaHHS OaTKu
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Puc. 3. T'padiuna 3a/1ekHicTH KPUTHIHOTO MOMEHTY M~ BiJ MpUBeIEHOI TOBKUHH
HEKOHTAKTYIOYOi TPilllUHU NPU Pi3HOMY MOJI0KeHHI HEHTPY KOHTAKTYI0UO0I TPillMHU

-0.50]
—0,55—5
-0.60]
-0.65

-0.754

v
a)

M4

3

0.54

Sy

Puc. 4. I'padiuna 3a/exxHicTh MapamMeTpa x (puc. a)) Ta KPUTHYHOTO MOMeHTY M ™
Bi/I I0J105KeHHSI LIEHTPY HEKOHTAKTY0UOI TpiluuHu (puc. 0))

(cMyru) Oyzne MPOXOAUTH 3 NANbHBOI BEPLIMHHU MEp-
101 TPIIIMHYU HE3aJICIKHO BiJl il IPUBECHOT JJOBKHIHHU.
SIKImo 1eHTp mepuoi TPIUHKA 3HAXOIUTHCS Ha OCi
Oasiku, 1110 BijnoBigae puc. 30), To pyiiHyBaHHS OyJie
HIPOXOAUTH 3 BEPILIMH Apyroi TpimuHu. [Ipu manux
3Ha4YeHHSX [, pyiiHyBaHHs BiIOyBa€TbCS 3 Cepel-
HbOI BEPIIMHU JAPYyroi TPILIUHU, [IPU MOJAIBIIOMY
3pOCTaHHI /, 3 JanbHbOI BEpIIMHM L€l TPIIMHH, a
MOTIM 3HOBY 3 1i cepenHbOl BepIMHU TpitmHu. [Ipu
BiZIAJICHH]1 LEHTPY INepiioi TPIlMHU Bix oci Oaikwy,
110 BifoOpaxkeHa Ha puc. 3B), npu upomy x, =0,1, TO
IpY 3pOCTaHHI /, Bif HYIIS, pyHHYBaHHS BilOyBa€eThCs
3 HEKOHTAKTYI04Oi BEpIIUHYU IEpIIOi TPIUHY, a IIPU
HOJANIBIIIOMY 3POCTaHHi /, 3 CepeHbOi BEPIINHU APY-
roi TPILUHHM, a TIOTIM 3 11 JAJIbHBOI BEPIIUHHU.

Jiist BUIIAIKY, KOJIM LEHTP MEpIIoi TPilIMHU 3Ha-
XOIUTBHCS Ha Oci OanKH, a JOBKUHH TepIoi 1 Apyroi
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TPIIIMHU OJHAKOBI, Ha PHCYHKY 4a) JaeTbhcs Ipa-
¢ivHa 3a1eXHICTh TApaMeTpy A, a Ha puc. 40) Kpu-
THYHOTO MOMEHTY M ™ BiJ| IPUBEIEHOTO MOJIIOKEHHS
LEHTPY APyroi TpiluHU X,. [lo3HaueHHS KpUBUX Ha
puc. 40) Taki X, sk Ha puc. 3. Sk BUIHO 3 puc. 4a)
NpY BiJaleHH] IEHTPY Ipyroi TPILIMHU BiJl MEepIIoi
TPIIIMHYU JJOBXKUHA 30HU 00J1aCTi 1 KOHTAKTY 3POCTAE,
a IIpY BEJIMKUX X, OTPUMAEMO Pe3ysbTaTH Ul OJHi€T
i30s1b0BaHOI Tpinuau. Ha puc. 40) naerbcs rpadiuna
3QJIEXKHICTh 3BEJICHOI0 KPUTUYHOTO MOMEHTYy M®
BiJl TapaMeTpa X,. SIk BUIAHO i3 IbOTO PUCYHKY, KOJIU
NPUBEACHUH IIEHTP APYroi TPIlIMHU HAOIMKAETHCS
J0 2, TO pyiHYBaHHSI Oallki MMOYMHAETHCS 3 Cepell-
HBOI BEpIIMHHM APYroi TPILIMHM, a NPH 3pOCTaHHI
X, — 3 JaJbHbOI BEPIIUHU Li€] TPILUHY, IPU LILOMY
BEJIMYMHA KPUTUYHOTO MOMEHTY M~ 3MEHIIYETHCS
IpY 3pOCTaHHI X, .
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3amaua mepepaxyBaHHA rpadiB Ta MiApaxyHKy iX YHClia BKIIOYAE 3aaadi
nepepaxyBaHHs Ta MiIpaxyHKy 4YHCiIa MOMIYEHHMX 1 YHCIa HEMOMiYeHHX
rpadiB. Jpyra 3 HUX BBaXKaeTbCS OUIBII CKIAAHOK. BUAINSAIOTH TaKoX
3aja4i nepepaxyBaHHs rpadis cnemianpHOro BuIy. Hampukiiaa, momideHuX
3BUYAMHUX HEOPI€HTOBaHUX rpa¢iB, MOMIUEHUX 3BHYANHMX OPiEHTOBAHUX
rpa¢iB, MOMIYEHUX 3B’SI3HUX HEOPIEHTOBAHHX TpadiB, MOMIUEHUX JEpEB,
HETMOMIYeHUX TYCEHHWIb Ta iHmUX. KilacuyHUM pe3ylbTaToM —IOJ0
nepepaxyBaHHs TpaiB BBakaroTh TeopeMmy Pendinna-Iloiii, sxa Bumiamusae 3
nemu bepHcaiina.

I'pap G 3 n BepmmHamMu Ta m peOpaMH Ha3HMBAaIOTh (n,m) -rpadom.
[Ba (n,m) -rpada HA3WBAIOTHCS 130MOP(HUMH, SKIIO ICHYE Ol€KIis MIXK
MHOXXMHAMHM BEPIINH, sika 30epirae ix cyMixkHICTh. L cTarTs mpucssueHa
3a/1a4i migpaxyHky uncna 7' (n,m) HE130MOPPHUX 3BUUAHHUX (n,m) -rpadis
3 BUKOPHUCTAHHSM TOHATTS BEKTOpa CTeNeHiB rpada. Bekrop crenenis rpada
€ oro HEMmOBHMM iHBapiaHTOM BigHOCHOI m3oMop(iszmiB. [locmimoBHOCTI
yucen 1 (n,m) migs n<20 wMoxuHa 3Haiitu B Online eHnukIONENIl
LIJIOYUCIIOBUX TOCHiIOBHOCTEH mmix Homepom A008406. V miit crarri
JIOCIIIJDKEHO BJIACTUBOCTI BKa3aHOi TaONuIi, OoIHA 3 SKUX JEMOHCTPYE
3aJIEKHICTh MK KUIBKOCTAMHU BCIX MOMApHO HeizoMOppHUX rpadiB 3 m
pebpamu Ta KiTBKOCTSIMU BEPLINH, 110 BiAPi3HAIOTHCS HA ouH. [TokazaHo, 1110
KOJIM B CYKYITHOCTI BCiX MONapHO HEi30MOp(pHUX (n,m) -rpadiB NpuUCyTHIN
rpa¢ 3 Bektopom cremneHis (1,1,...,1), 0o n=2m.

OTpuUMaHO pEeKypeHTHI CIHiBBiAHOIIEHHS, 110 AO3BOJIMIM 3HANTH NesKi He
HaBelleHi B TaONIHUII KiIbKOCTI Hei3oMopdHUX rpadiB 3 7 BEpLIMHAMU Ta M
pebpamu ipu 7 > 20 . [{ns foBeeHHS pEKYPEHTHUX CITiBBiIHOIICHH BBEICHO
MOHATTS PelyKIIii BekTopa creneHis rpada (P-nepeTBopenHs). 3a 40OMOror0
P-nepeTBopeHHs 10CHIKEHO 3B’ 130K MiX HAOOpaMu MOMAapHO HEI30MOP(HHUX
rpagis 3 OTHAKOBUMH KiNBKOCTSIMU peOep Ta Pi3HUMHM KUIBKOCTSIMU BEpIIHH.
Juia migTBepIKEHHS OTPUMAHUX pesyibTariB Oylla BHUKOpPHCTaHa Bigoma
(hopmyna Xapapi Juid 3HaX0/PKEHHS Yuciia Hei3oMop(HUX 3BUYaHUX rpadiB.
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The problem connected with the enumeration and the calculation of the graphs
includes the problems connected with the enumeration and calculation of the
labeled graphs and the unlabeled graphs. The second one is considered to be
more difficult. There are also the problems connected with the enumeration
of the graphs of certain type. For example, the enumeration of the labeled
ordinary nondirected graphs, the labeled ordinary directed graphs, the labeled
connected nondirected graphs, the labeled trees, the unlabeled trees and the
others. Redfield — Polya theorem, which follows from Burnside lemma, is the
classical result on the enumeration of the graphs.

The graph G with n vertices and m edges is called (n,m) -graph. Two
(n,m) -graphs are called the isomorphic ones if the bijection exists between
the sets of the vertices, which preserves their adjacency. The article deals
with the problem connected with the calculation of 7' (n,m) nonisomorphic
ordinary (n,m) -graphs using the concept of the vector of the degrees of the
graph. The vector of the degrees of the graph is its noncomplete invariant
with respect to the isomorphisms. The sequences of the numbers T (n,m)
for n<20 can be found in the Online Encyclopedia of Integer Sequences
under the number A008406. The properties of this table have been studied in
the present article. One of these properties expresses the relation between the
quantity of all pairwise nonisomorphic graphs with m edges and the number
of vertices which differ by 1. It has been shown that if the collection of all
pairwise nonisomorphic (n,m) -graphs contains the graph with the vector of
the degrees (1,1,...,1), then n=2m.

The recurrence relations, which give an opportunity to find certain numbers
of the nonisomorphic graphs with n vertices and m edges under n>20
which are not given in the table, have been obtained. The concept of the
reduction of the vector of the degrees of the graph (P-transformation) has been
introduced in order to prove the recurrence relations. The relation between the
collections of the pairwise nonisomorphic graphs with the same number of the
edges and the different number of the vertices has been studied with the help
of P-transformation. The well-known Harary formula for the finding of the
number of the nonisomorphic simple graphs has been used in order to confirm
the correctness of the obtained results.
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Beryn. [IpoGiema i3omopdHOCTI TpadiB € onHIEIO
3 OCHOBHHX 3aJ1a4 Teopii rpadis i MOKH 10 HEPO3B’si-
3aHo0. IluTanHIO mepepaxyBaHHS Hei3oMOp(HUX
HernoMideHnx rpadiB MpHUILIIACE yBara y HayKo-
Bux poOorax Xapapi Ta Ilammepa. B mux poborax
BHKOpUCTOBYBaBcs MeTon lloia, sxuii mepemdavae
noOyOBY TIpyNH MiJICTAHOBOK Ta BHUKOPHCTAHHS
iHBapiaHTiB 1€l TpPymu BIAHOCHO i30MOpP(]i3MiB.
3okpema, B poboti [1] kimbkicte rpadiB i3 3ama-
HUM 4YHCJIOM BEPILUH Ta pedep MONAETHCS Y BUIIISAI
MHorowieHy ctenens C-, jie n — KUIbKiCTb BEpIIUH
rpada. AHaTOTIYHMIA TIAXiM, TOB’I3aHUH 3 TEOPi€l0
iHBapiaHTIiB, OyJI0 BHKOPHUCTAHO B podoTi [2] y pasi
BHBEJICHHsI (DOPMYITH JIJIsl TEHEPYIOUOi (PYHKIIIT Kilb-
KocTi mpoctux rpadiB 3 n BepmmHamu. llle omuH
BapiaHT (GopMyaH sl OOUMCIIEHHS KUIBKOCTI HEIO-
MideHHX TpadiB 3’SBUBCS Y PE3ylbTaTi IOCHTIKEHb
HaykoBliB 3 Hmxaboro Hosropoma [3]. Bimommii
JIOCHUTH BEIIMKHUU TIEPEITiK iHBApiaHTHUX BIIACTHUBOC-
Tel TpadiB CTOCOBHO i30MOp(i3MiB, AKi ePEKTHBHO
3aCTOCOBYIOTBCS [UIS JIOBEJCHHS HEI30MOP(HOCTI
rpadiB. 30kpema, € ITUH ps Tak 3BaHUX anreOpa-
fyHUX iHBapiaHTiB rpada, sSKi € TMpeaMeTOM Cydac-
HUX JOCHIJUKEHb, SIK TEOPETHYHHUX, TaK 1 KOMII 10-
TepHuX [4]. OMHIEI0 3 TAKUX BIACTUBOCTEH € BEKTOP
CTeneHiB rpada — HecmaaHa TMOCIiIOBHICTh CTere-
HiB Bcix BepmmH rpada [5]. [lozHauaroTs 3a3Buyait
S(G)z(sl,sz,...,sn) , Ie S, — CTeIiHb BEPUINHH V, .
OdeBHIHO, IO BEKTOPH CTEMEHIB 130MOpPPHUX Tpa-
(hiB cmiBmanarTh, ane o0epHEHe HE 3aBKIAH TOYHE.
VY Takomy pasi iHBapiaHT HA3WBAIOTh HETIOBHUM.

Hnst 3BuyaiiHux rpadis, IO PO3IISIAIOTHCA Y
CTaTTi, HOHSTTS BEKTOpa CTENEHIB rpada BUKOPUCTO-
BY€TbCS Ul AOCHIDKEHHS BIACTUBOCTEH YHCIOBOL
TabauLi, gKka gae yucio T (n,m) HEi30MOpQHIX

(n,m)-rpadie ans ne N\{l},me NU{0}. ®par-
MEHT Ta0nuIli 300pa’keHO Ha PUCYHKY 1.

Puc. 1. ®parmenT Tadnuii yucesn
neisomopuux (n,m)-rpadis

Y KO)KHOMY PsIIKY PaBHOBIa/ICH] BiJl HOrO KiH-
LiB €JEMEHTH JOPIBHIOIOTh YUCIy HEi30MOp(HHUX
(n,m)-rpadie Ta (n,Cf —m) -rpadis. Lli umcna
PiBHI M) c00010, OCKUIBKU 3 HEi30MOp(HOCTI Trpa-
¢iB BUIIIMBaE HEI30MOP(HICTD X JOTIOBHEHb.

EnemenTtn Tabnuii MOXKHA TaKOX 3allUCaTH Y
BUDAAl nociigoBHocTi. Bona HaBemena B Online
SHUUKJIIONEAIT IITOYUCIOBUX IIOCHIIOBHOCTEN Mif
nomepoM A008406 [6] i micTuTh yucia 3 20 psaKiB
tabmauii. Jlmsg 3HAXOMKEHHS B I ITOCIIJIOBHOCTI
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qucia T(n,m) npu 1 <20 Ta Gynb-sakomy m=0,C;
(n-2) +6m+8

] 6

pasi 3alaHuX 3HAYCHb M Ta N JIA€ HOMEP NIYKaHOTO
YJIeHa TOCTiTOBHOCTI.

VY miif cTarTi OTpUMaHO PEKYypeHTHi CIiBBiTHO-
HICHHSI, O JIO3BOJISIOTh OOYHCIIUTH JICSKI 3 eJIeMEeH-
TiB 'y 21-26 psakax BKa3aHOi TaOIHIII.

1. 3B’s130k Mik HaOopamu HeizomopdHUX rpa-
¢iB 3 m pedpamm Ta gesiki BJ1aCTHBOCTI TA0IML

CdopmymroemMo Ba O4EBUIHI TBEPIKESHHS.

Teepmkenns 1. SIkmo B KOOKHOMY 3 JIBOX Hei30-
MopdHuX (n,m)-rpadi € npuHaiiMHi OxHA i301160-
BaHa BepLINHa, TO (7 —1,m) -rpadu, oTpuMaHi 3 Takux
rpadgiB BHIAJCHHSIM OIHI€T 130JIbOBAHOI BEPIIHHU,
Takox OymyTh HeizoMoppHIMHA. OOEpPHEHO SIKIIO /1Ba
(n,m)-rpada ueisomopdui, T0 (n+1,m)-rpadu,
OTpHMaHI 3 HUX JIOJaBaHHSM OJIHI€T 130JTbOBAHOT BEp-
IIMHA, TAKOXK HEI30MOpP(]HI.

TBepmkennsa 2. Hexait M — CykymHICTh ycix
MOTTapHO HEe130MOp(hHUX (n, m) -rpadis. Toxiy cykyn-
HOCTI BCiX TonapHo HeisoMopdHux (7 +1,m)-rpadis
€ MIMHOXXKHMHA, €KBiBaJe€HTHAa MHOXHHI M, KOXXeH
rpad sIKoi OTPUMYETHCS 3 JesKOro Tpada MHOKHHU
M nonaBaHHSM O/IHI€T 130JTLOBAHOT BEPIITHHM.

TBepmkennsa 3. Skmo y CyKymHOCTI BCix
MOTTapHO Hei30MOp(hHUX (n,m) -rpadiB € rpad 3 BEK-
topom creneHiB (1,1,...,1), o n=2m.

JoBenennsi. PosriissHemo rpad 3 BEKTOPOM CTe-
neHiB (1,1,...,1). Ockinbkn uncio pedep MOpiBHIOE
m TO CyMa CTEIEHIB yCiX BEpIIMH 3a JIEMOO IIPO
PYKOIIOTUCKAHHS JOPIBHIOE 2/ , 8 OCKIIbKM KOXKHA
BEpIIIIHA Ma€ CTEIIHb |, TO YHCIIO BEPIITHNH JOPiBHIOE
2m Binzuadumo, mo (2m,m)-rpad 3 BEKTOpoM cTe-
newis (1,1,...,1) € exuaum rpadom 6e3 i301b0BaHUX
BEPIIMH Yy CYKYITHOCTI BCiX TMOMapHO HEI30MOPQHHUX
(2m,m) -rpadis.

Teepaxenns 4. Hexait & — 9uciio BCix momapHo
Heisomopduux (2m,m)-rpadis. Toxi umcno Beix
nonapHo Heisomopuux (n,m)-rpadis 3a Gymb-
SIKOTO 7> 2m TaKOX JOPIBHIOE k .

JoBenenHsi BUILUIMBAE 3 TBep/ukeHb 2 Ta 3. I3
TBEp/PKEHHS 4 BUIUIMBA€E, 10 B /7 -TOMY CTOBIIII
TaOJNHIN TOCHUTH 3HANTH YKCia B PAAKaX 3 HOMEpaMu
110 2 m BKJIIOYHO, TOOTO B HaBeJEHIN TaOIMIll Bigomi
BCi €JIEMEHTH CTOBIIIIB 3 HOMepaMu 10 10 BKIIFOUHO.

TBepmkenns 5. Hexait & — 4ncio Bcix nmomapHo
HeisoMopduux (2m,m)-rpadis. Toxi umeno Beix
nonapHo Heisomopuux (2m—1,m)-rpadis nopis-
Hioe k—1.

HoBenennsi. Cepen k TomapHO HEi30MOPQHHUX
(2m,m)-rpadiB TiABKH OXMH Mae BEKTOP CTEIICHIB
(LL,...,1), yci iami k—1 TpadiB MaroTh MpUHANMHI

—

2m . . .
OJHY 130JIbOBaHy BECPIINHY. Yy B1AIIOBIAHOCT1 10

TBEPJUKCHHS 2 TICJI BHJAJCHHS 3 KOXKHOTO rpada
OJTHIET 130JIbOBAHOI BEPIIMHU OTPUMAEMO HaOIp 3

KOPHUCTYIOTbCS (DOPMYJIOI0 , AKa 'y

ISSN 2413-6549



54

k—1 monapHo HeizoMOp(hHUX (2m—1,m) -rpadis,
o 1 Tpeba TOBECTH.

2. Penykuis BekTopa creneHiB rpaga (P-nepe-
TBOPEHHA)

Osunavennst 1. Hexait (s,,s,,...,s, ) — BeKTOp CTe-
nenis (n,m)-rpada G . Hexaii 1isi 1esKoro i BUKO-
HYETBCSl HEPIBHICTD §, =22 1 (v,,v j) — onHe 3 pebep,
IHIMAEHTHUX BepiuHi v,. Jlomamo 1o rpada HOBY
1301b0BaHy BepuMHYy V,,, . Pedpo (v,,v BUJIAJIUMO,
a pedpo (v Vo, JIOIIaMO Toxi creniHp BepIIUHY V,
3MEHIINTBCSA Ha 1, a CTEmiHb HOBOI BEpIIMHU 6y,ue
piBHOIO 1. ByzieMo roBopuTH, 1110 BUKOHAHO MTEPETBO-
pennsi rpada G , i Ha3uBaTH Horo P-nepeTBopeHHsM.

3a jmomomoror0 P-meperBopeHHS MOXXHA ONH-
catd Tepexia Bix Habopa MOmapHO HEI30MOpHHHX
(2m—k,m)-rpaq)iB npu k>0 mo HaOopy mMmomapHo
Hei3oMopdHUX (2m,m)-rpaq)iB. V BIAMOBIIHOCTI 10
TBEP/PKEHHS 2 Y MHOYKHHI BCIX TIOTIAPHO HEI30MOPHHUX
(2m,m)-r'pa<1)iB € TIIMHOXXHHA, €KBiBaJICHTHA MHO-
YKUHI BCIX TIOTIApHO He130MOP(PHIX (2m -k, m) -Tpadis.
Buninnvo 3 MHOKHHH BCIX ITOTTAPHO HE130MOPQHHIX
(2m—k,m)—rpaq)iB MiIMHOXXHHY TpadiB 0e3 1301160-
BaHux BepimH. Cepen HUX Hemae rpada 3 BEKTOPOM
creneniB (1,1,...,1), OCKUIbKM TOAI Yy BiJMOBIIHOCTI
JI0 TBEpKEHHS 3 4YHCIIO BepuH Oyino O piBHE 2m .
3actocyemo /10 HUX P-miepeTBopeHHs, TOHU3UBILH CTe-
IiHb Of1HI€T 3 BepimH Ha 1. OTpuMaemo Habip rmonapHo
Heisomoprux (2m—k +1,m) -rpadis 6e3 isonposa-
HHX BEpIIMH. SIKII0 cepen HUX HeMae rpada 3 BEKTO-
pom cremeniB (1,1,...,1), To 10 HOBOrO HabOpy Ipa-
(iB 3HOBY 3actocyemo P-meperBopeHHs. 3po3ymio,
o micyst k -TOro KpoKy OTPHMaeMo (2m,m)—rpaq)
3 Bektopom creneHiB (1,1,...,1). s orpumaHHs moB-
HOro HabOPy MOMApHO HeisoMopdHuX (2m,m) -rpadis
Tpeba Bci orpuMaHi rpadu JOMOBHUTH HEOOX1IHOIO
KUIBKICTIO 130J1h0BaHUX BepiuH. Lleli npuiiom 3acto-
COBY€ETKCS B JIOBE/ICHHI Teopemu 1.

3. JloBeaeHHsI peKYPEHTHHUX CHiBBiAHOIIEHb

Teopema 1. Hexait 7(n,m) — uncio monapHo
HEei30MOpQHHUX (n,m) -rpadiB. Tomi MarTh Micre
TaKi CIiBBiTHOIICHHS:

T(2m,m) (2m 1)+T(2m—1,m), m>1 (1)
T(2m,m)= (2m,2)+T(2m—2,m), m>2 (2)
T(2m,m)=T(2m 3)+T(2m—3,m), m>3 (3)
T(2m,m) (Zm 4)+T(2m—4,m)+1, m>5 (4)
T(2m,m)=T(2m,5)+T (2m—5m)+4, m>7 (5)
T(Zm,m)zT(Zm,6)+T(2m—6,m)+4, m>9 (6)

JoBenenHs. 3 TaOmuUIl Ta TBepHKEHHS 4 MaeMO:
T(2m,1):T(2,1)=1 npu  m>1; T(2m,2)=
=T(4,2) =2 npu m>2; T(2m,3) = T(6,3) =
npu m>3; T(2m,4)=T(8,4)=11 upu m>4;
T(2m,5)=T7(10,5)=26 npu m>5; T(2m,6)=
=T(12,6)=68 mpu m>6. Toroxuicts (1) 6esro-
cepeanbo BuILMBac 3 pisHocti 7'(2m,1)=T(2,1)=1
Ta TBEPIDKEHHA 5. 3yMTUHUMOCH, HAIIPUKJIIA, Ha JI0BE-
JIEHHI TOTOXHOCTI (3).

Hexait T(2m—3,m)=k. PosrisHemo Ti 3 mux
rpadis, SKi HE MAaIOTh 130JJbOBAaHUX BEPIIHH. X BEK-
TOpH CTETIEHIB MOXYTh MaTH TiTbKH OJWH 3 BHIIB
LL..,14),(1,,...,12,3) = (1,1,...,12,2,2). Tlpm

2m—4 2m-5 2m—6
m>5 MOXIUBI 7 TOMapHO HeizoMOoppHHX Tpadis
G,, G,,...,G, 3 TakuMH BeKTOpaMu cterneHi. Ha
pUCYHKY 2 BOHH 300paxkeHi mpu m=6 Ilpu m>6
11i rpad¥ TOMOBHIOIOTHCSA KOMIIOHEHTAMH 3B’ I3HOCTI,
siki € (2,1) -niarpadamu. Tlpn m =5 3 wporo Habopy
Tpeba Bunanutu rpad G,, anpu m=4 —rpadu G,,
G, 1a G;.

Bynemo mocTymoBo momaBatu A0 mux rpadiB 1o
OIHIN BEpIINHI, OTHOYACHO BUKOHYIOUM P-TiepeTBo-
penns. Ham tpeba 3pobutn Tpu Kpoku, mod oTpH-
Maru rpadu 3 2m BepmmHaMu. Ha KokHOMY Kporti
Y BIIMOBITHOCTI IO O3Ha4YCHHS 1 (2,1) -miarpadu He
MIEPETBOPIOIOTHCA.

[Ticist mepioro KpoKy oTpuMaeMo Hadip 3 TPHOX
rpadi G/,G, ta G; (pucyHok 3). Bekropu ix cre-
neHiB maroth BunnIn (1,1,...,1,3) Ta (1,1,...,1,2,2).

ey T

Ha npyromy kpoui rpadpu G/, G,, G; nepe-

TBOPIOIOTBHCS B ONWH 1 TOM camuii rpap G, sSKuii

Puc. 2. I'padu 0e3 i301b0BaHNX BEPIIMH NPH 71 =6
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Puc. 3. I'padu G;,G,, G; npu m=06

ckimagaerses 3 (2,1) -miarpadis it ogoro (3,2)-mia-
rpacda, Ta mae Bektop creneniB Burny (1,1,...,1,2)
H_J

. . 2m=2
Hapeuri, micist TpeThoro Kpoky orpumaemo rpad G

3 Bektopom cremneHiB (1,1,...,1), ToO6To BiH ckiana-
%,_/

. 2m .
etbest 3 m wryK (2,1) -nigrpagis.

IoBHuii HaGip nomapHo HeisoMopdHuX (2m,m) -
rpadiB CKIagaeTbes 3 k BUXITHUX rpadis, JOITOBHE-
HHUX TPbOMa i30JIbOBAHHMH BeplinHamH, rpadis G,
G,, G;, TONOBHEHUX IBOMA 130IbOBAHHMH BEPILIH-
Hamu, rpada G" , TOMMOBHEHOTO OJHI€IO 130IL0BAHOIO
BepIuHOI0, Ta Tpada G . ToToxHICTH (3) mOBeACHA.

st moBeAeHHS TOTOXKHOCTI (4) TOKIIameMo
T(2m—4,m)=k . Cepen Hux mMaemo rpapu 6e3 izo-
JILOBAHUX BEPIIMH 3 BEKTOPAMH CTEIICHIB BHUIVISTY
1,1,...,15) ,(,1,...,124) , (L, 1,...,133), (1,1,...,1,2,2,3)

2m-5 2m—6 . 2m—6 2m=17

ta (1,1,...,1,2,2,2,2). Ilicns P-meperBopeHHS NHX

\_W—J

. 2m-8 .
rpadiB pu m >S5 OTPUMAEMO 7 TIONIAPHO HEI30MOP-
¢Hux rpadis 3 2m —3 BepumHamu. Hactynue P-nie-
PETBOpEHHS 1acTh Tpu rpada 3 2m —2 BepIIMHAMHU.
Ha nactymHOMY Kpoli OTpEMaEMO OAWH Tpad 3 Bek-
topom creneniB (1,1,...,12). Ocranne P-neperso-

%/_/

2m-2
peHHst macth rpad 3 Bekropom creneHiB (L,1,...,1).
%,—J

2m

TakuM 9rHOM, TIOBHUI HaOip MOMapHO HEi30MOpPd-
an(2m,m)-rpa(’pi3 ckiamaeTsest 3 k+12 rpadis i
1Ie YUCJIO CITIBIAIa€ 3 MPaBOI0 YACTUHOIO CITIBBiTHO-
menHs (4). Biagnaunmo, mo npu m =35 mae micie
PIBHICTH T(2m,m) = T(2m,4) + T(2m —4,m).
AHAJOTIYHO JIOBONATHCS CITIBBITHOMICHHS (5)
Ta (6). 3po3ymisio, IO 31 3pOCTAHHAM M 301IBIIY-
€TbCcs 1 9mcio rpadiB 0e3 i30IbOBAaHUX BEPIIUH Y
CYKyImHOCTI ~ Hei3oMOp(hHUX (2m —k, m) -rpadis.
Bigznaunmo, 1m0 HE0OOB’S3KOBO 300paKyBaTH IIi
rpadu, OCKUIBKH iX KUTBKICTh HE Ma€ 3HAYCHHSI.
Hocute anamizyBatu (2m—k+1,m)frpa(b1/1, SAKI
OTPUMYIOTBCSL y pe3ylbTaTi Tepimoi pemykmii. Ix
BEKTOPH CTEIEHIB OTPUMYIOTHCSI 3 BEKTOPIB CTeTe-
HIB (2m—k,m)-rpa(biB JIOJIAaBaHHAM JI0 HUX 37iBa
HyJs (1€ BiIMIOBIA€ TOMaBaHHIO 0 Tpada i130160Ba-
HO1 BEpIIIMHM), a MMOTIM 3aMiHOIO HYJS OTUHUIICIO 3
OTHOYACHUM 3MCHIIICHHSIM Ha | CTeTiHb OfHi€eT 3 Bep-
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mH. Hanpuknan, y pasi ciBBinHOIIEHHS (5) MaeMo

(2m—5,m) -rpacu 6e3 i30IbOBaHUX BEPIINH 3 BEK-

topamu crenenis surisny (1,1,...,1,6) ,(L1,...,1,2,5),
— —

2m-6 2m=17
LL..,1,3,49, @1,1,..,1,2,3,3), (LL,..1,2,2,4),
2m-17 2m-8 2m-8
(L,1,..,1,2,2,2.3) 1a (L1,..,1,2,2,2,2,2). Micns
2m-9 2m-10

nepmoi  penykKIii OTPUMAaeMO BEKTOPH CTCIICHIB
sunsiny (1,1,...,1,5), (1,1..,1,2,4), (1,L..,1,3,3),
— — —

2m-5 2m—6 2m—6
A1,..,1,2,2,3) 1a (11,..,1,2,2,2,2). Icuye 18
2m-17 2m-8

nonapHo Heizomopuux (2m—4,m)-rpadis 6e3 i3o-
JTHOBAHHUX BEPIIMH 3 TAKUMH BEKTOPAMHU CTEICHIB.
[Ticns gpyroi peaykiii Habip BEKTOPIB CTETIICHIB CTaE
rakum:  (1,1,...,1,4),(L,1,...,1,2,3) ,(1,1,...,1,2,2,2) .
2m-4 2m=5 2m—6
Bimnosimanx im rtpadiB Oyme 7. Ilicms Tperpoi
penykmii Mmaemo Bektopu creneHiB (1,1,...,1,3) Ta
H,_/

2m-3
(L1,...,1,2,2) 1 Tpu BigmoOBimHMX M TIOTIAPHO HEi-
%{_/

301\%5(1)}114)( rpagiB. Hani orpumaemo (1,1,...,1,2)
2m-2

1 ennHUE MOoxJMBHE rpad. I, HapemTi, ocTraHHA
PEmyKIlisl MPUBOANTE 710 Tpada 3 BEKTOPOM CTEIICHIB
(L1,...,1) . Takum YHHOM, SIKIIO T(2m—5,m) =k, 1O

2m
JiBa Ta TpaBa YaCTHHH piBHOCTI (5) HAOyIyTh 3HA-
yeHHst k+30. llpu m=6 Ta m=7 maioTh Micue
piBHOCTI T(2m,m):T(2m,5)+T(2m—5,m)+1
Ta T(Zm,m) = T(2m,5) + T(2m - S,m) +3  Bix-
noBigHO. Ilpu m=8 t1a m=9 wmaroTh Micue piB-
HOCTI T(2m,m) = T(2m,6) + T(2m —6,m) +1 Ta
T(Zm,m) = T(2m,6) + T(Zm -0, m) +3 BIiAMOBIAHO.
B 1iboMy MOXHa MepeKOHATHUCh 0E3I0CePEIHBO, CKO-
PHUCTABIIUCH TAOIUIICIO.

4. O0unciaeHHsl JesIKUX BiICyTHiX y TaGauui
eJiIeMeHTIB

3 JIOBEJCHUX CIIIBBIIHOLICHL BHILUIMBAE PsiJ
IHIINX PEKYPEHTHUX CITiBBIIHOLICHb, HATIPUKIIA]:

T(2m—1,m)=T(2m—2,m)+1, m>?2 7
T(2m—2,m)=T(2m—3,m)+3, m>3 (8)
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n\m|@ 1 2 3 456 7 8 9 10 11 12 13
XIX |1 1 2 5 11 26 68 177 497 1476 461215211 52914 193186
XX |1 1 2 5 11 26 68 177 497 1476 15214 52932 193295

Puc. 4. HoBuii pparmeHT Tad Ui ynces HeizoMoppHUX (n,m) -rpagis

T(2m—2,m) T(2m 4 m)+10 m>5 (9
T(2m—3,m) T(Zm 5, m)+25 m>7 (10)
T(2m—3,m) T(2m 6 m)+67 m>9 (1)
T(2m—2,m) T(Zm 6, m)+70 m>9 (12)
T(2m-2,m)=T(2m—5m)+28, m>7 (13)

I[Ipu m=11 3i cniBBigHOmEeHH (7) OTpUMAEMO
T(21,1 1) = T(20,1 1)+ 1=15215. Toni 31 criBBigHO-
wenns (1) sHaiinemo 7(22,11)=T(21,11)+1=15216.
IIpu m=12 3i cuiBBimHomenns (10) oTpumaeMo
T(21,12) = T(19,12)+25 =52914+25=52939, a 3i
cniBBigHOLIEHHS (9) T(22,12) = T(20,12) +10=
=52932+10=52942. 3HOBYy 3i CIIiBBiJHOIICHHS
(7) 3Haiigemo T(23,12) = T(22,12) +1=52942+1=
=52943, a si coiBBigHomenns (2) T(24,12)=
=T 22,12)+ 2=52942+2=52944.

niBBiHOMmEeHHS (12) mae MOXIUBICTH 00umC-
mutu enement 7'(24,13). Otpumaemo 7T'(24,13)=
= T(20,13) +70=193295+70=193365. A nami
3 (13) T(24,13) = T(21,13)+28 , 3BIJIKH T(21,13) =

=193365-28=193337.3(9) T(24,13)= T(22,13)+
+10, 3BigKu T(22,13) =193365-10=193355.3(8)
T(24,13) = T(23,13) + 3. 3HauuTh, T(23,13) =
=193365-3=193362 . Tenep obuncmumo 7'(25,13)
Ta T(26,13), J0JaMo 10 T(24,13) OJIMHUIIIO Ta
JIBIAKY BIIMOBIIHO.

Ha pucynky 4 300pakeHO HOBHE (parMeHT
Tabmuii. TakuM 9UHOM, Tenep BiOMi BCi €eMEeHTH
CTOBIIIIIB 3 HOMEpaMmH JI0 13 BKIIFOUHO.

Jisi mepeBipkM OTpUMaHHMX pe3ynbTaTiB Oyna
BUKOpHUCTaHa Bifjoma (opmysia Xapapi s 3HaX0-
JOKEHHS 9ucIia Hei3oMophHUX 3BUYaifHuX rpadis [1].
OO0uncieHHs! eJIEMEHTIB y psiiKax TaOmuLi 3AiKCHIO-
BAJIOCh Ha MEPCOHAILHOMY KOMII IOTEpi 3a JOIMOMO-
TOI0 CIELiabHO CTBOPEHUX MporpaM. Pesymbratu
obunciens 3a GpopMynoro Xapapi Ta 3a 3HaWACHUMHA
y il poOOTi peKypEeHTHUMH CITiBB1THOIICHHSIMH BHUsI-
BUJIMCH OfHaKoBUMH. [ler dakt cBimuuTh npo edek-
THUBHICTh BUKOPHUCTAHHS BJIACTMBOCTEH TaOJUIl Ta
MEPCIIEKTUBHICTD iX MOMANBIIOTO JOCTIKEHHS IS
3HAXO/KEHHS MOXKJIMBOCTEHN 3alIOBHEHHS TaOIHII.
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The article presents approaches to determining the effective mechanical
properties of a composite material reinforced with solid and hollow fibers,
using the method of a representative bulk element. Matrix and fiber materials
were considered transtropic. The mutual arrangement of solid and hollow
fibers is periodic in the general hexagonal scheme of reinforcement. Double
homogenization was used to determine the effective elastic characteristics
of a composite material containing areas with two types of fibers. The entire
volume of the composite is divided into a system of hexagonal areas, of which
two types can be distinguished. The first is a solid fiber with its surrounding
matrix, the second is a hollow fiber with its surrounding matrix. To pre-
homogenize each type of inhomogeneous area, the method of a representative
bulk element is used. As a result, there are homogenized areas consisting
of hexagonal cells of two types, each of which is transtropic. The isotropy
planes for both regions coincide. Taking into account the periodic nature of
reinforcement, homogenized regions with solid fibers can be represented as a
conditional fiber, and homogenized areas with hollow fibers as a conditional
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matrix. We have an inhomogeneous material with a conditional transtropic
matrix and fiber. The inhomogeneous material consisting of homogenized
regions is re-homogenized by the method of a representative bulk element. As
a result, transtropic effective elastic constants of composite material reinforced
with a system of solid and hollow fibers is obtained.

Using the presented approach, the calculation of effective elastic constants
of unidirectional composite material based on polyester resin reinforced with
hollow and solid fiberglass was performed. The analysis of dependences for
some effective elastic constants on the bulk content of the cavity in the fiber
was conducted.
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Knrwuosi cnoea: xomnozuyitinui VY cTarTi NpeAcTaBICHO MiIXOAU 10 BU3HAYCHHs €()EeKTUBHUX MEXaHIYHUX
mamepian, CyyinbHi 6010KHA, XapaKTEPUCTUK KOMIIO3UIIIHHOTO MaTepialy, apMOBAaHOTO CYLINbHHUMH Ta
NOPOACHUCTIT BOTIOKHA, MOPOKHUCTUMH BOJIOKHAMH 32 JIOTIOMOTOI0 METOAY IPEACTaBHUILKOTO
eghexmuani npyscui cmai, 00’eMHOrO ejeMeHTy. Marepiamu MaTpulli Ta BOJOKHA BBAYKAIUCS
20MO2eHi3ayis, MpaHcmponHul TPAHCTPOITHUMHU. B3aeMHe po3TallyBaHHS CyHIJIBHUX Ta TOPOKHUCTUX
Mamepiai. BOJIOKOH € TIEPIOANYHUM IPH 3arajbHili FeKCaroHaNbHiM cXeMi apMyBaHHS.

Juis BU3HA4YeHHA €(QEKTHBHUX MPYKHUX XapaKTEPUCTHK KOMITO3HUIIIHHOTO
Marepiany, 0 MIiCTUTh 00JacTi 3 JBOMa THUIAMH BOJIOKOH, BHKOPHCTaHO
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MOJBiiHY TOMOTeHi3alito. YBech 00’€éM KOMIIO3MTY PO3IUISEThCS Ha
CUCTEMYy T'eKCaroHaJbHMX OOJAcTeW, 3 SKMX MOKHA BUJIUIMTH JIBa THUIIH.
[epmmit — 1€ CyIiIbHE BOJIOKHO 13 OTOYYIOUOI0 HOTO MAaTpHIEIO, IpyTui —
MOPOJKHHUCTE BOJIOKHO i3 OTOYYIOUOIO Horo marpurero. s momepeaHsoi
TOMOTCHi3allii KOKHOTO THITY HCOHOPiTHOT 007aCTi CKOPUCTAEMOCS METOAOM
IPEICTABHUIIBKOTO 00’ €MHOTO eNIeMEHTY. B pe3ynbTari MaeMo roMoreHi3oBaHi
o0JacTi, MO CKIANAIThCS 13 TeKCaroHaJbHUX KOMIPOK JIBOX THITIB, KOXKHA 3
SKHUX € TpaHCTPOIHOK. [lmomuHu i30Tporii s 000X obmacTei criBnaiaTh.
BpaxoByroun mnepioguyHMN XapakTep apMyBaHHS, TOMOTEHi30BaHi 00macTi
13 CYIITPHMMH BOJIOKHAMH MOXKEMO TIPEJCTaBUTH 32 YMOBHE BOJOKHO, a
TOMOTCHI30BaHi 001aCTi i3 MOPOKHIUCTUMH BOJIOKHAMH — 32 YMOBHY MaTpPHIIIO.
MaeMo HEOTHOPIAHMI MaTepian 3 YMOBHUMH TPAHCTPOITHUMH MaTpPHUIICIO Ta
BOJIOKHOM. J[J1st HEOTHOP1THOTO MaTepialty, 0 CKIIaIa€ThCs 13 TOMOTEHI30BaHUX
oOacTeil, IPOBOAMMO MTOBTOPHY TOMOTEHI3aIli}0 METOJIOM MPEICTaBHUIIBKOTO
00’eMHOTO eleMeHTy. B pesynbTari OTpHMaeMO TPaHCTPONHI e(eKTHUBHI
IPYXXHI CTali KOMIIO3ULIIHOTO MaTepiary, apMOBAaHOTO CHCTEMOIO CYIIIBHIAX
Ta MOPOKHUCTHUX BOJIOKOH.

3a 10IIOMOTOI0 TIPEICTABICHOTO MiIXOMY MPOBEICHO PO3PaxyHOK e(heKTHBHIX
NPYXHAX CTAJINX OJHAKOBOCIPSIMOBAHOTO KOMITO3HMIIHHOTO Marepialy Ha
OCHOBI monieipHOi CMOJIM, apMOBAHOTO TMOPOKHUCTHMHU Ta CYIUTbHUMH
ckioBosokHaMHu. [IpoBeneHo aHami3 3aJIeKHOCTEH s AKX e(peKTHBHUX

HPYXHHAX CTAUX Bi 00’€MHOTO BMICTY TIOPOXKHUHH Y BOJIOKHI.

Introduction. Every year the sphere of appli-
cation of composite materials becomes wider, the
use of composites becomes relevant even in those
industries where they have not been used before.
One of the most common components for the man-
ufacture of composites is hollow fibers. Both hol-
low fiberglass and reinforcing elements have found
their application in the manufacture of fiberglass.
The study of the mechanical characteristics of fiber-
glass based on hollow fibers indicates the feasibility
of using such composites for products under com-
pressive loads. Thus, M.S. Aslanova, S.L. Rogin-
sky, V.I. Dreitzer in their works concluded that the
specific strength of fiberglass with hollow fibers was
almost three times higher than the reinforcement of
solid fibers [1, p. 183—188]. S. Kling and T. Czigany
in their publication performed a comparative analy-
sis of the use of hollow and solid glass fibers in the
design of composite materials [2].

Despite the large number of studies of the stress-
strain state of fibrous composites, only some theoret-
ical studies focus on modeling the elastic behavior
of composite materials with voids in the fibers [3—7].
The mechanical properties of fiberglass can be sig-
nificantly influenced by changing the cross-sectional

Longitudinal modulus of elasticity:

profile of the reinforcing fibers. Thus, R.V. Hum-
phrey determined that the packaging of fiberglass
with a cross section in the form of a hollow hexagon
can result in obtaining a composite with a high fiber
content at low weight [8, p. 401-413]. It is noted
that the density of the composite based on hollow
hexagonal fibers is twice lower than the density of
ordinary fiberglass.

In some load schemes, the combined use of solid
and hollow fibers may be appropriate, but the pres-
ence of both types of fibers in the composite leads to
mathematical complications in determining the effec-
tive mechanical characteristics. To determine them,
we use the approach described in [9], for a composite
material reinforced with two types of unidirectional
solid fibers.

Methods. Let us consider an example of such a
scheme of reinforcement of a three-component com-
posite material of solid and hollow equally directed
fibers of periodic structure (Fig. 1). Let us divide the
entire array of composite material by a system of hex-
agonal cells, as shown in Figure 1.

To determine the effective elastic constants for
hexagonal cells containing hollow fibers, the formu-
las presented in [10] are used.

E, :El*doL(d*f+d°(l—f—g)),

-y

where f and g — respectively, the fiber material volume fracture and the cavity in the composite;
E; —longitudinal modulus of elasticity of the matrix material;
E, — the transverse modulus of elasticity of the matrix material;

* * * . . . .
Vis» Vy» V,; — Poisson’s ratios the matrix material;
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E, —longitudinal modulus of elasticity of the fiber material;
E, — the transverse modulus of elasticity of the fiber material;
Vi, Vyi» Vo — Poisson’s ratios the fiber material;

. ot+Bvy,

b

— (X'+BV12 . d
- Yiz
oE, oE,

a=(1=f=g)((Evis—Esviy) f—Es(f +22)) = Es(1+ f +2) / ;
B=2(/+&) (v (1~ ~g)+ V2 Esf )

d°

oAV .V
Y= Zf(f + g)[VZIEz E_llf -V K, E_llzj .
Poisson’s ratio:

V. = Vo Vipd o —y
12 * ° ‘
Vo (d o= Y)
Longitudinal shear modulus:

Gi (Gt (14 £ +2) +Ga(f +28)(1-(£ +2)))
szf(l—(f+g)2)+Gl*2(f+2g)(l+f+g)z '

Transverse modulus of elasticity:
based on the equality of radial displacements

12 7

2nE;

E =
T](4'Y3(1_V21VT2)+(1+V;3)+71)+2(f+g)(fy1E2°_E;((f"'zg)'Yz+2gV;3))

2

2

where
— _uF _ dOfVZI .
Y1 _(1 V23) d*f+d°(l—f—g) 5
ey d (e,
Yz_(l V23) d*f+d°(1—f—g)’
((r+2)(3e(r+28)-2(f +3)~ fe)u+ S na+((f +8) +e(f+22))1s
£ 36 (g ) (f+2g+1)(f+g-1)

b

((g=(4(f +2) +e(r+28))- )~ 0~ ((f +&) +2(/+28))t
s (g-D)(f+2g+1)(f+g-1) ’

d: =V—i'[v;(lfﬂ]—L{l—Zv;E;ferg]_1_V33 _2\’021\’12 :
n I-vy n E, (1—V23)

=<
£
Il

d*zv_2*‘ V; £f+1 —Lzl—2v;E;ff+g _I_V*23_2V*21V12;
n 1- n E;(1-v3)

dy =[V—2:%—2v; %}(%f(l—v;)—f(l—v;)—zgj—

2

_2;231 +‘]’5221 (1+V23)+ ; (1 v23),
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n:E;(2g+f(1—v;3))(f+g—1)—ﬂ;((f+g)( )+ (1+v23))
r=E;(1+v;3)(f+g—1)+E;((f+g)(1—v;3)+(1+v;));
Yo = disty —dysty s Yy =dyty —distys Ay =4t — bty
dy =k, (> +3(f+g)(g-1))=3k,(f+g)(g-1)(f +2g+1):
dlz=k13((f+g)2+(f+g)(1—3g)+1)—3k14(f+g)(g—l)(f+2g+1);
dy =By (f+g=1)((f+8) +/+g+1)+
+E;f( k(17 432(f +2))=3(1+vis ) (£ +&) (f+g-1)(g=1)(/ +2g +1));
ey (2 43(f +8)(g=1))+ 3k (f +8) (g —1)(f +2g +1);
d22=k23((f+g)2+(f+g)(1—3g)+1)—3k24(f+g)(g—1)(f+2g+1);
dy =k By (f+g-1)((/+8) + f+g+1)+
B f (e (2438 (£ +2))=3(14vis ) (/ +2)' (/ +g=1)(g~1)(f +2g +1));
=4/ +g) (Vs vivi ) - (1+vi ) (143 + 2)');
—a(f+g)(1-viv) (1493 (£ ey -1):
ki =(32(f+g) +& )(1+vi)=4(f + ) (vas +Vavi):
(f+g )1+v23)+4g(f+g)(1 Vv );
=2(f+g) (3+vh—2viv,)+ (1+v23)(1 3(f+g) )
oy =2(f + ) (Vi +2vviy =1) = (143, ) (£ + 2) +1);
oy =(32(f+8) =) (14 Vi) =2(/ + &) (B+vi —2v; vy )
k24=((f+g)2+g2)(1+v;3)—2g(f+g)(v;3+2v;1v:2—1);
t=dyEsf+hnEs (f+g—1)s t,=d\Esf +kpEs (f+g-1);

L= knE;f3 +d12E; (f+g _1) s 0= kZIE§f3 +dzzE; (f"‘g _1) ;
based on the equality of circumferential movements

£ < ME,

2

Poisson’s ratio:
based on the equality of radial displacements

n(4Y3 (1_\’21\/:2)"'(1+V;3)_Y1)_2(f+g)(fY1E; —E; ((f+2g)y2 +2gV;3))

n(4'Y4 (1_V21VT2)+(1+V;3)+'}’1)+2(f+g)(fY1E; -k, ((f+2g)y2 +2gV;3)) '

23 7

n(4y, (1= Vi )+ (1 vi )+ 1, )+ 207 + @) (/s — B ((f +28) 1, + 283 )
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based on the equality of circumferential movements

3 n(4"/4 (1—VLVI})+(1+V§3)—Y1)—2(f+g)(fY1E§ —E, ((f+2g)'Yz +2gV023))

23 T

These formulas are obtained for a composite mate-
rial with a transtropic matrix and a hollow fiber, if the
components are isotropic, then in these formulas it is
necessary to equate the corresponding elastic charac-
teristics of the matrix and fiber materials. For hex-
agonal cells with solid fibers, one can use the same
formulas where g =0.

With this partition, the matrix material in any hex-
agonal cell will occupy the same volume if the diame-
ter of the fibers of both types is the same, and the vol-
ume occupied by the matrix material will be different
if the diameter of the fibers of both types is different.

We have two types of hexagonal cells — with a
hollow fiber (the ring is marked by an inclined hatch-
ing), and with a solid fiber (the circle is marked by
an inclined hatching). Next, we approximate a hex-
agonal cell with a circle equal to the area of this cell.
Applying the formulas of dependence of constants on
the elastic characteristics of the transtropic matrix,
fiber and bulk particles of the fiber and cavity mate-
rial in the composite material, we determine the elas-
tic constants for the first area of the composite and,
taking in the formulas g =0, determine the elastic
constants for the second area of the composite. As a
result, we obtain a two-component fibrous material
with calculated elastic constants of transversely iso-
tropic matrix and fibers (Fig. 1).

For the obtained composite material, we determine
the elastic constants using the method described above.
Then the section of this material is divided into hexag-
onal cells, and we apply to the elementary hexagonal
cell the procedure for determining the elastic constants,
according to the previously defined elastic constants of

n(4Y4(I—VZIVI})+(1+V§3)+Y1)+2(f+g)(fY1E§—Eg((f+2g)Yz+2gV33)) ‘

the matrix and fibers. The volume fraction of a fiber is
defined as the ratio of the area of the circle occupying
the fiber to the area of the hexagonal cell. The obtained
elastic constants of the composite material will deter-
mine the elastic constants of the three-component
composite material with two types of fibers.

If in the original three-component composite
material the volume fraction of the material of the
hollow fiber of the grade f, with the cavity g, and
the solid fiber — £, , the volume fraction of the matrix
material will be 1-f, - f, —g. Then, according to
the above approach to the representation of the matrix
and fiber, the volume fraction of the new matrix will

A
be (1-fi—-f,—g)—"—
U= Qﬁ+ﬁ+g

fraction of the new matrix in the two-component
S
h+hte
larly, let us determine the volume fraction of new
fiber in a two-component fibrous material. The vol-

+ f,. Thus, the volume

fibrous material will be equal to . Simi-

ume fraction of the fiber will be the value, which is
/s
equal to (1-f —f,—g)——==——+ f,. Thus, the
(1=h=1, )ﬁ+ﬁ+& ’

volume fraction of fiber in the composite material
_ S
h+/fi+g

However, it should be taken into account that the
obtained ratios for calculating the elastic properties
of the composite material operate only with the vol-
ume fraction of fibers and do not take into account the

will be the value

Fig. 1. Representation of a three-component composite material
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Fig. 2. Effective longitudinal modulus of elasticity
of a composite material reinforced
with solid and hollow fibers

diameter of the fiber and the structure of the stack-
ing. Therefore, the above technique can be applied
to other schemes of reinforcement, it should only be
taken into account that the more precisely the circle
approximates the boundary of the matrix material in
the model, the more accurate the results are.

Numerical calculation. Let us consider a uni-
directional UD GFRP composite based on polyes-
ter resin (Polimal 109), reinforced with fiberglass
(E-glass). The elastic characteristics of the compo-
nents [11]: for fiber we have E =73 GPa, v' =0,22,
G =29,9 GPa; for matrix —E =3,24 GPa,
v’ =0,385. Suppose that the scheme of reinforce-
ment is the same as Fig. 1. Volumetric content of hol-
low fiber f+g=0,4.

63
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Fig. 3. Effective shear modulus of a composite
material reinforced with solid and hollow fibers

Figures 2 and 3 show the dependence of the effec-
tive longitudinal modulus of elasticity and shear
modulus on the volumetric content of the cavity.

Conclusions. The method of double homoge-
nization for a composite material periodically rein-
forced with two types of fibers — solid and hollow,
is proposed. Presented this technique for calculating
the effective elastic characteristics of the composite
material on the example of a composite with isotropic
properties of the components. It can be noted that the
increase in the volume content of the cavity leads to
a decrease in the values of the effective characteris-
tics, and for an effective longitudinal modulus of elas-
ticity, this dependence is linear, and for an effective
shear modulus it is nonlinear.
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VYV crarTi mpeAcTaBIeHO HOBUHM MiAXiJ J0 pO3B’si3aHHS KBa3iCTaTHUHOL
MPOCTOPOBOI KOHTAKTHOI 3ajiadi mpo (GpUKUIAHY B3aEMOJII0 KOPCTKOTO
IMJTIHPUYIHOTO MITAMIIA 13 INIOCKOK OCHOBOIO Ta MPYXKHOTO MiBIPOCTOPY, 32
YMOBH TOCHIJJOBHOI JIii HA IMITaMI MOHOTOHHO 3POCTAaI0YUX HOPMAJIBLHOTO Ta
JOTUYHOTO HABAHTAXKEHB. J{JIs1 BpaxyBaHHS TEPTS MU BUKOPUCTOBYBAIH 3aKOH
Kynona B kyracu4Hiit HeclpoIeHii ¢popMi. 30HU 3UCTICHHS 1 TPOKOB3yBaHHS
BBaXKaJlM 3a37aJieTi[b HEBIJIOMUMH 1 TaKMMH, 110 MOTPiOHO 3HaiTH. [Ipouec
HABAHTaKyBaHHsS MOJICTIOBABCS CKIHUCHHUM YHCJIOM CTaHIB pPIiBHOBaru —
KPOKIB HaBaHTaXyBaHHs. KoHTakTHy 3amauy 3BEJCHO [0 IOCIiTOBHOIO
PO3B’SI3aHHS OJHOTUIIHMX CHUCTEM HENIHIMHUX TIpaHUYHUX IHTErpaJbHUX
pIBHSHb Ha KOXKHOMY KpOIl JUCKPETHOTO TIPOIECY HaBaHTAXyBaHHS.
OTpumaHi iHTEerpanbHi piBHAHHS XapaKTePU3YIOThCS TUM, 110 iXHil BUITIA He
3aJIeKUTh BiJl KOH(Irypalii 30H 34erieHHs 1 MPOKoB3yBaHHs. s CKiiajaHHs
TaKUX pPIiBHSHb HEOOXIJHO JIMIIE BKa3aTH KAHOHIYHY OOMEKEHY IUIOCKY
o0nacTh, sIKa MICTUTh Y cO01 HEBiOMI JUISHKH KOHTaKTy Ha ycCiX eTamax
Mpolecy HaBaHTAXKyBaHHS Til. 711 OTpUMaHHS HAOMMKEHUX PO3B’A3KIB LIUX
CHCTEM BHKOHAHO 1X JTucKpeTu3aiito. [loOymoBaHo 301kHi iTepaliifHi mporecu
JUISL YUCJIOBOTO PO3B’SI3aHHS OTPUMAHUX B PE3yJbTaTi Li€l AUCKpeTH3alii
CHCTEM HENIHIMHUX CKaJSpPHUX pPIiBHAHb. 3a JOINOMOIOI0 YHUCIOBHX
PO3paxyHKiB, BUKOHAHUX MPU PI3HUX 3HAYCHHSX AOTUYHOTO IEPEMIIIECHHS
mITaMIa, AOCHIWIM TPOLEC 3MIHM PO3MOAUIIB Mi0YMX Ha HOro OCHOBY
MUTOMHUX KOHTAaKTHUX 3YCHIIb. TakoX MOCHIMKEHO BITHOCHI MEpeMillleHHS
KOHTAKTYIOUHX MOBEPXOHb Ta E€BOJIOIIIO ()OPM 1 PO3MIpiB 30H 3YCIUICHHS i
MIPOKOB3YBaHHS MPU MOCTYIIOBOMY 301JIBIIICHHI JOTUYHOTO HABAHTAKYBaHHSL.
Bceranosuiy, 1110 3 OSBOIO TOTHYHOI CHITH 30HA 34CIUICHHS BTPAayae CUMETPII0
1 3MilIyeThcs A0 MEPEAHBOTO, BITHOCHO HAMPSAMKY PyXy, Kparo IITaMIa.
[Ipu 30inbIICHH] 30BHIIIHFOTO JOTHYHOTO 3YCHIUIS TJIOUIA 30HU 3YETICHHS
3MEHIIYETHCS 1 CTa€ HYIHOBOIO 32 YMOBH IOYATKy MOBHOTO NPOKOB3yBaHHS
IITaMIIa TI0 MOBEPXHi MiBIpocTopy. Hail0inbIm 3Ha4eHHS! MUTOMUX JOTHUIHUX
KOHTAKTHUX 3yCHJIb Ta BIHOCHUX HEPEMIlCHb KOHTAKTYIOUHX ITOBEPXOHb
JOCATAIOTHCS OIS 38 THHOTO, BITHOCHO HANPSIMKY PYXY, Kpalo IITaMIIa.
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The article presents a new approach to solving the quasi-static spatial contact
problem of interaction with friction between a rigid cylindrical punch with
a flat base and an elastic half-space when monotonically increasing normal
and tangential loads act on the punch sequentially. To account for friction,
we used Coulomb’s law in the classical form. We considered the stick and
slip zones to be unknown in advance, which must be obtained. We simulated
the loading process with a finite number of equilibrium states — loading steps.
The contact problem is reduced to the sequential solution of similar systems
of nonlinear boundary integral equations at each step of the discrete loading
process. The resulting integral equations are characterized by the fact that their
form does not depend on the configurations of the stick and slip zones. To
compose such equations, it is only necessary to specify a canonical bounded
flat region, which includes unknown areas of adhesion and slippage at all
stages of loading the bodies. To obtain approximate solutions of these systems,
they are discretized. Converging iterative processes are constructed for the
numerical solution of the systems of nonlinear scalar equations obtained as
a result of this discretization. Using numerical calculations performed for
various values of the tangential displacement of the punch, we investigated
the process of changing the distributions of contact tractions acting on its base.
We also investigated the relative displacements of the contact surfaces and
the evolution of the shapes and sizes of the stick and slip zones when the
shear load gradually increases. We found that the stick zone loses symmetry
and shifts towards the front (in the direction of the movement) edge of the
punch when the tangential force begins to act. With an increase in the external
tangential force, the area of the stick zone decreases and becomes zero when
the punch begins to slide along the boundary of the elastic half-space. The
maximum values of tangential contact stresses and relative displacements of
the contact surfaces are achieved at the back edge of the punch.

Beryn. 3agada npo KOHTaKTHY B3a€MOJIIIO MPYK-
HUX TiJI € BOKJIMBOIO 3a[a4el0 Cy4acHOi MEXaHiKH i
Ma€ MIMPOKE TEXHIYHE 3aCTOCYBaHHS B MallMHOOY-
IyBaHHI, OyliBeNbHIM MeXaHilli Ta IHIIMX Tramy3sx.
AKTyalbHICTb 11i€1 331241 3yMOBJIEHA TUTAHHSMH MiLl-
HOCTI 1 3HOCOCTIMKOCTI pi3HMX MEXaHIYHUX CHUCTEM 1
KOHCTpYyKIii. OmHuM 13 (akTopiB, IO BILUIUBAE HA
HaNpy>KeHHS y B3a€MOJIIIOUMX €IEMEHTaX TaKHX CHC-
TEM, € TepPTsl MK KOHTaKTyIOUMMH MOBEPXHIMHU LUX
enemenTiB. [Ipu po3B’sa3aHHI TakuX 3a7a4 MOBEPXHS
KOHTAKTy 1 BUHHKAIO4Ui Ha Hill 30HU 3UEIJICHHS 1 Mpo-
KOB3YBaHHsI 3a3/aJieri[b HEBIJIOMI 1 MOXYTh Maru
CKJIaZHy HemporuosoBany ¢opmy. Lli oOcraBuHH
ICTOTHO OOMEKYIOTh MOKITMBOCTI aHATITHYHUX METO-
B 1 CIIOHYKalOTh BUKOPUCTOBYBATH YHCIIOBI.
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AHaJji3 crany npo6aemu. JlociimKeHHs dacT-
KOBOTO IPOKOB3YBaHHS 3 TEPTSAM OyJd pO3IOYaTi B
pobotax [1; 2] i aKTUBHO TPUBAIOThH IO TEIEPIilll-
Hii yac. OmIaau TakuX JOCIHIJKCHb HABEJICHO B
quCJIeHHUX crartsax [3—7] i kaurax [8—13]. Oco-
OnvBa yBara NpUIUISIIACh BUBYCHHIO KOHTAKTHHUX
3a/1a4 JUIsl JKOPCTKHUX INTAMITIB 3 TUIOCKOK OCHO-
BOIO. YIleplie KOHTaKTHa 3ajada IpoO BJABIIO-
BaHHS NPSIMOKYTHOIO IIITaMIIa B MPYXHY IiBILJIO-
HIMHY TpPU HEBIIOMIM Mexki obnacTeld 34ersieHHs
1 npoxoB3yBaHHs chopmynasoBana JI.O. [aminum
[14]. Ockinbku aniny He BHamocst 3HAWTH TOYHHMA
PO3B’SI30K, LA 3a7a4ya Ta il aHaJIOTHU PO3ITISAATUCS
OararpMa gocaigHukaMu. Orian AesKUX aHaaiTHY-
HUX TIAXOJIB 10 pO3B’si3aHHs 3ajaa4i ['aniHa HaBe-
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neHo B pobOoti [15]. OcecuMeTpudHMI BHITAIOK
KOHTAaKTy 32 YMOBH ITIOBHOTO 34€IIJICHHS BUBYCHUH B
pobotax [16—-19]. HopmanbHHIT KOHTaKT KPyTOBOTO
LmTaMIa 3 MpyXKHUM HiBIPOCTOPOM HPU HAsIBHOCTI
3YCIUICHHS 1 NMPOKOB3YBAHHS NPH MOHOTOHHOMY 1
HEMOHOTOHHOMY HaBaHTa)KyBaHHAX JIOCIHIKEHO B
pobotax [13; 20-24]. [Ins BUMIaAKy KOJIHM Ha IITAMIT
KpiM HOpMaJIbHOI CHMJIM Jli€ 3CyBHA, 32 YMOBH IIOB-
Horo npokoB3yBaHHsA, B. I[. MoccakoBcrkum B
po6oti [19] oTpuMaHO HaOMMKEHWH aHATITUIHUN
pOo3B’s30K. [IOTHYHUI KOHTAKT TUIOCKOTO IITaMIy i
MIPY>KHOTO TIBIIPOCTOPY 32 HAasIBHOCTI 34UEIUICHHS 1
[IPOKOB3YBaHHS BUBUEHO MaJIo.

Merta i 3aBaaHHs AocailzKeHHsI. MeTOIO CTaTTi
€ JOCIHIPKEHHS YacTKOBOTO INPOKOB3YBAaHHS 3 TEp-
TSIM MDK KOHTAaKTYyIOUMMH HOBEPXHSIMHU MPY>KHOTO
MiBIPOCTOPY 1 JKOPCTKOTO LHMIIHAPUYHOTO MITAMIIA 3
IUIOCKOIO OCHOBOIO, 1110 BUHHUKAE B PE3YJIBTATI MOCITi-
JOBHO JIOYMX HA IITaM HOPMAJbHOTO i JOTHYHOIO
HaBaHTaxeHb. [y peamizarii miei MeTu HE0OXiTHO
3HAUTH PO3MOAUIM HUTOMUX KOHTaKTHHX 3YCHJIb,
BiJIHOCHI TIEPEMIIIEHHS KOHTAKTYIOUYHUX MOBEPXOHb,
koH(]iryparii obnactel 34eryieHHs 1 MPOKOB3yBaHHS
Ta MpOaHaTi3yBaTH EBOJIOLII0 IMX XapaKTEPUCTHK
KOHTaKTy B MPOIIECi 3pOCTaHHs JOTUYHOTO HAaBaHTa-
KYBaHHS LITAMIIA.

Buxkian ocHOBHOro MmarepiaJry.

1. Cucrema iHTerpaJbHUX PiBHAHB KOHTaK-
THOI 3aa4i

Po3msiHeMo KBa3icTaTHUHYy NMPOCTOPOBY KOHTaK-
THY 3aJ1a4i IIPO B3aEMO/Ii0 IBOX JiHIHO-TIPYKHUX TiJT
IIPH HAsIBHOCTI KYJIOHIBCHKOTO TepTs [3] MiX HHMH.
VY pasi, konu ofHE 3 TiN € aOCOJIOTHO >KOPCTKUM,
BBaXKaTUMEMO HOr0 YMOBHO NPYKHUM 3 HECKiHYEH-
HuUM MoxyneM HOHra. BBaxaTuMeMo Tako, 11O Tija
JIOIYCKAIOTh alpOKCUMALI0 MPY>KHUMHU IiBIIPOCTO-
pamu. Posmisimarumemo mpolec HaBaHTaXyBaHHS SIK
CKiHYCHHE YHUCIIO /[ TIOCTiZOBHUX CTaHIB piBHOBAaru
(kpokiB HaBaHTaXyBaHHS). SIK TOKa3aHO B POOOTI
[25], HA KO)KHOMY i -My KpOIli HaBaHTaKyBaHHS
3aJa4a 3BOAUTHCS 10 PO3B’A3aHHS CUCTEMH HENiHIN-
HUX 1HTErpaJIbHUX PiBHSHb TAKOTO BUITIALY:

pi(s)=h| p,(s)-E iA(pﬁ)S+80(s)+AU ;

J=1
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ne i=1,1; QQ — oOMmexeHa miIocka 00JIaCTh, sIKa
MICTHTB HEBIJIOMY IUISIHKY KOHTAKTy 1 po3TalloBaHa
y 3arajbHii Js TiA AOTHYHIN rommui [1; 5 —
noBinbHA Touka obmacti Q; py(s), py (s). 5 (s) -
HeBimoMi (QYHKIT, IO 3aJaf0Th PO3MOALIH B 001aCTi
() HOpPMajbHOI 1 JOTHYHHX KOMIIOHEHT TIHTO-
MOTO KOHTAKTHOTO HABaHTXKEHHS Ha [ -My KpOIIi;
A, (8).4,,(s),A,(s) — samani GyHkuii, wo Bu3Ha-
YalOTh YMOBU HaBaHTa)KyBaHHA TiI; J, (S) — yHK-
Iis, MO 3aj]]a€ TIOYAaTKOBUHU 3a30p Mk Timamu; £ —
JTOBLIBHE JIoaTHE YKcio; >0 — KoeillieHT TepTsi.

Omneparopu BIUIMBY ITOBEPXHEBHX HAIPY>KCHb Ha
TIOBEPXHEBI MPYKHI MEPEMIIEHHS 4,; , IO BXOIATH
B (1), 3a1a10Th CIIBBIJHOIICHHSIMU

4, (x)AY =ijj (s,s')-x(s')ds’,(k,jzl,_3). 2)

Anpa umux oneparopis K, (s,s’) BU3HAYAIOTh 3
po3B’s3kiB byccinecka-UeppyTi [8].

OyHKIii Azl. (s),ﬁzl. (s) , 0 BXOIATh B (1), BU3HA-
YarTh 3 HACTYITHUX CIIBBITHOIICHD [25]:

A21'(5):Azi(s)_i‘/lzj (pji—l )S —Ay (S), 3)

J

=1
~ 3
A3i(S):A3i(S)_ZA3j (pji—l )S _Asi—l(s)' “4)
Jj=1
®Oyukii /4 i ¢, mo Bxonats B (1), MaroTh Takuit
BUIISAL:
X, K110 X > 0;

h(x) = (5)

0, axmro x < 0;

x,anno\/x2 +y2 <z

= 6
9(x.3.2) x'—TZerz’HKHIOW>Z' ©)

3HaXO)KCHHSI aHAJNITHMYHOTO PO3B’SI3KYy  CHUC-
temu (1) € ckmagHUM, TOMY Uil PO3B’sI3aHHS L€l
CHCTEMH JIOLIJIBLHO 3aCTOCOBYBAaTH YHMCIOBI METOIH,
3aCHOBaHI Ha AMCKPETH3alil iHTErpalbHUX PiBHSIHD
3 IOAAJIBIINM 3aCTOCYBAaHHSIM iTepalliiHUX METOIIB.

2. MeToa unc10BOro po3s’sizanus cucremu (1)

3amamo o6iacte ) y BHIVISAI BiIKPUTOTO KBa-
Ipata 31 CTOPOHAaMH, MapajeIbHUMH OCSM JeKap-
TOBOI cuCTeMU KoopauHaTt x(Oy, sIKy BBEICHO Ha
mnomuni I1. Po3i6’emo 1m0 obmacth Ha n”° KBa-
JIpaTHUX pPiBHUX oOnacreit wf,m’z’,...,wzz , OpiEHTOBA-
HuX noxnioHo ). BBaxarouu, 1o HeBigoMi (QyHKIIT
P (5), Py (), py; (s) npuiimaroTe Ha KoXKHOMY Tpa-
HUYHOMY €JIEMEHTI (0] CTalll 3HAYCHHS X3, ,,, X3 ;>
X, ; » 3BEJIEMO 3HAXO/DKCHHSI HAOJIIKEHOTO PO3B’A3KY
cuctemu (1) 10 po3B’A3aHHS HA KOKHOMY [ -MY KPOITi
HABAHTAXKYBAHHA CHCTEMH 371° HEJiHIHHMX cKasp-
HUX PiBHSHB:
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3n
Xy gi =h| Xy 5, —E Za3k—2j "X —by i | |5
J=1
~ 3n
Xy =9q| Xy —E za3k—1j Xy by X —
=
- 3n?
—E- Zayfj‘xji_bsk[ SH X o |5 (7)
=]
X3pi = 4| X3 — Za3k1 Xii— by |5 X —
- 3n?
-E- ZaBk—lj X by i [ X500 |5
=

Y cucremi (7) 4MCIIOBI MapaMeTpH dg;; € eNEMeH-
TaMH MaTpPHII ITONATIMBOCTI B3aEMOIIOUMX TIUI, a
b,, BU3HA4YAIOTh YMOBU HABaHTAXXEHHs B3a€MOJII0-
9uX TUT Ha i -My KpOIli HaBaHTa)KyBaHHSA [25; 26].

Habmmwxkenuii po3s’s30k cucteMu (7) TpH KOX-
HOMY (DiKCOBaHOMY i NIYKAaTUMEMO 32 JOTIOMOTOIO
METOIy TIPOCTOi iTeparllii, BAKOPHCTOBYIOUH HACTYII-
HUH ITepariiftHuil mporec:

(0) _.(0) % 3
(x,i 3 Xai sees Xy 2 |ER
(m+1) _ .
Xy =h x3k 2i 7 Za3k 25" ji —byi | |
(m+1) _ (m) _
X3 =9 x3k i Z%k a5y jl —by i |5 X3
e ®)
m .
-E- Zask/'xji —byi | X5 0, |5
J=1
(m+1) N (m)
m+ m
Xyi =4 x3k1 Zayu /1 by [ X3
- 3n? ( )
m .
-E- za3k—1j "X =by i S X |5
=

Y poboti [27], 32 TOTIOMOTOO IIPUHITUITY CTHCKA-
FOUUX BiTOOpaXeHb, JOBEICHO, IO ITEpaIlifHIIA TIPO-
mec (8) 30iraeTbes Ha KOXKHOMY [ -My KpOIll HaBaH-
TXyBaHHSI TPH Oydb-sIKOMYy BHOOpPI IOYATKOBOTO

0 0
HaOJIVKEHHS (xl(,),xgi),...,

a3

1<i<3n?

(0) 3n?
X5, eR 32 yMOBHU
. Ilpu mocnitoBHOMY pO3B’si3aHH1

cepii cucreM (7) 3a JOMOMOTOKO iTEpaIlifHOTO MPO-
necy (8) oOuparumemMo HaOIMKEHUH PO3B’SI30K CHC-
temu (7), OTpUMaHuil Ha (i —1)—My KpOIIli HaBaHTa-
KyBaHHsI, 32 IOYaTKOBE HAOIMKEHHS Ha i -My KPOIIi.
Ilpm i=1 OymeMO BBaXXaTH BEKTOP IOYATKOBOTO
HaOJIVKeHHS HYJIbOBUM.
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3. Yucaosi pe3yabTaTu

3anponoHoBaHUM MiAXiA 3acCTOCYBald JI0 PO3B’s-
3aHHS KOHTAKTHOI 3ajadi PO B3aEMOIIIO YKOPCTKOIO
LATIHAPUYHOTO IITAMIIA 3 TNIOCKOIO KPYTOBOIO OCHOBOIO
1 TIPY>KHOTO MIBIPOCTOPY MPH TOCIIOBHIH JIii Ha [ITamI
HOPMaJIBHOTO 1 TOTUYHOTO HaBaHTaXKeHb. 1711 po3paxyH-
KiB BUKOPUCTOBYBAJIM TaKi BUXIiIHI JaHi: paJiyc OCHOBH
mramra R =0,005 M; s TOPY)KHOTO MIBIIPOCTOPY
o6pamu xoediuient [Tyaccona v =0,3 1 mogyns FOnra
E =210000 MIla; xoedimient Teprs p =0,25.

[exaptoBa cuctema koopauHar Ox)z BBOIWIIACH
Tak, o0 NpyKHUK MiBOPOCTIp BU3HAYaBCS HEPiB-
HicTio z<(0, a MOYAaTOK KOOPAMHAT CIIBIagaB 3
LEHTPOM OCHOBH ILTAaMIIa, KA B HCHABAaHTAKCHOMY
CTaHl HaNeXKuTh TwIomuHiI z =0 (puc. 1).

Puc. 1. Cxema KOHTaKTy

[Iporilec HaBaHTaXyBaHHS 3MIMCHIOBaBCS  3a
2] KpOKiB y BIAMOBIAHOCTI 3 HACTYITHUM 3aKOHOM
3MiHM HOpPMaJIBHOTO A, 1 H0THYHMX A,;, A, mepe-
MIIIeHp mTamIa y Hamnpsimax oceit OziOx,0Oy Bin-
MOBIJHO:

“A -
Tzl,m(molﬁisl;

—A_,saxmol/+1<¢;
0, axkmo 1<i </

Ay =9-A -(i— 9
? M,HKMOI+IS1’S2Z; ©)

A, =0,1<i<2].

Tyr A, 1 A, — MaKcuMajbHI 3HA4E€HHs a0COMIOT-
HUX BEJIMYMH KIHIEBUX 3CYBIB IITaMIla B HampsimMax
oceit Oz 1 Ox . Taka icTopist HaBaHTa)KyBaHHS Bij-
MOBi/Ia€ MOYaTKOBOMY MOHOTOHHOMY BABIIIOBaHHIO
HITaMIla B [IBIPOCTIP HA BEJIMUUHY 3aIIMOICHHS A
3 MOJANBIIUM HOTO MOCTYIOBO 3POCTAIOYNM JIOTHY-
HHM 3CyBOM Ha A 1pu (iKCOBaHOMY 3Ha4eHHI A .

Jnsg 4uciaoBUX po3paxyHKIB BUKOPHCTOBYBAJIN
MMOBEPXHEBY CITKY 3 81x81=6561 kBampaTtHuUX Tpa-
HUYHUX €JIEMEHTIB. 3Ha4eHHsI [ B IIpolleci HaBaHTa-
xyBaHHSA (9) oOupanu pisauM 20. Hmxdue HaBeneHi
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pe3ynbraTH, OTpUMaHi Ha KO)KHOMY 3 JIBOX €TaIliB
HABaHTAXXCHHS.

3.1. Hopmaanne HaBaHTa:kyBanHs. [y aGco-
JIIOTHOI BEJIMYMHM HOPMAJIbHOIO 3MIIIEHHS IITaMIla
A. obupanu 3nauenns 4-10~m . Ha puc. 2 nomano
OTpHMaHi Ha OCTAaHHBOMY KpOLi HEpIIOro eTamy
HaBaHTaxyBaHHA (i =/ B Popmynax (9)) po3nominu
HOPMaJIbHUX 1 AOTHYHHUX KOHTAKTHHUX 3yCHJb, IO
III0Th Ha OCHOBY LITaMIIa y340BX oci Ox .

Puc. 2. Po3noaiiu nuTOMHUX KOHTAKTHUX 3yCHJIb

Tyr X=x/R — 0e3po3mipHa KOOpAHMHATA;

R’ R’
p=7'pu(x,0) : qx=?-p2/(x,0) —  Ges-
PO3MipHI HOpPMaJIbHI 1 JOTUYHI IMHUTOMI KOHTAKTHI
sycusisi. [lyHKTUpHA JTiHIS BiANOBIiNAE BiTOMOMY

. _ 1 2\
PO3IOJIiTy KOHTAKTHOTO THCKY p=2—(1—(x) )
T

3a BIJICYTHOCTI TepTs. 3HAUEHHS aOCOJFOTHOT BEJIH-

YUHU HOPMAJIBHOI cwiin P = J p(s)ds, 10 BiATIOBI-

Q
Ja€e HepeMiH_ICHHIO mTaMIiia AZ, CKJIaJIO HpI/I6J'II/IBHO

94xH. Otpumanu BiZHOCHMH pPO3MIp 30HU 34e-
mwieHHs R,/ R=0,8196, HopmamnizoBaHy oOcaiky

- ER
mrammia o =| ———
P(1+v)

3.2. JloruuHe HaBaHTa:KyBaHHA. J[ns mocii-
JDKEHHS 3MiHH TapaMeTPiB KOHTAKTY, 38 MOHOTOHHOTO
3pOCTaHHsI JIOTUYHOTO HABAHTAXECHHS MPU CTAIOMY
3HAUEHHI _O€3PO3MIPHOTO HOPMAJILHOIO 3MillIEHHS
wramna A, =A_/R=0,008, 10TuuHOMY 3MILLIEHHIO
A =A_ /R HajaBaau IOCIIJIOBHO 3pOCTaloyi 3Ha-
ueHHA B Aianasoi Bix 0 no 0,008 . Ha puc. 3 nogano
3aJIeXKHOCTI Bil A 6€3p03MipHUX HOPMAJIbHOI CUIIN
P'=P/(ER*) a normunoi Q' =Q/(ER’).

Po3nozinim mirounx Ha ImTaMi y3noBk oci Ox

RZ
IIUTOMUX ~JOTHYHUX 3YyCWIb g, . D, 2,()? ,0)

‘A, ~0,3427.
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Puc. 3. 3anexHicTs HOPMAJIBHOI | JOTHYHOY CHJI
Bi/l JOTHYHOTO 3CyBY

Puc. 4. Po3noaijin MUTOMUX JOTHYHUX
KOHTAKTHHX 3yCHJ/Ib

Puc. 5. 3ajekHicTL BiATHOCHHX JOTHYHHUX
nepeMilieHb KOHTAKTYIOUUX MOBEPXOHb
Bi/l KOOpAMHATH
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3a Pi3HMX 3HaYeHb JOTMYHOTO 3cyBy A Big 0 j0
0,0036 momano Ha puc. 4.

Ha puc. 5 momaHo BiaNOBiJHI 3aJIEKHOCTI BijI-
HOCHHX JIOTHYHHX [EPEeMIlIeHh KOHTAKTYIOYHX
HOBEPXOHb #, =u /R Bijx koopaunata x. Tyt u, —
TIePEMIITIICHHS] TOUYOK ITOBEPXHI MiBIIPOCTOPY, pO3Ta-
moBaHuX Ha oci Ox , BIIHOCHO MPOTHIICKHUX TOUOK
OCHOBH IIITaMIIA.

Kongirypanii 308 34€nIeHHs Ta NPOKOB3yBaHHS,
10 BIANOBIJAIOTh PI3HUM 3HAUEHHSIM A, IIOIaHO Ha
puc. 6. Tyt TeMHO-CipUM KOJIHOPOM 300paKEHO 30HY
3YEIJICHHS, CBITJIO-CIPUM — 30HY IIPOKOB3YBaHHSI.

a)A,=0
6) A= 0,0016
0) A,= 0,0032

OOroBopenHsi pe3yJibTaTiB. AHAII3 OTPUMaHUX
pe3ysbTaTiB MOKa3ye, 0 MpU HOPMaJIbHOMY HaBaH-
TaXEHHI IITamna (3a paxyHOK HOro nepemilieHHs
A, =0,008) B 00macTi KOHTAKTy YTBOPIOETHCS IEH-
TpaJibHa KpyroBa 00JacTh 34YEIJICHHS 1 MpuIera 1o
Kpalo KiJbIleBa 30Ha MpoKoB3yBaHHsI. OTprUMaHi po3-
MOAIIM HOPMAJIbHUX 1 JOTUYHUX KOHTAKTHUX 3yCHIIb
(puc. 2), a TakoX BIJTHOCHHI pajiyc 30HHU 34CILUICHHS
1 ocajka mraMia qo0pe y3roKYIOThCs 3 aHATITHY-
HUM DPO3B’SI3KOM OCECHUMETPUYHOTO aHajora 3ajadi
lanina [13; 22]. BizHocHa moMHIIKa TTOPIBHIOBAHUX
3Ha4eHb He nepesuirye 2%.

6) A= 0,0008
2) A= 0,0024
e) A= 0,0036

Puc. 6. Kondirypauii 301 34uenieHHs1 Ta NpOKOB3yBAHHS
IIPU Pi3HUX 3HAYEHHAX JOTHYHOIO NepeMillleHHs mramMna A |
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3a yMoBH, Kol HpH (HiKCOBAaHOMY 3HAYEHHI A
Ha INTaMI IOYHMHAE TIATH MOHOTOHHO 3pPOCTar0y¥a
JOTHUYHA CUJIA, 10 CIIPUYUHSIE HOro nepeMileHHs A
(B HampsIMKyY, TIPOTHIIC)KHOMY JIOIATHOMY HAIPSMKY
oci Ox ), 30Ha 34ETIJICHHS BTpayac IeHTPAIbHY CHMe-
Tpito, 1i «IiBa» Mexka Bipasy K OXOILIIOE 00JaCTh,
MPUJIETITY 10 KPal OCHOBHU IITAaMIIA, a «IIpaBay 3Mi-
IIYE€ThCA B HANIPAMKY NEPEMIIIEHHS mTammna (puc. 6).
Sk BUAHO 3 puc. 3, 31 30UIbIIEHHAM 3Ha4eHHS A
notuyna cwia @ 3pocTac 3a HeJliHIHHUM 3aKOHOM,
IpH IbOMY HOpMaibHa cuiaa P’ Giu3bka J10 CTaoi
(crocTepiraeThcsi HeCyTTEBE 3MEHINEHHS cumu P,
npuOnmu3HO Ha 2% BiA ii MaKCUMaIbHOTO 3HAYCHHS
mpu A, =0). Ilpu A >0,0036 tpadiku P i Q
[IOYMHAIOTh ACUMITOTUYHO 30JIMKYBaTHCh, 10 BiJ-
HOBiJa€ IMOYATKy MOBHOTO HMPOKOB3YBAHHS HITaMIIa
0 noBepxHi miBnpoctopy (puc. 6 e). [Ipu A =0,006
Binnomenns Q /P jmopiBHioe mpubmmsHo 0,0248
110 He OinbIe HIK Ha 1% BIAXWISETHCS BiJT 3a1aHOTO
koediuienrta teprs W =0,25. Leit pesyasrar niaTeep-
JUKYETBCSI TAKOK aHaNi30M TpadikiB JOTHYHUX KOH-
TaKTHHUX 3YCHJIb 1 BITHOCHUX JOTHIHUX ITEPEMIIICHB
KOHTaKTYIOUMX NOBEPXOHb (CYLIbHI JiHii Ha puc. 4,
5). JloTuuHi KOHTaKTHI 3ycHJUISl B I[bOMY BHUIIAIKy
MIPSIMO TIPOTIOPIiifHI KOHTAKTHUM THCKaM, a BITHOCHI
TepeMiIeHHs] BiZIMiHHI BiJ] 1X 3Ha4eHb, JTOCATHYTHX
Ha HOPMaJbHOMY €Talli, Ta AOCSATalOTh MakCUMallb-
HUX 3Ha4YCHb O1JIs MPABOTO KPato OCHOBH LITaMIIA.
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BucnoBku. MeTomoM HeTiHIHHUX KpalOBUX 1HTE-
rpaJIbHUX PIBHSAHb OTPUMAHO HAOIMKEHUH PO3B’ 30K
KBa3iCTaTUYHOT KOHTAKTHOI 3aaa4i Mpo (pHKIHHY
B3a€MOJIII0 KOPCTKOTO IMIIHIPHYHOTO IITammna 3
IUIOCKOI0 OCHOBOIO Ta TMPY)KHOTO MIBIPOCTOPY, 32
YMOBH TTOCTIOBHOI Mii Ha IMTaMI MOHOTOHHO 3pO-
CTAIOYMX HOPMAJIBLHOTO Ta TOTUYHOTO HABAHTAYKCHb.

3a J0MOMOTOI0 YHCIOBUX PO3paxyHKiB NpH Pi3-
HUX 3HAYCHHSX JOTHYHOTO MEPEMIICHHS IITamIia
JOCTIKEHO TpOoLeC 3MIHM PO3MOIUIB JAiI0UHMX Ha
HOro OCHOBY IUTOMHUX KOHTaKTHUX 3yCHJb, BIIHO-
CHHUX TICPEMIIICHb KOHTAKTYHOUYHX IMOBEPXOHB, (HhopM
1 po3MipiB 30H 34YCIUICHHS 1 MPOKOB3YBaHHSA NpHU
MTOCTYTIOBOMY 301JBINICHHI TOTHYHOTO HABAHTAXKY-
BaHHsg. BcraHoBiaeHO, 110 3 ITOYATKOM i1 JOTHYHOI
CHJIM 30HA 3YCIUICHHS, 10 YTBOPUJIACh HA HOPMaJlb-
HOMY eTarli HaBaHTa)XyBaHHs, BTpavya€e LEHTPAIbHY
CHUMETPII0 1 3MINIYEThCA 10 TEPEIHBOTO, BiIHOCHO
HaNpsIMKY pyXy, kpato mramna. [Ipy MoHOTOHHOMY
3pOCTaHHI 30BHIIIHBOTO JOTHYHOTO 3yCHJUIS IJIOMIA
30HM 3YCIUVICHHS 3MEHLIYETHCS 1 CTAE HYJIBOBOIO 32
YMOBH MOYATKy [TOBHOTO MPOKOB3YBAaHHS LITaMIIa 110
MOBEPXHI MIBIIPOCTOPY. BiTHOCHI TiepeMillleHHs KOH-
TaKTYIOUMX MOBEPXOHb MPHU IIbOMY 3POCTAIOThH INPH
HaOJNMKEHH] 10 3aTHHOTO, BITHOCHO HAIPSIMKY PYXY,
Kparo Imramima, OISl IKOTO BOHH MPUHMaOTh MaKCH-
MaJibHi 3HaueHHs1. [IopiBHSAHHS OTpUMaHKX pe3yJIbTa-
TiB 3 BIJIOMHMH CBIAYUTH MPO iX KOPEKTHICTb.
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CraTTs npucBsiu€Ha BUKOPUCTAHHIO IMOBIPHICHUX MOZIETIEH y HEMMOBIpHICHUX
3agadax. HoBi mpukianu, mo HaBeJeHI B POOOTi, HOMOMOXKYTb 30UIBIINTH
KUTBKICTh TPUXHIBHUKIB paHIOMi3allii B MaTeMaTHYHOMY MOJIEIIOBaHHI.
Po3rsnatoTbes 3amadi BiqHOBICHHS (DIHITHUX (QyHKLIN (PyHKIIT-CKPHUIIKIY,
¢ynkuii Epmita), siki gy:ke MOIIMPEHI B METOAl CKIHUCHHUX EJIEMEHTIB
(MCE). ®yHKIIiS-«KpHUIIIKa» — 11¢ 1HIIA Ha3Ba OApULEHTPHUYHOI KOOPANHATH,
3anponoHoBaHoi MpoOiycoM. Ha BinMmiHy Bij iHTepnomsnii 3a Jlarpanxem,
iHTepnosLis 3a EpMiTom nependauae HasBHICTh Y BEPIIMHAX KOHTPOIBHOTO
iHTepBay iHpopmarii npo ¢yHkuio Ta ii moxigHy. 3pocTarodi MOIIHOMU
Epmita Ha xkaHOHIYHMX iHTepBanax [0; 1] 1 [-1; 1] po3msinatoTbes sik GyHKIIT
posnoniny iMoBipHOCTeH. [10piBHIOIOTHCS 1Ba METOAM MOOYAOBH MOJIIHOMIB
Epmita: Tpamuniiinuil (MarpuuHuit) 1 HeTpaauliiHuil (MMOBIpHICHUIA).
ITokazaHo, 110 MLIUIBHICTH 1 cepelHE KBaIpaTUYHE BIAXWICHHS 3aKOHY
posmnoainy #MosipHOCTel Epmita MarooTh TicHHIE 3B’S30K i3 (opmynamu
HaOJIMKEHOTO 1HTErpyBaHHs (KBajpaTypaMu) MifBUINEHOI TOYHOCTI: ['aycca-
Bepnymni (nBa By3nu Ha [0; 1]), ['aycca-Jlexxanapa (aBa Bysnu Ha [-1; 1]),
l'aycca-JIoGarTto (mnst wotupbox By3imiB). Lli pesynapratu cBigyaTh mpo
HasIBHICTh «3BOPOTHOTO PyXy» i€l 1 MeTomiB i3 Teopii HMOBipHOCTEH B
iHImI MaTemMaTuuHi Hayku. Ha rocTpy HEOOXiIHICTB «3BOPOTHOTO PyXy»
HEOHOPA30BO 3BEPTAB yBary BUAATHUH YKpaiHCHKUI HAayKOBELb, (haxiBeub 3
Teopii iMOBipHOCTEH 1 BUMAAKOBUX IporeciB akaaeMik A.B. Cxopoxon. yxe
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Ba)KJIMBO, 100 «3BOPOTHHH PyX» MiITPUMYBAJIN YCi MATEMATHKH, SIK «IMOBIPHICHUKI, TaK 1 «KHEHMOBIPHICHUKI

(tepmir A.B. Cxopoxoza).

OTtpumaHi pe3yIbTaTé BKE He BIIEpIIE IEPEKOHYIOTh, 1[0 TeOMETPUIHA HMOBIPHICTH — 1€ IPOCTHI, HAOUHNUI 1 Ty’Ke
¢(eKTUBHHUI METO/T MaTEMAaTHYHOTO MOJIC/IIOBaHHA. He TuBHO, 1110 cydyacHi iH(opMaIliiiHi TEXHOIOTii MOYNHAIOTHCS
3 KOTHITUBHUX MOJIeJIel nmpukiaaHoi reomeTpii. Taki Mozeni, SK npaBuiio, MaTeMaTuIHO OOrpyHTOBaHi i (iznuHO

aJIeKBaTHI.
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The article is devoted to the use of probabilistic models in improbabilistic
problems. The new examples presented in the paper will help to increase the
number of supporters of randomization in mathematical modeling. Problems of
restoration of finite functions (“lids”-functions, Hermite functions), which are
widespread in a method of finite elements (MFE) are considered in the work.
The “lid”-function is another name for the barycentric coordinate proposed by
Mobius. In contrast to Lagrange interpolation, Hermite interpolation provides
for the presence of information about a function and its derivative at the apexes
of the control interval. Increasing Hermite polynomials at canonical intervals
[0; 1] and [-1; 1] are considered as functions of probability distribution. Two
methods of constructing Hermite polynomials are compared: traditional
(matrix) and non-traditional (probabilistic). It is shown that the density and
average quadratic deviation of the Hermite probability distribution law are
closely related to the formulas of approximate integration (quadratures) of
enhanced accuracy: Gauss-Bernoulli (two nodes on [0; 1]), Gauss-Legendre
(two nodes on [- 1; 1]), Gauss-Lobatto (for four nodes). These results indicate
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the presence of a “reverse movement” of ideas and methods from probability theory to other mathematical
sciences. A prominent Ukrainian scientist, a specialist in probability theory and random processes, the academician
A.V. Skorokhod has repeatedly drawn attention to the urgent need for “reverse movement”. It is very important
that the “reverse movement” was supported by all mathematicians, both “probabilists” and “non-probabilists”

(A.V. Skorokhod’s term).

It is not the first time that the obtained results convince that geometric probability is a simple, clear and very effective
method of mathematical modeling. Not surprisingly modern information technologies begin with cognitive models
of applied geometry. Such models are usually mathematically sound and physically adequate.

Beryn. MarematnuHa Teopist IMOBIpHOCTEH Bke
3 yaciB Ilyaccona, Jlamnaca i ['aycca BUKOpHCTOBYE
CKJIQJIHUI MareMaTHYHWi amapar. Huni B myOmika-
iSX «HAMOBIPHICHUKIBY» TPAIUIETBCS TPAKTUIHO
yBECh KJIACMYHHH MaTeMaTH4HUN aHaji3, BKIIOYa-
I0YM TEOpil0 PIBHSAHb 3 YACTUHHUMHM IOXiAHUMH,
a TaKOX amapar Teopii Mipu Ta (QyHKIIOHAIBHOTO
aHami3y. HesBakaroun Ha 11e, Teopis WHMOBIpHOCTEH
JOBTHH 4yac He BBaKajacs MaTeMaTHYHOIO HAayKOIo.
[locrynoBe Bu3HaHHS Teopii HMOBIpHOCTEH SK
MareMaTu4yHol Hayku noyainocst y 1933 poui, koiu
AM. KonmoropoB omnyOmikyBaB y BHIAaBHHULTBI
Hlnpunrepa HiMENBKOIO MOBOIO CTarTio «OCHOBHI
MOHATTS Teopii HMOBIPHOCTEH» 3 aKCIOMAaTHYHOIO
mo0Oy10BOIO TIi€T Teopii.

Crnenudiyaicts npoOJieMH TMOJSTaE B TOMY, IO
Teopiss WMOBIPHOCTEW BHCTYyNae CTOCOBHO BCi€i
iHII0i MareMaTwku sk criokuBad. A.B. Ckopoxon
3BepTa€ yBary HayKOBIIB Ha BiICYTHICTb 3BOpOT-
HOTO PyXy IUTIIHUX i7Ied 1 HOBUX METOMiB. Y HamIii
POOOTI BUKOPHCTOBYETHCSI HMOBIpHICHA iHTEpIIpeTa-
List 33724 BiTHOBJIEHHS (QiHITHUX (QYHKLIH, SIKi TyKe
MIOIIMPEHI B MeTo/li ckiHueHHuX eneMeHTiB (MCE).
bBasucHi niniliHi 1 KyOiuHI MOTIHOMU PO3IISAAIOTHCS
SIK 3aKOHHM po3mofiny WMoBipHOCcTel. Lle nomomarae
3pO3yMITH, [0 3BOPOTHUH PyX (HA ¥KaJb, TOBUTbHUI)
HacTpaB[i iCHY€, ajie iHKOJIM BiH MPOSBISIETHCS HAl-
HECIOAIBAHIIIIM YHHOM.

Orsn aiteparypu. PerpocnexktuBHMI aHami3
BapTo mouatu 3i crarti A.B. Ckopoxoxa, sika Oyna
omyoOnikoBana y 1977 p. y xypHani «¥Y cBiTi mare-
matukn» [1]. Came y miii poOOTi aBTOp Ha3HWBae
MIPUYMHY, SIKi TOIUIAIOTE MaTeMaTHKIB Ha «HMOBIip-
HICHHMKIB» 1 «HeHMOBipHicHUKIBY». HamonernuBo Ta
EMOLIIfHO BiH MPOMNOHYE JIKBiAyBaTH HaliBHENPO-
HUKHY TUTIBKY, SIKA CTPUMYE 3BOPOTHHH pyX imeH i
METO/IB.

Ha nymky A.B. Ckopoxona, 1 IUTiBKa 3Haxo-
JUTHCSL Yy CBIJIOMOCTI MaTeMaTuKiB, sIKi HEe 3HaOMi
HaBITh 3 a3aMM Teopii WMoBipHOCTEH. be3ymoBHO,
LS CTAaTTsl BUKJIMKaJla IeBHUH pe3oHaHnc. Hepuman-
koBO Tmpoecop marematuku KamihopHiiickkoro
yuiBepcutety (CILA) M. Ilwninr HagiciaB CBOIO
CTaTTIO came A0 peAKoJIerii KypHay «Y CBiTi MaTe-
Matuku». Ll myOmikanis y nepexiaii yKpaiHChKOO
MoBoto Buiinuia y 2000 p. [2]. M. Hlwuninr nixiOpas
MPUKIJIAIH, SIKI 3[aTHI SIKOCh 3aCHOKOITH MPUXHIIb-
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HukiB A.B. Ckopoxona i 3alieBHUTH YUTadiB, 110
3BOPOTHUH pyx BinOyBaeThcsi. Ham Takox momo0Oa-
€TBCSI 1Sl TEMATHKA, MU CIIIJIKYEMO 332 CTAHOM CIIPaB
3 1982 p. [3]. Hami momyky HOBUX NpPUKIAAiB TPHU-
BaroTh [4; 5]. Tenep Mu po3misaeMo 3 WMOBIpHIC-
HO1 TOYKH 30py ¢iHITHI QyHKOIT 00YMCTIOBaIBHOT
MaTeMaTHKH: (yHKIiI0-KKPHUIIKY», 3 SKOI MOYaBCs
po3sutok MCE [6-8], i mominomu Epwmira, sxi
YCHIIIHO MOJENIOITH AedopMarii 3THHY MPYKHUX
6anox [9-11]. Bapro Bim3HauuTH, 10 HMOBIPHICTH
Ja€ MOXIIMBICTh HE TUIBKM 3HAHTH HOBY iHTEp-
npeTalilo MOJiHOMIB, ajie 1 3aIpONOHyBaTH HOBHH
(fimoBipHiCHMIT) MeTOA MOOYIOBM IHUX IMOJiHOMIB
(sx 3a Jlarpanxkem, Tak 1 3a Epmitom). Posrnsga-
I0YM TOJIIHOMH SIK 3aKOHW PO3MOALTY HMOBIpHOCTI
BUTAJAKOBUX BEJIMYMH 1 BA3HAYAIOUW YMCIIOBI XapaK-
TEPUCTUKU LUX 3aKOHIB, MM BCTAHOBIIIOEMO 3B’Si-
30K WMOBIpHOCTI 3 KBaaparypamu ['aycca. Kopucho
MO3HAHOMHTHCH 3 KHUTOIO [12], B sIKiii € HEOOXiqHA
indopmanis 1 mpo noxinomu Epmira i npo kBazapa-
Typu ['aycca. Ha xanb, nesiki aBTOpH KOPUCTYIOThCS
noninomamu Epmirta (siki Bimomi Bxxe 150 pokiB), He
nocunatounck Ha Epmira. HempuemHo BpaxaroTb
aBTopu [6; 8] — CcHiBBITYM3HMKH BUAATHOTO (ppan-
y3pkoro Maremaruka Epwmita. ¥ po6oti [8] mouti-
HoM Epwmira HasuBatoTh nomiHomom Kynca. Lle ne
30BCiM TmpaBWiIbHO: 3aciyra KyHca y mommpenHi
noninomiB Epmita Ha 2D-anpokcumarii (Meron
Kynca, 1966 p.).

MeTa pgocJizkeHHsI — 32 JIOTIOMOTOI0 TeoMe-
TPUYHOT HMOBIPHOCTI CKOHCTpYyIOBatu  (DyHKIIi-
10-«KPHUILIKY» (KyCKOBO-JIHIMHUI MOMIHOM) 1 (QyHK-
uito EpmiTa (KyckoBO-KyOi4HHUI OJTIHOM); [TOKa3aTH,
10 Ha KaHOHIUHUX iHTepBasax [0; 1] 1 [-1; 1] 3po-
CTaro4i MOJIHOMH MaroTh BC1 BIACTHUBOCTI IHTETPalib-
HOi QyHKIIT po3nonity HMOBIpHOCTEW; 3HAUTH HMO-
BIPHICHUH 3MICT Ta MMOBIpHICHHI PO3B’SI30K 3ajadi
PO pO3TAlllyBaHHS BY3JIB Ha OOYUCIIOBAIBLHUX
nrabionax kBajaparyp ['aycca (3a Bepcismu bepryoui,
Jlexxannpa, JIo6atTo).

Bukiaa ocHOBHOTO MaTepiajy A0CTiIKeHHS.

1. Umogipricms  ma  KyckoGo-ninitini  6azucHi
@yukyii 6 3a0auax iHmepnonsyii.

Hexaii ¢ynkuist y = f (x) BH3HA4YEHA Ha [a, b].
Beenemo Ha [a,b] citky a=x,<x <..<x,=b i
MOCTaBUMO y BiATOBITHICTh KO)KHOMY BY31y i (DyHK-
10 <|)l.(x) (puc. 1).
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@; (x) @, (x)
1
Xi X+l Xn-1 Xn=b

Puc. 1. KyckoBo-niHiitHi 6a3ucHi ¢pynknii

27N elx o x
xi_xi—l’ [ o l]’
¢i(x): ;CI:]—__;CI’ xe['xi’xiﬂ]’
0, X ¢ [xH, xl.ﬂ].
X, —X
T e S
0, x &[x,,x ]
[ reln)
n - n n—1
0, xgé[xnfl,xn].

VY Teopii iHTEpIONAi PYHKIII-CKPUTITKI» BiTOMI
JTaBHO, aJie HOBA XBWJIS iIHTEPECY 10 HHUX TIOB’s13aHa i3
METOJIOM CKIHUCHHUX eJIeMeHTIB [6—8]. Unraui, 3Ha-
HOMI 3 ITMM METOIOM, BITI3HAIOTH (pHC. 1) OMHOBUMIp-
Hui aHajor ¢yHkiii Kypanra (1943 p.).

[HTEpIONAIIHHIH TOTIHOM Ma€e BUTTIS:

yzid)i(x)'fi’

ne f, — By3JI0BI 3Ha4eHHs (QyHKII.

lonoBHa mepeBara KyCKOBO-JTIHIWHOI iHTEpIHO-
TSIl B TOMY, IO 3pOCTaioda KUTBKICTh BY3JB He
BUK/IMKA€ HEOAKAHUX OCIIMJIISILIIN.

M 1rykaeMo B KyCKOBO-TIIHIMHUX QyHKIISIX HMO-
BIpHICTB. 3BEpTaEMO yBary, 1o Bci QyHKIii (puc. 1)
3MiHIOIOTBCA Bi 0 10 1. KokHa «KpHIlIkay HaKpuBae
JIBA OJHOBHMIPHI CHUMIUICKCH, a00 OJUH, SIKIIO IIe
«HamiBKpuIika»y. KokHUN CUMIUIEKC Mae JBi Bep-
IHMHU 1 1B OapuieHTpuyHi KoopauHatd. TepmiH
«OapuiieHTpUYHI» 3anpornonysas Mro0iyc (1827 p.).
OyHKIIS-«KPUIIKa» — 1€ 1HIIa Ha3Ba OapUIICHTPHY-
Hoi koopnuHatu. @opmynu (1) 3MiHCHIOIOT 3B’SI30K
JICKapTOBOi KOOPJWHATH TOYKH X 3 OapHIeHTpHY-
HUMHU KOOpJUHATaMHU IIi€i TOYKU Y BIJIMOBIJTHOMY
cumriekci. TakuM 4uHOM, d)l.(x) — 11 HMOBIpHICTH
BUII4JIKOBOTO TOMAJaHHsI Y BIAPI30K CHMIUIEKCA Bij
TOUYKH X J0 MPOTUIEKHOI BEPIIMHU CUMILIeKca (X,
a0o x,,, ). 3 Touku 30py Teopii HMOBIpHOCTEN JOCUTH
JIMIIATY TIIBKU 3pOCTAK0Y1 «HAITIBKPUIIIKUY, 2 Y Gop-

Bulletin of Zaporizhzhia National University. Physical and Mathematical Sciences. Ne 1 (2021)

mynax (1) 3aminutu 0 Ha 1 HA paBOMY KiHIII BifIIO-
BiHOTO cuMIniekca. CaMe Tak BUIVISIA€E iHTErpagbHa
¢dopma (3aKoH) PIBHOMIPHOTO PO3IOILITY HMOBIpHO-
creil. Maroun Ha yBa3i kBazparypu laycca, Hmkde
MU PO3IISAAEMO 3aMicTh [a; D] kaHoHiuHI iHTEpBaIH
[0; 1] Ta [-1; 1]. [Tokaxemo, sik BUITISIIAIOTH (QYHKIIIT
PIBHOMIPHOTO PO3MOLTY HA UX iHTEepBaax. Y Teo-
pii ¥iMmoBipHOCTEH 11 QyHKIIT TpaguIiiHO MO3HaYa-
FOTb uepe3 F(x):

0, x<0,
F(x)=4x, 0<x<I,
1, x>1;
0, x<-1,
F(x)z %(x+l), 0<x<1, (2)
1, x>1.

L1i pynkuii 300paskeHo Ha puc. 2.

Bzarani ¢yHKUis po3noAily BHIIAAKOBOI BEH-
yuHU X — e HMOBIPHICTb BIYYEHHS BHUIIaJKOBOi
TOYKH Y «CHPUSITINBUI» iHTEpBan F (x) = P(X < x) .
Ha puc. 2 «cnpusTauBi» 4aCTUHH 3alITPUXOBAHI.

2. Hmosipuicme ma ky6iuni noninomu Epmima.

Ha Binminy Bix inrepmomsiuii 3a Jlarpamkem,
inTeprnoysinis 3a EpmiTom nependavae HasBHICTH Y
BEpPLIMHAX KOHTPOJIBHOTO iHTepBaly iHdopmalii mpo
¢yHkuito Ta i moxiany. TakuM 4MHOM, 3a1a4a MOJIsI-
ra€ y BU3Ha4CHHI YOTHPHOX Koe(]ili€HTiB KyOi4HOTO
MOJiHOMA!

F(x)=a,+ax+a,x’ +ax’. (3)

Juist boro (hOpMYIIOIOTH IHTEPIOIINHY TiNo-
te3y Epmirta (BinnoBigHi rpanudHi ymosu). Harpu-
KJ1aJ1, JJIs 3pocTarodoro mnojinoma Ha [0; 1] rpaHuuHi
YMOBH MarOTh BHUIJISI:

F(0)=0, F(1)=1,
F'(0)=0, F'(1)=0.

I'pannyni ymoBu Ha [-1; 1] Bigpi3HArOTBCS Bif (4)
yuie abCIMCcOor0 Ha JIIBOMY KiHIII.

Takum 9uHOM, MU OTpUMaH (QYHKIIIO HEPIBHO-
MIpPHOTO pO3MOATy WMOBipHOCTEH (3aKoH Epwmirta).
Sx Oaummo, s moOynoBH (YHKII HepiBHOMIp-
HOTO PO3IOALTY HMOBIpHOCTEH HE AOCWTH 3HATH il

“)
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X -1

F(X)

0 1 X

I\Jll—\----

0

Puc. 3. Interpajbna ta nudepenniaabia GpyHkuii po3noainy iimoBipHocreii (3axon EpmiTa)

TpaHWYHI 3HAYEHHS, MOTPiOHI JOAATKOBO TpaHUYHI
3HaueHHsS IIIIBHOCTI posmominy [ (x)=F '(x).
VY peskux mkepenax i GyHKIT HA3WBAIOTH BiAIO-
BIIHO iHTETpasbHOIO 1 mudepentiaabHo0. Omycka-
FOYU TIOAPOOWIII, 3aMHUIIEMO PEe3yJIbTaT MaTPUIHOTO
METOY:

Ha [0;1] F(x)=-2x"+3x%; f(x)=—6x"+6x;
Ha[-1;1] F(x) :%(—x3 +3x+2);f(x) :%(—3)62 +3). (

JloBXrnHa KaHOHIYHOTO I1HTEpBANTy NPUHIUIIOBO
HE BIUIMBA€E HAa MOBEAIHKY KYyOIUYHHX 1 KBaJpaTHYHUX
napaboi (5). Tomy Ha puc. 3 nogano Bunanok [0; 1].

VY Tteopii iimMoBipHOCTEW 3aKkoH Epmita BUMIsmae
TaK:

0, x<0,
Ha [0; 1] F(x)=1-2x"+3x", x€[0;1],
1, x>1;
0, x<0,
f(x)=1-6x>+6x, x€[0;1],
0, x>1;

Bicauk 3amopi3pkoro HalioHaabHOTO yHiBepcuTeTy. Disnko-maremarmyni Hayku. Ne 1 (2021)

0, x<0,

1

Z(—x3+3x+2), xe[—l; 1],
I, x>1;

0, x<-1,

g(—x2+1) xe[—l' 1]

4 b 9 9

0, x>1.

VYBaxHuii unTad, MaOyTh, yKe TOMITHB, 10 3aKOH
EpmiTa Mo’kHa OTpUMaTH, He KOPUCTYIOUHCh MaTpHy-
HOIO anre0poro. BpaxoByroun rpaHUYHI YMOBH 1 Bia-
CTHUBOCTI WIUTBHOCTI, OTPUMAEMO CIIOYaTKy [ (x)
. Ilicns 1pOro HEBM3HAYEHUM IHTETPYBaHHAM Bifl-
HoBmoeMo F(x). Ham momoGaethcsi Hemarpud-
HUM METOJ, B SIKOMY BHKOPHCTOBYETHCS 10OYTOK
«HaIBKpUIIOK». Haramaemo, 1m0 ¢yHKIiS-«HAITiB-
KpHIIIKa» — 11 HMOBipHiCTh. ToMy #eThcs mpo Teo-
peMy MHOKeHHsI IMOBipHOCTEH. JBi «HAIi BKPUTIIKID
NpUXOBaHi y rpaHiYHEX ymMoBax. [Toninom F(x) mae
JIBOKPATHUI HYJIb Ha JIIBOMY KiHIIi iHTepBaiy. Tperii
HYJb (MIPOCTHI) PO3TANIOBAHHH 3a ITPaBUM KiHIIEM Ha
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BiJICTaHi MOJIOBHHMA KaHOHIYHOTO iHTepBaiy. Takum
YHHOM, PO3IVISIIAETHCS] KOMIIO3HLIS 13 ABOX CUMILICK-
ciB. J{ns Bumagky [-1; 1] e moka3zano Ha puc. 4.

Puc. 4. Komno3uuist «<HanmiBKPHIIIOK»
mast F(x) na[-15 1]

[lynktupHa mnpsiMa moKasye, IO JiBa «HAIiB-
KPHILIKA» BUKOPUCTOBYEThCs IBidi. Lle o3Hauae, 1m0
y cumiuieke [-1; 1] kunawoTthb HaBMaHHSI JIBl TOYKH,
a B cuMmiuiekc [1; 2] — omHy. VMMoBipHicCT moma-
JAHHS IBOX TOYOK y «CIIPUSATIUBUI iHTEepBa [-1; x|

. x+1 . .
JOPIBHIOE [T , UMOBIPHICTb NOTIaAaHHA TOYKH
B [x; 2] mopiBHIOE (2—x). Pesynprar mepemHo-

JKEHHS  J1a€ F(x) = %(—f +3x+ 2) , LIUIBHICTB

/(%)=

nae BiamoBiaHi ¢opmynu (auB. (5)). MaremarnuHe
CIIO/IIBAHHS

Z(l —x’ ) . AHanoriuna kommno3utiis Ha [0; 1]

M(X)zjx'f(x)dx;

s [0; 1] — e %, s [-1; 1] — e 0.

Came B uux Toukax F(x) mae neperns, a f(x) —
MaKCHMYM.

ChopmymmroeMo 3amady Mpo MITBHICTE, sSKa Ja€
HECTIOMiBaHy MOXKJIUBICTh 3pPOOUTH KPOK i3 Teopil
WMOBIpHOCTEH y YHCEIbHI METONH, a caMe J0 KBa-
nparyp ['aycca.

3. 3a0aua npo winvHicmv po3noodiny UMOSIPHO-
cmetl (610 Epmima oo Taycca).

Hexait BumankoBa BenmmunHa X PO3MOALICHA 3a
3akoHOM Epwmirta. 3HaliTH Ha KAHOHIYHOMY iHTEpBai
TOYKH, B SKUX MIUTBHICTH HEPIBHOMIPHOTO PO3TIOALTY
CIIBITA/Ia€ i3 MIUTHHICTIO PIBHOMIPHOTO PO3IOALTY
HWMOBIpHOCTEH.

Jnst [0; 1] Maemo piBHAHHS —6x° +6x =1, 3BiaKH

1 3

X, = 5 + o Le nymi Bigomoro piBHsAHHS bepHyrmi
apyroro nopsaky. Came B ux Toukax ['aycc posra-
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ITyBaB BY3JIM KBaJpaTypyd HaWBHIOi ainredpaidHoi
TOYHOCTI.
3, 1
Hus [-1; 1] maemo piBHSHHS Z(—x +1)=—

1
—+—
NER

Jlexxanpa Apyroro mopsiaKy. 1

3BiIKH X, , Ile wym Bimomoro piBHIHHS

Ksamparypa  l'aycca-bepnyimi: J ) (x) dx =
1
z5(¢(xl)+¢(x2))a !
KBajparypa Taycca-Jlexanmapa: f (I)(x dx ~
z(I)()C1)+(I)(xz)' -

KBanparypa ["aycca-JloGarTo BU3Ha9a€eTHCS Uepe3
JIACTIePCito (TOUHIIIE, Yepe3 CcepeaHe KBaapaTHIHE
BiHXHneHHﬂ) 3akony EpwmiTa:

L. _ L
I f dx——zz—o, G(X)—2\/§.

KBaz[paTypa € TOYHOK JUIsl MHOTOWICHIB CTe-
TIeHs 5, Ma€e YOTUPH BY3JIH: JIBa HA KIHIAX IHTEPBAIY,
iIIe 1Ba B TOYKaX:

ST R T
Y2 25T Tt 2 s
O6uncrmoBanbHA (hopmyna [aycca-JlooarTo Ha [0; 1]:

1 1(1 5 5 1
Jole)ar =3 -0(0)+ 2 -aln) o)+ 4600 .
Hos [-1; 1]:
ja’x—1
5

1

D(X)=[x (—Ex +

—1 4

®opmyna ['aycca-JlobatTo:

5 1 5 1 1
o)+ q{ ﬁj% 4{6}6 o (1).

Sk 6aummo, 1€ mpoCTime 1 Jermie, HiXkK CKIaCcTh
1 pO3B’si3aTH CHCTEMY HEIIHIMHUX anredpaidHmx
PIBHSHB.

BucnoBku. OTpuMaHi pe3ynbTaTi BKe HE BIIEpIIe
MEPEKOHYIOTh, 110 T'€OMETPUYHA HMOBIPHICTH — 1€
MPOCTUH, HAOUHUH 1 TyxKe ePEeKTUBHUI METOJ MaTe-
MaTU4HOrO MojentoBaHHA. He auBHO, 1o cydacsi
iH(opMaIliitHi TeXHOIOTii TOYMHAIOTHCS 3 KOTHITHB-
HUX Mojeiel mpukiagHoi reometpii. Taki momeri,
SK TIPaBHJIO, MAaTEeMaTHYHO OOTPYHTOBaHi 1 (i3MYHO
anexkBaTHi. Ha mepcnekTuBy aBTOpW IUIAHYIOTH 3
HWMOBIpHICHO TOYKH 30pYy TOAMBHUTHUCS Ha IMOJIHOM
Epmirta m’storo mopsinky G(x) =6x" —15x* +10x°,
SKMH Ma€ BCl BJIACTHUBOCTI 3aKOHY HEPIBHOMIPHOIO
po3noaiTy MMOBipHOCTEH. 3maeThbes, HE BCi IliKaBi
BJIACTHUBOCTI G(x) HaM BiJIOMi, X04a MEPIIHi KPOK
y’Ke 3p0o0JIeHO 1 3BOPOTHUH PyX TPUBAE.

|
a
o
I

|

j¢ de—
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Po3rsHyTO mpoOieMy B3aeMOAii ABOX IITAMIIB i3 MIOCKUMH MiJIOIBAMHU, 1[0
B3a€MOJIIIOTh 3 NIPYKHOIO 130TPOMHOIO MiBIUIOIUHOI0. BBaxkaeThcs, 110 OUH
HITAMII )KOPCTKO 3UCTUICHUH i3 MiBIJIOMIMHOIO, & APYTHH 3HAXOMUTHCS 3 HEIO
B YMOBaX DJIAJIKOTO KOHTakTy. Jlast po3B’si3aHHS 3a/aui BUKOPHCTOBYIOTHCS
npencTabieHHs KomocoBa-MycxenimBiiai Hamnpy:KeHb 1 MEepeMillleHb udepes
KyCKOBO-aHAJITUYHI (YHKII. I3 BUKOPHCTAaHHAM LMX MPEACTAaBICHb 1 Ha
OCHOBI TPaHUYHUX YMOB C(HOPMYJIbOBAHO 33Jauy JIHIIHOTO CIpPSKEHHS,
fKa CKJagaeThcsl i3 komOiHauii piBHsAHb [lipixse 1 Pimana, 3ammcaHux Ha
BIJINOBITHUX JIJSHKaX TpaHUli MBIUIOMMHA. Ll 3amaua Ha3MBa€ThCA
KOMOIHOBaHOIO KpaiioBoro 3anauero Jlipixme-Pimana. Po3B’s30k  3amaui
IPE/ICTABICHO, BUKOPUCTOBYIOUM JIBA KAHOHIYHI PO3B’A3KH 3 HEOOXiITHOIO
MOBEJIIHKOIO TPH MiAXO0/Ii 10 KyTOBHX TOUOK mTammiB. HeBimomi koedilieHTH
I[bOTO PO3B’S3KY 3HAXOAATHCSA 3 YMOB Ha HECKIHUCHHOCTI Ta YMOB PiBHOBAru
HITAMIIIB i3 TPAHCLUEHAEHTHOTO PIBHSHHA, KOC(ILI€HTH SIKOTO 3HAXOAATHCS
IJISIXOM YHUCENBHOTO IHTETPyBaHHS.

3HaiieHnit po3B’sA30K JO3BOJHMB MPEACTABUTH yci HEOOXimHI (akropu Ha
IpaHMIi MiBIUIOIUHU B JOCUTH MPOCTOMY aHAJTITUYHOMY BUINISAL. 30KpeMa,
3HAWeHO (POPMYJIH, 110 AAFOTh MOXKIIMBICTh 3HAUTH 0CAJIKy KOXKHOTO HITAMITY
Ta (opMy BITBHOI TpaHUI MIBIVIOMMHHU TMicas Aedopmanii. 3amucaHo
TakoX (hopMynH, IO BH3HAUAIOTh PO3MOJLT HANpYXEHb MiJ IITaMIIaMu.
[TokazaHo, 110 pO3B’S30K 01T KyTOBUX TOYOK KOPCTKO 34EIUICHOTO IITamIa
Ma€ OCLWJIIOIUY KOPEHEBY OCOONMBICTh, a OIS KYTOBHX TOYOK TJIAJKOTO
HITaMIly — 3BUYaiiHy KOpPEHEBY.

Jlns KOHKpeTHHX 3HaueHb LIMPHHU INTaMIiB, BiACTaHEH MK HHMH Ta
BCJINYMH 30BHIMIHBOTO HABAHTAXEHHS OJEPXKAHO YHCIOBI pe3ysbTaTH,
AKi mpoimtocTpoBaHo rpacgiuno. [loOymoBaHo rpadiku 3MiHH NepeMilleHb
TpaHMIl MiBIUIOIMIMHYU Ois ITaMIIIB, a TAaKOX Ipadiku 3MiHH HOPMaJIbHOTO
Ta JOTUYHOTO HAIPYy>KEHb MiJ 3YETICHUM IITAMIIOM 1 TIIBKH HOPMAJIBHOTO —
i miagkuM. BusBieHo, 1o 30Ha 3aTyXaHHs epeMillleHb TPH Bij1aJIeHH] Bij
MITAMITiB CYTT€BO MEPEBHIIYE IXHIO MIUPUHY.
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Key words: stamp, normal and The problem of interaction of two stamps with flat bases which are contacted
shear stresses, displacement, with an elastic isotropic half-plane is considered. It is assumed that one stamp
analytical solution. is rigidly coupled to the half-plane, and the other is in smooth contact with it.

To solve the problem, the Kolosov-Muskhelishvili representations of stresses
and displacements through piecewise analytic functions are used. Applying
these representations and satisfying the boundary conditions, the problem of
linear relationship is formulated. It consists of a combination of Dirichlet and
Riemann equations written on the corresponding sections of the half-plane
boundary. This problem is called the combined Dirichlet-Riemann boundary
value problem. The solution of the problem is presented by means of two
canonical solutions that have the necessary behavior when approaching the
corner points of the stamps. The unknown coefficients of this solution are
found by means of the conditions at infinity and the conditions of equilibrium
of the stamps. This leads to a transcendental equation, the coefficients of which
are found by numerical integration.

The obtained solution allowed us to present all the necessary factors at the
boundary of the half-plane in a fairly simple analytical form. In particular,
formulas have been found that make it possible to find the sinking of each
stamp and the shape of the free boundary of the half-plane after deformation.
Formulas that determine the distribution of stresses under the stamps have
also been found. It is shown that the solution at the corner points of a rigidly
coupled stamp has an oscillating root singularity, and at the corner points of a
smooth stamp it has a normal root singularity.

For specific values of the stamps width, the distances between them and the
values of the external load, numerical results are obtained. They are illustrated
graphically. The variations of displacements around the stamps are shown,
as well as the graphs of the normal and tangential stresses under the rigidly
coupled stamp are given whilst only normal stress is shown under the smooth
stamp. It was found that the zone of attenuation of displacements at a distance
from the stamps significantly exceeds their width.

Beryn. 3amaui mpo agiro mTammiB Ha MPYKHI  THIN HaBeJeHO B 0araThox MyOIiKamisx i, 30Kpema,
TiJla aKTUBHO BHBYAIOTHCS NPOTATOM OCTaHHIX B MoHorpadisx Tta migpyunukax K. JDkoHcona
NECATUIITh y 3B’ 53Ky 3 IXHBbOIO IPaKTHYHOM Bak- [1], B.M. Anekcanaposa i M.l. YebaxoBa [2],
nuBicTio. Pesympratm mocnmijpkeHp mo 1id tema-  B.l. Octpuka [3]. YV HUX JIeTanbHO PO3TISTHYTO
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MIaaKi 1 34enieHi MTaMIId, a TAKOK O1JIbII CKJIaH1
BUNAJKN KOHTAKTy 3a HasBHOCTI oOmacTed 3ue-
MJCHHS 1 TPOKOB3YBaHHA B 0OJAcTi KOHTAKTy
[4—6]. 3amaui mpo Mdi0 MEKITBKOX IITaMIliB Ha
MIPYXHI TiJla BUBYAIUCH y poboTrax [7-9].

Ciij 3a3HaUUTH, 1[0 TOOJWHOKI IIITAMITH BUBYCHI
JIOCUTH A00pe, alie mpodiieMa cTae 3HAYHO CKJIa/IHi-
II0FO TIPH JTii Ha TPAHUITIO TIPYKHOTO Tijla JEKITBKOX
mramiiB. OCoONHUBO 1€ MPOSBISETHCS JJIs BUIIAJ-
KiB PI3HUX TPaHUYHUX YMOB y KOHTAKTHUX 30HAX
pi3HUX ITaMmiB. SIkpa3 Takuil BUMAJO0K i PO3TIIS-
Jae€Thesl y JaHiil poOOTi, a caMe BHBYAIOTHCS OCO-
O0muBoCTI AeopMyBaHHS ABOX IUITAaMIIIB, IO AIFOThH
Ha TPYXHY MIBIUIONIMHY 32 yYMOBH, IO OAWH i3
HHUX JKOPCTKO 3YCIUICHWH 13 MiBIUIONIMHOIO, a T[T
IiJONIBOIO 1HIIOTO IITaMIy TEPTS BiJCYTHE. Y pam-
KaX BKa3aHOI MOCTaHOBKHU OJIep>KaHI HOBI pe3yiib-

u(x,O)er, v(x,O)zrl TS xe[a,b],
’ny(x,O):O, v(x,O)zr2 IS X, e[c,d],
0,(x0)=0, 1, (x,0)=0 a1 xe{[a,b]u[c,d]},

ne a<b<c<d.

83

TaTH, MO LTFOCTPYIOTh OCAAKY KOKHOTO 13 IITAMITIB
Ta Hampy»XCHHs MiJ HUMH 3aJeXKHO BiJ IX B3aeM-
HOTO PO3TalllyBaHHs, HABAHTAKCHHSI Ta TEOMETPUY-
HUX XapaKTEPUCTHK.

IlocTranoBka 3agaui. Po3mistHemo 1Ba mitammu
as<x<bh ic<x<d, sxi pifote Ha Tpanulo y =0
i30TponHoi miBmomuHN ¥ <0 (puc. 1) mix miero cuin
P ta P . bynemo BBaxaTu, IO IUTaMII, MiJOIIBA
sIKOTO criBnazae 3 x €[a,b], € 3uennennm 3 nismio-
LUHOKO, & ITaMIl X €[¢,d | € TakuM, o IPOKOB3YE.
BBaxkaeMo TakoXk, II0 MITAMIIM MOXYTh MEPEMIIILy-
BaTHCS JIMIIEC BEPTUKAIBHO. [TiBIUIONIMHA XapaKTe-
pusyerbcst koedinienrom Ilyaccona v, Momynem
3cyBy W, k=3-4v,.

Bynemo BBa)kaTu, 110 MiJONIBY MITAMIIIB TUIOCKI.
Toni rpaHWYHI YMOBH Ha Pi3HUX YaCTHHAX TPAHUIIL
MIBIUIONIMHA MAKOTh BUIJIS:

M
2
3)

Tyt 7, 1, r, — #ilicHI cTa, sKi MiUIAral0Th BU3HAYECHHIO.

e e e e e e e e e e e

a b

[m——————======

Puc. 1. lltamMmmu a<x<b i c<x<d Hamexi y=0 i30TponHoi MiBIIOIIHHHA

KomoéinoBana kpaiioBa 3agaua [lipixiie-Pumana. Po3p’s130k 3agaui Oynemo mykatu y ¢popmi Mycxerti-

s [10]:

o, —it, = (z)-0(Z)+(z—2) ' (2).
2u(u' +iv') =k D(2) + B(Z) - (z-7) D' (2),

“)
)

ne yHkuis CD(Z) € aHAIITUYHOIO B TUIOIIMHI KOMIUIEKCHOT 3MIHHOI z = X +7)y 3 po3pi3aMH B3JOBXK [a,b]
Ta [c,d ] 1 Ma€e B BY3JIOBHX TOYKax He OUIbII HIX iHTErpOBaHi 0coOMMBOCTI. BBakaioun BiJICYyTHICTH Hampy-

JKCHb 1 00epTaHHs Ha HECKiHUeHOCTI, MaeMo [10]:

CD(Z)—

PiBastans (4), (5) npu y — —0 puiiMaroTh BUTIIS:

nz

c, —it, =

2u(u'+iv') =x
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I3 piBHsasb (3) 1 (7) oueBUIHO, IO PYHKIIISA CD(z) HE Mae CTPUOKIB IMPHU TIEPEXOl Yepe3 YaCTHHU TPaHHUII
ITBIUIOIIMHMY 11032 mTamnamMu. BogHodac 3amoBosieHHs rpannaauM yMmoBaM (1) 1 (2) 3a gomomororo (7) 1 (8)
MIPUBOJIUTH JIO PIBHSIHb

@*(x)+KCD'(x)=0 it a<x<b, )
Im[ @ (x)-®"(x)]=0, Im[k® (x)+®"(x)]=0 o c<x<d. (10)

OcTanHi J1Ba piBHSHHS MOKHA 3aITUCATH y BUIJIS/II:
Im®* (x)=0 ans c<x<d. (11)

PiBusiaHs (9), (11) sBsIFOTH 0000 KOMOiIHOBaHY KpaiioBy 3ajiauy [ipixie-Pimana BigHocHO QyHKIT O (z) .
Ha ocnogi [11] 3aranpHUiT po3B 30K i€l 3a1a4i Moxke OyTH 3alMCaHui Y BUTIISII:

(I)(z)=Rl(z))(l(z)+R2(z)X2 (z), (12)

* R(z)=Cz*+C,z+Cy, R,(z)=Dz+D,. (13)
. ig(z) ip(z)

X,(2)= ad L X, (2) = ———— (14)

J(z=a)(z-b)(z=¢)(z~d) (z-a)(z-b)
R e e = |

IIpn npomy X, (z) Ma€ KOpPEHEeB1 0COONMBOCTI IpH z=c Ta z=d,a X, (z) oOMe)keHa 1 BiIMiHHA BiJl

HYJIS B TOYKaX z=c Ta z=d .
IIpu z — o 3(14) i (15) orpumaemo

<P(Z)=BO+BI§+O(Z%} (16)

X (o) =i {Hl(iﬁl +%ﬂ+0[i“]’ (17)

V4

S S o
ne B0=2yln{\/\/d—j+\/c—} Bi=v|J(c=a)(d=a)~flc=b)(d-b) |.

3naxomkeHHs1 HeBitomux koediuientis. Hesinomi koedinientn C,, C,, C;, D,, D, MoxHa 3HalTH 3
YMOB Ha HECKIHUYEHHOCTI Ta YMOB PiBHOBATW IITAMITiB. BpaxoByro4H, 10 MPH z —> 00 MAaOTh MICIIE CITIBBiA-
vomeHHs (17), (18) oTpumaeMo Takuii Bupas i CD(z) Ha HECKIHYCHHOCTI:

q)(z)ziefﬁo(C+C SJ{H&(:‘BWWH ’B“(D+D7j{ (zBl a+bﬂ+0(zi2j- (19)

-1

[pupisHioOuM BUpasu Npu z° Ta z ' [0 BiAMOBIAHUX CKJIAI0OBUX MPaBOi YaCTHHHU (6), MPUXOAUMO 10
TaKoi CHCTEMH JBOX JIIHIMHUX PIBHAHB JUIS BU3HA4YeHHs HeBigomux koediuientis C,, C,, D,, D,:

ie"C, +e™D, =0,

ie" {Cz +Cl(iB1 +—a+b+c+dj}+eiﬁ° {Dz +D, (iB1 - a+cﬂ _ihth 20)
2 2 2n
3 1i€i cUCTEMH OTPUMYEMO
C1=DI=O,C2=Plz;ancosBO, p, =B Gng, . 1)
3 YMOBH PiBHOBATH IMITaMIIa, IO TPOKOB3YE, MAEMO:
]{cydx =P. (22)
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3a popmynoro (7) Ha [c,d ] MaeMo:
o, (x,0)= Re[db’ (x)-®* (x)] ,

ajie, 3 ypaxyBaHHsM Tepiioro piBHsHHs (10), MOXeMO 3amucaru:

0,(x,0)=0"(x)-D"(x). (23)

BuxopucToByroun nani npencrasienss (12), orpumyemo:

29¢(x) —2¢(x)

e +e R(x)

(x—a)(x—b)(x—c)(d—x) c) (x—c)(x—a)

0, ( [arctg \/7“6_26)1); —arctg \/7“J (25)

KomoGinyroun (23), (24), i miacrasisitouu B (22), OTpUMYy€EMO:

, 24)

ac

(Cx +Cyx+C )( 200 )+e2“°°(x)) (Dx+D, )( 20l )—ez%(x))
j + dx =P, (26)
N a0l Je-a@-b)
Hesigomuii koedinient C, Moxe OyTH npecTaBIeHU y BUNIISAL
C3=—(YZ+C112+C211+D1J]+D2JO)/IO, (27)

Jie THTeTpaTn
(ez‘p“(x) +e b ))dx

I\/ x a x b x c)(d ) =012,
J :j:xm( 2<Po( )_8*2%( ))dx’ I
. -b

MOYKHA JIETKO 3HAaUTH YHCEIBHO.

IoBeninka MexaniyHux ¢axTopiB Ha rpaHuli mMiBIUIOIMHN. PO3IIITHEMO MOBEIHKY MEXaHIYHUX (ak-
TOPIB Ha JUISTHKAX TiJI ITAMIIAMHU Ta HA BUIBHHX JIIJITHKAX TPAHUIII MMiBILTIONUHH.

Ha ocnosi popmynu (8) amst x ¢ {[a, b] v [c, d ]} 0JIepKYEMO TaKy (POpPMY.TY AJIsl OXiTHUX BiJ EPEMillICHb:

2u(u’(x,0) + iv'(x,O)) = (1 + K)CD’ (x) .

O6uncntoroun Ha ocHOBI Gopmynu (12) Bupasu qist O (x) Ha Pi3HUX AUISHKaX BiJIbHOI MOBEPXHi rpa-
HUIII MBIUIONIMHHU, OJIEPKYEMO i X >d Ux<a:

l+x ie' 2005 &)
20 {P(x)wx—a)(x Do) et <x—a>(x—b>}' 2

[pu 11bOMY 3HAK «+» y BHYTPIIIHIX JyKKax {} Oeperbcsi Uil X >d , a «—» sl x<a.
Jus mpomMikky b<x<c:

2;,L(u’(x,0)+iv’(x,0))—(K+1)[\/(Xe:”)‘((’ib) [\/( IP)((’;) 5 Q(X)ﬂ, (29)
I

1 ¢, (x)=2yIn {\/ﬁ\/d b)(c—x -l—j(c_b)(fj_x;} (30)

HopmaibHe 1 TaHreHIiaabpHe MepeMillieHHs Ha Pi3HUX JUITHKAX IPaHUIll OTPUMAHI IUIIXOM iHTETpYBaHHS
hopmyn (28) Ta (29).

st oOuuCneHHsT HapyKeHb i 3YEeMJICHUM IITaMIIOM Ha JUISHII [a,b] BUKOpUCTOBYEMO dopmyay (7),
a TaKoXX BPaxoBYEMO, 110

u'(x,0)+iv'(x,0)
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o (x) =k '®" (x) ot a<x<b.
V pesynsTrari OTpUMy€eMO:

2\/661"9*0‘)

P(x)

% 0% (0= G | Jemma sy T o) s xSt 6D
e o' (x)=2vInl (X2 \/(d—b)(c—x)+\/(c—b)(d_x)
i (P( ) 2y1 \/:\/(d—a)(c—x)+\/(c—a)(d_x) (32)

Ha minsgHui KoHTaKTy [c,a’ ] LITaMITy, [0 MPOKOB3Y€E, BPAXOBYEMO, IO T, (x,O) =0 na uiit ginsgani. Toxi
JUIs HOPMaJIBHOTO HANPYKEHHs Juisi x € [¢,d | orpumyemo:

—P(x)(e 200(x) | ,7200(%) ) Q(x)(e 200(x) _ 5-200(x) )

\/(x—a)(x—b)(x—c)(d—x) \/(x—c)(x—a)

Crin BiI3HAUMTH, 110 OTpHMaHa (opmyiia 1oOpe Y3ropKy€eThCs 3 BUPA30M JIsl HOPMalbHOTO HaNpy KEHHS

c,(x,0)= (33)

i1 TJIaAK|M 1rammom [11].

UYucaoBi pesyapTatH Ta ix anaji3. UYwciosi
pesyisraru orpumani st p=8x10" I1a, v, =0,3 Ta
MIPH Pi3HUX 3HAYCHHSIX IMUPWHU IITAMIIIB, BiACTaHEH
MDK HUMH Ta BEJIMYUH 30BHIITHHOTO HABAHTAKCHHSI.

Ha puc. 2 mokazaHo 3aJIeKHICTE BEpPTHKAIh-
HHX TIepEeMIIeHb MTaMIIIiB Bill IXHBbOI IIHPUHU, SKi
suaiineni mpu P =—10° H/m, P, =10° H/u. Jinis [
BIJIMOBi/Ia€ BWIAAKy MJBOX OJHAKOBUX INTaMIIiB
a=-0.005m, b=0.015m, ¢=0.03m, d=0.05m,
muig I — a=-001m, b=001m, c=0.025m,
d =0.055 m (mpaBUii MTAMIT € IIUPIIAM), JiHisA 1] —
a=-001m, b=0.04m, c=0.055m, d=0.075m
(miBuit mtamir € mmpImuM). HaBeneHo Timbku Iepe-
MIIIEHHST B OKOjl mtaminiB. Ha niissHkax ke, Bijaja-
JIGHUX BiJl TOYOK a BIIBO i d BIpaBo, 300pakeHi
KpHB1 PIBHOMIPHO IPOIOBKYIOTHCS 1 CXOMATHCS IO
HYJIBOBHX 3HA4Y€Hb 10 OCi V.

Ha puc. 3 mis THX e TeOMETPUIHHUX 1 CHIIOBHX
rmapaMeTpiB, IO Ha pUC. 2, HaBeIeHO Tpadiku HOP-
MaJBHUX HANpyXeHb IiJ IITaMiaMu. BumHo, 110
31 30UTBINICHHAM IMUPUHH IITaMIIB 1HTCHCHBHICTH
HAIpyXEHb 3MEHIITY€ThCSL.

Ha puc. 4 naBeneno rpadiku TOTHYHHX HAIPy-
JKeHb TIiJI TMepIIuM ITamMnoM. BuaHo, 10 Hampy-
JKCHHS 3QTUINAETHCS CHHTYISIPHUM TIPH TMIAXOI JI0
TPaHUIL 001aCTi KOHTAKTY, aJie HOTO BETMYMHA 3MEH-
NIYETHCS MOPIBHSHO 3 HOPMATLHUM HANPY>KECHHSIM.

PosrmsHeMo  Temep  3aNIeKHICTH  TIEPEMIIICHb
IITAMITIB  Bi 3yCHJIb, SKi 1O HUX TPHUKIAJEHO.
Hexail reoMeTpudYHiI XapaKTEpUCTHUKH INTaMIIB €
¢dikcoBarnmu: a =-0.01m, b=0.01m, ¢=0.025m,
d =0.045 m (mpaBwif WTAMII € TIUPIIAM), BiICTaHb
MiX mramnamu (¢ —b) Takox € GikcoBaHOIO.

Ha puc. 5 mokazaHo 3aJieXHICTh BEPTHKAIb-
HUX TIEPEMIIIeHb I TPHOX BapiaHTIB 30BHIMITHIX
CWJI, IPUKIIAeHUX 10 ImTammiB. JliHis / Bigmosimae
sunaaky P =-10° H/m, P,=10° H/m, ninia Il —
P =P, =0,25x10° H/m, ninis Il — P, =0,5x10° H/m,
P, =10° H/m.

Ha puc. 6 mokaszaHo 3aJeXHICTh HOpPMajb-
HOTO HAINPYXCHHS i TPaBUM INTAMIIOM IS
TPHOX BapiaHTIB 30BHIMIHIX CHIJI, TPUKIAICHUX 10
mramiris, 1pu a =—0.01m, b=0.01m, ¢=0.025 u,
d=0.055m. Jlimis [ BigmoBijgae  BUMAAKY

V(x,O)-lOﬁ,M

-0,02  -0,01

Puc. 2. 3ajexkHicTh BepTUKAJBHUX MepeMillleHb IITAMITIB Bil IXHBOT IIMPUHU
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Puc. 4. loTu4Hi HanpysKeHH i MepPIIMM ITAMIIOM

P, =10° H/m, ninis I — P =0,5x10° H/m, ninis [
b =0 H/m. Cuna P,, mo Aie Ha mpaBuil mramm,
y BCIX TphOX BHUMAAKaX BHOWpaANach PIiBHOIO
0.5x10° H/m. Bungno, mo BemuyuHa CHIIH, sSKa
Jli€ Ha JIBUH IITaMII, CYTTEBO BIUTUBAE HA PO3IO-
IJT HAMPYKEHb I MPaBUM MITaMIIOM OCOOJIHBO
B YacTHHI 00J1acTi KOHTAKTy, OJMMKYif 10 JIIBOTO
mramity. BaxkimBo Takox BiA3HAYUTH, M0 Tpadik
3MiHM HanpyxxeHHd ans F, =0 H/m (xpusa III)
MOBHICTIO CHiBNAgae 3 BIAMOBIAHUM Trpadikom
IUIST OHOTO IITaMIy, IO i€ 0e3 TepTs Ha Tpa-
HULO TpyXHoi miBrutomuuu [10, § 115].
BucHoBku. Po3nisiHyTO B3a€EMOJIIFO JBOX IITaM-
MiB Ha TPAaHUINI TPYKHOI 130TPOMHOI MiBIUIOMIMHA
i JI€I0 3aJaHol CUCTEMH CHJI. BBajkaeTbcesi, IO
IITAMIIA MalTh TUIOCKI OCHOBH, NMPUYOMY OJUH i3
HUX KOPCTKO 3YCIUICHUH 13 MiBILIONIUHOO, a THIINH

Bulletin of Zaporizhzhia National University. Physical and Mathematical Sciences. Ne 1 (2021)

3HAXOQUTHCS 3 HEI0 B YMOBAaX IVIAJAKOTO KOHTAKTY.
Jns po3’si3aHHA 3agadl BHUKOPUCTAHO IPEACTaB-
JICHHSI Halpy’>keHb 1 MepeMilleHb depe3 KyCKOBO-a-
HamitnyHi QyHKuii. ChopMyapoBaHO KOMOIHOBaHY
KpaiioBy 3anmauy JHipixie-Pimana 3 BiagmoBiaHUMH
yMOBaMH JUIsl HEBiZIoMOi (DYHKIIT Ha HECKIHYEHOCTI.
Ha ocHOBIi aHaniTHYHOTO pO3B’SA3KY Ii€i 3a1a4i 3HAM-
JICHO TIOXiJIHI Bijl IEPEMIIIeHb IPAaHUI MiBIUIOIIMHA
Ta HANpPYXKCHHS IMiJ] [TaMIIaMH B JOCUTb MPOCTOMY
aHamiTMyHOMY BUDUIsiAi. IlokazaHo, 10 pO3B’ 30K
0171 KyTOBUX TOYOK >KOPCTKO 3YEIJICHOTO IITamIia
Mae€ OCITUITIOI0TY KOPEHEBY 0COOUBICTD, a O1JI KyTO-
BUX TOYOK IJIAJIKOTO IITAMITy — 3BUYaiiHy KOPCHEBY.
OpneprKaHO YUCIIOBI PE3YNbTATH, SKi MPOLTIOCTPO-
BaHO rpadiyHo. 30KpemMa, MpeacTaBieHo Tpadiku
MepeMIllleHh TPaHUI MiBIUIOMIMHNA Ta TPOLIIOCTPO-
BaHO Bapialilo Halpy>KeHb MiJ IITammnamu. Buss-
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JICHO, TI10 30Ha MIOBHOTO 3aTyXaHHSI MePEMIIlEHb IPU
BiJUIaJICHHI BiJl IITaMIIB CyTTEBO TEPEBUIIYE iXHIO
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Puc. 5. 3ajexknicTh BepTUKAJBLHUX NepeMillleHb BiJl MPUKJIAJeHUX 0 IITAMIMIB 3yCHJIb

o,(x,0)-107, ITa

Puc. 6. 3ajie:kHicTh HOPMAJTBLHOTO HANPY KEHHSI il MPABUM IITAMIIOM
JJIs1 Pi3HUX 30BHIIIHIX CHJI, IPUKJIAAEHUX J0 JIBOr0 MITAMITY

JKOPCTKO 3YEIUICHUM IITAaMIIOM € 3HAuHO OUIBIINM,
HIXK JIOTHYHE, a OCajKa INTaMIy 3MEHIIYEThCS 3i

mmpuHy. [lokazaHo, o0 HOpManbHe HATPYKEHHS MMi7]  301IbIICHHSM HOTO HIMPHHH.

N —
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ODUJIIHAPUYHOI'O ITAMIIA TA ITAPY, IO JIEZXKUTD BE3 TEPTSA
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CrarTsinpucBsiueHapo3B’ 13Ky KOHTAKTHOT 334241 I TONepeTHbO HATIPY KEHOTO
IMJT HAPUIHOTO IITaMIIa Ta APy 3 TOYaTKOBUMHU Hampy>keHHAMH. L11ap nexxuThb
0e3 TepTs Ha 0CHOBI 0€3 MOUaTKOBUX HAMPYXKEHb. 3a/a4y PO3B’SI3aHO Y BULIAJIKY
HEpIBHUX KOPEHIB BU3HAYAJIBHOTO PiBHAHHS. JlOCHIIKEHHS NMPEACTABICHO Y
3arajJbHOMY BU1 AJIs TEOPii BEIMKHUX TOYATKOBUX Je(popMaltiii i ABOX BapiaHTIB
Teopii MajgMX MOYATKOBUX JedopMmalii y Mexax JiHeapH30BaHOI Teopii
HPYXHOCTI P JOBLUIBHIN CTPYKTYpi NpyKHOTO MoTeHIiany. [Ipunyckaerscs,
10 MOYATKOBI CTAHM MPYXKHOTO IUIIHAPUYHOTO IITAMIA, HMPYXKHOTO IIapy
Ta OCHOBM OHOPiJIHI Ta piBHI. JlOCHiAKEHHS MPOBOTUTHCS B KOOPAMHATAX
MOYaTKOBOTO J1e()OPMOBAHOTO CTaHy, fKi IOB’A3aHI 3 JIATPAHXEBUMHU
KOOpAMHATaMU (TMPHPOAHOrO cTaHy). Kpim Toro, BIIMB LITIHAPHYHOIO
IITaMIIa BUKJIMKA€E HEBENMKI 30ypeHHs BiIMOBITHUX BEIMYHMH OCHOBHOTO
HaNpyXeHO-e()OPMOBAHOTO CTaHy. TakoX mependa4aeThCs, M0 MPYKHHUHA
IUTIHAPUYIHNHN TaMI Ta NPY>KHUH IIap BUTOTOBJIEHI 3 PI3HUX 130TPOIHHUX,
TpPaHCBEPCAILHO-130TPONMHUX a00 KOMIO3UTHUX MarepianiB. Haeneni
3arajbHi PO3B’SI3KHM OCHOBHUX IU(EPCHLIANBHUX PIBHSIHB JIiHEAPU30BAHOL
Teopii MPYKHOCTI y BUIAAKY OCECUMETpPHUHOI Aedopmariii Aas CKiHUCHHOT
MWIHAPUYHOT o0nacti. Y pe3ynbTari po3B’S3KM TMOCTaBIEHOI 3aaadi
IPE/ICTABIICHI Y BUINISII HECKIHUCHHUX PSIIiB, KOS(iI[i€HTH SIKHX BU3HAYAIOTHCSI
3 HECKIHYECHHOI KBa3iperyisipHOi CUCTeMHU anreOpaiuHuX piBHAHb. BuBUYEHO
BIUIMB MMOYATKOBUX (3QJIMIIKOBUX) HAMPYKEHb Yy 1Iapi, MUIiHAPI Ta OCHOBI Ha
PO3IOALT KOHTAKTHUX HATpPYKEHb B 001ACTi KOHTAKTY. Y BUIAJIKy HEPIBHUX
KopeHiB Jutst xiMiuHO akTuBHOI rymun CKVY-6 Ta morenuiany Tpenoapa (Tiso
HEOTYKIBCHKOTO THITY) HABEJCHO PE3yJIbTAaTH YHCEIBFHOTO aHaMli3y, 10 MoaHi
y BUINIAAL rpadikiB, SKi UTFOCTPYIOTh TOCTATHBO 3HAYHUM BIUIMB IOYAaTKOBUX
HarmpykeHb. OT)Ke, BIUIMB TIOYaTKOBHUX HANPYXXEHb Ha HAalpyKCHO-
Je(OpMOBaHHH CTaH MPY>KHOTO IITIHAPA, [0 BTUCKAETHCS Y TPYKHUI map,
KM JIeKHUTh O€3 TepTs Ha OCHOBI 0e3 MOYAaTKOBUX HANpPYXKEHb, MOJSATAE B
TOMY, IIIO: TIOYaTKOBI HANPY>KEHHS B IIapi MPU3BOAATH Y BUMAIKy CTUCHEHHS
JI0 3MEHIIICHHS HallPY>XeHb y IPYKHOMY IITaMIIi, 8 y BUIIAKy pPO3TATY — J10 iX
301IbIICHHS, & JIJIS IePEeMIllIeHh — HaBIaKH.
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The article is devoted to the study of the contact problem for a pre-stressed
cylindrical stamp and a layer with initial stresses. The layer is lying without
friction on the base without initial stresses. The initial stresses are absent at
the base. The problem is solved in the case of unequal roots of the defining
equation. The study is presented in general for the theory of large initial
deformations and two variants of the theory of small initial deformations within
the framework of the linearized theory of elasticity with an arbitrary structure
of elastic potential. It is assumed that the initial states of the elastic cylindrical
punch and the layer and the base are homogeneous and equal. The study is
carried out in the coordinates of the initial deformed state, which are associated
with Lagrangian coordinates (natural state). In addition, the influence of the
cylindrical punch causes small perturbations of the corresponding values of
the basic stress-strain state. It is also assumed that the elastic cylindrical punch
and the elastic layer and base are made of different isotropic, transversely
isotropic or composite materials. The general solutions of the basic differential
equations of the linearized theory of elasticity in the case of axisymmetric
deformation for a finite cylindrical domain are given. As a result, the problem
is presented in the form of infinite series. The coefficients of this series are
determined from an infinite quasi-regular system of algebraic equations. The
influence of initial stresses in the layer and the cylinder punch and the base
on the distribution of contact stresses in the contact region is studied. In the
case of unequal roots for the chemically active rubber of UWC-6 and the
Treloar potential (Neogukov type body) the results of numerical analysis are
given. This results are presented in the form of graphs. It is illustrate a fairly
significant effect of the initial stresses. So, influence of initial stresses on the
stress-strain state of an elastic cylinder punch, is that the initial stress in the
layer in the case of compression reduce the stress in the elastic punch, and in
the case of stretching increase it.

Beryn. HaykoBi mociimkeHHS TpoOjIeMH KOH-
TaKTHOI B3a€MOIii MPY)KHUX TiJl TIOCTIHHO 301TbITY-
IOTBCS 1 BIIOCKOHAIOIOTHCSI, BPAXOBYIOYH PO3BHTOK
Cy4acHHX I1H(OpPMAaIiHHUX TEXHOJOTIH Ta MaTema-
THYHHX MeTO/IB. Lle 3yMOBIIEHO aKTyaIbHICTIO BHKO-
PUCTaHHSA PE3yNbTaTiB TaKWX OCII/DKEHb T Yac
OyHiBHUIITBAa CITOpPY/, BUPOOHHIITBA Ta KOHCTPYIO-
BaHHS JIeTaJeil MalllMH Ta X KOHCTPYKIiH.

VYpaxyBaHHS IIOYAaTKOBHX HAampyKeHb i dac
JOCIIDKEHHSI KOHTAaKTHUX 3a/a4 3HAYHO YCKIIaTHIOE
MaTeMaTU4HUK PO3B’SI30K, ajie BOAHOYAC HaOIIKae
HOTO JI0 peaslbHUX TPOIIECiB, SKi MiAIATAI0Th JTOCHTi-
JOKSHHIO.

Bulletin of Zaporizhzhia National University. Physical and Mathematical Sciences. Ne 1 (2021)

Tematnka IOCHIIKEHHS KOHTAKTHOI B3aeMOii
NPYKHUX TUT 3 TOYATKOBUMHU HANPYKEHHSIMH TAKOXK
€ aKTyaJbHOIO 1 JUIst ()yHIaMEHTaJIbHUX JIOCIIHKEHb
3 MEXaHiKH TBEPJIOTO Ae(pOPMOBAHOTO TiJa.

VpaxoByro4uH BHIIECKa3aHe, JaHa poOoTa IPHUCBS-
YyeHa JIOCII/DKEHHIO NMUTAaHHS KOHTaKTHOI B3aeMOZil
HONEPEIHBO HANPYKEHOTO IMIIHAPHYHOTO MITAMIIa
3 MONEepPEeJHbO HANpPYKEHUM MIapoM, IO JISKUTH
0e3 TepTs Ha OCHOBI (miBIIpocTOpi) O€3 MOYaTKOBUX
HarpyXeHb.

OO0’ €KTOM TaHOTO JOCII/KEHHS € TIPOIEC KOHTaK-
THOT B3a€MOJii MPYXHOTO HWJIIHIPUYHOTO IITaMIIa
3 MOYATKOBUMH (3aJIMIIKOBUMHM) HANPYKEHHSIMU Ta
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mapy 3 IMOYaTKOBUMH (3aJMILIKOBUMH) HAIpYXKEH-
HSIMH, LIO JIGKHUTH 0€3 TepTs Ha OCHOBI 0€3 1movarko-
BUX Halpy>KEHb.

[IpeameToM nOCHIKEHHSI € BIUIMB TOYATKOBHX
HaIpyXeHb Ha 3aKOH PO3MOALTY KOHTAaKTHHX Harpy-
JKEeHb 1 IEPEMIIIeHb MPYKHUX TiJI.

MeTtoro poOOTH € pPO3B’SI30K BiCECUMETPHY-
HOI CTaTHM4YHOI 3a/Jadi MPO KOHTAKTHY B3a€EMOIII0
MPY>KHOTO HUJIIHAPHYHOTO IITaMIa 3 MOYaTKOBUMH
HaNpyXCHHSIMA Ha TPYXHUH Map 3 MOYaTKOBUMH
HanpyXeHHsIMH, 110 JISKUTb 0e3 TepTd Ha OCHOBI
0e3 MouYaTKOBUX HaNpyXeHb. J[OCHiIPKeHHS MpoBe-
JIEHO B MeXax JIiHeapru30BaHOI Teopii MPyKHOCTI B
3arajJbHOMY BHUIVISIIIL JUTS TEOPii BETUKUX MOYaTKOBUX
nedopmalriif Ta TBOX BapiaHTIB TEOPii MaJMX mMOJaT-
KOBHX Aedopmaniii mpu AOBUIBHIN CTPYKTYpi MpyxK-
HOTO TIOTEHITIay.

Orasaa giteparypu. OCTaHHIM 4acOoM HayKOBi
pe3yabpTaTd, 10 MalTh BIJHOIIEHHS J0 MexXa-
HIKH TBepAuX AchOpPMOBAHMX TUT Ta iX KOHTAaK-
THOI B3a€MOjii, OXOIUIIOIOTh BCE INHPINI Kojia
nutanb. LI pesympratm mpencrtaBieHi OaraTbMma
npamsiMi MOHOTpaivyHOrO Ta OIVISIIOBOTO Xapak-
Tepy, oMHUMHU 3 skux € [1-3]. ¥V mpai [1] B Mmexax
JiHeapru30BaHOi Teopii MPYKHOCTI PO3IISAHYTO
KOHTaKTHY 3a7ady AJis TPYKHOTO LWIIHIAPUIHOTO
HmTamIa Ta Iapy 3 IOYaTKOBUMH HalpyKCHHSIMH,
110 JISKUTH HA JKOPCTKiH OCHOBI 0e3 TepTs. Y MOHO-
rpadii [2] mpeacTaBieHi METOANU PO3B’SA3KY Mila-
HUX 3a]a4 JUIs TPY»XHOi OCHOBH (IiBIPOCTOPY) 3
MOYaTKOBUMH HaNpyKEeHHSAMH. B orismoBiid cTaTTi
[3] akamemikom O.M. ['y3eM BUCBIiTIEHO TIpOOIEeMH
HEKJIACUYHOT MEXaHIKM pyHHYyBaHHS, 10 Ja€ MOII-
TOBX JIJIsl BJIOCKOHAJICHHS Ta MOJAIBIIOTO PO3BUTKY
HayKOBHX JOCIIPKEHb 3 TeOpii MEeXaHIKH TBEPAHUX
ne(OpMOBAHMX Til.

IcHye Takox psim y3arambHIOIOUMX ITyOJiKarliit
[4-8], siki TOBHICTIO 200 YaCTKOBO IOB'sA3aHi 3 TeMa-
THKOIO JaHOi cTarTi. Tak y cTarTi [4] y Mexkax Tpu-
BUMIpHOI Teopii MPY>KHOCTI MPEICTABICHO PO3B’SI30K
JUHAMIYHOT KOHTaKTHOI 3a/1a41 PO B3a€EMOJIIIO0 MTPY K-
HOTO CTHCIJIMBOTO MiBIIPOCTOPY Ta IIapy CTHUCIUBOL
PiAMHY, BPaXOBYIOYH BIUTUB [TOYATKOBUX HAIIPYKCHb.
JuHamiuHa 3amada JTOCIIIKEHHS CTIMKOCTI I[WJIiH-
Opu4HOi OOONOHKH TPH 30BHIIIHBOMY Ta BHYTPII-
HBOMY CTHCKY NpefcTaBieHa mparmero [5]. Konraktay
3ajady Npo THCK LWIIHApA HA IIap, BPAXOBYIOUH iX
MMOBEPXHEB1 0COOIMBOCTI po3misiHyTO y [6]. [Tpukiian
YHCEIBHOIO PO3B’S3Ky KOHTAKTHUX 3a/1ad IOJAaHO
y crarti [7]. MeTon aHaJITHYHOIO Ta YUCEIHLHOTO
PO3B’SI3Ky JABOX CTaTMYHMX KOHTAaKTHHUX 3a1ad PO
TUCK KUTBIIEBUX NPYKHHUX MITaMIIB Ha MPYKHUH
MIBIIPOCTIpP MpeACTaBiIeHo y mparti [8].

JocmipkeHHsT KOHTaKTHOI B3a€MOfii JKOPCTKHX
1 IPY’)KHUX HITaMIMIB i3 MOMEPEAHbO HAMPYKEHUMH
TiJJaMH B paMKax JiHeapu30BaHOI Teopil MpPyKHOCTI
npeacrasieHi crartsamu [9—14].
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Tak, y ctarti [9] po3misiHyTO pO3B’s30K BicecH-
METPUYHOI KOHTAKTHOI 3aJa4i PO THUCK YKOPCTKOTO
KIJIBIIEBOIO IITAaMIla Ha IONEPEeIHbO HANpPYKEHUH
niBOpocTip. BrumB moyatkoBUX Hampy>keHb Ha KOH-
TaKTHY B3a€MOJII0 TPYXKHUX KiTBLIEBOTO HITaMIa Ta
MIBIPOCTOPY TpencTaBieHo B podoti [10]. Po3’s30k
KOHTaKTHOI 3ajJa4i Mpo THUCK NPYKHUX CITIBBICHUX
MWTTHAPUYHHUX IITaMIIB HA IPYXHUHN LIap, Y IKOMY €
3aJIMIIKOBI ieopmartii po3msiHyTo y [11; 12].

Takok, BpaxoBYIOUM HEOOXITHICTH ITiIBUIIICHHS
MIIIHOCTI KOHCTPYKLIi 3a paxyHOK MiAcuIeHHs ii
JeSIKNX HECHUX €JIEMEHTIB NPYKHUMHU CTPHHI€PAMH,
MPOTIOHYIOThCS JUIS O3HAMOMIICHHSI JIOCIIJIKCHHSI,
nmofani y mparix [13; 14].

Metoau pociixkennsi. Bukopucraemo criBBifi-
HOUICHHS JIiHeapu30BaHol Teopii mpyxkHocTi [1; 2],
IPUYOMY IOCIHIIKEHHS IPEACTaBUMO B 3araJlbHOMY
BUTJISIIL JITIS1 CTUCITUBUX 1 HECTUCIIMBUX T 7S TEOPii
BEJIMKUX MMOYAaTKOBUX Aedopmariiii Ta JBOX BapiaHTIB
Teopii MaJMX MOYAaTKOBUX aedopMalliii mpu J0BiIb-
Hill CTPYKTYpi TIPY>KHOTO TTOTEHITiaITy.

Bynemo po3pi3HATH TpH CTaHU MOINEPEAHBO
Hanpy>KeHHX TiJ: a) IPUPOAHUH (BiACYTHICTH HAIpy-
JKEHB); 0) MOYATKOBUI CTaH; B) 30ypeHMid cTaH (BCi
BEJIMYMHU SIKOTO CKJIAIaloThCsl 3 CyMHU BiJIOBIAHUX
BEJIMYMH TTOYATKOBOTO CTaHy Ta 30ypeHs). Jlo Toro x
30ypeHHS BBa)KaEMO Habarato MEHIIUMH BiJ BiJIIO-
BIJJTHMX BEJIMYHMH [IOYATKOBOI'O CTaHY.

Jiis po3B’si3Ky 3ajaqi 3aCTOCYEMO KOOpAWHATH
TI0YaTKOBOTO Je(opMOBaHOTO cTany (Y,, Y, Y,), AKi
TIOB'SI3aHI 3 JIArPAHKEBUMHU KOOPJIMHATAMH (X, X,, X,)
CIIBBIIHOMEHHAMU: Y =AX, 1€ A, (i=1,2,3) — koedini-
€HT BUJIOBXEHHS B3JOBK KOOPJAMHATHOI oCi. Bick Y,
CIPSIMYEMO TIO HOPMaJTi 10 00JIaCTi KOHTAKTY.

[MpunycTuMo, 1O MpYKHI MOTEHLialnM — JBivi
HerepepBHO-nudepeHiioBani  GyHKuii anredpa-
fuHMX iHBapiaHTIB TeH30pa Acdopmarii [pina [2],
a MovyaTkoBUH Ne()OPMOBAHUI CTaH € OXHOPIAHUM.
Hexaii 30Ha KOHTaKTy NPYXHUX TiJ1 OyJe MiCTUTHUCS
y IWIOIMHI Y,=const. BBakaTHMEMO, 10 MOYaTKOBI
HAaIpy>KE€HHs A10Th B310BK 30HU KOHTAKTY.

Marepiasim Tin OygemMo BBaXKaTH 130TPOITHUMHU
CTHCIMBUMH 200 HECTUCIMBUMH 3 IOBUTBHOIO CTPYK-
TYPOIO TIPYKHOTO TIOTEHITIAITY.

VYei BenmmuuHM, SIKi BiJHOCSTBCS IO TIPYXKHOTO
WTHAPUYHOTO ITAMIIA, MU OyIeMO MO3HA4YaTH BEpX-
HiM iH1IeKCOM «(1)», 10 mapy — «(2)», a oCHOBH — «(3)».

Omxe, chOpPMYTIOEMO TIOCTAHOBKY 3amadi. Hexai
CKIHUCHHHMI TIPYKHUH THIPUYHAN IITaMIT pajiyca
R i Bucororo H 3 OYaTKOBUMH HAaNPY>KEHHSIMH BTHCKa-
€ThCS Y TMPY)KHUU 1P T[] JI€F0 CHITH P Ticis BUHHK-
HEHHS TaM I104aTKOBOro JedopMoBaHoro crasy. [Ipu-
YOMY LIap JISKUTH O€3 TEpTsl Ha OCHOBI O€3 MOYaTKOBUX
HanpykeHb. ToBIMHA NIapy B MOYAaTKOBOMY Ae(opMO-
BaHOMY CTaHi IMOB’sI3aHa 3 TOBIIMHOI y HemedhopMo-
BaHOMY CTaHi CITiBBiTHOIIIEHHSM h1:7»3h2. bynemo BBa-
JKaTH, 10 30BHILIHE HABAHTAKCHHSI [TPUKJIAJICHE TUIBKH
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JI0 BUTBHOTO TOPIIS TIPYXKHOTO IITaMIIa, i JIE€I0 SKOTO
BCl TOYKH IITaMIIa MEPEeMIIIalOTECS Y HAMpsSMKY OcCi
CUMETPIi Y, Ha OIIHY 1 Ty 3K CaMy BEIYHHY €. 3pobumo
TIPHITYIIEHHS, 10 TIOBEPXHI 11032 JIUISTHKOIO KOHTAKTY
3aJIMIIaTHCS BUILHUMH BiJ BIDIMBY 30BHIIIHIX CHII, A B
30HI KOHTaKTy TepTs BB)KaTUMEMO BijcyTHiM. J[o Toro
K TIEpEMILIIEHHS Ta HAIPY)KEHHSI — HETIEPEPBH.

BpaxoBytoun OfHOPIJHICTH ITOYATKOBOTO CTaHY
T1J1, 3aIIMIIIEMO CHiBBiI[HOH_IeHHHZ

=\, x,, A\, =const,
Vo =X, +U;;, Ul =3,,(\,~Dx, (m=13) (1)
ne d,, — cumson Kponekepa.

3 BupaziB (1) mna ys3aradbHEHHX TOYATKOBHX
Hapr)KeHb MaeMo
0 0 . 1A
=3,,S,.. S, (m,i=1,3)
OCHOBHI PIBHSIHHS JUUISI CTHUCITUBUX TUT Y CUCTEMI
koopauHar (Y, ¥,, V;) MarOTh BUIVIST

L)’?I(XUCX = 0’
L, =0,,0 /vy, (i,m a,p=123) (2)

JIJ1s1 HECTHUCITUBHX TiJT OCHOBHE PIBHSIHHS Ta yMOBa
HECTHUCIIMBOCTI MPEJICTABICHI CITiBBiTHOMICHHIMH:

L.U,+q.,,0/dy, p' =0,
qocm 8ljon/aym = 0’ q;xm = ?\'ocqotm’
L, =K, 0 /vy, (i,m a,B=13) (3)
BI/IpaBI/I JJIsI KOMITIOHCHT TCHBOpa Hapr)KeHB JJIA

CTHMCJIMBHX 1 HECTHCIIMBHX Till pH Y, =const (i=1,2,3)
MaTUMYTh BHIJISIT

. = const

. 6U
’/“B a — IJIA CTUCJIMBUX Tlﬂ
l] =
Kjap o, — 4 q,] P — I HECTHCIIMBHUX TiJI,
. A, 7x
T k r, k Ojiap>
, A, 7\,
Kijup = 7» », k Kjaps
ae m;maﬁ = (Dim(xB (S101>S§275303 ), K;motﬁ =
= Ko (S 1,S5,,5%,) — CKIamoBi TeH30pa MOJYIIB

MPY>KHOCTI YETBEPTOTO TIOPSIJIKY.

Kpim Toro, mis numiHapa BUKIMKATAME Y MIapi
HEBEJIMKE 30ypeHHs OCHOBHOTO HAIIPYXKEHOI'O CTaHy,
JUISL SIKOTO BUKOHYIOTBCSI YMOBH

S)'=82#0, S7=0; A =\, %A,
%20,58{6;1(1’2 —z

i (k) [ I, (y,v,R)
=1 11 (yiviR)

_222)_X0 |:r2 (98_1 +(2H66)_1(Zl +Zz))_es_l(212 +222)_(2H66)_1(Z13 +Z;):|} -

93

VY munmiHgpuaHUX KoopauHarax (I, 0, Zi) pejcTa-
BHAMO PO3B’SI3KU PiBHAHB (2) — (3) y BUDIISII

(A, +E7 0 Oy))(A +E78°[0)7 ) =0, (4)

ne A, =*/or* +r ' 0/or.

VYpaxoByr0uH yMOBY iCHYBaHHS €IMHOTO PO3B’SI3KY
JiHeapu30BaHOi Teopii MPYKHOCTI JUIA CTUCIHMBHX 1
HECTUCIIMBUX TiN [2], MOXIJIMBI JIBa BapiaHTH TIpEJ-
CTABNICHHA 3aranbHOIO PO ’s3ky  (4): BUIagoOK
piBHUX KOpeHlB (zg ) Ta BUNAJOK HEPIBHUX
KOpEHIB (EF #&2). YV naniit crarti 3YNMHUMOCS Ha
BUTIAJIKy HEPIBHUX KOPEHIB.

X =%+ %2 (Al+§'2252/ayg))~(1 =

(A +&8 8*/0y5)7, =0- ()
Y cucreMi IWIHIPUYHUX KOOPAHMHAT, IPHU
' -1 S o
m = E_,Z , Ny _E_>32, Zi = Vi V3, Vi :\/Z, (i=1, 2), Taki
MTOCTAHOBIII BiJIMTOBINAIOTh TPAHUYIHI YMOBU:
1) Ha TOPIII MPY>KHOTO IITAMITY:

w'=-g 0F=0 (0<r<R); (6)
2) Ha MeXi IPYKHOTO mapy B 00JacTi KOHTAaKTy
z,=0(=12):

@, (2). A _ AH2) ~(1) (2)
Uy =Uz " Uz = U 3r

=0 (0<r<R);(7)

3) Ha MeXi MPYXKHOTO TIapy IMo3a O0JACTI0 KOH-
takty z, =0 (i=12):

(2) =0 Q(z) 0 (R<r<w); ®)
4) Ha 61‘{HII/I MOBEPXHI MIPY>KHOTO ITAMITy » = R :

0 (0=z¢< E) &)

(1) =0; Q(l)
[

5) HaHWKHIN TOBEPXHI mapy, 110 JIS)KUTH HA OCHOBI
0€3 IOYaTKOBUX HANPYXKEHb, Z, =—A,h, v =—Hv ',
(i=1,2):

W =i, QP =0 =0, (0<r<o) (10)

ne z, =y, ', (i =1,_2) TOBIIMHA IIApy B HeEMe-

(hopMOBaHOMY CTaHi.

YMOBa piBHOBaru, 1o BCTAHOBIIOE 3B’SI30K MiX
OCIJIaHHSIM TOPIIS 1 PIBHOJIIOYOI0 HABaHTaXCHHs P,
Oy/ie MaTH BUIJISI

P=-27R IpQé?(O p)dp. (11

Jis  BH3HaueHHS  HANPYKEHO- ;[eq)opMiBHoro
CTaHy B MOMEPEHBO HAMPYKCHOMY ]_II/IJ'IIHI[pI/I‘lHOMy
IITAMITI  JUTSE BHIAJIKY HEpIBHUX KOPEHIB My #1,
3araJibHU PO3B’S30K (5) BH3HAYAJILHOTO PIBHSHHS
(4) mpeacTaBUMO Y BUIIISIAL:

(12)

Ly (yvir)siny, zv,) + 1, (v, v,r) Sin(Ykzzvz):| - Jo(akr)['§2 (0yz,) + LS:3 (akzz)J

He J (X), 1 (X) — bynxuii beccens aifiCHOrO Ta ysSBHOIO apryMeHTYy,
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¢~ G Y G =

b = 4sR2J0(uk>[ . }(leka R 2) v D)

W + (kalR) ViSo Hk + (kazR)
W, (m) = (& —¢,) 1, (v, YU, (v, R) " +1=E(y,v,R) ", (m=1,2),

_ -1 -1 _ -3 -3
O, =mpn, +myn, , O =my”~ +m,v," .

’ =1, ’ -1 -1,
~ {0)11110)1122’ : _{7“3(’)1133"1'031122”,' > . = _l+m2

Mg (hyqs)” (K1133+K1313)K1122; (K557, 3113)‘(1122”1 > 1+m

{((01111 i (’33113)((01133"'0)1313) (i:L_2)
Mgy (Oagy) s

SE(ockzl):RZsuf [ ch(oyz,) = cth(u, v, Ysh(o,z) |8, (o, 2) = Rep? [ sh(oyz) — cth(u v eh(ay ) |

53(akzz) =

i: [cth(pklvz )sh(oyz,) —ch(ayz,) |, Si(a, z)="12 i: [ cth(u, v, Yeh(ayz,) = sh(o,z,) |-

”1Hkso UGS,
Toxi criBBiAHOIICHHS 11 KOMIIOHEHT BEKTOpa TEPEMIIIEHHS 1 TeH30pa HaIPY>KeHHS TS IMUTIHAPUIHOTO
IITaMIIa JUIsl 7 # 1, IPEACTABUMO Y BHIVISIL:

U =60, r(2HO) 70 + 2. {yibék) [50]1 2 R (iR L () o8y zim) = va Ly (vyy,r) COS(Ykzzvz)J +
P

+afy (oS (i + s (a2 )

, 1 Zp Mz & L(y,v,R . .
Uyl = —8{1 +%o {—[%JFAJ - 1}} -2 {Yl%bék) {So M”ﬁlo (yr)sin(y,zp) — mzlo(kazr)Sm(YkZsz)} +
6\ M

HO n, k=1 L(yimR)
+(1/%Jo(ak”)[ml§2 (ak21)+m2§3 (akzz)j -
n 1y
1 s
O = €, (T my ) ——— g | =+ |- 13
33 44( 1)1 Ho, Xo W v (13)

d 1 R S, (o, z sS< (o, z
_Z{Yibék) |:S0M"L_LIO(YI(VIV)COS(YI(ZlVl)_SnZIO(YkVZF)COS(VkZZVZ):|+a2‘]0(akr){ 4( k 1)+ 5( d 2)J}Xk>

k=1 L(ynR) 1 V2

10 = Cag (1m) X {01208 [ val, (v sinCr, 220 =y (R G R 1 (rmr)sinr ) ] +
=1

=

3 18 _1g
+ockJ1(ockr)[n1 S, (020 )+ som3 Sg((xkzzﬂ}xk
WV
I 1313 -l )
e 0, =v,'+v,', C,, = o §=8,L,l;", Y, — UIyKaHi KOHCTAHTH,
1313 -

-1

[ = {w1331m1313 + 031313((91313 0133 (O] 53 + 0(5,3)(@] 1,7 + O 55)

i .
K33 K33 + K1313 (K315 = K133 (A3q5)(Rsqs + gy

Hanpy:xeHo-nedopmoBanuii cTaH y NpyKHOMY IIapi 3 MOYAaTKOBHUMHU HANpYKEHHSIMU BH3HAYUMO Yepe3
rapMoHiiHi GpyHkuii y BUIVIsIAi iHTerpaixiB XaHKes, aKi Hicis paay NepeTBOPEHb BUPAKAIOThCs Yepe3 HeCKiH-
YEHHY cucTteMy KoHcTaHT ¥, [1, c. 60-80].

Hanpy:xeno-nedopmoBanuii cTan 0CHOBH 0€3 MOYAaTKOBUX HAIPYKEHb 3 [ 1] MaTume BUIIIAL;

26 2u- A
o 2 (Qg S 4 1 ““(h 1) 1} u = [Qs St Ay A S T R g 1]
n93 HR 93 | BR
3'33)=M?4(98;S§’;&;A£;A§;l;m;lj’ 3'53)=M(h1+ys)f4(QS;SQ;&;AE;AQ;I;OJJ (14)
70, R R R ;R R
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o4 n, n.—=. N .R n n n,— n n 1 S n n,—
Hde T (Q I;Sm;oc;Bl;Bz;ll;lz;e)=[31<(1—a0)[llQ (81 30)+LQ" (S” ;T 0)]——2@ [1Q" (S:a:k,)+
i=1

+LO"(S”; T k)]>+[32<(1 ay)[ 19" (S}3:0)+LQ" (S50 e)]——za[ Q" (S8 k +0)+

LS5k ) ]) | QM Ll 0)= Gty DL (p0i—0)+ 2D C L (pr-6)
e =

s ﬁ 2(s, = 5;)(8;(sh®, — v;lch('f)z) —s(shg, — vl’lch(p1 )
R [ a(s, —)sh§" +(s+53)sh§ ) + (s, = 53)B(chd” —chd)

2(s, = 8,)(838h®, — s - Sh, )[OL (s, —5)0"ch®” + (s +5,)0 ch® )+ (s, —s,)B(0"shp" — G"Sh(b")]}
+

b

(0((s; = )sh®" + (s +5,)sh§ ) + (s, = 5,)B(ch" —chp )’

h, { 2(s, —5,)(8,v; ' chip, — s v, ' chch,)

A,u—crami Jlame, 4. = _
eR | o((sy —5)Sh®" + (s +5,)5h® )+ (s, —5;)B(ch®” —chd )

3

2(s, = 5,)(8;5h®, — 5 - sh, )[a((s3 —9$)0°ch®” +(s+5,)0 ch® ) — (s, — ;)P0 " shd" — eish(bi)]
B (U((s, = 5)shD" + (s +5,)sh® )+ (5, —53)B(chd —chp )’

= hle_ P} (‘b;r = hlgg N Gi :V Sm p, In SlnT]e ZﬂJ (np)dn’

I:; t,0,u :I:; t,u), k.,a. — KOHCTaHTH po3kiany D = t"G t)dt. yepe3 ramma-dpynkmii (i=0,1,2,..),
9 b b 1 1 n y
0

a=2u® AN mPuN) N, k=k =1, B=2uP +1O)NCOA+m>)N)"  h=h/R, @ =2nhv,

_1 _1 _ —1 * ..
0, =m(s,—s,)v, , 8,=myv,(mv,), S3=5Vv,, C, —xoedimientn posknaxy B psaa (yHKii

F(M)=F(n,G(m)) 3a crencHsIMu (n—g , WO € CKJIaJ0BOI0 KOMIIOHCHT BEKTOpa HANPYXEHb
Ta [epeMillleHb Juid HOpyxHoro mapy, upudomy G(nh)=(((s, —s;)(s —s;)Bk —sak )sh(nho,) +

+((s, = 83)(s +53)Bk + sak, )sh(nhO_) +(((s — S3)2 +s5;)ak, —Bk(s, —s3))ch(nhb,) - (((52 - S32) -5, )0k, —
—Bk(s, —s;))ch(NhO_) +2s-s,ak )P(nh), x=1, P(mh)=2s-s,0k +Bk((s, —5;)(s —s;)sh(nh6,) +
+ (8, —85)(s +8;)sh(MhO_)) —ak,((s —s,)’ ch(MhO, )+ (s* — 53 )ch(MhO_)).

BuxopucTtoBytoun po3B’s3ku i mamiaapa (12), 1 3a10BOIHUBIIT TPETIO YMOBY (7) Ta ApyTy yMOBY (9),
3HaWeMO BIIacHI 3HaueHHs 3a1a4i (6) — (11) mms BUMaaKy HepiBHUX KOPEHIB 1y # M, :

n(2k+1
k:(T)’ Ji(n) =0, ne Jl(“k):()' (15)
Jiist po3B’si3Ky 3anaui Bu3Hauumo cram y, (i =0,1,2,..) 3 HeCKiHUeHHOI cucTeMH are0paidHuX PIBHSIHb
Sk + 2 Skn = (k=0,12,.). (16)
n=0

Habmmxene oGunciIeHHs KOe(illieHTiB CUCTEMHM, BPaxOByIO4YH CKIaaHicTh GyHkuid G, (i =1,4), moxHa
MPEACTABUTH Y BUIIISAL

9, =w, =2n" [1+ 2n! {Doh'1 ~h?(D,/3-2D;n")(h+2D,n ") - D,D,(3m°h*) " (m+4D,) + 2(3k°) (D, /5 +
+D; (6m)" = D,Dym )+ Dy (187h*) (11D, +4D;n ")~ (15k7) " (D, /21+ D,D,(12m) ' =19D,D; (67°) ™ ) + }}
9,, =2n" [—e4w0(0,u )+2m! {D h'5(w,) +4D; (mh*) ' () + B (4D 75 (w,) = Dy (Buy) ' () ) +

+2D,D, B3k 1 (1w, )3 (1) = 255 (1, ) + G (D, ry () + 2D,00m 57 (1, )Br () =1 () ) +
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2031 h") ! (DyD, /87 (1, Y167 (1) + 37, (1)) = D3, 'y (1, )7 (1) ) +
+Guh’)” (Doﬂ'zn(un)(4DoD4/ 35,37 (1) + 7 (,)) + Do, 7 (1, )37 (1) — 415 (1)) )
= Dy(16802) 214l (1,) = T3 () = 351271, ) = i, )+, (17)
9, = 0,11, 5 (KR [ Ly, (Lv) cth(u,dv, ) = cth(uv ) ;- 84 = 0,0,RE(k]) ™
o, =207 [ WO, )+ 2 { Dy ) + 407 (Y o7 () + 7 (403 () = Dy GBug) () ) +
+2D,D, 3y ) 1 ()3 (1) =25 () + G ™ (Day*r () + 2D, D51 () Brs () =1 (1)) ) +
£2(3muih) " (DD, /85 (167 (1) + 31, () = D3y 1 () () ) + Bk ) ' x
(D0 (400D /3730 D37 1)+ 7 0,))+ DI ()3 () = 415 (1, )= DS 13 () ..
810 =27 [0,y (Oup )+ 2 { Dy ) + 405 (Y17 (0,) + ™ (4D771 () = DyGBu)) () ) +
+2D,D, B ) 1 ()3 (1) = 20 (1) + G (Do () + 2D, D57 () Br () — 15 (1)) ) +
+2D,D, B ) 1 ()3 (1) = 20 () + G (Do () + 2D, D57 () Br () =15 (1)) ) +
+23mu i)™ (DyDy /87, ()16 (1) + 37 (1)) = D3y ()7 () ) + Bk )™
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[licns  BU3HAYEHHS  HEBIJOMHX  CTaJMX
v, (1=0,1,2,..) i3 cucremu (16), moxna oGurc-
JUTH HAaIpy>KeHO-1e(OPMOBAHUI CTaH K y IpPYyXK-
HOMY IIITaMIIi, TaK B Iapi Ta OCHOBI 3a GopMyrnaMu
(12) - (14).

Pesyabratn. UucensHuili anHamiz MpOBEACHOTO
JOCHIJDKEHHS IpelCTaBIeHni sl noTeHuiany Tpe-
noapa (Tija HeOTyKiBCHKOTO THITY) Y BUTIAJIKY XiMi9HO
aktuBHOI rymu CKVY-6 TpH HAacTYIHHX apaMeTpax:
R=1- 10'2M H=110"m, h=1.6-10"m, £=10",
E=8-10"MIla, A —0.7, 0.8; 0.9; 1, 1.5 1.2.
ANTOPUTM YHMCEIBHOTO PpO3B’sA3Ky OasyeTbcs Ha
METOAI PEenyKIlii Ta peayizoBaHWN y BUINISII TIPO-
rpamu B makeri Maple. Takox 3a3HaunMo, IO
YHcellbHe JOCTIDKeHHS cuctemu Tumy (16) Ha kBa-
3iperynspHicTh mpeacTasieHe B [1].

BmuinB moyaTkoBUX HalpyXeHb HA 3aKOH PO3I10-
NIy KOHTaKTHUX XapaKTePUCTHK U 3aAadi Mpo
MONEPEHBO HANPYXKEHUH HWIIHAPUYHUN IITaMII
Ta MONEPEAHbO HANPYKEHUHN 1ap, 10 JIKUThH 0e3
TEPTsI Ha OCHOBI 0e3 IMOYAaTKOBUX HAINPYKEHb Y

Puc. 1. BiuinB no4yaTkoBHX HANPyKeHb
HA HOPMAJILHUI 3aK0H PO3MOAiTY

Puc. 3. llepemimennst Uy npykHoMY UHTiHAPI
3 MOYATKOBUMH HANPY:KeHHAMH
g nepepiszy £=0,25
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BUIAJKY IOTeHUiany Tpenoapa, IpelcTaBlieHO Ha
puc. 1-5.

I3 rpa(blKlB (pHc 1-5) BuHO, 1110 CyTT€BI/II/I BILJIVB
JUIs TIOTEHL{aliB HAWIPOCTILIOT CTPYKTYpHU Binmiva-
€TbCSL JIUILE MPU TepeTuHax E<1 mpy>KHOro ILMJIiH-
JPUYHOTO INTaMMa IUIOLIMHAMM HapajelbHUMU
ocHOBI. [Ipudyomy 1e#l BIDIMB MEHIIHMIA TPU CTHCKY
(A,<1) Ta GinbmMi y BUmaaky posraryBanus (A, >1).

TakoX HasBHICTb II0YaTKOBUX HANPYXEHb Yy
mapi MPU3BOMUTH O 30UTBIICHHS TEPEeMIIeHb U,
y AUISHII KOHTAKTy Y MPYKHOMY LHIIHIPUYHOMY
IITAMITi IPH CTHUCKY, @ Y BUMAJKY PO3TATHCHHS — 110
iX 3MCHIIICHHA. AHATIOrYHA CUTYaIlis 1 UL pajtiab-
HUX nepeminiens Uy IpyKHOMY HMTIH/IPI Ta mapi 3
MOYAaTKOBUMH HAIPY>KEHHSIMHU.

I3 mpocTopoBoro rpadika TaHreHIIATFHUX HATPY-
JKeHb (pHUC. 5) MOKHA TIOMITUTH, 1110 O€3M0CepeHbO B
30HI KOHTAKTy MPYKHUX IWJIHIpA 1 mapy Ta Ha OOKo-
Bili MOBEpXHi npyxHOro wramiy P =1, Boru mopis-
HIOIOTh HYJIO (II€é BUMAraroTh TPaHW4HI YMOBH (6) —
(10)) 1 HaitO1TBIIT 30CepepKeHi TOOITN3Y 30HH KOHTAKTY.

Puc. 2. HopmanbHi HanpyskeHHsT Y HUAJIHAPI
B nepepisi £=0,125

Puc. 4. [lepemimenns U, y npyskHOMY UMJIiHAPi
3 MOYATKOBHMH HATIPY:KEHHSIMH
nJist nepepisy £=0,5
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Puc. 5. Hanpy:xennst Q, mnpu A,=0,9

Juckycis. Y pe3ynbTari NpoBeIeHUX JIOCIIKESHb
PO3B’S130K 3a/1a4i MPeACTaBICHUI y BUTTIAII HECKiH-
YEHHUX PS/iB, KOC]IUI€HTH SIKMX BHU3HAYAIOTHCS 3
HECKIHYEHHOI KBa3iperyiaspHoi CHUCTEMH JIHIMHHX
anreOpaiunux piBHsHb (16). 1li xoedinienTn 3ane-
KaTh Bl CTPYKTYpH MPYKHOTO TIOTEHIIially, BUCOTH
MIPY>KHOTO ITamia H, i TOBUIMHYU ONepeIHBO HapY-
’KEHOT0 I11apy, a BUIbHI WIEHHU — BiJ] KOPEHIB 7,71, .

VYpaxoByroun MpOBEACHE MOCHIKECHHS, IS
noreHuiany Tpenmoapa, IO BIiANOBITa€ HEPIBHUM
KOpeHsIM piBHsIHHS (4), BIUTUB MOYATKOBHX HAarmpy-
KCHb Ha HampyXeHo-ae]opMoBaHM CTaH LWIIiH-
JPUYHOTO IITaMIla Ta HIapy, IO JIKHUTh Oe3 TepTs
Ha OCHOBI 0€3 OYaTKOBHUX HANPYKEHb, BUPAKAECTHCSI
TAKUM YHHOM:

1. [loyaTkoBi Hampy>K€HHsSI TMPH CTUCKY MPHU3BO-
JSITH 10 3MEHIICHHS CHITM HaIlpy>KeHb Y LHIIHAPHY-
HOMY ILITaMIIi Ta Lapi, a Mpu PO3TATHEHHI — 0 iX
301IBLICHHS, Y BUMAJKy IepeMillleHb Bce BigOyBa-
€ThCsI HaBMaKu. TOOTO HASBHICTH MOMEPEIHBO HATPY-
YKEHOTO CTaHy ITiJ 4ac KOHTaKTHOI B3a€MOIii IPYKHUX
TiJI 1a€ 3MOTY PEryJaoBaTH KOHTAKTHI HAPYKEHHs Ta
nepeMilleHHS.

2. Haii0inpmmii BIIMB TOYATKOBHX HAalpy>KeHb
BiJ3HAYCHNH Ha OIYHIM MOBEPXHI MITaMIA.

3. Binbm cyTTeBO, y KiJBKICHOMY IUIaHi, MOYaT-
KOB1 Hamlpy’KeHHS JII0Th Y BUCOKOCTACTHYHUX Mare-

pianax y mopiBHSHHI 3 OUTBIII JKOPCTKUMH, aJIe IKiCHO
iXHil BIITUB 30epiraeThesl.

4. HeGe3neunuMm € BUNANOK, KOMM MOYATKOBI
Hanpy>KeHHsI HaOIMKaloThCs 10 3HaUY€Hb MOBEpXHE-
BOT HECTIMKOCTI Marepiany [2], OCKiTbKA KOHTaKTHI
HaTpY>KeHHSI 1 MepeMillleHHs] Pi3K0 3MiHIOKTH CBOI
3HAUYCHHSL.

I3 oTpuMaHHX PO3B’S3KIB 3a JOMOMOIOIO TIpa-
HUYHOTO MEPEXOoly MOXHA OTpPUMATH JeKiJbKa
OKPEMHUX BUNAJKIiB: IpH A,=1 — po3B’sA30K 3amadi
OpO THCK MNPYXHOIO LMIIHAPUYHOIO IITAaMOa Ha
map 0e3 MoYaTKOBHX HarpyxkeHsb [1]; mpu h—oo0 —
PO3B’SI30K 3a/adi PO TUCK MPYKHOTO LMIIHAPUY-
HOTO IITaMIIa Ha MIBOPOCTIP 3 HOYaTKOBUMH HANpy-
>)keHHamu [2; 9; 10].

HaykoBa HOBM3Ha pe3yJbTaTiB IPOBEICHOTO
JOCITIDKEHHS ;

1. OrpumaHO pPO3B’S30K BiCECHMETPHUYHOI CTa-
TUYHOI 3a/1a4i JIiHeapru30BaHOI TEOPil MPYKHOCTI AJIs
TiJ i3 TIOYaTKOBUMH HANpPYy>KEHHSIMH TPU JTOBLIbHIN
CTPYKTYpi TPY>KHOTO TMOTEHIaTy IS CTUCIMBHX 1
HECTHUCIIMBUX TiJI.

2. BcraHOBIEHO aHANITHYHI 3ajI€KHOCTI, K1
JO3BOJISIIOTH ~ AOCHIZKYBAaTH IOBEIOIHKY Hampy-
JKeHb Ta MEPEeMIllleHb y 30HI KOHTAKTy UL HpPYK-
HOTO LWJIIHAPUYHOTO IITaMIIa Ta MPYXKHOTO IIapy 3
MOYaTKOBUMH HANPY>KEHHSIMH O€3 BpaxyBaHHS CHII
TepTs y BUMNAJAKY, KOJH IOINEPEIHbO HANPYKEHUH
mIap JEeXUTh 0e3 TepTs Ha OCHOBI 0e3 IMOoYaTKOBUX
HanpyKeHb;

3. 3a 1omoMOrow YMCIIOBOI peanizauii MeToxy
JOCTIJKEHHSI BCTAHOBJICHO OCOOJIMBICTb BIIJIUBY
MOYATKOBUX HANPYXECHb HA 3aKOH PO3IIOJTYy KOHTAK-
THUX Hamlpy>KeHb 1 MepeMillleHb NPYKHUX IHITiHIpa
i mapy MOpiBHSHO 3 BUITAIKOM BiJICYyTHOCTI ITOYATKO-
BUX HaIpY>KCHb.

BucnoBku. Otxe, MOXHa 3pOOMTH BHCHOBOK
npo Te, IO BIUIUB MOYATKOBHX HAIPy>KeHb HA KOH-
TaKTHY B3a€MOJIIO MPY>KHUX TUT JOCTaTHHO CHIIbHUH
1 CyTT€BO BIUIMBAE HA 3aKOH PO3IOJITY KOHTaKTHUX
XapaxkTepucTik. Tomy Horo BpaxyBaHHS JO3BOJIUTDH
3HAYHO TOKPALIMTH TOYHICTh I1HXXKEHEPHUX OO0YHC-
JIEHb y PO3paxyHKax Ha MIIHICTh KOHCTPYKIIH Ta
JeTajei MaminH.
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Development of modern avionics systems To rob the design of such systems is
unfeasible without victorious automation. Today, the area of such instruments
is represented by patented instruments, which are broken by such great authors
of lithuanians, such as Boeing and Airbus, as well as by low criticality, but
sometimes they are often seen in All the tools are based on the architectural
models of the broken system. Avionics systems today are a complex interaction
of software and hardware, so the methods and approaches developed in the
field of design and analysis of avionics and software systems should enrich
each other. At the top of the statistics, the movable materials available for
describing the architectures of the avionics systems are displayed, which is
shown as the program for the best passing through the texts of the meaning and
prompted the concepts, as it is good to go for the presentation. Then the statty
presents a set of tools for designing custom avionics systems. A set of tools
will provide you with a platform for designing and analyzing architectural
models, as well as special solutions for singing avionics systems. Winning
the structure, editing and manipulating models in both text and graphical
formats. It is important that the architectural models themselves, how to
describe the components of the system and interconnection between them,
form the basis for the formation of new technologies and tools for automating
the design. Smell allow you to describe the specific aspects of architecture in
a single form-small-scale model, as you can use different tools for revising
the internal narrow-mindedness of the architecture, and the configuration of
the automation of the system. The foldability of modern emergency systems
and a lot of them to the extent necessary to produce up to the need for local
resources. When IMA-systems are opened, the retailers are stuck with low
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levels of problems, and the stinks have not been stuck in the past. For the resolution of these problems, additional
help comes in the form of automation and the computer-turn to adjust the box. The development of a straight line
in the first place is linked to the vicarious models of the new models, including the architectural models of the

software and hardware complexes.
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Po3BHUTOK CydacHHX CHCTEM aBIOHIKM POOMTH MPOEKTYBAHHS TAKHX CHCTEM
HEMOXJINBUM 0€3 BUKOPUCTAHH 3ac00iB aBTOMAaTH3aIlil. Y gaHuil yac 06nacThb
TAaKUX I1HCTPYMEHTIB TIpPEJCTaBIEHA 3aMaTeHTOBAHHUMU I1HCTPYMEHTaMH,
PO3pOOIEHUMH TAaKMMH BEIMKUMH BHPOOHHKAaMHU JITakiB, sik Boeing Ta
Airbus, a Tako’k HH3KOIO BIAKPUTHX 200 YaCTKOBO BIAKPHUTHUX MDKHAPOIHUX
MIPOEKTIB, 10 BiAPI3HAIOTHCS 3a TePMiHAMH Jiii, HASBHICTIO BUXiJIHOTO KOIY
Ta JoKyMeHTarii. Eci iHCTpyMeHTH 0a3yloThCsl Ha apXiTEKTYPHHUX MOJEINSX
po3poOiieHoi cuctemMu. Y il CTarTi poO3MIAAAIOTbCS MOBH, JAOCTYITHI IS
OTNINCY apXITEKTYPHUX MOJETCH CHUCTEM aBiOHIKHM, Ta ITOKa3aHO, SKa MOBA
mporpamMyBaHHs € HaHOUIBII MiAXOASIIOK uepe3 11 TeKCTOBI MO3HAYCHHS
Ta BOyJIOBaHI KOHICMIi, sKi JJ00pe MiaXOASATh JUIs MPEICTaBICHHS
OimpIIocTi eneMeHTiB BOymoBaHHMX cucTeM. lloTiM y cTarTi mpencTaBieHo
HaOlp IHCTPYMEHTIB Ul NMPOEKTYBaHHS CydacHHX cHcTeM aBioHiku. HaOip
IHCTpYMEHTIB 3a0esmeuye SK 3arajbHy IIaTGOpMy Ul MPOCKTYBAHHS
Ta aHaIi3y apXiTeKTypHUX MOJEeNIel, Tak 1 crelianxi3oBaHe pIlICHHS IS
MEBHOI Tajly3i CUCTEM aBiOHIKM. BiH miaTpuMye CTBOpCHHS, pelaryBaHHS Ta
MaHIMyIIOBaHHS MOJCISIMH SIK Y TEKCTOBOMY, TakK i B TpadivHoMy (opmarax.
3ayBaximMo, IO caMe apXiTeKTypHi MOjeNi, L0 ONUCYHTh KOMIIOHEHTH
CHCTEMH 1 B3a€MO3B'I30K MK HHUMH, CTAIOTh OCHOBOIO I (POPMYBaHHS
HOBUX TEXHOJOTIH 1 IHCTPYMEHTIB AJIsI aBTOMAaTH3alii MPOeKTyBaHHS. BoHH
JI03BOJISTIOTH OMICYBATH Pi3Hi ACHEKTH apXiTEKTYPH B €ANHIN opManizoBaHOi
MozeNTi, Ky MOXKHa OOpOOIATH DPI3HUMH IHCTPYMEHTAMH JUIS TIEPEBipKH
BHYTPIIIHBOI Y3TOPKEHOCTI apXiTEeKTypH, BIIHNOBIAHOCTI Pi3HHM BHMOTaM
CHCTEMHM, aBTOMAaTH3amii MPOCKTHHUX pillleHb, TeHepamii AaHuxX 1 Qaimis
KoH(iryparii, BUXigHui kop i T.1. CKIaHICTh CyYacHUX aBialliiHUX CHCTEM 1
BHCOKI BUMOTH JI0 TX HaJ{IHHOCTI PU3BOJISATH 10 HEOOX1THOCTI BUKOPUCTAHHS
3aranpHUX pecypeiB. Ilim dwac ctBopeHHs IMA-cucteM po3poOHHKH
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CTHUKAIOThCS 3 HU3KOIO 3aBJaHb i IpoOIeM, 3 SKUMH BOHU paHillle He CTUKaIMCS. [l BUPIIEHHs IUX MpoOIeM Ha
JIOTIOMOTY IIPUXOAATH Pi3HI 3ac00M aBTOMATH3AILI] 1 KOMIT I0TEpHA MiATPUMKA PO3pOOKH. PO3BUTOK IIbOTO HALIPSIMKY
B IIEpIly YEPTy MOB’SA3aHO 3 BUKOPUCTAHHIM Pi3HUX MOJEICH, B TOMY YHCIIi apXiTeKTypHHUX MOJENICH MporpaMHo-

armapaTHUX KOMIUICKCIB.

Introduction. The development of modern
avionics systems and other safety-critical control
systems requires advanced methodological and
instrumental support. There are appropriate tools
available, but the development of such high-tech
domestic industries as aircraft construction cannot
rely on them alone for at least two reasons. First,
such tools are quite expensive; secondly, and prob-
ably more importantly, they are ‘closed’ for devel-
opment and adaptation by domestic researchers and
engineers, which leads to an even greater backlog of
available technologies in this area.

Tools for the design, development, verification
and validation of avionics-type systems traditionally
support the model-based approach to model develop-
ment (Model Driven Engineering — MDE, and Model
Driven System Engineering — MDSE), as modeling
methods in their various forms: full-scale, semi-natu-
ral, mathematical — are always utilized in aircraft con-
struction and related industries [1]. In the last 20 to
30 years, a new type of modeling has appeared in the
field of software development, related to research on
formal program specifications and the use of so-called
formal methods for analysis — in particular, for veri-
fication of software systems. Avionics systems today
are a complex interaction of software and hardware,
so the methods and approaches developed in the field
of design and analysis of avionics and software sys-
tems should enrich each other. For this reason, the
use of formal methods of verification of complex
software and hardware systems, such as operating
systems and microprocessors, allowed us to quickly
master the development of design and integration of
avionics systems, as many problems in this new area
can be solved based on modeling technologies and
verification [2].

This article focuses on the development of meth-
ods for modeling, synthesis and verification of com-
plex aircraft systems, but the scope of potential appli-
cation of these technologies is much wider.

Integrated modular avionics. Currently, the
main approach to the design and development of
on-board systems of civil aircraft is the approach
of integrated modular avionics. According to this
approach, specialized controllers are replaced by gen-
eral-purpose processor modules, which provide inde-
pendent operation of different aviation systems. The
wires of each aviation subsystem are replaced with
virtual connections within a switched network infra-
structure based on technologies such as AFDX (Avi-
onics Full DupleX Switched Ethernet) [3; 4; 5] and
CAN (Controller Area Network) [6; 7]. This reduces

Bulletin of Zaporizhzhia National University. Physical and Mathematical Sciences. Ne 1 (2021)

unreasonable duplication of hardware, which leads
to unacceptable levels of power consumption and
complexity of the on-board equipment system. But,
on the other hand, this approach greatly complicates
the process of software and hardware development,
posing new challenges in the design and integration
of software and hardware.

With the introduction of the IMA approach in
the complex of on-board equipment of the aircraft,
there is a new subsystem that provides a hardware
platform for the software of other on-board systems.
This subsystem is called the IMA platform and code-
named ATA-42. The team responsible for designing,
configuring and verifying the IMA platform is usu-
ally called the System Integration Group, as its task
is not only to develop a stand-alone subsystem, but
also to coordinate the needs of all platform users and
ultimately integrate the entire software and hardware
components using the IMA platform.

The tasks of the System Integration Group also
include:

— clarification/coordination ~ of  discrepancies
between requirements and needs with software and
hardware developers;

— proecting the IMA platform based on the needs
of functional applications in hardware resources,
including:

1) distribution of functional applications from
computing modules (Core Processing Module —
CPM) taking into account the needs of applications
(amount of CPU time, distribution of CPU time
between strictly periodic applications, RAM/ROM
memory, network interface bandwidth, etc.);

2) determining the composition of network com-
ponents (network topology), taking into account the
requirements of reliability, delivery time of messages
from sender to recipient, etc.

— verification of the developed on-board equip-
ment complex (OEC) for compliance with the
requirements set forth in the design documentation
for the aircraft, OEC and its individual components;

— preparation of configuration tables for IMA
platform components.

To solve these problems requires an accurate
understanding of all the details of the developed com-
plex at both high and low levels of detail, as well as
the greatest care in the analysis of the consequences
in case of changes. Due to the size of the OEC and
the number of essential parts of modern aircraft, it is
impossible for one person to have complete knowl-
edge of the full systems. In such conditions, the use of
traditional development methods by specialists, based
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on a careful description of all requirements, archi-
tectural solutions, etc. in text documents, becomes
excessively time-consuming and error-prone. The
ability to utilize software automation to solve these
problems encounters problems of heterogeneity and
unstructured information. A natural step to overcome
this problem is the formalization of information,
translating it into a unified machine-readable form,
which allows automation of its processing.

In the context of designing complex software
and hardware systems such as the IMA platform,
the main core is the architecture of the complex,
around which the requirements for the system as a
whole are designed, including its individual compo-
nents, design trade-offs, analysis and verification,
etc. Therefore, it is not surprising that it is the archi-
tectural models that describe the components of the
system and the relationship between them become
the basis for the formation of new technologies and
tools for design automation. They allow different
aspects of the architecture to be described in a sin-
gle formalized model, which can be processed by
different tools to check the internal consistency of
the architecture, meet the system's various require-
ments, automate design decisions, generate con-
figuration data and files, source code, etc. Model
analysis tools can be applied at different levels of
abstraction, including at the earliest stages of the
project in the presence of only partial and evaluative
information. Among experts, this practice is called
‘Early Validation’, and associated sets of relevant
tools (Early Validation Tools) [8].

Requirements for
solid waste

Architecture of
solid waste

The places for application of such tools in the pro-
cess of designing and developing the IMA platform
are shown in Fig. 1.

The use of architectural models in this area allows
resolution of the following problems:

1. Checking restrictions/requirements for the com-
ponents of the developed complex:

— Checking the adequacy of hardware resources;
for example, that the needs of all functional applica-
tions in CPU time and memory meet the hardware
characteristics of the computing module on which
these applications will run.

— Checking the temporal characteristics of the
interaction of functional applications or computing
modules; for example, that the delivery time of a
message from one functional application to another
does not exceed the specified requirements.

— Checking the possibility of allocating hardware
resources in accordance with certain restrictions; for
example, the ability to allocate CPU time for a set of
strictly periodic tasks, taking into account that each
task must be run at certain times according to a given
period.

— Safety and failure analysis of individual com-
ponents of the OEC (safety analysis).

2. Automation of distribution of hardware
resources between functional applications, taking
into account defined restrictions; for example, distri-
bution of functional applications on computer mod-
ules taking into account sufficiency of bandwidth
of network interfaces and possibility of scheduled
periodic tasks.

Variation of solid
waste

Software design
(functional
applications)

IMA platform
design

Allocation of
hardware resources

Clarification of the
requirements for the
IMA platform

Development of software
and components of the
IMA platform

Variation of
software (functional
pplications)

Integration of
software and IMA
platform component

Variation of the
IMA platform

Fig. 1. Validation during design and development IMA platforms
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3. Generation of elements of the BWC platform:
configuration data / files, source codes of individual
components of the platform, etc.

Description languages of architectural models.
During the research in the field of design of software
and hardware systems on the basis of models, sev-
eral approaches to the description of architectural
models were formed (table 1) The most widespread
approaches are based on AADL [9], EAST-ADL [10]
and UML [11]. The EAST-ADL language is not con-
sidered in this paper because its scope is limited to
automotive systems based on AUTOSAR architec-
tural solutions. AADL inherited the main features
from the Meta-H language, developed to describe
on-board avionics systems in the late 1990s, and is
now the most common language for describing archi-
tectural models of software and hardware systems in
various application areas. UML is most often used to
describe software and hardware systems in the form
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of one of its profiles, the most popular of which are
SysML [12] and MARTE [13]. Below are the main
features of these languages [14].

Based on the above, it can be concluded that both
UML (in the form of SysML and MARTE profiles)
and AADL provide approximately the same capabil-
ities to describe the software and hardware model of
the OEC. At the same time, AADL has a number of
advantages:

— In addition to graphical notation, AADL has a
text representation that will allow a specialist to cre-
ate and edit models, as well as analyze the semantics
of existing models without specialized editors, while
‘reading” UML-based models without special chart
editors can be an intractable task;

— AADL limits the developer to a specific set of
declaration types (model element types) that have
specific semantics that the developer can use to
describe the firmware model, allowing you to reuse

Table 1

Languages for describing architectural models

UML

AADL

Notations

Provides a set of charts to represent the structure of the
software; in this case, individual diagrams that describe
certain components of the software and hardware complex
that cannot be fully related to each other, i.e. combining
models developed by different groups of developers is
extremely difficult. Developed more in the tradition of
programming languages than descriptions of diagrams; it
operates with declarations of types and implementations
of model components that can be reused in declarations of
other components.

developed more in the tradition of programming languages
than descriptions of diagrams; it operates with declarations
of types and implementations of model components that
can be reused in declarations of other components.

Extending

Can be extended by using the following mechanisms:
stereotypes, which allow to expand the UML dictionary to
create new modeling elements;

tags of identifiers and values (tagged values);

redefinition of model elements with additional constraints.
These mechanisms are usually used by one or another
profile, which is a dialect of model description (for example,
SysML and MARTE).

Can be extended by defining:

user-defined property sets that can add new property types
and definitions or extend existing types and properties;
annex-specifications, which allow to describe additional
characteristics of model elements in arbitrary syntax
and with arbitrary semantics, which are processed by
specialized tools.

Aspects of modeling

used mainly to describe the structure of the software; it
is based on three aspects: data, interaction and state; data
is described by class diagrams, interaction is described
by connection diagrams or sequence diagrams, states are
described by state diagrams. The most used SysML and
MARTE profiles extend UML as follows:

SysML adds two types of charts — the requirements chart
and the parametric chart; the requirements diagram is used
to describe the requirements and link the requirements to
the elements of the model; parametric diagram is used to
describe the relationships of software model components
with hardware model components.

MARTE expands UML by introducing the following
stereotypes: software model, hardware model, the relation
between software and hardware models.

used to describe the ‘execution architecture’. ‘Execution
architecture’ is implicitly divided into two parts: a set of
software components and interaction between them, a set of
hardware components and interaction between them; also
describes the relationship between software components
and hardware components.
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existing models developed by independent teams at
no additional cost. At the same time, UML, due to
its versatility, does not impose strict restrictions on
the types and semantics of the elements used, which
complicates the understanding of models developed
by third-party experts.

MASIW — a system integrator workstation.
Given the above features, the AADL language was
chosen as a formalism to describe architectural mod-
els in research in the field of automation of software
and hardware systems.

The research pursues a dual goal, consisting of a
research component — the development of methods
for modeling and verification of complex software
and hardware systems, and an engineering compo-
nent — the development of working tools for design-
ers and integrators of avionics systems.

The basic principles on which research and tools
are built are as follows:

— openness — as a necessary condition for cooper-
ation with the international research community;

— reliance on international standards;

— a combination of mathematical rigor in the
choice of proposed solutions and ensuring the avail-
ability of these solutions for engineers;

— focus on support and integration of various
processes of the life cycle of systems: definition and
analysis of requirements, design, integration and
verification of software and software and hardware
systems.

Currently developed MASIW tools allow to solve
such tasks.

1. Creating, editing and managing models in AADL:

1) creating / editing models using a text or graphic
editor;

2) support for team development with the ability
to track and make changes to individual elements of
the model,;

3) support for the re-use of third-party AADL
models.

2. Analysis of models:

1) analysis of the structure of the software and
hardware complex — the sufficiency of hardware
resources, consistency of interfaces, etc.;

2) analysis of data transmission characteristics in
the AFDX network — time of delivery of messages
from sender to recipient, depth of queues of transmit-
ting ports, etc.;

3) simulation of a model of software and hardware
with the generation of user-defined reports on the
results of the simulator.

3. Synthesis of models:

1) the distribution of functional applications from
computing modules, taking into account the resource
constraints of the hardware platform and taking into
account additional constraints on the reliability and
security of software and hardware;
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2) generation of CPU computing time allocation
between functional applications (application launch
schedule cyclogram for ARINC-653 compatible real-
time operating systems).

4. Generation of source code / configuration data:

1) development of specialized code / configuration
data generation tools, based on the provided software
interface (API);

2) generation  of  configuration files  for
VxWorks653 RV and AFDX network end devices.

Model creation, editing and management, as
well as code and configuration data generation are
implemented using common Eclipse environment
extensions, such as Eclipse Modeling Framework,
Graphical Editing Framework, Eclipse Team Provid-
ing, SVN Team Provider, GIT Team Provider. When
implementing these capabilities, we mainly had to
solve engineering problems, so in the following sec-
tions we will focus in more detail on the implementa-
tion of support for analysis and synthesis of models,
where the main research tasks were concentrated.

Analysis of models. When it comes to the analy-
sis of models, it means the derivation of new proper-
ties of the model as a result of considerations about its
already known properties. For example, the result of
the analysis may be an estimate of the maximum time
between sending a message and its delivery based on
an analysis of the path of the message and the charac-
teristics of the components encountered in this path.
The most important type of model analysis is its ver-
ification, ie verification of the model's compliance
with the requirements for it. Other types of analysis
are usually used as an intermediate step in the verifi-
cation process.

Requirements for OEC architecture arise from a
variety of sources.

— These may be design requirements for the air-
craft and the OEC architecture — these requirements
in the process of analysis are clarified and decom-
posed into requirements for individual components
of the system.

— Project often regulates the requirements for
the design and organization of architectural models,
which are described in the so-called model design
standard.

— Another source of requirements is the restric-
tion on the area of permissible use or on the permis-
sible configurations of the simulated components
(usage domain rules).

— The author of a library model component may
impose requirements on the consistent use of this
component.

— There are also requirements imposed by model
analysis tools or tools that are necessary to be able to
perform the relevant analysis.

Since when modeling the system there is a need
to detect errors as early as possible, the task is to ana-
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lyze the model, which has unspecified components
or components with a still unknown structure. Some-
times in such cases for some kind of analysis enough
assumptions about the raw components. For example,
the system has a process A with an unknown imple-
mentation. However, it is assumed or known that
on average every 100 ms it generates a data packet
with an average size of 100 bytes, intended for pro-
cess B. In this case, the components that provide net-
work interaction are described in detail in the model.
Then such an incomplete model can be analyzed in
terms of network interaction, process delays, buffer
occupancy of network components, and so on.

Types of model analysis. Types of analysis dif-
fer in the method of its implementation (static or
dynamic) and aspects of the object under study (the
rough division is aspects of the structure or architec-
ture of the system and aspects of behavior, function-
ing of the system).

The dynamic analysis implies that some patterns
are clearly set, according to which there is a change
in the model (the internal state of the components, the
relationships between them) and interaction with the
environment. During such analysis, actions are per-
formed according to the given regularities, obtaining
new states of components, new connections, ensuring
interaction with the environment. Further (depending
on the checked requirements) there is an analysis of
the received condition or sequence of states and, for
example, an estimation of their correctness.

The static analysis uses a mathematical descrip-
tion of the components of the model, which is com-
pared with the description of the requirements for
them. In the course of the analysis the comparison of
requirements, calculation of characteristics of com-
ponents on which further conclusions about correct-
ness or incorrectness of the analyzed model are made
is carried out.

The analysis of model behavior considers the
characteristics that arise only when considering how
components behave over time, how they interact with
the world around them, what events and how they
react, what events and data they generate, how they
change their internal state. The structure analysis con-
siders the characteristics of how the components are
connected, what properties these connections have,
what are the capabilities and directions of data trans-
mission and events, which components have access to
certain resources and so on.

Methods and aspects of modeling can be com-
bined in any way, then, in sections 5.3-5.6, all four
possible combinations are considered.

Input data for analysis. The input data for the
analysis is a model of software and hardware com-
plex, which describes the structure and character-
istics / properties of the elements of the complex.
The previously considered model description lan-
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guages (UML and AADL) allow to describe in detail
the structure of the developed complex, up to the
description of each sensor, button, etc. As practice
has shown, such a model is redundant for most types
of analysis. Much of the model is ignored by spe-
cialized analysis tools, and as a result the tool has
to do extra work to sample essential data from the
model of the complex. In addition, model descrip-
tion languages give the model developer some free-
dom in choosing which entities will describe cer-
tain components of the developed complex (UML
to a greater extent, AADL — to a lesser extent). At
the same time, when developing an analysis tool, it
is possible to accurately determine the structure of
the input data, which does not depend on what spe-
cific entities describe the model of the software and
hardware complex. Therefore, in the development of
the MASIW tool, the concept of so-called represen-
tations was proposed. View is a specialized model
of the entire software and hardware complex or a
certain part of it, which represents a set of essential
data in a form convenient for processing, as is the
case with representations in database management
systems. To create a specialized representation, a set
of adapters is used — the rules by which the original
model is transformed into a specialized and, if neces-
sary, vice versa. This approach allows you to abstract
from how the developer will describe the model of
the complex or part of it (what entities will be used
and even what model description language will be
used). Due to this, the developed analysis tools can
be reused in other modeling tools.

Static structural analysis. The structure of the
model can be understood as a graph. the nodes of
which are the components of the model, and the arcs
are the connections between the components. Types
of connections may differ in different modeling lan-
guages. For example, the relationship between two
components may mean that one component is part of
another, or that one component is a hardware resource
on which another, software component is running.

The structure of the model may contain informa-
tion about the composition of the components of the
model (of which components-parts it consists), the
location of the components, the degree of connectiv-
ity of the components, etc. Most often, modeling lan-
guages allow you to compare the components of the
model attributes, ie some scalar values. In this case,
they also become part of the structure of the model
and can be used in structural analysis. For example,
you can analyze a model to see if the values of an
attribute with some specified name in all the compo-
nents in which it is defined belong to some specified
set of valid values.

One of the possible attributes of the components
may be the component type. Examples of the use of
type in structural analysis can be the following tasks:
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to find out whether all components of some type con-
tain an attribute with some given name. Or another
example: find out if all components of type A are part
of any of the components of type B.

In modeling languages that aim to describe the
structure of the model (as opposed to behavioral tar-
gets), structural analysis of the model is more con-
venient than behavioral analysis. The reason for this
is that when using such modeling languages, the
structure of the model may already be present, while
the behavior is not yet fully defined or described. As
a result, a number of analyzes can be performed in
advance, before a more time-consuming operation to
determine the behavioral component of the model.

To organize and automate static structural analysis
it is necessary to solve the following tasks:

1) how to specify what needs to be analyzed (in
particular, what condition of correctness of structure
of model should be checked and what language should
be chosen for the description of this condition);

2) how to set the context of the analysis (for which
part of the model structure the analysis should be
performed) — most often, the analysis should be per-
formed on the whole model, although it is possible,
for example, that the analysis should be performed
only on components that are part of this model only
some specified type;

3) how to perform a given analysis for a given part
of the model;

4)in what form to present to the developer the
result of the analysis.

All these tasks arose during the development of
a tool for static verification of the correct structure
of models in the MASIW environment. In this envi-
ronment, AADL is used as the simulation language.
The structure of the model in this language is hier-
archical with respect to the inclusion of some com-
ponents in others. The AADL model also contains a
hierarchy of types that describe component classes.
The MASIW environment instantiates the model by
generating instances of all components and combin-
ing these components as required by the semantics
of the AADL language, taking into account all inher-
ited and predefined attributes. As a result, the analysis
tools work with an already prepared instance of the
model and they do not need to know about the diffi-
culties of transforming the declarative AADL model
into an instance of the architectural model of the soft-
ware and hardware complex.

According to the context of the analysis, there are
usually global conditions of correctness and compo-
nent conditions of correctness. Global correctness
conditions represent limitations on the model as a
whole. Component correctness conditions describe
restrictions on certain types of components. Compo-
nent conditions are sometimes referred to as ‘invari-
ant properties of components’.
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To be able to automatically analyze the model to
meet the requirements, the requirements must be for-
malized and described in machine-readable form. To
do this, you must have a language for writing formal-
ized requirements. Currently, MASIW supports the
description and verification of the correctness of the
architectural model in REAL (Requirements Enforce-
ment Analysis Language) [15].

REAL was proposed in 2010 at Telecom ParisTech
(France) and has been supported by several research
laboratories around the world. This language is based
on the apparatus of set theory. The author of the lan-
guage tried to make the language as convenient as
possible for engineers engaged in modeling and with
basic skills of imperative programming. However,
this language proved to be unsuitable for practical
use due to its limited functionality, and high-quality
documentation on this language did not appear in the
open press [16].

As practice has shown, the REAL language has
a number of serious shortcomings. First, it does not
support all data types and components of the AADL
language (in particular, it does not support values
with units of measure). Second, the viona does not
support component correctness conditions. Third, the
language does not have the means to reuse some of
the conditions in others (which is especially true if the
verification of several conditions requires the same
calculations). In addition, not all conditions of cor-
rectness are convenient to represent in the imperative
form, and the REAL language does not contain means
for the non-imperative description of conditions of
correctness.

To partially solve these problems, we have made a
number of changes to the REAL language. Moreover,
we aimed to make static analysis not so much a means
of demonstrating the correctness of the model on
AADL, as a means of finding errors in the model. To
do this, we, without formally changing the language,
proposed a way to annotate the text of the statement
in REAL in order to document its semantics. This
documentation is used by our tool when construct-
ing a verification report to demonstrate which valid-
ity conditions were verified, on which components
the validity conditions were verified, what the veri-
fication status was on the components (which com-
ponents were found to be in violation of the validity
conditions and which were not), the reason violation
(if it was specified in the comments-annotations).

Static behavioral analysis. The purpose of static
analysis of the behavior of the system model is to
obtain mathematical methods for estimating the limit
values of various characteristics of the behavior and
interaction of system components.

One of the most important behavioral character-
istics is the reaction time of the system to external
events. The reaction time is affected by both the speed
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of event processing and the time of delivery of infor-
mation between components. At the heart of the IMA
architecture is the idea of dividing hardware resources
between many aviation functions while ensuring the
absence of unintentional influence of one function on
another. The first step in this direction was the sepa-
ration of computing resources. The next step was the
virtualization of data buses, which since Airbus-380
is based on AFDX technology [5].

AFDX is built on the basis of ordinary Ethternet,
but has been modified to provide the determinacy,
stability, security, reliability required to meet the cer-
tification requirements. A key element of AFDX in
this regard is the concept of a virtual channel (Virtual
Link), which is essentially a virtual wire equivalent
to a physical wire between the sender and recipient
of messages. The virtuality of the wires reduces the
weight, power consumption, complexity of the laying
and, most importantly, the cost of maintenance and
network development, as the laying of the physical
cable is replaced by a modification of the configura-
tion tables in the switches.

In fact, the components that generate and receive
messages may be outside the AFDX network. These
are either specialized control functions contained in
sensors and actuators, or programs that run on com-
puting modules. In all cases, these components are
connected to the AFDX network through one or more
intermediate gateways, which can communicate with
several different data protocols.

Analysis of data transmission in the AFDX net-
work

AFDX technology is based on full-bandwidth
switched Ethernet, so conflicts and delays on the
lines during data transmission do not occur. The total
packet delivery time is equal to the sum of the packet
transmission times on the lines plus the delays in the
switches [16].

Queues are installed on the output ports of the
switches. Thus, the delay in switches can be very
variable due to the merger of different virtual chan-
nels competing for each output port. Therefore, to
determine the upper limit of the total packet transmis-
sion time, it is necessary to analyze the delays in each
output port of the switch.

Another important behavioral feature of the AFDX
network is the guarantee that there is enough space in
each queue to store all incoming packets. In practice,
for each queue in the network, the upper limit of the
amount of data in this queue is estimated.

There are several analytical methods for calculat-
ing the estimate of the upper limits of packet delivery
time and queue sizes: Model Checking, Trajectory,
Network Calculus. Everyone has their advantages
and disadvantages. The main disadvantage of most
methods is the so-called pessimism — that is, obtain-
ing a deliberately higher estimate due to some
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assumptions or rough calculations. In addition, a sig-
nificant disadvantage of the Model Checking method
is that when the size of the network increases, it very
quickly leads to a combinatorial explosion. Only
Trajectory and Network Calculus methods are suit-
able for industrial use.

The Trajectory method

The Trajectory method [17] is based on the anal-
ysis of the worst case scenario that can occur with a
packet on its trajectory. The occupancy interval for
packet f'in the output port p is the time interval during
which f can be processed in p. The Trajectory method
assumes the longest employment interval in each port.
For each competing channel, the maximum number
of packets that can delay the sending of packet f from
port p during the busy interval is estimated.

When calculating the upper limit of packet deliv-
ery time for a given virtual channel, it is assumed that
the packet f'is on the output port p in the queue, which
is already the maximum number of packets of all
other virtual channels that can delay sending packet f.

Estimation of the upper limits of queue sizes by
the Trajectory method is performed as follows. It is
necessary for each source port to find the maximum
of the queue sizes among the busy intervals of all vir-
tual channels sent through this port. This value will be
the upper limit of the queue size of this port.

The Network Calculus method

In the Network Calculus method, the flow of infor-
mation through a specific network node is a function
of the flow. The function of the flow R (t) from time
is a function whose value at time t is the total number
of bits that entered this node from the moment t0 = 0.

Since the nature of the flow function in this node,
in general, is influenced by many different factors,
its exact definition is quite difficult. To analyze
information flows, the Network Calculus method
uses so-called arrival curves, which majorize the
flow function ‘evenly’ from any point in time: the
incoming flow curve a (t) R (t) is such a non-de-
creasing function that for any 0<s<t the inequality
R (t) =R (s) < a (t-s) is true.

If the information flow pretends to be a periodic
sequence of packets of limited length, the function R (t)
is a ‘step’ function. The input curve for a function of
this kind is the function v, (t) = rt + b, where r is the
average flow rate, b is the maximum packet size.

In addition to the input curve, which is a ‘repre-
sentative’ of the flow function, the Network Calcu-
lus method in each network node considers a service
curve (service curve), which describes the amount
of processed information in the node to a given point
in time.

Consider a situation in which a node processes
information at a constant speed R (usually this speed
corresponds to the bandwidth of the communication
line at the output of the node), but before process-
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ing introduces some delay limited by time T (usually
this time corresponds to the maximum technological
delays in the delivery of information within the node
from input to output). In this case, the serving curve
at this node is equal to BR! T(t) =max {0, R (t-T)}.

The maximum delay that the information from the
stream with the input curve a receives in the node that
provides the service curve o, is estimated from above
by the value of the maximum horizontal (ie on the
axis ‘time’) deviation from a to 6. For the case a =7,
and o = B, . the size of the maximum delay is equal
toT+b/R.

The maximum amount of raw information from
the stream with the input curve o in the node that pro-
vides the service curve ¢ is estimated from above by
the value of the maximum vertical (ie along the axis
‘information’) deviation from a to ¢. For the case o =
Y., and o = B, . the maximum amount of raw infor-
mation is equal to Y., (D)= b +rT.

The use of coarsening in the form of incoming
curves instead of flow functions leads to the fact that
as the packet passes through the nodes of the network,
the input curve becomes more ‘rough’. In particular,
for the case where the node input curve for the input
stream is a =y, ,, and the serving curve is equal to
6 = B ;» the input curve for the output stream (it will
be the input curve for the input flow of the next node
on the path of this packet) is equal to v, ., ie as the
packet of network nodes passes, the second parame-
ter of the function y increases, so that on subsequent
nodes, respectively, estimates of delay time and the
amount of raw information increase.

If we compare Network Calculus and Trajectory
with each other, we can not say about the clear advan-
tage of one of the methods. Although in many cases
Trajectory gives more accurate estimates of the worst
time than Network Calculus, there are network con-
figurations where the opposite is true.

Dynamic behavioral analysis. Dynamic analysis
of behavior allows to obtain less pessimistic estimates
of behavioral characteristics, compared with static
analysis. In addition, sometimes the use of dynamic
analysis allows the analysis in cases where it is stat-
ically impossible to perform or it requires too many
resources (too much complexity of the model is diffi-
cult and difficult to analyze the mathematical descrip-
tion of components, combinatorial explosion, etc.).
However, it should be borne in mind that dynamic
analysis is performed in a specific performance, not
in the worst case, and requires a specific context of
work: input data and impacts [18].

Dynamic behavioral analysis requires that the
behavior of the components be specified in the model
in some executive way. For the correct use of feasible
models, it is important to organize work with model
time, with the transfer of information and events
within the model.
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This problem is well solved using a discrete-effec-
tive approach to behavior modeling. In this approach,
the work of the component is presented as a set of
‘events’ — acts of action to change the state of objects
and interact with other components and the outside
world at certain points in time.

This approach has proven to be the most suit-
able for modeling the behavior of computer systems,
which are complex of onboard equipment IMA sys-
tems. On the one hand, it is quite powerful for mod-
eling such systems, on the other hand, this approach
is much easier to apply (in contrast to the even more
powerful approach of continuous simulation, which
faces the solution of nonlinear differential equations
and used in modeling physical processes).

To support the discrete-event paradigm of behav-
ior description, the MASIW tool has implemented a
library that supports stimulation time and provides
processing of events arising from the simulation sys-
tem, and synchronous and asynchronous data trans-
mission. To ensure these possibilities, a continuations
programming approach was used, supported by the
Matthias Mann's continuations library.

The AADL language has its own means of
describing behavioral semantics for some elements
of the model. However, these tools are not enough
to describe the behavior of applications, devices
and other complex components of the model. There
are standardized extensions of AADL — Behavioral
Model Annex [19] and BLESS — that allow you to
describe the behavior of model components based on
finite state machines that work with time and events.

At the moment in the MASIW tool the feasi-
ble model of behavior is set in Java language. This
allowed us to quickly implement support for dynamic
behavioral analysis of AADL models, and at the
moment the tool can already be used for such analy-
sis. However it is necessary to put behavior of com-
ponents in a non-standard way. On the other hand,
the use of Java will allow in the future to implement
translators from standard behavior task languages
without the need to rework the part responsible for
the actual dynamic analysis.

As mentioned earlier, it is often advisable to con-
duct an early analysis of the system on incomplete
models. In such models, some components do not yet
have a detailed description, and often there are only
some assumptions about how they behave in this sys-
tem. In this case, the analysis can be performed by
recording the assumptions in the form of a particular
behavior of the components. The MASIW tool sup-
ports a special method of parameterizing the model,
which simplifies the description of different assump-
tions about the components for different variants of
model analysis.

Dynamic structural analysis. This type of anal-
ysis is required for reconfigured systems, ie for sys-
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tems whose structure may change during operation.
In the general case, there may be a dependence of the
model structure on the input influences or the envi-
ronment of the modeled system, so it is not always
possible to statically analyze the implementation of
all necessary structural constraints.

In its pure form, dynamic structural analysis
involves verifying that all achievable states of the
architectural model are structurally correct, ie meet
the requirements for the correctness of the structure
of the model. To check the properties of the model
structure obtained at any time during the execution
of the model, you need to get the changed structure
and run checks on the new model. This check is sim-
ilar to a static structural check, the input of which is
fed to the model obtained in the dynamics. The diffi-
culty here is that you do not always need to check all
the properties in all states, but you need to specify in
some way which checks to perform at what time.

Dynamic structural analysis can also check
the properties that are set not on one state of the
model structure, but on the sequence of such states,
although such analysis is rather an analysis of the
behavioral aspect of the functionality for reconfig-
uring the system.

Traditionally, among the properties of objects over
time, there are safety properties and survivability
properties. The former require that something never
happen, while the latter require that something ever
happen. An example of a security property is the
requirement that immediately after the occurrence
of event X, a given component A will have a sub-
component B, and the survivability properties — the
requirement that after the occurrence of event X, a
given component A will sooner or later have a sub-
component B.

The already considered requirement of structural
correctness of all achievable states is the simplest
example of a safety property. Dynamic verification
of more complex security properties can be imple-
mented on similar principles, given that part of the
information used in the static structural analysis of
the fixed state of the architectural model should be
calculated based on the properties of previous states
of the model.

Checking the survivability properties is a signifi-
cantly different task. The main feature of these prop-
erties is that they are violated only at infinity. There-
fore, the task of verifying such properties cannot be
solved by pure dynamic analysis and requires the
development of special tools.

Automatic synthesis of models. The designer of
the IMA system has a task to build an architecture
that must meet the requirements of different types:
the adequacy of hardware resources, fault tolerance,
reliability, security of the system as a whole, limiting
the maximum allowable time for delivery of mes-
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sages between components, requirements for timely
functions etc.

To a certain extent, the art of experienced spe-
cialists, armed in addition with the tools of verifica-
tion of the constructed architectural model, allows
to solve such a problem. However, this approach
has limited scalability and high subjectivity. System
design automation tools that meet a set of require-
ments and constraints can make designers work
much more efficiently.

In many cases, individual parts of the model can
be automatically synthesized based on the infor-
mation contained in another (‘source’) part of the
model, which describes the basic logical relation-
ships between the components and the requirements
for the resulting architecture. In this case, the devel-
opment of the original part of the model is much eas-
ier than the development of the corresponding syn-
thesized part. In addition, the source part in any case
must be described in the design process. For exam-
ple, based on the source information about the avail-
able set of applications and their hardware require-
ments, as well as information about the architecture
and capabilities of computing modules, it is possible
to automatically synthesize the binding of applica-
tions to these modules to meet all resource adequacy
and scheduling requirements.

The MASIW design environment offers the fol-
lowing work scenario for developing a model of the
designed system. The designer develops the neces-
sary source part of the model, then launches an auto-
matic synthesis algorithm, which based on the avail-
able information contained in the source part of the
model, completes the architecture model with new
parts, which can be adjusted manually or regenerated
if the original part of the model is updated.

Automatic synthesis of schedules for strictly
periodic tasks. When dividing hardware resources
between several applications, one of the most import-
ant aspects is the timely provision of CPU resources
for all tasks in the system. This aspect is usually dealt
with by a special operating system task scheduling
subsystem, which allocates CPU time to functional
applications based on a pre-prepared schedule.

As initial data in the task of construction of the
schedule for each of periodic tasks are set:

1) task start period;

2) task execution time on one start-up period.

Classical algorithms for scheduling periodic tasks
work only when the start time of the task within
the period is allowed to vary at different periods of
its execution. However, there is currently a need to
compile schedules in which the time between adja-
cent launches of one periodic task would be fixed
and equal to the length of the period. This additional
requirement of strict periodicity does not allow the
use of classical planning algorithms in the scheduler.
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The main difficulty of the algorithm for planning
strictly periodic tasks is the search for starting points
for all tasks, so that it was possible to build the actual
schedule. This search is an NP-complete task.

In addition, we use the strategy of finding start-
ing points implies a search in the first place of such
options that provide the longest possible continuous
execution of the first ticks after starting each task.

In general, this approach allows you to quickly get
a solution to the problem of scheduling for strictly
periodic problems [20].

Automatic synthesis of IMA system architecture.
As initial data in the problem of synthesis of architec-
ture of IMA the following are set:

— functional applications and logical data flows
between them, as well as between applications and
sensors / actuators;

— a set of needs for functional applications to
hardware resources (memory, computing power, etc.);

— a set of requirements for the maximum time
of delivery / processing of messages in logical data
streams;

— a set of available hardware components (com-
puting modules, switches, etc.) in conjunction with a
description of their capabilities and limitations on the
scope of their permissible use (usage domainrules).

You need to automatically build the architecture of
the IMA system, which includes:

— composition and communication of hardware
components;

— placement of functions on computing modules;

— details of the organization of connections in the
AFDX-network;

— work schedule of application and system parti-
tions ARINC-653 compatible operating systems.

The system architecture must meet all safety and
performance requirements.

The synthesis task is divided into two major
subtasks:

1) placement of applications from computing
modules so that it was possible to build a schedule on
each module;

2) assignment of virtual channels between com-
puting modules and distribution of switches on vir-
tual channels so as to meet the requirements for mes-
sage delivery time.

The solution of the first problem is based on the
consideration of the set of periods of application
launch and on the application of numerical reason-
ing, which allow to divide the set of periods into
such subsets that for each obtained subset there
are guaranteed starting points of the corresponding
applications [21; 22].

The solution of the second problem is based on
the use of genetic algorithms, at each step of the
genetic algorithm is built a population consisting of
N correct topologies of the AFDX-network. Each
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topology of the new population is obtained either as
a result of a small modification (mutation) of some
topology of the previous population, or as a result of
crossing some two topologies of the previous popula-
tion. When crossing, the resulting topology receives
the maximum number of common properties (in the
sense of connecting components together), which are
in both source topologies.

After the next population is constructed, the
incoming topologies are ranked in such a way that
N topologies that best meet the requirements for mes-
sage delivery time are selected for further construc-
tion. Static methods (Trajectory, Network Calculus)
are used to estimate the delivery times obtained in
this topology, and the main component of the ranking
function looks like this:

T-
e,

where the summation is performed on all chan-
nels for which the delivery time limit is set, T is the
delivery time for this channel in this topology, t is the
specified maximum delivery time for this channel.

Development prospects. At the moment, the
MASIW tool allows to perform only part of the tasks
assigned to the system integration group and further
plans to expand the functionality of its functionality
in many areas.

In the context of static structural analysis of mod-
els, the main direction of development is the devel-
opment of a full-featured language for describing
constraints on the structure of an architectural model
convenient for a compact description of both global
and component constraints. In our opinion, this lan-
guage should be based on one of the well-known
existing programming languages in order to be able
to reuse ready-made libraries with a variety of func-
tionality and simplify the task of training engineers.
A good contender for the role of such a language is
the Python language, which due to the concept of dec-
orators provides an opportunity to form a specialized
language based on standard syntax, which means the
ability to use the existing interpreter and other tools
unchanged for a new language. Other promising areas
are the development of libraries of ready-made parts
of the code for their reuse in checking the conditions
of correctness and the implementation of static struc-
tural analysis of reconfigured systems [23; 24].

In the context of static behavioral analysis of mod-
els, a promising area of development of supported
analysis methods is the analysis of data transmission
in the system as a whole, and not only within the
AFDX network. The main difficulty here is to take
into account the behavior of all components of the
gateways located between the sender / recipient of the
message and the AFDX network.

In the context of dynamic behavioral analysis
of models, the main direction of development is to
support standard ways of setting behavior for the
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components of the model (Behavioral Model Annex,
BLESS). Another very important area of develop-
ment of this type of analysis is the implementation of
the possibility of using the simulator in combination
with a stand of semi-natural modeling and in combi-
nation with external emulators of hardware platforms.
This will save time on developing detailed models
for existing system components that are available for
use on the stand or in a virtual environment, which
reduces the total time and cost of preparation for test-
ing the model.

In the direction of dynamic static analysis of mod-
els, only research work has been carried out, so the
implementation and conduct of experiments with
this method of analysis is another task for the future
development of the functionality of the tool.

In the context of automatic synthesis of models
promising areas of development are the support of
new types of constraints on the synthesized model,
research methods of incremental synthesis of archi-
tecture and automatic updating of the model when
changing the initial requirements taking into account
manual modifications of previous synthesized mod-
els. the degree of criticality of each function ensured
the smooth operation of the entire system, provided
the possibility of failure of individual components.

Another area for the development of MASIW
tools is the generation of documentation describ-
ing the architecture of the BWW system, as well
as the generation of project templates and source
code of functional applications that would already
include typical functions such as message pro-
cessing whose structure is already described in the
architectural model.

Conclusions. The complexity of modern aviation
systems and high requirements for their reliability
lead to the need to use shared resources (IMA archi-
tecture). When creating IMA systems, developers (in
particular, system integrators) face a number of tasks
and problems that they have not encountered before.
To solve these problems come to the aid of various
automation tools and computer development support.
The development of this area is primarily associated
with the use of various models, including architec-
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tural models of software and hardware systems. The
corresponding group of technologies is called Model
Driven System Engineering (MDSE).

The implementation of MDSE technologies
requires serious research and well-thought-out engi-
neering solutions. One of the sources of complexity
in the development and implementation of MDSE is
the need to take into account the needs and prefer-
ences of different groups of professionals, as models
are used both as input for synthesis and verification,
as a design tool and as a means of communication
and cooperation. This article is devoted to the meth-
ods and tools for solving these problems. The article
pays special attention to the issues of integration of
methods of formal specification and formal analysis
of avionics models with methods of design, imple-
mentation and integration of avionics systems, which
were developed in this field earlier.

The MASIW tool simplifies the solution of a
number of tasks related to the development of avi-
ation systems. It allows you to conveniently and
clearly create and edit models of such systems in
AADL, as well as analyze such models for compli-
ance with various requirements related to both the
structure and behavior of the model (calculate vari-
ous temporal characteristics, predict the behavior of
the simulated system in different situations, includ-
ing non-standard behavior of components and fail-
ures within the system).

In addition, MASIW facilitates architecture
design through the implementation of a number of
model synthesis algorithms. This allows, in particu-
lar, to distribute the tasks on the computing units so
that each task was allocated enough CPU time, and
to generate an on-board network model and network
resource allocation scheme according to the needs of
system components.

The MASIW tool is constantly evolving. This
development is based on close cooperation with cus-
tomers, potential users and with the international
community of developers of open standards and open
tools to support the development, integration and ver-
ification of responsible systems based on the use of
modeling tools.
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BUMOI'U IO O®OPMJIEHHS CTATEM YV 3BIPHUKY HAYKOBUX ITPAIlB
«BICHHUK 3AIIOPI3bKOI'O HAINIOHAJIBHOI'O YHIBEPCUTETY.
PIBUKO-MATEMATHUYHI HAYKW»

Bumorn 10 oopmieHHs cTaTeii:

Jo npyKy npuiMaroThCs CTaTTi, 110 MAIOTh HAYKOBY 1 IPAaKTHYHY LIHHICTh. ABTOpP Ma€ MpaBo NPEICTaBUTH
TIJIBKH OZIHY HAyKOBY CTaTTIO B OIMH HOMED, sIKa paHille He myOsiKyBanacs. ABTOp Hece BiJIOBiAaJbHICTh 3a
OPHTIHAJIBHICTH TEKCTY CTATTi, TOUHICTh HaBEeJCHUX (DAKTIB, LMTAT, CTATUCTUYHHX JAaHHUX, BIACHUX Ha3B, [€O-
rpadiuHuX Ha3B Ta iHIIUX BiZIOMOCTEH, a TAKOX 3a Te, 1[0 B MaTrepiajax He MICTATHCS JaHi, U0 He MiJJIAraloTh
BiIKpuTiil myOumikarii. Pemakitis He Hece BiAMOBIAAILHOCTI 32 BUKJIAJIEHY B cTarTi iH(popMmarito. OcraTtoune
pileHHs po MyOITiKaIio yXBATIOETHCS PEJAKII€I0, IKa TAKOXK 3aJIUILIAE 32 COOOI0 MTPAaBO Ha JIOATKOBE PELCH-
3yBaHHS, peJaryBaHHs 1 BIAXWICHHs CTaTei.

Texniuni BUMorn:

— JI0 IPYKy MPUHAMAIOTBCS CTATTI YKPATHCHKOIO, POCIHCHKOIO Ta aHITIIHCHKOI) MOBAMU;

— eJIGKTPOHHMHU BapiaHT cTarTi y popmari *.doc, *.docx abo *.rtf, miAroToBieHid y TEKCTOBOMY peIaKTopi
Microsoft Word;

— ¢gopmar A4 uepes 1,5 inTepBai;

— wpudt Times New Roman, posmip 14;

— moust: JiBe — 3 cM, mpase — 1,5 cM, BEpXHE, HIKHE — 2 CM.

CTpykTypa crarTi:

psanok 1 — V/IK (BupiBHIOBaHHS 10 JIBOMY Kparo);

PSI0K 2 — Ha3Ba TEMAaTHYHOTO PO3/iNy (BUPIBHIOBaHHS 110 JIIBOMY Kparo);

psiok 3 — Ha3Ba cTarTi (BUPIBHIOBAHHS MO EHTPY, HAMIBXUPHUN IWPUQT, BETHKI JITEPH);

Ps/10K 4 — TIPi3BHIIE Ta iHILIAJIM aBTOpa CTATTl; HAYKOBUH CTYIiHb, BUCHE 3BaHHS, M0CA/A 13 3a3HAYCHHSIM
kadenpu (BUPIBHIOBaHHS 110 LIEHTPY);

PsI0K 5 — Micue poOoTH (HaBUaHHS), afipeca poOOTH (HaBUaHHS), orcid-KoJ, eleKTpOHHa ajpeca aBTopa
(BUpIBHIOBAHHS T10 LICHTDY ).

Sxko aBTOp He Mae orcid-Kojy, HOro MOXKHA OTPHMATH 3a rmocwianHsaM https://orcid.org/

ad3an 1 — po3mmpena aHorauis (1800 3HakiB O6e3 mpoOiIiB) Ta KIIOYOBI c10Ba (MiHIMYM 5 CIliB), HaNMcaHi
MOBOIO, fIK 1 yCsl CTaTTS;

ad3am 2 — Ha3Ba CTaTTi (HAMIBXUPHUIA WPUPT, yci JITEpH BEIHKI), MPi3BHILE, iHIL[IaId aBTOpa, HAYKOBHUH
CTYIiHb, BUCHE 3BaHHsI, [10CAJA 13 3a3HAUCHHIM Kadenpu, Miclie poOdoTH (HaBUaHHS), ajpeca poOOTH (HaB-
YyaHHs), orcid-Koj1, eJIeKTpOHHa ajipeca aBTopa, po3mmpeHna aHorailis (1800 3uakiB 0e3 mpoOiIiB) Ta KIOYOBI
cioBa (MiHIMyM 5 cIiB), HanmucaHi aHIMicbKOI0 MOBOIO. [lepexiian aHTMHCHKOI0 MOBOIO NOBUHEH OyTH
JOCTOBIPHUM (HE MalIMHHHUM).

Y BUMAJIKY, SKIIO CTATTS HE YKPATHCHKOK MOBOIO, 000B’SI3KOBO ITOIAIOTHCS Ha3Ba CTATTI (HAIBKUPHUMA IIPUPT,
yci JIITepH BEJHKI), IPi3BHILE, HIIIAIN aBTOpa, HAYKOBHIA CTYITiHb, BACHE 3BAHHS, T0CA/1A 13 3a3HaYCHHIM KaeapH,
Miciie poOoTH (HaBUaHHS ), aJjpeca poOoTH (HaBYaHHS ), Orcid-Koj1, eIeKTPOHHA aJJpeca aBTopa, pO3IIMPEHA aHOTAIlis
(1800 3naxiB 63 MpoOLTiB) Ta KIFOYOBI CI0Ba (MiHIMYM 5 CITiB), HAIMCaH1 YKPaiHCHKOIO MOBOIO.

OcHoBHHI TeKCT cTarTi MoBUHEH BignoBigatu cTpykTypi IMRAD (Introduction, Methods, Results, and
Discussion) + Literature Review:

Beryn — kopotkuii Bery (1-2 cTOpiHKH), SIKWH TTOBUHEH AaTH BIAMOBIAI HA 3alTUTaHHS «4OMY MPOBEICHO
JOCII/PKEHHS?», «sKi 00’€KT, ME€Ta i OCHOBHI TillOTE3W JOCIipKEHH:?»; Ot JiTepaTypu - Po3Iiji, 0
MICTHTh aHaJi3 OCTaHHIX MyONiKaliil 32 TEMOIO NOCIHKeHHS (TepeBakHa OBIIICTh MyOMiKalii MOBHHHA
OyTH 3a OCTaHHI 5 pOKiB, caMolUTyBaHHs He Outbiie 30% Bij KIIBKOCTI JITepaTypHUX JKEPE), 3 OIVISTY JiTe-
parypu 4uTadi MOBHHHI MaTH 3MOTY OIL[IHUTH CTaH MpoOJIeMH y CBITi, aHAIIi3 JITepaTypHUX HKEPEN TOBHHEH
MaTu KPUTUYHHUN XapakTep;

Mertoau — po3fin, KA MOXe BKJIIOYATH 2-3 piBHO3HAYHMX 3a 00CsATOM maparpadu, o BHCBITIIOIOTH
OCHOBHI METOJIH, IT1JIXO/T!, AITOPUTMHU JIOCITIJPKCHHS;
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Pesynprati — po3min, sSKWiA MICTUTH aHalli3 OCHOBHHX pE3YJbTaTiB AOCHiKeHHs (rpadiku, Tabmuri 3
YUCEeNFHUMH JTAHNMH, 3aralloM, Pe3yJIbTaTH O0YMCITIOBAIFHIX eKCIIepUMeHTiB); Juckycis — po3ain (o 1 cro-
PIHKNM), IKHi TaKO)K MOYKHA Ha3BaTH BrCHOBOK 200 BHCHOBKH, 1110 MiCTHTB OPIBHSHHS OTPUMAHUX PE3yibTa-
TiB 3 pe3yJbTaTaMH 1HIITUX JIOCIIJKeHb (K BIIACHUX TaK IHIIMX aBTOPIB), @ TAKOX JIa€ BiJIMOBI/Ib HA 3aITUTAHHS
«SIKi TIEPCIIEKTUBH AOCIIKEHHS?», (OPMYIIIOE HAYKOBY HOBHU3HY PE3YJIBTaTiB.

Jliteparypa po3MILIy€ThCS MICIs CTaTTi Y MOPSAKY 3raJyBaHHS; APYKYEThCs depes 1,5 inrepsai, 14 pos-
Mmipom, mpudtom Times New Roman i opopmisieTbes y BiAIOBITHOCTI BUMOT MDXKAEPKABHOTO CTaHIAPTY
JACTY 8302:2015.

[Tocwranus Ha JiTeparypy B TEKCTi CITiJ] JaBaTH B KBaJIpaTHUX JIy’KKax, HAIPUKIAL, [2, c. 25; 5, ¢. 33], B
SIKUX TIepIia nudpa BKa3ye MopsAIKOBUN HOMEp /DKepelia B CIIHCKY JITepaTypH, a Ipyra — BiAMOBIAHY CTOPIHKY
B IIbOMY JDKEpei; OfiHe JrKepesio (6e3 CTOPIHOK) BiIOKPEMITIOETHCS BiJl 1HIIIOTO KPAIKOko 3 KOMOIo [3; 4; 6; 8;
12; 15].

Hanpukiami crarTi po3MilyeThCsi TpaHCIITEpOBaHA 1 TeEpeKiaJieHa aHIIIHCHKOI Bepcis JiTeparypu
(References), opopmiena srigao 3 Bumoramu APA (American Psychological Association).

IMopsiniok nogaHHs MaTepiaJiB:

Juis myOmikarii crarti y (paxoBoMy HayKOBOMY BHJIaHHI HEOOXiTHO HAJICIATH HA EJIEKTPOHHY aJpecy
penakii editor@physmath.journalsofznu.zp.ua HacTynHi marepianu:

Ao0pe BUMMTAHY HAYKOBY CTATTIO, 000B’A3K0BO 0(hOpMIICHY BiAIIOBIIHO 10 BKa3aHUX BUMOT;

iHdopmauniiiny 10oBiaIKy npo aBTopa;

BiJICKAHOBAHE MiATBEP/:KEHHSI CIVIATH KOWITIB (PEKBI3UTH Ui CIUJIATH HAAAIOTHCS aBTOpPY MicJst
B/J2JI0I0 NIPOXO/IZKEHHSI pelleH3yBaHHSI).

3pazox ogpopmnenns nazeu enexmponnux gaunig: Isanos_lL.I. crarrs, IBanos 1. ommnara.

Ajpeca Ta KOHTAKTHI JaHi:

Penakuis 30ipHMka HaykoBUX Hpanb «BicHMK 3anmopi3pbKoro HauioHaJbHOTO YHiBepcuTery. Diznko-
MaTeMaTH4Hi HayKn

By JKykoBcekoro 66, kopn. 1, aya. 216, M. 3anopixoks, Ykpaina, 69060

Teaepon: +38 (066) 53 57 687

Esexrponna nomra: editor@physmath.journalsofznu.zp.ua

Odiuiiinmii caiiT: www.journalsofznu.zp.ua/index.php/phys-math
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