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Key words: buckling, critical The problem of the stability of the compound shell design with the middle surface
loads, ““barrel-ogive” shell meridian of various shapes under the simultaneous effect of variable distributed exter-
design, a sign of Gaussian nal pressure and axial stretching-compression is analyzed using numerical approach.
curvature of the middle surface, The “barrel-ogive” type structures introduced in the previous papers is generalized in
rational rigidity of circular the case of the presence of a negative Gaussian curvature sign on one of its compart-
reinforcements. ments. The impact on the reinforced by discretely distributed circular ribs compound

system under the external pressure of various configurations is studied.
The solution is based on the use of the finite differences method with respect
to the resolution equations for each compartment under the conditions of
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interfacing sections through the docking rib. The impact on the stability of the of the sign Gaussian curvature of
the system under study, the laws of the external pressure distribution on the longitudinal coordinate and axial loads,
taking into account the stiffness of the intermediate rib from the plane of the initial curvature are analyzed.
Particular attention is paid to the analysis of the external load influence on the effects of the interaction between local and
overall buckling modes with the determination of the stability of the compound shell structure under combined load.

The proposed algorithm for visualization of the deformation character for the shell design allows for local and
general buckling mode analysis, compound shell structure “barrel-ogive” generalized type structures, to conclude
its rational characteristics with identifying potentially hazardous areas of destruction.
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Knrwwuoei cnosa: sununanns, Ha ocHOBi 3amponmoHOBaHOTO YHMCENBHOTO TWiAXOJY HANa€eThCs aHami3
KPUMUYHI HABAHMANCEHHS, CTIMKOCTI CKJIa/eHOi 000JI0OHKOBOI KOHCTPYKLII 3 MEpUAiaHOM CEepeinHHOI
‘Douxa-odcueano’ 06010HK08A MOBEpxHI pi3HOT (OpMH, IO 3HAXOJUTHCS TiJ OJHOYACHOK JIi€l0
Koncmpykyis, suax I aycogoi HEPIBHOMIPHO PO3MO/IiJIEHOT0 30BHIITHBOTO TUCKY 1 0CHOBOTO PO3TATYBAHHSI-
KPUBU3HU CepeOUNHOT NOBEPXHI, CTHCKaHHS. BBeaeHnit y momepenHix poOOTax BHMJ KOHCTPYKIiHM THIly
PAYIOHANbHA HCOPCMKICD ‘00uKa-0KUBAIO’ y3araJlbHEHHWI Ha BUMAJO0K HASBHOCTI BiJI’€MHOTO 3HAKYy
KPY208ux nioKpinietv. I'aycoBoi kpuBU3HM Ha OJHOMY 3 ii BiJCikiB. BuBUeHa Jis Ha miAKpimieHy
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JUCKPETHO PO3MOAUICHUMH IIMAaHIOyTaMU OOOJOHKOBY CHCTEMY HEpPiBHOMIPHOTO 30BHIIIHBOTO THCKY MpHU
HasBHOCTI OChOBUX 3YCHUJIb.

Po3p’si3aHHst 6a3yeThCsl Ha 3aCTOCYBaHHI METONy CKiHUEGHHHX PI3HUI[b IO BiJHOLICHHIO 1O OCHOBHHUX
JudepeHITialbHUX PiBHAHB JIe(hOpMYBaHHS [T KOXKHOTO BiJICIKY 32 YMOB CIIOTYYEHHS CEKIIii 4epe3 CTUKYBaTbHHMA
MIIaHroyT. JlocaiKy€eThesl BIUIMB HA CTIHKICTh KOHCTPYKIIi1 mapameTpiB [ 'aycoBoi KpHBU3HN CEpPEAMHHOI TOBEPXHI
JOCITIPKYBaHOT CHCTEMH, 3aKOHIB PO3IMOJiTY 30BHIIIHBOTO THUCKY 3a TOB3JIOBKHBOIO KOOPIMHATOK 1 OCHOBHX
3yCHJIb 3 YPaxyBaHHSIM XKOPCTKOCTI IPOMDKHOTO IITAHTOYTa 3 MJIOMIMHY OYAaTKOBOT KPUBU3HH.

OcobnuBa yBara 30cepe/KeHa Ha aHaji3i BIUIMBY XapaKTepy 30BHIIIHHOIO HABAHTAXKCHHS Ha €(EKTH B3a€MOIIi
JIOKaJBbHUX 1 3arajbHUX (OPM BUITMHAHHS 3 BH3HAYCHHSIM CTIHKOCTI CKIafeHOi 000JIOHKOBOI KOHCTPYKIII mpH
KOMOIHOBaHOMY HAaBaHTAXKCHHI.

3anpornoHOBaHMid ANrOPUTM Biszyamizalii xapakrepy JAedopmaiiii 000JTOHKOBOI KOHCTPYKIII JO3BOJISIE TPOBECTH
aHaJi3 JOKAJBHMX 1 3aranbHUX ()OPM BHUITMHAHHS, 3pOOMTH BHCHOBOK IIpO ii paIliOHaJbHI XapaKTEPHCTHKH 3
TOYKH 30py CTIHKOCTI CKJIaZeHOi 000JIOHKOBOT KOHCTPYKIIil y3araJbHEHOTO THITYy ‘00YKa-0KMBAJIO’ 3 BUSBICHHIM

MOTCHLIHHO HeOE3MMeUHUX 30H PyHHYBaHHS.

Introduction

The stability study of thin shell designs is
dictated by the needs and development of modern
engineering, instrument making, chemical industry,
aviation, rocket and space technology. The choice
of effective forms of shell structures and reinforcing
elements depends on specific operating conditions,
in particular, on the nature of aerodynamic loading,
combining external loads [1; 2] and represents a
relevant problem when choosing rational geometric
and rigidity characteristics of the designed systems
for new techniques. A significant part of theoretical
and experimental studies is aimed at compound shell
structures, ‘cylinder-cone’ type, of zero Gaussian
curvature for the middle surface [3; 4].

The initial imperfections of the middle surface,
or its deviations from classical one, can lead to
significant influence on the values of critical loads
[5-10]. Thus, in the papers [5; 6] the effect of sign
Gaussian curvature of the middle surface on the
stability of individual sections of the compound shell
structure and axial loading on the value of critical
pressure are investigated. To buckling problem of the
shell structures for negative Gaussian curvature are
devoted [9; 10].

As the analysis of the current state of the problem
under study shows, the variability of external pressure
on the coordinate may in some cases significantly
affect for stability of the shell design [11-14]. The
influence of discretely located circular ribs on the
stability of the shell structures is considered in [4; 5; 6],
where, in particular, the problem of rational choice of
their rigidity parameters was investigated.

It should be noted that the analysis of the buckling
modes of the compound shell design, the detection of
the zones of the largest deflection are contributed to
an algorithms of computer visualization of the release
process, which is dedicated to monograph [14].

The purpose of this paper is to study the effects
of the variability influence of external pressure on
the local and overall critical loads of the reinforced
compound type “barrel-ogive” shell structure, taking
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into account axial loading and the sign of the Gaussian
curvature of the middle surface compartments with
visualizing the buckling modes structure under
combined loading.

1. Setting the problem and resolution equations.
Following [5; 6], a compound shell construction
consisting of sections in which the deviation from
the ideal shape of the forming (cylinder and cone)
has a sinusoidal shape. Holding to the terminology
introduced in these papers in the case of convexity
of the compartments, which corresponds to the
positive direction of the Gaussian curvature of the
middle surface, will be called the shell of the ‘barrel’
or ‘ogive’ compartments, respectively. In the case of
negative curvature of the meridian, the terms with the
prefix ‘pseudo’ (‘pseudo-barrel’ or ‘pseudo-ogive’)
are introduced. The compound shell structure of a
constant thickness #, a module of the elasticity £
of the material and the coefficient of Poisson v is
investigated. In accordance with the theory of gentle
shells of ‘medium length’ [15; 16], a restriction is
imposed on the geometry of the design, according
to which the relative height of deviations from the
cylinder and the cone is less than one fifth of the
smallest linear size.

In the elastic area of material deformation,
compound shell structure is under the influence of
variable external pressure

q(x) =g, f(x) €]
where f(x) — is smooth function, and axial
forces T' (compressing or tensile).

At the same time, it is assumed to the prevailing
effect of external pressure in relation to axial
compression, which leads to such buckling forms
that correspond to the formation of one half-wave
in the longitudinal direction and »waves in the
circumferential and »* >>1 [15].

Through 5and sreferred to the coordinates
along the forming cylindrical and conical surfaces,
respectively, y — the arc coordinates for the
cylinder, ¢ — the angular coordinate along the
cone parallel. The middle surface of each section
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of the shell design is the surface of rotation with
the following functions of the radius of the parallel
circle in the section, perpendicular to the axis of
rotation [5; 6]:

1) for a “generalized barrel” compartment:

bar

r:R[1+C sinn—gj, 2)

where L — the distance between the bases R— the
radius of the base of the section, C,, — is the relative
deviation of the shell forming from the cylinder;

2) for “generalized ogive” section:

r=cosa {s +C,/,sin 77555 IIO)} , 3)
1 0
where /, and /, — the distances along the axis to the
smaller and larger base, o — is the angle of the taper,
C,, — the relative deviation of the shell forming from
the cone.

Restrictions on the parameters of the shells and,
based on equations (2) and (3), the approximate values
of the radii of the main curvature were obtained [5]:

3) for a “generalized barrel” compartment:

-y p

Rl:_ " ~ =
r RC, n?sin ™
L

bar
R =rfl+(r) ~ R(l +C,,, sin ”—j] “4)

4) for a “generalized ogive” compartment:

2 L=1) = .

R ~ (h=h R ~ctga(s+C,lsinQ), (5

' C, i’ cos asinasinQ’ 2~ cle ( ¢! ) )
signs of C,, fnd C, determine the sign of Gaussian

curvature of the middle surface x=1/(RR,) of the
corresponding design compartment.

Allowing differential equations of the main stress-
strain state relative to the deflection functions for
each composite design compartment obtained in [5]:

a,(X) Wy, (%) + a5(3) Wy (X) + ay(X) W, (%) + (6)

+a, (W, (X) + ay (X)W, (%) = 0
bW, (x) + by (x) Wg(x) + by(x) W (x) + %
+b(xX) W () + by(x) W, (x) =0

where X =5/L, x =s/l, and variable the coefficients
a(x), i=1,4, b(x), j=1,4 of equations depend
on the geometric characteristics of the shells and
external loads. Equations (6) and (7) are suitable for
study on the stability of the shell design under the
action of variable pressure, taking into account the
axial loading, for which the substitution is necessary
in equation (6) and (7) of functions g(x) in the form
(1). The features for the finite difference method to
the equations (6), (7)solution and the initial parameter
method in matrix form for taking into account the
discreteness of the intermediate circular ribs, in
particular, the docking one, are formulated as well.
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At the same time there are conditions:
I/Vug(l) = Wbar(O)’ u/o:g(l) = I/I/b’ar(o)’ (8)
W)+ GW, (1) =W, (0), W) -GW,(1)=Wy;.(0), (9)

where G, and G, — the dimensionless parameters of
the rigidity of the splits, respectively, in the plane and
from the initial curvature plane.

The condition of conjugation of the generalized
“ogive” and “barrel” -shaped sections are determined
by the equality of tilt tangent the anglesp to the
middle meridians of the sections, so the location of
the docking splint can be considered locally conical.
In this regard, the rigidity of the rib are determined
by formulas:

. 1 . 1

-G —— G =G, ——: 1
Gl Gl COS3B’ GZ ZCOSB’ ( 0)
4 2_12 EJring 2 2_12 EJring
G - MUY B o L) B gy
Eh R EhR’ (n* +1)

In the study of the construction of the cylinder
cone, we will follow the idea to paper [4], where the
docking rib was divided into two parts corresponding
to its cylindrical and conical component, as a result
of which rigidity was taken into account in the form

G G G 1
GLy/,l = 71’ chl,Z = 72 ’ chne,l = 71 COS3 o >
G 1
G . =—L ) 12
cone,2 2 cos a. ( )

At the same time, the conditions of the conjugation
(8) through the spline were preserved, and the
conditions (9) were presented in the form

WD) + Gy, W (1) = Wi, (0) + G,y W, (0),

m e * "m (1 3)
Wog(l) - GL‘ l/Vug(l) = W (O) + chl,lear(O)!

bar
In the case of the design ‘cylinder-cone’ we obtain
W, =W.,, W, =W (14)

bar eyl » og cone *
2. Numerical results analysis for the compound
structure. For the estimated implementation, the
compound shell design with the characteristics is
selected: ~=0,3cm, E=7-10°kg/cm*, v=0,32.
The values /, =182 cm ,and L =2,5R for “generalized
ogive” and “generalized barrel” shaped compartments
respectively are accepted. Calculations were carried
out for the case of boundary conditions corresponding
to the hinge support of the ends of the compound
structure.
The dimensionless load parameters (axial loading
and external pressure) are introduced:

one,l

. T 4,

=——,q =22 1
! g (15)
where g,,1s the classic value of critical pressure for
the cylindrical shell [8]:

5/2
:0,9215(&] % (16)

q(.'/assic, eyl

R
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2.1. The calculated parameters of the
compound design for variable distribution of
external pressure. Calculations were carried out
for the parameters of the shell /, =0,45/, a=75°,
the rigidity parameters of the docking splint are
G, =5000,G, =10 .

At the same time, two types of variable external
pressure distribution are considered: according to the
linear law along the axial coordinate and nonlinear one.
We introduce an auxiliary function specifying external
pressure having a distribution of the same intensity:

[2_110jfi(x) |:10 :|
, Xe 1—,2 .

1
2
[ Aix)dx
/h
For a linear law, functions f(x)=x and
fi(x)=2-cx (here ¢ — the parameter of the linear
function) are selected.
For the nonlinear function it is accepted formulas:

[0 = (17

K F,
fi(x) = 1(;)( ) 2(;)( ;
7 e R %
F(x) = x _—
Cl[x—[lo+ll_l()xlj] +1
11 ll
Fy(x) = G (18)

L

where C,,C, >0 — quite large function parameters;
C,el0,1]; s=1,2,...

The auxiliary function f(x)in calculations is
used to determine the calculated functions on the
generalized ‘barrel’ and ‘ogive’ compartments in
their own dimensionless coordinates:

fon(®) = fE 1), T e[01]; £,(0= F(0), x [M (19)

2.2. The effect of variable distribution of
external pressure on the ‘cylinder-cone’ design
stability under combineloading. The dependences ¢
on T" for the ‘cylinder-cone’ structure on parameters
l,=0,451, o =75, and G, =5000,G, =10 (docking
rib rigidity) under the action of axial loading and
variable distributed external pressure along every
compartment with visualization of the buckling
modes are shown on fig. 1 (l(a)-linear and
1(b)-nonlinear laws).

It is necessary to note that in contrast to the results
obtained for the conical three-layer shell in paper [14],
where a minor effect was found on the stability of the
linear distribution of external pressure f(x)=2-cx,
for the investigated compound designs, the influence
of'the linear law was significant and leads to increasing
and to a decrease in critical pressure depending on the
structure parameters.

Dependencies in fig. 1 for the “cylinder-cone”
design demonstrate the deviation of the values of the
critical pressure to 20% with respect to the case of
uniform pressure (in the considered range of loads and
the parameters of the shells). In this case, the external
pressure distributed in accordance with the functions
fi(x)=x and f(x)=2-cx leads to decreasing and
increasing critical pressure respectively.

Sfix)=x

uniform

nonlinC; =1

lin c=1 lin c=0.5

— wmiform 35 4 7 —

3| -
iy .
---ln 254 / —
- "\

|
——Ene=1 KHH-"‘* x
D *r~b
‘ 05 - )
— ;
Mj-a 2 0 r 2
a)

——norlin
C=2000
C;=1

——nonlin
€=2000
C,=05

—norlin
C=2000 ,
Cy=0 4

Fig. 1. The dependences ¢ on 7" for the compound ‘cylinder-cone’ structure

Computer Science and Applied Mathematics. Ne 2 (2021)

ISSN 2413-6549



10

Analysis of critical loads and visualization of the
nature of wave-formation of the studied compound
design showed that the linear distribution of
external pressure changes only into the number
of waves in the circumferential direction,
ranging from n=5 to n=8, depending on the
external pressure distribution functionsand axial
loading, in corresponding to formulated approach
investigation.

The nonlinear law of the distribution of external
pressure on the ‘cylinder-cone’ design gives more
significant deviations both in the values of buckling
pressures (up to 42%) and in post critical wave
formation surface.

It is necessary to note, that in fig. 1 b) calculated
parameters of the function of non-linear external
pressure with two in the same height of bursts on the
“cylinder” and “cone” (which corresponds to C;, =1)
give a decrease in critical pressure to 31% compared
with evenly distributed.

In the case of a nonlinear distribution of pressure
with amplitude on the “cone” two times greater than
on the “cylinder” (here C, =0.5), a relatively small
deviation is observed in the value of the critical
pressure (up to 15%) with respect to uniformly
distributed external pressure. In the range of changes
in the axial force 7~ from -2,7 to 2, the crest of the
buckling wave is placed on the conical compartment,
while n=5.At T" < -2,7 the wave number increases
ton=9 and the crest of the wave shifts to the
cylindrical compartment.

2.3. The influence of the linear laws distribution of
external pressure on the buckling structure with nonzero
curvature compartments. Yhe dependences ¢ (7T") for

compartments with various combinations of curvature
signs of middle meridians are shown in fig. 2:

1)in Fig. 2 (a) considered the design ‘barrel-
pseudo-ogive’ for

2) G, =0.25, C,, =—0.03019235707 ;

3)in Fig. 2 (b) — ‘barrel — ogive’ for
a. G, =0.137, C, =0.06258642604;

4)in Fig. 2 (c) — ‘pseudo-barrel-ogive’ for

5) C,, =-0.07, C, =0.2325440198.

Analyzing the values of critical pressures with
a linear distribution of external pressure (fig. 2), it
can be concluded that in the case of a compressive
force, the convex shell leads more efficiently. When
tensile designs, the structure with negative values of
Gaussian curvature on one of the compartments is
more efficient than the ‘barrel-ogive’ shell structure.

The designs with a negative curvature on one of the
compartments demonstrate sharp changes in behavior,
which is characterized by ajump-shaking absolute increase
in the wave number » (flow of dependence curve ¢" (7°)
) and with a sharp change in the form of wave formation.
Although the considered design ‘barrel — ogive’ mainly
has predictable behavior when tensile-compression with
a gradually changing wave number #in redistribution
from 9 to 12, however, at ¢ =1, a similar situation with
buckling modes appears as in the case of the presence of
negative curvature on one of the compartments.

Buckling modes for a convex structure selected from
the condition of equal resistance at uniform pressure and
the corresponding axial force (fig. 2 (b)) are considered.
The most striking change in the post-buckling form of a
shell during compression gives a shift of the maximum
value of a linearly distributed external pressure toward
the “generalized barrel” ( f,(x) = x ) compartment. In this

uniform f,(x)=x nonlinC, =1 nonlinC, =0.5
nonlinC, =0

— uniform 35 -
3| -

<l 25 -

m):x\
—linc=1 —R\"‘\\_ 2 A
r—

- 05 - o
lin

=05 . 0 .
-4 2 0 T 2

a)

—uniform

——nonlin
€=2000
C,=1

—nonlin
C=2000
C,=05

——nonlin
C=2000 , T T T } T )
C=0 4 3 2 1 0 1 T2

0)

Fig. 2. Dependences ¢ (7") for compartments with various
combinations of curvature signs of middle meridians
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case the crest of the buckling form replace to the end of
the “barrel” compartment. Stretching results in a more
uniformly distributed waveform located along the barrel-
shaped section. In this case, the wave transition to the
conical part does not occur for this design.

The linear distribution of external pressure, built
on the basis of a function f,(x) = 2 - cx, for a parameter
¢ =0.5 gives similar patterns in wave formation, as
with uniform external pressure, but with a shift of
similar forms towards stretching. For c¢=1: in the
case of the axial force 7" > -1, the crest of the waves
is distributed near the rib with a greater or less degree
of localization near the rib, already when 7" < -2 the
comb is placed on the “barrel” with the capture of
the rib and the “ogive” small part. For the ¢=0.5
wave formation parameter with the arrangement of
the crest of the wave of the release on the “ogive”
compartment was not detected.

If ¢=1 and the axial load parameter 7~ > -1
, the crest of the wave is visualized

11

Gy =—0.07, C,, =0.2325440198.
For the nonlinear distribution parameters
of external pressurex, =0.1; x,=09; s=1,

C,=C, =C the parameters of the shell /, =0,45/
, a=75, C,, =025,C, =-0.03019235707 (“barrel-
pseudo-ogive”) and the rigidity of the docking rib
G, =5000, G, =10 . The dependence ¢ on T for the
various values of the parameter C of given nonlinear
law shown in fig. 4.

A distinctive feature of the external pressure
distribution by laws corresponding to fig. 4 with
parameters C = 1000, C = 2000 is its approach to the
effects of localized external pressure.

Conclusions

1. The buckling problem for the compound
shell structure with deviation compartments
from the cylinder (“generalized barrel”) and the
cone (“generalized ogive™), in particularly, with

in the spangling area. If parameter =50 =100 -
T* e (-3.3;-1.2), the comb is shifted = e —50
toward the “ogive” compartment. In a Q e
these cases, the wave number nis - - ——c=400
equal to 9 or 10. A further increasing C 200 s 400*% o
of the axial compression leads to a Q ~ —s 00— x
sharp changing in the wave number — - : Tl
to a value n =12 and the crest of the C_IOO&.H C—ZOO(‘)‘% ----- s
wave moves to the “barrel-shaped” ~ ~ rrrrrrrrr c=10
compartment. ; -
2.4 The influence of external @
pressure nonlinear distribution =50 C=100 — uniform R =
for the compound design with a I [ o a =
nonzero middle surface compartment _ _ —o S
curvature. The effect of the parameters — 1000 R i
C, C, distribution function of the C=200 C=400 O
nonlinear law of external pressure e R . o
with equal values of the maximum _ _ T
pressure (C, =1) on the value of the C=1000 C=2000 -
critical pressure for ‘‘generalized - -
barrel-ogive’ structure was studied. _ _ ——
Calculations  for  parameters - -
I,=0,451, a=75°, G =5000,G, =10
For the first step choose =50 C=100 — itorm
x, =0.05 x,=06; s=2, C,=C=C T o | ——C=50
. The dependences ¢" on T for the ﬁ ﬁ —c=100
shells of various shape combinations C=200 C=400 o
of the “generalized barrel-ogive _—— e | 100 G
structure’ are shown in fig. 3: h h —c=2000
— in Fig. 3 (a) considered the - =x
‘barrel-pseudo-ogive’ design for c=1000 €=2000 e
C,, =0.25,C,, =-0.03019235707 ; 6 ‘ i
— in Fig. 3 (b) — ‘barrel — ogive’ ;
design for
Cyr =0.137, C,, =0.06258642604;

— in fig. 3 (c) — ‘pseudo-barrel-
ogive’ design for

Fig. 3. The dependences ¢ on 7" for the compartments of various
shape combinations of the “generalized barrel-ogive” structure
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C:50 C=100 ——uniform

— e g *4 —C=50

i ——C=100

——C=200

C=200 C=400 oo

——C=1000

& . ——(C=2000
ey gy -

w | T T | - C=0.1

C=1000 C=2000 - 005

----- c=s
i‘ ) i _ b B c=10

Fig. 4. Critical loads dependences for the different parameters C

different signs of curvature of the middle meridians
is discussed. An analysis of the influence of
Gaussian curvature of the middle surface of the
design for stability under combined loading was
carried out with implementation of buckling modes
visualization for various parameters of the structure
geometry and the functions of the external pressure
distribution.

2. Two type laws (linear and non-linear) identical
intensity of variable distribution of external pressure
are investigated. It is shown that in the case of axial
compressing is more effective is a “convex” compound

structure, and in tension —‘convex-concave” structure.
At exposed to the design of non-linear external
pressure distribution with one maximum on the ‘ogive’
more efficiently from the point of view stability is the
‘barrel-pseudo-ogive’ design.

3. A nonlinear distribution of external pressure in
some cases leads to situation when the wave of the
bulking has a significant displacement to one of the
ends. The smoothing of the buckling wave, necessary
from a technological point of view, when designing
a real structure, possibly by changing the curvature
parameters of the middle surface meridian.
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3HOLIYBAHHS — (e TIPOIIEC YACTKOBOTO a00 MOBHOTO BUIAJICHHS MaTepiany 3 IIOBEPXHI
TepTsl BHACTIZIOK ii pyMHYBAHHS, SIKHIl IIPU3BOIWTE 1O TOCTYTIOBOI 3MIHH (1)opMn i
PO3MIPIB TiJ, IO BSa€MO,Z[IIOTI> 3aKOH 3HOLIYBAHHS BHPAKAE, 30KpeMa, 3AJIeKHICTh
IBUJIKOCTI 3HOITYBaHHS BiJl THCKY, sSTKa MOYKe OyTH JIIHIHOFO a00 CTEIEHEBOKO.

Y poGoTi pPO3MIHYTO IUIOCKY KOHTAKTHY 3a1ady Ipo 3HONIYBaHHS 3a
CTEIECHEBUM 3aKOHOM TOHKOI MPY>KHOI CMYTH MPH KOB3aHHI MO Hil HITamIa.
PosrsinyTto nBa Bumaaku. Bumagok 1: mTamm Mae MOCKy MiAOIIBY Ta
BUMANOK 2: KOH(POPMHHUI KOHTAaKT CMYyTd 1 IITamIia 3 MiIOLIBOO, (dopma
SIKOT BU3HAYAETHCS IIBUAKO OCIFUIIOIOYOI0 TPUTOHOMETPHYHOIO (DYHKITIEIO.
[Ipu npoMy 00macTe KOHTAKTY € (ikcoBaHOO. JIsT pO3B’sI3aHHS MTOCTaBICHOL
3aj1adqi 3aCTOCOBYETHCS MTOKPOKOBHH 3a wacoM MeToa. Ha kokHOMY dacoBoMy
KpOIll CHCTEMY IHTErpalibHUX PiBHSHbB, IO MOJICIIOE JIaHY 3a/1ady, 3BEJICHO
JI0 OIepaTopHOro piBHAHHA DpearosbMa JAPYroro pomy, ke Mae €IWHHUMA
PO3B 30K, KOTPH MOXHA 3HAHUTH METOJOM TMOCHTIJOBHUX HaOmmxkeHb. J[ns
BUIAAKY | OTpUMaHO aHANITUYHUHN 1 YUCENbHUN PO3B’A3KH, Y BHUIQAKY 2 —
JHIIe YHCENPHUN. AHANTHYHUA PO3B’SI30K MONAHO CTEIICHEBHM DSIOM 3
HEBIJIOMMMH KOC(IIIEHTAMH, SIKI MOXXHA 3HAWTH 3 HECKIHYEHHOI CHCTEMH
TMHIMHUX ~anreOpaiyHuX piBHSIHb. HaOMWwkeHO aHaNITHYHHKA PO3B’SI30K
3HAKICHO 32 JOTIOMOTOI0 METOY penyKilii. YncenbHe po3B’si3aHHs repedauae
3aMiHy IHTETrpaJbHOTO PiBHSHHS CHCTEMOIO JIIHIMHUX anreOpaidHuX piBHSIHb
BIJTHOCHO JWCKPETHUX 3Ha4eHb (YHKII KOHTaKTHOTO THUCKY. OTpuMaHO
BHUCHOBOK PO €(eKTUBHICTh HAOIMKEHO aHATITUYHOTO MiJXOAY PO3B’SI3aHHSA
HAaJl YUCEITbHUM /ISl BUITAAKY | i Hee()eKTUBHICT — y BUTIAIKY 2.

IIpoBeneHo aHami3 4YHCIOBUX pE3yJbTaTiB. 30KpeMa, Yy BHUMAIKy 2
KOH(OPMHOTO KOHTAKTy PO3IMOIII KOHTAaKTHOTO THUCKY B KOXXHHH MOMEHT
4acy XapaKTepu3yeThesl (DYHKIIIEI0, JOKAIbHI €KCTPEMYMH SKO TPOTHIICKHI
ekcTpeMyMaM (yHKIIi, 0 BU3Hauae ¢opmy mrammna. [TopiBHANBHMNA aHami3
3HOCOKOHTAKTHHUX XapPaKTEPUCTHUK Y TBOX BHIIAIKAX ITOKa3aB IX Y3TOKCHICTb.
PesmeTamz[aH01p06omnmIBemeym 1o HpOI_ICC3HOI.LIyBaHH${B060Xp031’IHﬂHYIW(
BHIAIKaX MOYKHA YMOBHO TIOUTUTH Ha JBI CTa/Iil: CTaJIif0 MPUIIPAITFOBAHHS Ta CTAIIIO
CTaJIoro 3HOCY, IO OyJ10 3a3HaueHO B podoTax LI [opstieBoi.

BrmB creneHeBoro 3akoHy 3HOIIYBaHHS XapaKTEPU3Y€EThCS CIIOBIUIBHEHHSIM
MIPOIIeCy 3HOIIYBAHHS Y TIOPIBHSAHHI 3 IIHIMHAM 3aKOHOM.
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Key words: a flat wear contact Wear is the process of partial or complete removal of material from the friction
problem, the power law of surface due to its destruction, which leads to a gradual change in the shape and
wear, stamp with a flat bottom, size of the interacting units. The wear law displays how the wear rate depends
conformal contact, a fast on pressure, which can be linear or power.

oscillating function of stamp In the paper, the flat contact problem of wearing a thin elastic strip when a

bottom shape, reduction method.  stamp slides on it under the power law is considered. There are two cases.
Case 1: the stamp has a flat bottom; case 2: conformal contact of the strip and
the stamp, the bottom shape of which is determined by the fast oscillating
trigonometric function. The contact area is fixed. To solve this problem a
step-by-step method in time is used. At each time step, the system of integral
equations modeling this problem is reduced to the Fredholm operator equation
of the second kind, which has a single solution that can be found by the iteration
method. For case 1, analytical and numerical solutions are obtained in case 2 —
only numerical. The analytical solution is represented by a power series with
unknown coefficients, which can be found from an infinite system of linear
algebraic equations. The approximate analytical solution is found by using the
reduction method. The numerical solution is found by replacing the integral
equation with a system of linear algebraic equations, in which discrete values
of the contact pressure function are unknown. As a result, the approximate
analytical approach is more efficient than the numerical one for case 1 and less
efficient for case 2.
The analysis of numerical results is carried out. Therefore, in case 2 the contact
pressure distribution at each time point is described by a function, which local
extremes are opposite to the extremes of the function that determines the shape
of the stamp. Comparative analysis of wear contact characteristics in two cases
shows their consistency.
The results of the paper confirm that the wear process in both cases can be
divided into two stages: the stage of running-in and the stage of steady-state
wear, which was mentioned in I. G. Goryacheva’s researches.
The influence of wearing under the power law is characterized by a slowing
down of the wear process compared to the linear law.
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Beryn. OgHuM 3 akTyaiabHHX MUTaHb Cy4acHOTO
MaIMHOOY/TyBaHHs € 30UTbIICHHS TEPMiHY CIYXOU
MaIlvH, 00JaTHaHHS, TPUIAIIB Ta IiIBUIICHHS X
HaJiHOCTI. YCHIIIHOMY BWPINIEHHIO JaHOI TIPO-
ONeMu CIpUSIOTh IPYHTOBHI HAYKOBI1 JIOCIIJKSHHS Y
rairy3i TpuOoJIorii Ta ii iHmKeHEepPHUX TOJaTKiB.

Ha noBrosiuHicTh MAaIllMH BINIMBAE iX MIILHICTD,
3HOCOCTIMKICTh 1 JKOpPCTKiCTh. [lpm 1mpOoMy 3HOMIIY-
BaHHs € OJHUM 3 OCHOBHHUX BUJIB PyHHYBaHHS Ta
HAHOLIbII PO3MOBCIOMKEHOIO MPUYMHOIO BHUXOLY
JeTallell Ta MeXaHi3MiB 3 JaJy.

PyiiHyBaHHSI KOHTaKTYIOUHX TiI B MpOLECi 3HO-
LIyBaHHS CYIPOBOKYETHCS YACTKOBUM BUIATICHHSIM
Marepiainy, a oTxke, i 3MiHOK (QOPMH i PO3MIpPIB Til
[1-3]. OnanM 3 eheKTUBHUX CIIOCOOIB 3amo0iraHHs
[epeAYacHOrO 3HOCY BY3JIiB TEPTS € BUKOPUCTAHHS B
HUX MTOKPHTTIB [3-5].

VY naniii poOOTI pO3MITHEMO KOHTaKTHY 3aJady
3HOIIYBAaHHS MPYKHOI TOHKOI CMYTIM-IIOKPHTTS,
[0 JIE)KUTh Ha OCHOBI, BHACJIJOK KOB3aHHS IO Hii
mramma. OyHkIis, M0 BU3HAYa€e (GOpMy ITiJONMIBU
mTaMmna, MoBMHHA OyTH MAapHOIO, @ B LEHTPI IJIO-
LIaJKd KOHTAKTy JOpiBHIOBaTUME HYJIO0. Y POOOTI
JOCHIIMMO JIBa BHMNAAKH: 6unadox [ — TUIOCKa
MiJOIIBA IITAMIIA, 6UNAOOK 2 — IIJOIIBAa BH3HAYA-
€THCSl IIBUIKO OCLMJIIOIOYOI0 TPUTOHOMETPHYHOIO
¢yHskmiero. KpiMm Toro, 3amada po3B’s3yeTbes B Jlia-
Ma30H1 Yacy, sl SIKOMY BiZICyTHE NOBHE 3HOIIYBaHHS
MTOKPHUTTSI.

[lin xoHpOPMHUMH pPO3YMIIOTh B32aEMHO TIOB-
TOPIOBaHI MOBEPXHi. Y [AaHOMY BHIIQJIKy MOBTO-
protoThcsi (OpPMH TOBEPXOHB TIJIONIBH INTaMIa i
CcMyTH-TIOKpUTTS. KOH(pOpPMHI KOHTaKTHI 3agadi
TOCITiKeHO, 30kpema, B podorax K.€. Kazakosa [6]
U B sI3KONIPY>KHUX TuT. [lomiOHMIA KOHTAaKT MOXKe
BUHHUKHYTH, HAIPHUKIAJ, KOJIU IITAMII 3aHYPIOETHCS
B MOKPUTTS, 10 TBEpPAHE, 1O HOro MOBHOIO 3aTBep-
JiHHA. Y pe3ysbTari LbOro NOBEPXHs IOKPUTTS OTPU-
Mye (hopMy ITiJJONIBY IITAMIIA.

Kinernky 3MiHM (OpPMH KOHTaKTYyIOUHX ITOBEP-
XOHb  XapaKTepu3y€ IIBUAKICTh  3HOIIYBAHHS.
3 TEOPETHYHHX Ta EKCIIEPUMEHTAIBHUX AOCHIHKEHb
BiJIOMO, 1110 3aJIEKHICTh MIBUJIKOCTI 3HOIITYBaHHS BiJl
TUCKY MOKE BU3HAUATHCS JIHIMHUM a00 CTETIeHEBUM
(menminittnuM) 3akoHamu [1; 2; 5]. YV maHiii poGoOTi
aKI[EHTOBAHO yBary Ha CTEIICHEBOMY 3aKOHOBI 3HO-
LIyBaHHS.

Omisn aiteparypu. Boepiue 3aapauy po3paxyHKy
3HOIIYBaHHS a0CONOTHO JKOPCTKUX Till, [0 KOHTAK-
TyroTh, octaBuB O.C. IlponikoB [6]. Moro 3amada
JIOITyCKaJia 3HOC 000X T Mapw TepTs MpH HETiHiH-
HOMYy 3akoHi 3HomryBaHHs. Came BiH mOOyIyBaB
3arajibHy MOJEJNb 3HOLTYBaHHS )KOPCTKHX Ti.

s mpobnema oTpumasia MOAAJBIINN PO3BHUTOK,
30Kpema, B pobotax [ 1-5; 7-17], apobora [3] micTuTb
JNETAbHUHN OIVISA TOCIi/PKeHb B I ramysi. YBara
JOCHITHUKIB 3HOCOKOHTAKTHUX 3a/ad CHpsSIMOBaHa
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Ha mutocki [1; 3-5; 7-11], ocecumerpuuHi [1; 2; 4],
npocTopoBi 3anaui [ 1; 4; 12—14], 3 pisHEMH yMOBaMu
HaBaHTaKEHH, 30KpeMa, JUHAMIYHOTO [5; 15], 3 pi3-
HUMH (QI3WIHIMU BIACTUBOCTSIMH TiJ, IO KOHTAKTY-
10Th [4; 5; 7], ansa BunajakiB ¢ikcosanoi [1; 2; 5; 7;
12; 13] Ta HEBiZOMOI TUTOMIAIOK KOHTAKTY [5; 16].

OpHi€0 3 MOMMPEHUX MOCTAaHOBOK KOHTAKTHHUX
3a/1ad € pO3PaxyHOK 3HOCY IOBEPXHi 3a HassBHOCTI
TOHKOTO TTOKPHTTS. 3a3BHUali, MEXaHIUHI XapaKTepH-
CTHKH TaKHX IIaPiB OMHUCYIOTHCS MOACIUTIO BiHkIepa.
3okpema, 1ie# miaxia 3anpornoHoBano B.M. Anekcan-
JIPOBUM [2].

Y poborax LI. TopsueBoi, M.M. JloOuuina
[1; 2] BuBeneHO iHTETpasIbHI PIBHSIHHS 3HOCOKOHTAK-
THUX TUTIOCKUX 3aJ1ad 1 3aCTOCOBAHO MOKPOKOBHUH 3a
4acoM METOJ JIJIsi OTPUMAaHHS YHCEIbHUX PO3B’SA3KiB
Y BHITaJIKaX JIIHIHHOTO 1 CTETIEHEBOTO 3aKOHIB 3HOIITY-
BaHHS TOHKOI CMYTH-TIOKPUTTS TIPY KOB3aHHI 110 Hil
IITaMIIa 3 TUIOCKOIO MTiIOIIBOIO.

3anmummnocs BIJKPUTAM THTaHHS OTPUMaHHS
HAOMIDKEHO AHANITUYHOTO pO3B’S3KYy 3adaqi  y
6unadky [ TIpU CTENEHEBOMY 3aKOHI 3HOIITYBaHHSI.
VY crarri [10] 3ampormoHOBaHO HaOMMKEHO aHai-
THYHUWA TIAXIJ 10 pO3B’si3aHHS JaHOI 3ajadi npu
THITHOMY 3aKOHi, IesKi i/1ei sKoro 30epexeHo B il
poOori. lyis po3B’si3aHHS TIOCTABIIEHOI 3a/1a4i 3aCTO-
CYyeEMO TIOKPOKOBHH 3a 4aCOM METOJI, IO Iepeadoavyae
3HAXO/KEHHSI Ha KOXKHOMY KpOIli HaOJIMKEHO aHa-
JITUYHOTO PO3B’A3KY 3 BHKOPUCTAHHIM CTEIEHEBHX
PSAAIB 1 METOMY PEMYKIIii.

UncenpHU MiAXi MO0 OTPUMAHHA PO3B’S3KY
TUTOCKOT 3HOCOKOHTAKTHOI 3amavi y 6eunaoky I,
3arpornoHoBanuii B [1; 2], 3acrocyemo sk 0 3amadi
y eunaoky 1 tak iy eunaoky 2. llpoBenemo anami3
moA0 e(PEeKTUBHOCTI 3aCTOCYBaHHS aHAJITHYHOTO
MiIXOAY Y KOXKHOMY BHTIAJKY.

Unmaso migxoiB 10 00YHCICHHS 3HOCY MPYKHUX
TiJI, IO KOHTaKTYIOTh TPU MOCTiKHIA OONacTi KOH-
TaKTy Ta MOCTIMHOMY 30BHIITHROMY HaBaHTAKEHHI,
3aCHOBAHO Ha HAsBHOCTI CTa/ii CTaIOro 3HOCY, KOJIN
HOpPMAaJIBHUH THUCK CTa€ PiBHOMIPHHUM Ha BCili 00macTi
KOHTakKTy. [{10 BrmacTWBICTh JOCHIKEHO B podOTax
[1; 2]. Cinx 3a3HaUMTH, IO ICHYBaHHS CTa/Iii CTAJIOTO
3HOCY BUSIBJICHO B CTarTTi [17] MOCTITHUM IUISIXOM.
Ha e Bka3yBaB He3MiHHMIA B yaci mpodiiab TOBEPXHi,
mo 3HomyeThes. lloctaBuMo 3a Mery mepeBipky
3a3HAYEHOTO €(EKTY.

IHocranoBka 3ana4i Ta ii iHTerpajbHi piBHSIHHS

Po3riisiHeMO TIIOCKY KOHTaKTHY 3a/lady Tpo B3ae-
MOJIiIO IIITaMIIa 3 JIBOIIAPOBOIO MPYKHOIO OCHOBOIO B
HACTyIHI# mocranoBi [1; 2]. Hexaii npyxHa cmyra
MOYaTKOBOI TOBIIUHY /4, JISKHUTH HA TPY>KHIH OCHOBI
(puc. 1). Cmyra Moke OyTH 3aKpiIJICHOIO IBOMA CTIO-
cobamu (y =hy):

1) cMyra JeXuTh Ha TPYXKHIH OCHOBI 0e3 TepTs
(3amaga 1);

2) cMyTa JKOPCTKO 3aKpilieHa Ha OCHOBI (3a1a4a 2).
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[
Puc. 1. Cxema KOHTaKTy IITammna
3 NPY’KHOI TOHKOK CMYI0I0

Ha mramm 3 mIOCKOI0 OCHOBOKO MiBUIMPHHU @
(puc. 1.1) nie moctiiiHa BepTukanbHa cuna P CMyry
BB2KAEMO TOHKOIO, TOOTO 1i HIMpUHA 3aJJ0BOJIbHSIE
YMOBY #, / a <<1. CMyra TOBUIMHOK /(X,!) 3HOIIY-
€THCS IITAMIIOM, 1110 KOB3a€ B HampsiMi oci Oz . [Ipu-
MyCTUMO, 10 IIBMJIKICTH 3HOCY CMyTH oh(x,t)/ ot
3a]IeKUTh BiJ KOHTAKTHOIO THCKY p(x,?) 3a cTeme-

HEBUM 3aKOHOM:
oh(x,1) _ X, [p(x: t)J”’ (1)
ot D
ne K, — xoedillieHT 3HOCY, 110 3aJIe)KHUTh BiJI IIBU/I-
KOCTI pyXy, TEMIIEpaTypH i YMOB B3a€EMOIT; p* — Jes-
KM XxapakTepHuil Tuck [1; 2; 7].

Sk 3a3HadueHo B MoHorpadii [1], motuuni Hanpy-
JKCHHS Ha IUIOMIA/II KOHTAKTy MiIOTh TiJIbKU Y
HampsMi pyxy IITamIia i BiACyTHi y Hampsimi oci Ox ,
TOOTO t,, = 0 ; KpiM TOTO, KOMIIOHEHTA T, HE BILIMBAE
Ha PO3MOALT KOHTAKTHUX THUCKIB, IIPOTE, BIUIMBAE Ha
LIBUJKICTH MPOLIECY 3HOIIYBAHHSI.

SKmo 3MillleHHS NPY)KHOI CMYTH 3aJ0BOJIbHSE
YMOBY 0h(x,t)/0x <1, TO pIBHSHHS JUll BU3HAYEHHS
THCKY p(x,7) y JOBIIbHMHA MOMEHT 4Yacy ! Mae
Burian [1; 2]:

[h(x,1)=h(0,1)] -

F U000 -h(0.0)p(0.0]

Hdx = f0. ()

7T;]:pxtln

ne Ei= 7 Eivi — Momynp mpy:KHOCTI Ta Koe-
¢inient ﬁyaCCOHa cMyru (i=1) 1 ocHOBH (i=2).
Bimomo [1], mo 3a mnOpuUOymieHH v, =v, =V,
K, =K, =k, 3HAYEHHI A AIA nepmo'l' 3aja4i J10piB-
utoe 0,5, a Ui apyroi 3agadi — et ")(K D@=nine)

e n—;, K, =3-4v,(i=12). q)yHKuvI f(x) gfnpaBu/I
YaCTUHI PIBHSHHS (2) BIJPI3HAETBCS U GUNAOKi6 1
12:y 6unadxy 1 njst mwTammna 3 TIOCKOIO TiIOIIBOIO
f(x) =0,y eunadky 2 njs mTamia 3 OCIHIIOHYOI0
¢dyHKuIiero GopMy MiIOMBH BU3HAYUMO (PYHKIII€I0

f(x) = g(x) - max g(x); g(x) = ZS: C, cos n, x

ne n, (k =1,s) — HaTypaybHi uncna, Gtk 3a 1.
VY 6unadxy I B MOYATKOBHI MOMEHT 4acy TOB-
IMHA CMYTH /(x,0)=h, 10 Oyab-AKuxX x €[-a;a].
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s toro, moO 3aJ0BOJBHUTH YMOBY KOH(OPM-
HOCTI KOHTaKTy, y 6unaoky 2 TOTpiOHO TOKJIacTh
h(x,0)=h —|f(x)|.

VY piBHAHHI (2) ApyrHid JOAAHOK JIIBOi YaCTHHU
MOXHA PO3IVISIIATU SIK MEPEMillleHHs] IOBEPXHI 3aB-
JSIKA HasBHOCTI TOHKOI CMYTH, LIO IIOBOAMUTHCS K
MOKPUTTS BIHKIEPIBCHKOTO THITy 3 Koe]imieHTOM
IPONOPUIHHOCTI =7+, a TPETIH JOJaHOK XapakTe-
pu3ye TiepeMilieHHs npykHoi ocHoBH [1; 2].

ToBUIMHY CMYrM y AOBUIBHHUI MOMEHT 4acy ¢
MOYKHA BU3HAYUTH 3 PiBHSIHHS 3HOCY (1):

h(x,0)=h - KJ[ x’)J dr. 3)

Kpim Toro, 3a3HadeHi piBHSHHS JONOBHIOIOTHCS
YMOBOIO PIBHOBArH:
'f p(x,t)dx' = P. 4)
TakuM yHHOM, MaéMO CUCTEMY IHTErpaJIbHUX PiB-
HsHB (2)-(4). B Hilt HeBitoMuME € QyHKIIiS TOBIIMHH
CMYTH /(x,1) Ta QyHKIlis KOHTAKTHOTO THCKY p(X,1).
MeTtoau po3B’si3aHHA
Memoo ouckpemu3zauii 3a yacom. Y MOHOTpa-
¢isx [1; 2] 3anmponoHOBaHO MOKPOKOBUM 3a 4acoMm
METOJl pO3B’S3aHHS PiBHSHB (2)-(4), 1€ 3a3Ha4YCHO,
IO KPOK 32 4acOM At BapTO OOMpaTH TaKUM YWHOM,
o0 B Mexax Oyab-iKoro iHreppanmy [t.,7.]
T, =17 +A1 1,=0, k=0,1,2,..., MOXXHa OyJIO 3HEX-
TYBaTH BEJIMYMHOIO 3HOCY MOBEPXHi 1 Mepepo3moti-
JIOM THUCKY Ha IUTOIIA/AII KOHTAKTY.
Sxu1o BBeCTH HACTYIHI O€3pO3MipHI KOOPAMHATH
1 QyHKIIT:
X P

K -
Js = P:ﬁa =
a 5 a ak, ho

t=t

LTS )7éh(éa,r[(i},
i_A

. 1 a P 1
A= n 5 p(EJ’T)_E;p[aa’TKJ, f(&s)zgf(ia)>

w

TO CHUCTEMa IHTErpajbHUX PIBHSHB (2)-(4) anpokcu-
MY€TbCS HACTYHHHMH CHiBBiJIHOLICHHSMH, IOJa-
HUMH B 0€3pO3MipHOMY BUTTISAI:

o ()= (8) [ p@)]mm, i ()= (5)

i (2) = i (0) = A[ I () B (2) - A (0) B, (0)] +
AlnemSe-f0. ©
I Pk dé P. (7)

OTxe, Ha KO)KHOMY 9aCOBOMY KPOIli HEOOX1THO:

1) 3 piBHsiHB (6) Ta (7) 3HAUTH QYHKIIIIO HOpMAaITh-
HOTI'O THCKY P, (§);

2)3 piBHsSHHA (5) 3HAWTH QYHKIIIO TOBIIMHH
CMyTH /1., (&) [l HACTYITHOTO 32 4acoM KPOKY.

VYV pesynbraTi MOXKHA OTPUMATH TOBLIMHY CMYTH
Ta PO3MOALT THUCKY Y Pi3HI MOMEHTH IHCKPETHOTO
yacy NpH 3HOIIYBaHHI MOBEpXHEBOTo Imapy. Jlanuii
METO/ JTMCKpeTH3amii 3a 4acoM 3aCTOCOBYETHCA Y
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CTIOJyYeHi 3 aHATITHYHUM a00 YUCEITbHUM METOJIOM
PO3B’sI3aHHS IHTETpaJbHUX PiBHSIHE (6), (7).

Ananimuunuii memoo po3e’azanuus cucmemu (6),
(7) y 6unaoxy 1 na Koxcuomy uacoeomy Kpoui.

Hynvosuii kpox 3a uwacom. PO3rIIHEMO MOMEHT
gacy t,=0. Po3B’s30Kk 3amadi Ha MHOMY KpOIIi
IyOITI0€ BiIMOBITHAHN PO3B’SI30K, HABEIEHUH B poOOTI
[10] ma Bcix eTamax, 3a BUHATKOM OCTaHHBOTO. HaBe-
JIEMO TyT OCHOBHI pe3ylbTaTd, 1m0 OyIyTh BUKOPH-
CTaHi y MO/aJIbIIOMY.

1. BBeneno no3HaueHHs:

o=1-Ah, B (&) =5 (5) -5 (0),
1 &8
_njln‘ g ‘dé. ®)

2.3 piBHSHHS pPIBHOBaru .fpo (¢)de = P Bupa-
’KEHO 3Ha4YeHHsA P, (0): -

0(0)_5 2_[P dg. (9)

3. Bpaxosytoun cniBBigHomenHs (6), (8), (9), y
MOMEHT 4acy t, =0 OTPHUMAaHO iHTETpalibHE PIBHSIHHS

SR () -
1 ; (10)
MO 1R @) L)

R(E) =B () L [

-1

4. BBemeHHs omiepaTopiB

[Afu@=1im§5@

‘f(é’)dé’,
[B.f](¢) Jf &) dg,
[L](e) =[(B - B,) f](&) (11)

no3Bonwio mepenucatu piBHsHHA (10) y Bumsamgi
OIIepaToOpHOro piBHAHHA Ppenroapma APYroro posy

B =[l + R)R+ 2w(e). (12

5. BBeneHHsT  MHOXMHHM [ HENEpPEpBHUX,
HEBIJ’€MHHUX, IAPHUX Ha BiApi3Ky [-1;1] Ta 3pocra-
I04MX Ha BiApi3Ky [0;0,9] dynkuii f(x) a1d AKux
f(0)=0 103BONMIIO OBECTH, IO HA L MHOXHUHH
oneparop (o,l + L):C_;;y > Cy,, € CTUCKYIOUHUM 3a
yMOB Ak, <1, O0<a,<1. OTxe, 32 IUX YMOB piB-
HsHHS (12) Mae eHUHN pO3B 30K HA MHOKUHI T

6. 3HaiiieHo po3kiaan 00pasy cTeneHeBoi (PpyHK-
i y()=¢" (n=0,1,2,3,..) mI Ji€r0 BBEAEHUX
BHIIIE OIIEPATOPIB:

[Bw](2) = 2B, 2% [Lol(&)= X b,8% (13)
] .
He Bn’i:—m, l:1,2,3,...,
_Bnl_ BOI’ = 52539"'~

Ockinbku w(g) = [Be]( ),ne e(¢)=1, 10
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= Z:: Bo,[{;y- (14)

7.3a [OMOMOTOI0 PO3BHHEHHS PO3B’SA3KY piB-
HSHHA B psiag Helimana noseneHo, 110 po3B’ 30K piB-
HsHHA (12) MOXKHA TOJATH PSIOM

_ gies% (15)
n=1

8. Pozkiamm (13)-(15) 103BONSIFOTE 3BECTH PIBHSIHHS
(12) mo HeCKiHYEHHOI CHCTEMH JHIHHNX anreOpaiaHx
PIBHSIHB BiJIHOCHO HEBiIOMUX Koe(ilieHTiB psmy (15):

+Z6 b, + By, (n=1,2,3,..). (16)

9. HeCKineHHa CUCTeMa JIHIHHUX anreOpaiyHnx
piBHsHB (16) pO3B’sI3yeThCs HAONMKEHO 3a JOII0-
MOTOI0 Menmody pedykyii TUITXOM 3BeIeHHS il 10
CKIHYEHHOI cucTeMu 3 M piBHAHb. OCTaHHS PO3B’A-
3YEThCS iTEpaIlifHUM MeTOAOM. MOXKIIHMBICTh 3aCTO-
CYBaHHS METOJy PEAYKIIii i 3015KHICTh ITOCIIIOBHOCTI
HaOMIKEHNX PO3B’S3KIB JI0 TOYHOTO Ha MHOXHHI T
3a yMOB Ak, <1, 0<a, <1 moscHoeTbes B [10].

10. CniBBigaomeHHs (8) 1 (9) 103BONSIOTH 3HAUTH
HEeBiZIOMY (DYHKIIiF0 KOHTAaKTHOTO THUCKY B HYJIhOBHUU
MOMEHT 4acy:

i’o(é)—[’O(OPﬂ)(i)—?[l Z‘ +28<° ZJJ (17)

Ocobnugicme TOCTaBICHOI 3amavi y 6unaoky 1
TIOJIATAE Y TTOLTYKY TOBIIMHU CMYTH IO 3aBEPIICHHIO
4yacy At 3a JIOTIOMOTOIO CHiBBigHOIIEHHS (5):

i i —ne 215 3 o]
1 (8)=hy ibT3 ZHJFZ/@ :

j=1 j=1

50 = 0,3

OCKiIBbKH Y TOJANIBIIOMY HOTPiOHO MaTH PO3KIIAL
oTpuMaHoi QyHKIIi B CTENEHEBUH PsiJl, TO BUKOHAEMO
HACTYIIHI IEPETBOPEHHSI.

Crioyatky nepenuuieMo GpyHKUIto 4 (&) y BUIsAL:

/i(&)%—m[zf;*]w[l—; ZfH] [1+ZG(O j (18)

IS GO = zw:

/:|2j+1 60

SOEA
OtpumaeMo po3kiaz QyHKII [1 * ;"f éz’] B DPAI
MakopeHna, BUKOPUCTABIIN BIAOMUN pO3KIAT s
Gynkuii (1+u)”:
[1 + cﬁ.‘”@“j =1+ w(c(lo)ﬁz + ot + 6Ves + oled + ) +
j=1

o(o-1 2
oleo-1) )(cﬁo)&f +oVE + Vel + oD + ) +

2
1) (0-2

rolo=D= o, goge, ovee o+ +

L oo 1)(";" 2)(0-3) (Gﬁ")gz +03e" + ot + oe" + )4 +o

Jani 3BenemMo mofiOHI TOJaHKH TPU OTHAKOBHX
CTCMEHSAX & 13HaWJIEMO 3aKOHOMIPHOCTI
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sfm+1 m
-1 +1 (0)
pm,s = = zav i,m— l+|GI s as,s =G5’
i=1 i =
) s
= me,s as,m
m=1
(m=1,..,s-1, s=123,.),

110 TO3BOJISIIOTH TOAATH (PYHKITIFO }L(g) Yy BHIJISIL
CTETICHEBOTO PSIyY

h(&)=hy - Ar[ ];] (GBO))(D[1+2}'5-O)§N]-

k-uii 3a uyacom Kkpok. Hexail po3B’d30K Ha IOTe-
penHeoMy Kpoui p,, (&) yxke 3HalijeHo. YV Tomy
YuCl BijjoMa i (GyHKIIisI TOBITHHU CMYTH

b (2) = iwzz (19)

{00 3HaiiTH (byHKuuo HOpMAJBHOIO THCKY Ha
k -My 3a 4acoM Kpoul MOTPIOHO PO3B’SI3aTH CUCTEMY
IHTerpaNbHUX PiBHIHB (6)-(7). AHATOTIYHUIN BUIIIS
Majia 3aja4ya Ha k-My KpOIli JUIs JIHIHHOTO 3aKOHY
3HOIIYBaHHs. BUKIaeMo MoCIIiI0OBHICTb /il 111010 i
JIOCITI/PKEHHS BIAMOBIAHO 10 podotu [10].

1. BBeneno mo3HaueHHs:

Ok :l_gﬁk (0), B (&)=

b (8) - B (0),

Hy (8) = h (8) = (0). (20)
2. 3 ymoBw piBHOBaru (7) BnpameHo 5,.(0):
AO-5-5[R@eE @D

3. 3 BuxopuctanaaMm (20) i (21) inTerpanbHe pis-
HsHHSA (6) HaOyne BUITISAAY

O ey

P (8) =P (g)+ 1 jln —Elp (&) ae -
T

g
-AH, (é){Pk (8)- % [~ (é’)dé}
4. BBeneHo HACTYIHI JIiHIHHI omepaTtopu

[R.11(0)- 48, (6) £(6) -3 [ @) a |

[L/1(8) =[(L - R) /](5) (23)

()2 an, (2)+ 1, ().(22)

1 pyHKIIIFO
P P -
W(6)= 2 w(e) - 2 AH, (0)+ Ho (). (24)
sSKa BUPAKAETBCS Yepe3 CTENeHeBl psaud 3
koedillieHTaMy, 10  BHU3Ha4YeHI HA  KPOIi

k-1. Takum uwmHOM, iHTerpampHe piBHSAHHS (23)
MIEPETBOPIOEThCS B omeparopHe piBHAHHA Dpen-
rojbpMa JIpyroro pony, ae Qgynxuis v, (¢) Oyae Biib-
HHUM YICHOM:

P (&)= [(O‘kl + L) Pk](i) + . (8). (25)

5. JloBeneHo, 1o Ha MHOXHHI M piBHAHHS (25)
Ma€ €IMHANA PO3B’SI30K, KU MOKHA TTOATH PSIIOM

%isk (26)

1=

"U
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a Koe(illieHTH 3HAWTH 3 HECKIHUYEHHOi CHCTeMH
THITHIX anre6pa’1’qHI/IX piBHSHB

)

+26 f¢n22

=1

+z¢ns s

+Bo.n =1,2,3.). (27)

_/ad)n +%¢n (n

6. [lokazaHo, 110 17151 HAOMMIKEHOTO PO3B’SI3aHHA
cuctemd (27) MOKHA 3aCTOCOBYBATH METOJ PETYKITiT
1 MeTOJI iTepaIllii.

7. Buxopucranus (20), (21), (26) mo3Boamio
3HaWTH IIyKaHy (YHKIIO HOPMaJbHOTO THCKY B

MOMEHT 4acy T,
ii ©
—(1-
255

Dy (0)+B((é): P

5. (6) - +zs ] (28)

Hacrymna pnisi  xapakrepusye GiomiHHICIb 6
P036’a3anKi JAaHOI 3aja4y BiJl BUIAJKY JIHIHHOTO
3akony [10]. 3 cniBBigHomens (5) i (28) 3nHaiaemo
dynkuiro ToBIMEM cMyTH 1, (£) :

oo (8) = (2) - [”kp( ]m 5l

ﬁ © . 8 " . ©
N e I B Ly aWer |
[2p ] |: ; 2] +1 =1 / E-,
BBenenns no3HaueHb
© (k) (k)
_ Z 5 o = i (j
2j+1 7 (k)

Jj=1 SI

-1,2,3,..),

zpms s,m

m
ZaslmHlGl s as _Gs s Ys
i=1

(m=1,...s

JTO3BOJISIE TTO/IATH (DYHKIIIFO TOBIIMHU CMYT'H B MOMEHT
qacy t,,, y BUDISIL:

k+l i‘l’k - (2Z*j (85)"))& (1 + 2%")&%}.

UucenbHe po3B’sizanns cucrteMu (6), (7) Ha KOX-
HOMY 4aCOBOMY KPOLIi.

JocaikeHHsT BIaCTUBOCTEH 1HTErpajibHUX OIle-
paropiB piBHsHB (6) 1 (7) 1 BUCHOBKH IIPO PO3B’S3-
HICTb CHCTeMH /151 OyAb-sIKOT HenepepBHOi (QyHKIIT B
npasiii yacTuHi npoBeneHo B [1; 3; 9]. erani otpu-
MaHHSI YHCEJIBHOTO PO3B 3Ky BUIIMCAHO B MOHOIpa-
¢ii [2]. OnumieMo nuiie ek METOY.

1. Bi;[pi301< [-1;1] po30HuBaeTbCs Ha HEMapHY
KiIbKiCTh N PIBHMX YacTHH [§, ;€,], j=1LN.

2. Ha ko)xHOMY BiApi3Ky p0361/ITT$I 10 1HTerpajiB
B DIBHSHHIX 3aCTOCYETHCS HAOJIKEHHS TEOPEMH
PO CEPE/HE 3 BIJOMUM 3HAUCHHSIM IHTErpaa;

é,_g ’.
1 ag’;

~1, s=1,2,3,..)

pk (é dé zpk j-1/2 J‘ In

_[ﬁk (é’)di' ~ Zﬁk (aj—l/2) (i, - éH) .
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3. PiBHsHHS (N + 1)/2 3a10BOJIBHIETHCS TOTOXKHO.

4. B pesynsrari cucrema (6)-(7) 3aMiHIOETBCS Ha
cucreMy 3 N piBHSHHS 3 N 3MmiHHHMH. CHucTeMa
JIOITyCKa€ 3MEHIICHHS OPSAKY BABiYi [2].

AHaJi3 YUCIOBUX PE3yIbTaTIB

UwncnoBi pe3ynbTaTd OTPUMAEMO JJISl BHITAJKY,
KOJIM CMyTa OPCTKO 3aKpiIjieHa Ha OCHOBI (3a/1ada
2). Po3paxyHnku OyiemMo MpOBOIMTH Y IPHUITYIIIEHI, 110
BiTHOIIIEHHSI MOJYJIIB TPY>KHOCTEH CMYTH 1 OCHOBH
JOPIBHIOE n=—-%=0,1. 3HAaYEHHs 0E3PO3MIpPHUX BEJH-
YiH 00epeMo TaKi cami, sik B MoHOrpadii [1]: o = 1,4,
hy=3-102, P=9.10"° p =0,26. YacoBuii Kpok
obpano At =0,01.

HabmmkeHo aHATITHIHUNA PO3B’SI30K Y GUNAOKY
1 oGuuncroBaBcs 3a METOIOM PeAyKii mis M =50 i
M =100 po3paxyHKH TOKa3zaldH 301KHICTh y 3HAYEH-
HSIX ITyKaHUX BEJMYHMH JI0 TPETHOTO 3HAYYIIIOTO 3HAKY.

Ha puc. 2 HaBeneno rpadiku po3noAiTy HOpMaih-
HOTO THCKY TI/T IITAMIIOM 3 TUTOCKOIO OCHOBOIO (8una-
0ok 1) B pi3HI MOMEHTY Yacy IpOIIeCy 3HOITYBaHHA 32
cTereHeBuM (a) 1 IiHIHHUM (0) 3aKOHOM 3HOITYBAHHSI.
A Ha puc. 3 — rpadiku BiIOBiAHUX MPOQiNIB 3HOIIIE-
HO{ MTOBEPXHI B Ti caMi MOMeHTH 4acy. OCKiIbKH 00H-
IBi QYHKIIT € CHMETPUYHIMH, TO Tpadiku moOy10BaHO
Ha BiApi3Ky [0,1]. CyliabHHM JIHISM BiJNOBIIAIOTH
HaOMIKEHO aHAIITHYHOMY PO3B’SI3Ky, MAPKOBAHUM —
yrcedbHUM Tipu N =61 1 N =21. Crnocrepiraerbcs
BIIXIJICHHS MK aHAJITHYHUAM 1 YUCEIIbHUM PO3B’ 13-
kamu ipu N =21 10 8%, mpu N =61 — 10 2%.

[Ipoanamnizyemo eheKTHBHICTh HAOMIKEHO aHa-
JITAYHOTO PO3B’s3aHHA. [lo-miepime, 3ampomnoHoOBa-
HUW HAONMKEHO aHATITHYHUHN IMiIXi, OKPiM 1HIIIOTO,
CTIIPSIMOBaHMH HA 3BEEHHS IHTErPaIbHOTO PIBHAHHS
0 TaKoTO BHIVIAMY, SKAH JO3BOJIIE HA TIEBHOMY
Kkiaci (pyHKIIH 3aCTOCOBYBaTH iTepariifHi METOJH.
Bonmn, B cBOI0O 4epry, CyTT€BO NPHCKOPIOIOTH OTPH-

MaHHS YHCJIOBUX PE3YJBTaTiB MOPIBHIHO 3 MPSMUMU
METOJIaMH PO3B’SI3aHHS CUCTEM, JI0 SKUX 3BOIUTHCS
3aja4a ynucensHIMU Metonamiu. [lo-npyre, edexTus-
HICTh HAOJIM)KEHO aHATITHYHOTO Mi/IXOy PO3B’sI3aHHS
BU3HAYAETHCSI MOMIIMBICTIO OTPUMAaHHS OTHAKOBOI
TOYHOCTI, PO3B’A3yIOYM CHUCTEMY MEHIIIOTO IMOPSJIKY,
SIK TIOPIBHATH 3 YHCEIFHUM po3B’si3aHHAM. [lo-Tpere,
HaOJNMKEHO aHATITUYHUHA PO3B’SA30K JI03BOJISIE 3HANTH
3HAYEHHS KOHTAKTHHUX XapaKTEPUCTHK OE3I10CepeTHhO
B MEKOBHX TOUKaX TUIOIMIA/IKA KOHTAKTY, B TOH 4ac, sIK
YUCEIILHUHN — JINIIE B TOYKAX, OJIM3BKUX 10 MEXKI.
Po3paxyHku y eunaoky 2 pOBOIWINCS IJISL TPU-
TOHOMETPUYHUX  QYHKUIH  f(x) = C(cos10nx —1) 1
f,(x) =C(0.5c0s1077x +0.5c0s87x —1), A€ C=00154h,
MpA THX CaMHX TIapaMeTpax CTEIeHEBOTO 3aKOHY
3HOIITYBaHHS. 3aCTOCYBaHHS OMUCAHOTO BUIIE aHAIi-
TUYHOTO MXOMy nependavano O po3BHHEHHS JaHOi
(GYHKIIT B CTeTIEHEBHIA PsiJl 3 HEBUIIPABAAHO BEIMKOIO
KUTBKICTIO JIOTAHKIB, 1110 3HWKY€E €(PeKTUBHICTD aHAi-
TUYHOTO pO3B’si3aHHs. KpiMm TOr0, aHAi3 MOYXKIIMBOCTI
3aCTOCYBaHHS METOMY PEIyKIlii MPOBEICHO HAa MHO-
KUHI T (QYHKITH, TKUM HE 33/I0BOJBHSIOTH PO3B’SI3KN
y sunaoky 2. Tomy y maHOMY BHITQJIKy 3aCTOCOBaHO
caMe 4YHCENBbHUM METO[ NpU N _1o]. BianosigHi
pe3ysIbTaTH HaBEJCHO Ha pHC. 4 CYIUTBHUMH JIHISIMA.
BuGip Oinbioro 3Ha4eHHs N , HIXK y 6unaoky 1,
MOB’SI3aHO CaMe€ 3 OCIMIIOIOYMMH BJIACTHBOCTSIMH
¢yHKIii, mo Bu3Hauae (HopMy TMiJOMIBH IITaMIIA.
30KkpemMa, BIAXWICHHS MDK YHCEIbHUMH pPO3B’S3-
KaMHu, oTpuMaHuMu nipu N =81 1 N =101, craHo-
BUTH 10 2%, B TOW Yac, K y eunaoky I JUisl TaKux
3HaYEeHb y BIIXWIIEHHS CTaHOBHTH MeHule 3a 0,2%.
3as TOKpalieHHs HAOYHOCTI TIOBEHIHKH X
(YHKIIH KOHTaKTHOTO THCKY Ha puc. 4 B) mit hopMu
TTiTOTITBH, BU3HAYEHOT (QYHKIIIEIO f,(X) , Miara3oH 3MiHA
3Ha4YEHb (PYHKI[IH THCKY 3BYXEHO JI0 Binpisky [12; 22].

A-10°p A-10°p
45 4+ —nel, =0 45 -~ —lin,=0
—nel, =0.16 — lin,=0.16
40 1 ——nel, =0.64 40 4 ——lin, =0.64
——nel, =2 ¢ lin, =0, N=61
357 ¢ pel, =0, N=61 351 = lin, =0.16, N=61
30 = nel, =0.16, N=61 30 - . Iin‘ =0.64, N=61
N + nel, =0.64, N=61 8 ¢ lin, =0, N=21
2% - nel, =0, N=21 /z( 25 | @ lin, =0.16, N=21
& lin, =0.64, N=21

P o ¢

nel, =0.16, N=21 A
nel, =0.64, N=21 ¢

20
15 ]
10 - .
0 0.2 04 0.6 0.8
0

Puc. 2. ®ynknii po3noainy HOpMaIbHOT0 THCKY i/l INIOCKUM IITAMIIOM B Pi3Hi MOMEHTH 4Yacy
AJis1 HeJliHiliHoro () i JiHiliiHOro (0) 3aKOHIB 3HOLIYBAHHS
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30
—nel, =0

29 1 . '"““""“"ﬂ*"n-w-n-.n ——nel, =0.16

. —nel, =0.64
55 WW\ —— I'ICI, =2

e nel, =0.16, N=61

251 + nel, =0.64, N=61
\ — 8 nel, =0.16, N=21
23 1 e A nel, t=0.64, N=21
T —1in, =0.16
21 —Iin, 1=0.64
| * lin, ==0.16, N=61
4 M\‘\\\ + lin, ©=0.64, N=61
17 T T ] §
0 0.2 04 0,6 0.8 1

Puc. 3. ®ynkuii npodisiiB 3Ho1IEeHOT MOBePXHi CMYTH i/
IUIOCKHMM LITAMIIOM B Pi3Hi MOMEHTH Yacy /JJisl HeJIiHiliHOrOo i
JIIHIHHOT0 3aKOHIB 3HOIIYBaHHS

—=0
— =09
| —— 1025
— =049
—=1
, =~ ~plate,T
7~ = = —plate,~=
== - = = plate,=
= = =plate,=
4 plate, =

T T T n

-1 075 05 025 0 025 05 075 1

21

P =0
— =09
— =025
= — 1=0.49
— 1
= = = plate, =0
= = = plate,=0.
= = - plate,=0.
= = = plate,7=0.
= = = plate, =1
r . r y 4

2,5 1

5.4
r T T L T

-1 075 0,5 025 0 025 05 075 1 d 075 05 025 0 025

Puc. 4. KonpopMHHii KOHTAKT TOHKOI CMYTH i IITaMIy, (popMa SIKOT0 ONMCYETHCHA
$yukuiamu f(x) (a), (0)i f(x) (B), (r): po3moaijl KOHTAKTHOIO THCKY (a), (B)
i pyHK1ii mpoginiB 3HOMIEHOI MOBePXHi TOHKOI cMyrH (0), (T) B pi3Hi MOMEHTH Yacy
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Y 6unaoky 2 MIBHAKO OCIMIIOIOYO] (QYHKITT
iOIIBY IITaMIIA, 110 3HAXOAUTHCS Y KOHPOPMHOMY
KOHTAKTI 31 CMYTOI0, PO3MOAIJ KOHTAKTHOTO THUCKY B
KOKHUH MOMEHT 4acy XapaKTEepPH3YeThCs Q)yHKuiefo
JIOKaJbHI MaKCHUMYMH (MlHlMyMI/I) AKkoi po3MilLy-
IOTHCSI B TOUKAX JIOKAJIBHOI'O MiHIMYMY (MakCUMyMy)
¢byHKLil, 10 BU3Ha4Yae GpopMy MmITamia.

PucyHok 4 10mMOBHEHO MITPUXOBUMHM JIiHISIMH,
IO BIANOBIAAIOTH KOHTAKTy LITaMIa 3 IUIOCKOIO
migomBo (6unadok [), 10 HaJae 3MOTY BCTaHO-
BUTH 3B 130K MIK 3HOCOKOHTaKTHUMH XapaKTEpHC-
TUKaMU 3a/1a4 y eunaokax 1 i 2. Y KOXXHUH MOMEHT
Yacy KpuBa poQiIT0 3HOIEHOI CMYTH O0OMEXY€ ITiJT
LITaMIIOM 3 IIOCKOIO IiJOLIBOI0 OOMEXY€E 3BEpXY
po(iJk 3HOMIEHHS TiJ] IITAMIIOM 3 TPUTOHOMETPHY-
HOtO (popmoro mimomBu. IIpu oMy, dyHKIIS po3-
MOA1Ty KOHTAKTHOTO THCKY MiJ IUIOCKUM IITaMIIOM
«ycepenHIoe» 3HauYeHHS (PyHKILIT TUCKY MiJ] IITaMIIOM
3 OCHMIIIOIYOI0 (opMoro. Jlo TOro X, MaloTh Micle
CYTTEBI BIAXWIICHHS B 3HaueHHSX (DYHKIII THCKY B
TOYKaX, OJM3bKUX OO MEXi IJIOMIAKH KOHTAKTY.
Ji1s 06paHOTO THUIY OCIMITIOF0UOT (PYHKITIT 3HAYSHHS
(hyHKIIT THCKY Ha MeXi y eunaoky I OUTbII 3a 3Ha-
YeHHS Y 6UNAOKy 2.

AHami3 pe3ynbTaTiB J03BOJIMB JIMTH 3arajbHHUX
BHCHOBKIB:

1) y Oyap-sikuit MOMEHT 4Yacy (YHKIIiS pO3MOILTY
KOHTaKTHOTO THUCKY € OOMEXEHO0, NMPUYOMY Haid-
MEHIINHA THCK CIHOCTEpIraeThcsi B IIEHTPl 007acTi
KOHTAaKTy, a HAaHOUThIIMIA — B TOYKaX, OJM3BKUX JI0
MeXI1 Li€l 00J1acTi;

2)3 uacoM HOpPMaJbHMH THCK BHPIBHIOETHCS,
TOOTO 30UTBIIYETHCSI B IEHTPI 00NACTi KOHTAKTY 1
3MEHILY€EThCSI y TOUKaX, OJM3BKUX A0 MEXIi; Hpu-
qoMYy, Y 6Unaoxy 2 q)yHKulﬂ THUCKY 3 YaCOM 3MEHIIIy€
KOJIMBAaHHS Ha BCIX BiJpi3Kax IJIOLIAJKU KOHTaKTY;

3) HaOinbIIMKA 3HOC TOHKOI CMYIHM cIlOCTepira-
€MO B TOYKaX, OIM3BKUX 10 MEXKi 00JIaCTi KOHTAKTY.

Amnaniz p63yJ'II>TaT1B B PO3IISIHYTOMY HpUKJIai
[IOKa3y€e KICHY BIINOBIJHICTh BUCHOBKaM, OTpHMa-
HuM B [1]. 301<peMa OTPHMAHO, IO NPOLEC 3HOMIY-
BaHHsI YMOBHO JIUIMTHCS Ha JIBi CTAfil:

1. Ha mowarkoBiii ctaxii (cTanii mpurpamroBaHHs)
K HOpPMaJbHHH THCK, Tak 1 (opMa 3HOLIYBaHOI
MTOBEPXHI CTPIMKO 3MIHIOIOTHCS.

2. Ha pgpyriit crazii (ctamii cramoro 3HOCY) THUCK
TIePEePO3OLTAETHCS 1 HAOMKAETHCS IO PIBHOMIPHOTO,
a (hopma 3HOIITYBaHOT TOBEPXHI CTAa€ HE3MIHHOIO.

[IpraoMy HeniHIHHOMY 3aKOHY 3HOIITYBaHHSI BiJl-
TIOBi/Ta€ MEHINA MIBUIKICTH 3HOITYBaHHS, TOMY HEJi-
HIHUI 3aKOH MOTpedye OLIBIIOTO Yacy Ui TOCST-
HEHHS AaHAJIOTIYHMUX JIHIHHOMY 3aKOHY 3Ha4eHb
3HOCOKOHTAKTHUX XapPAKTEPUCTHK.

JlOoCTOBIpHICT OTPUMAHMX PE3YINIBTATIB ITiJITBEP-
JDKY€ETBCSI TIOPIBHSHHAM 3 pe3y/lbTaTaMH, OTpHMa-
HUMH HAyKOBISIMM IHIIMMH Metofamu. Tak, 3amaua
y 6unaoky I Oyna po3B’si3aHa He TUIBKH 3alIPOTIOHO-
BaHUM B p0OOOTi HAOIM)KEHO aHAJITHYHUM IT1IXO/IOM,
ajie ¥ YnceNbHUM, BUKJIaJIEHUM B poOOTi [1]. Pe3yib-
TaTH ITOBHOO MipPOIO y3TOJIKEHI.

AHaJoriyHa 3az1a4a 10 6unaoxy 2 po3ryIsiHyTa s
B’SI3KOTPYKHOI CMYTH-TIOKPUTTS B poOoTi [7]. HaBe-
JieHi B [7] 4UCIIOBI pe3ysIbTaTH SAKICHO Y3TOKYIOThCS
3 OTPUMaHUMH B JJaHiil poOoTi.

BucHoBkn

KondopmHuil KOHTaKT nependadae B3a€MHE MOB-
TOpeHH: (HOPMU ITOBEPXOHB ITiAOIIBH IITAMITA i CMYTH.
HaiimpocTiliuM BUIAagKOM TakUX 3agad € KOHTaKT
HITamIa 3 MIOCKOI0 OCHOBOIO 1 maakoi cmyru. Came
el BUMAIOK PO3IVISTHYTO B POOOTI MEPIINM 1 3Hai-
JIEHO SIK HAOJIM)KEHO aHAJIITHYHUM, TaK 1 YMCEIbHUI
PO3B’s130K. Jpyrum cTaB BUMAJ0K MTaMIIa 3 OpPMOI0
MiI0IIBY, 10 BU3HAYAETHCS LIBHIKO OCLHIIIOIOUOIO
¢yHkuiero. 3acrocyBaHHS HAOMMKEHO aHATITUYHOTO
MiaXony € Hee(heKTUBHUM JUJTs TaKO1 3a/1adi.

Jlani 3a1a4i po3TIIIHYTO TPU CTETIEHEBOMY 3aKOHI
3HOIYBaHHS. Y TEPIIOMY BUIAKy PO3PaXyHKHU MPO-
BEJICHO TaKOX 1 JUIsl JIiHIHHOTO 3akoHy. [lopiBHSIIB-
HUH aHaITi3 CBIAYMTH PO MOBUIBHIMIHKA MPOIIEC 3HO-
ITyBaHHS MPU HETTHIHHOMY 3aKOHI.

B 000x BHIajKax ImiTBepIKEHO HAsSBHICTh JIBOX CTa-
JTi 3HOIITYBaHHSL: CTa/Iii PHUIPAIFOBAHHS 1 CTa/Iii CTAJION0
3HOcy. OcTaHHSI, 30KpeMa, XapaKTepU3yeThCsl BUPIBHIO-
BaHHSM (PYHKIIil KOHTAKTHOTO TUCKY B 000X BHITa/IKaX.
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In this paper, we describe a nonlinear problem of soil moisture transfer problem with
addition of satellite soil moisture measurements. The mathematical model is based on
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the Richards equation for soil moisture transport, and solved with the finite difference method on implicit iterative scheme.
Satellite moisture retrievals are acquired by combining active and passive sensors data with the decomposition algorithm.

The satellite data are incorporated into the model with the data assimilation algorithm called Newtonian nudging. This
method adds a special ‘nudging’ term into the model governing equation. This assures that the model is corrected by satellite
measurements without affecting the process physics. Moreover, we look into the nudging factor problem, and propose a simple
empirical relation based on the soil properties for more universally stable work of the method.

For validation purpose, we conduct a massive numerical experiments over all registered ground stations in the USA. Evaluation
is done by the use of triple collocation method, which allows assessing the errors of three independent data sources. The data
sources used for evaluation are the model results, ground station measurements and ERAS satellite observations. The results
demonstrate that the presented model is capable of producing results with close accuracy to the ground station measurements.
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YIponoBk OBro 4acy Ha3eMHI BHMIPIOBAHHS BBaXKAJIMCS HAWTOYHIIINM
CIOCOOOM PETYISIPHOTO MOHITOPMHTY BOJIOTOCTI IpyHTY. Ilpore HazemHi
BUMIPIOBAJIBHI CTaHIIi € JOPOTOBAapTICHUMH Ta MOTPeOyIOTh KamiOpyBaHHS
Ha MICI[i BCTAHOBJICHHS, 1[0 YaCTO POOUTH iX BUKOPHUCTAHHS HEAOIUJILHUM Ha
MPAKTHUII. 3 HEIOAaBHIM PO3BUTKOM TEXHOJIOTIN UCTAHIIIHHOTO 30H/1yBaHHS
3emiti MOXXYTh OyTH po3po0JIeHi iHII, O1IBII 1EIIeB] METOMH.

VYV miii poGOTI TpeACTaBICHO HEJiHIMHY 3a/lady BOJOTONEPEHECeHHs i3
JIOfIaBaHHSAM CYIYTHHKOBHX BHMIPIOBaHb BOJIOTOCTI IPyHTY. MaremaTtuuHa
Mozenb OasyeTbCsi Ha pIiBHAHHI Piuapaca ais BOJOTONEpEHECEHHS Ta
PO3B’SI3Yy€THCS METOIOM CKIHUGHHHX PIi3HMIL 3 BHKOPUCTAHHSIM HESBHOI
iTepaniitHoi cxemu Camapcpkoro. CymyTHHKOBI OIIHKH BOJIOTOCTI IPYHTY
OTpHMaHi i3 MO€THAHHS JAHUX aKTHBHUX Ta MACUBHUX CEHCOPIB 32 JOIIOMOT'0I0
ANTOPUTMIB JEKOMIIO3HIII].

CyImyTHHKOBI JJaH1 BKIIFOYATUCS JIO MOJEII 3TiTHO 3 aNTOPUTMOM aCUMUIALIT
JaHNX, [0 HA3MBA€ThCS HBIOTOHIBCHKUM IIAIITOBXYBaHHAM. lleil meroxn
nependadae J01aBaHHS 0COOIMBOTO YICHY «ITiAMITOBXYBAHHSD 10 MOJCIHEHOTO
piBHSHHA. TakuM YHHOM, MOJCIb KOPHUTYETHCS 3TiTHO CYIyTHHUKOBHX
BUMIPIOBaHb Ta 3a0€3MeUy€eThCcs JOTpUMaHHS (i3uku mnporecy. Kpim Toro,
Oyno 3xilicHeHO OIS MpoOIeMH 13 BHOOPOM (haKkTOpy MiIIITOBXYyBAHHS Ta
3aIPONIOHOBAHA eMIIipuYHa (OpMysIa 3 BUKOPHCTAHHSAM IapaMeTpiB IPYHTY,
1110 JTO3BOJISIE MTIABUIIUTH YHIBEPCAIBHICTD Ta CTIMKICTh METOLY.

3 wMeroro Bamijamii Mojeni Oyno 3MiHCHEHO MAaCIITa0HWNA YUCIIOBHMA
CKCTIEPUMEHT 3 BUKOPHUCTAHHSIM YCIX 3apCeCTPOBAHMX HA3eMHHUX CTAHIIH
BuMipioBaHHs Bojorocti B CIIIA. Ouinky Oys0 341 iCHEHO METOOM ITOTPiHHOT
KOJUTOKAIIi{, 110 Ja€ MOXKJIMBICTh OIIIHUTH TMOXHOKH Y TPhOX HE3aJeKHUX
Habopax naHux. s omiHKM OylO0 BHKOPHUCTaHO Taki JpKepena IaHUX:
MOZEIBHI Pe3yNbTaTH, 1aHi BUMIPIOBaHh HA3€MHUX CTAHINH Ta CYMyTHHKOBI
criocTepeskeHHs i3 6a3u mannx ERAS. OtpumMani pe3ynsraTi AeMOHCTPYIOTh,
II0 TIPE/ICTaBICHA MOAETH 3/1aTHA MOKA3yBaTH PE3YJbTATH i3 TOYHICTIO, IO

HAOIMIKAETBCS 10 TOYHOCTI HA3EMHHUX BUMIPIOBAHb.

Introduction. Soil moisture data can be valuable
in numerous practical applications, from agriculture to
climate forecasts. Up-to-date information on moisture
can improve the precision of predictions, optimize
water resource management and advice on irrigation
planning. These applications demand frequent and
precise data which may be provided by measurements
or model simulations. However, soil moisture is a
notoriously difficult parameter to measure [1], and
the accuracy of collected data, especially if they
are derived from a model simulation, is not easily
evaluated. This is particularly true for practical cases,
where data is limited due to economical reasons. For
that reason, our study aims not only to provide soil
moisture predictions, but also to evaluate the model
results, as well as other data that may be available in a
practical case, against the available historical datasets.

In-situ observations are usually considered the
most reliable soil moisture measurements. To provide
immediate observation data at different soil depth,
ground stations use multiple measurement methods,
such as oven-drying, neutron probe, capacitance method
etc. However, they are not used systematically due to
their cost, installation difficulties and other practical
reasons. It has also been pointed out that in-situ data,
measured at a single observation point, may fail to
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describe the state of the whole system, so the installation
point should be considered carefully [2].

Another way to measure soil moisture is by satellite
imagery. Recently, the method became popular in
real-world applications due to its increasing quality
and availability, and it is considered relatively cheap.
Satellite microwave sensors are able to measure soil
moisture in different spatial scales. The accuracy of
these observations is satisfactory for global scale,
but derivation of precise local data requires complex
image processing algorithms. Moreover, microwave
sensors measure only surface soil moisture (0-5 cm
layer), and provide data on a few days interval, which
cannot accurately represent the state of the system.

Land models are another alternative to assess soil
moisture. Model simulations provide continuous data
of all system states, and are cheap to perform. On the
other hand, they unavoidably contain errors due to
generalizations of physics since every participating
process and effect cannot be accounted for. Moreover,
the more complex and full the model is, the more
parameters it requires, which, on their own turn,
demand additional data. Therefore, modern soil
moisture models are often combined with other data
sources and measurements to estimate the parameters
accurately. For example, studies [3; 4] propose

ISSN 2413-6549



28

formulas for calculating model coefficients with the
use of satellite moisture data.

In a case where multiple methods are available,
and each of them has its own strengths and
weaknesses, combination of differently acquired
data might provide substantial improvements. For
example, addition of satellite data into a simulation
model is lately becoming a widely used tool, called
data assimilation. It adapts model to the observed
data, and allows to achieve higher precision level
than provided by each data source alone [5]. There
are multiple data assimilation algorithms available,
the most widely used of which are described in [6]. In
our study, we implement a method called Newtonian
relaxation or nudging.

Newtonian nudging is a rather simple and effective
data assimilation method, first used for oceanography
problems. It is also widely used in hydrology
problems, and has been implemented into a number
of hydrological and environmental models, such as
GLEAM [7] and CATHY [8]. The method consists in
adding a nudging term, multiplied by the difference
between model prediction and observed value, into
the governing equation. The term works as a physical
force that relaxes the result towards observations.

In this study, we describe our model and data
assimilation approach, and also perform a statistical
verification test. Traditionally, the results are validated
against in-situ measurements, which are taken as a
benchmark for comparison. However, among the
variety of statistical methods designed to evaluate
prediction accuracy, we chose the triple collocation
method as it does not imply knowing the absolute truth.
The method involves comparison of three independent
data sources, where each is assumed to contain errors
of some sort. Therefore, the method is effective for
real-world validation tests, and is often employed in
evaluation of soil moisture models [9; 10].

Mathematical problem setting. Our model
includes moisture transfer problem based on the
Richards equation. The problem domain is one-
dimensional of thickness |, with downward X axis and
X=0 at the soil surface. The boundary value problem
setting is as follows:

2002 (k) 2] - 20 s ), (1)

[—k(h)%Jrk(h)J =QU-E ()50, @)
%x:o 0,650, 3)
h(x,0)=hy(x), x [0;/]. 4

Here 6 is absolute soil moisture, h — pressure
head, k — soil hydraulic conductivity, S(h, X, t) — root
water uptake, Q(t) — precipitation rate, E(t) — soil
evaporation rate, h(X) is initial condition for pressure
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head. Potential evaporation E, is derived from
meteorological parameters [5], root water uptake S is
calculated according to potential evapotranspiration
and water availability based on the Feddes model [12].

Since the Richards equation requires a translation
rule between moisture and pressure head values, we
chose a widely used Mualem—van Genuchten model
[13]. The model is represented by the following
equations:

0(h)=0,,;, + —m—min_ y=]_—, (5)

where 6 .. 0 are residual and saturation water
content, K — saturated soil hydraulic conductivity, S —
saturation degree, a, N, | — empirical model parameters.
These parameters define water retention curve of the
soil. The reliable values of Mualem—van Genuchten
model parameters for basic soil types can be found in
the various researches on the topic, as well as estimated
by the program systems like Rosetta [14].
Substituting (5) into (1), the governing model
equation is rewritten in pressure heads and becomes

oh 0 oh oh
B0 G == (kWD |-y -S(hxr). (D)
where  values of coefficients  B(k4)=2a0/0h,
v(h)=0k(h)/oh can be calculated analytically
according to equations (5), (6).

The one-dimensional problem described above
is then discretized using an implicit time scheme
and solved on a uniform grid. Specifically, the
homogeneous finite difference scheme is used for
numerical calculations, since it is rather cheap
computationally and allows variable coefficients in
equations. To deal with nonlinearity of Mualem—van
Genuchten relations, we use an implicit iterative
scheme described by Samarskiy. The scheme
requires doing additional solving iterations on each
time step, recalculating parameters until the solution
converges. This scheme is not optimal in the sense of
computational time, but is simple to implement and
has good convergence [15].

Newtonian nudging assimilation. Newtonian
nudging is a smoother algorithm that modifies the
simulation result on each time based on the past and
future observations. Its original application was for
determining best initial conditions in oceanography
and meteorology problems, but later was adapted for
updating current model state in hydrology problems,
including soil moisture [16].

Despite being not as popular as the filtering
methods, e.g. ensemble Kalman filters [17],
Newtonian nudging is one of the prominent
4-dimensional data assimilation (4DDA) methods.
It is incorporated directly into the model governing
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equation, which makes it better suited for use in
boundary-value problems [18]. Unlike the filtering
methods that treat the solution as a random variable,
nudging introduces a physical force into the equation,
yielding smooth and physically sensible results. The
nudging term, inserted into the Richard equation (1),
has the following form:
0 o

e (kS km]-smxn 0w (x0s0n -0 (8)

where 0, is observed surface soil moisture, G —
nudging factor, W(X, t) — weight function, and &(X) is
the degree of trust to the observations, limited by the
interval of [0; 1].

The core of the term is the difference between
observed and simulated soil moisture. In a more
general case, the term can include a few observations,
past and future, at the same time. The nudging factor
represents the magnitude of the nudging force. It is
recommended by the authors that this force should
correspond to the slowest process in the model. The
weight function corrects the force of nudging based
on the distance from observation point and time span
between the simulation and observation time [19].

Original formulation of Newtonian nudging uses
constant nudging factor. However, while testing the
method, we found out the constant factor causes
irregular behavior, as the nudging seems stronger on
lower moisture values and weaker near saturation
values. This can be attributed to the fact that
coefficients of the model equation (7) are nonlinear
and can vary in the order of magnitude.

Some studies suggest choosing nudging coefficient
from optimality conditions [20] or by solvingan adjoint
problem [21]. While these methods are well-justified
and proved to be accurate, they introduce a significant
computational overhead from solving the additional
problem. Here we suggest a completely different
approach to tackle the nudging factor problem. The
idea is to calculate the suitable factor value using the
current model equation coefficients. In our numerical
experiments, we employed the following adaptive
relation to calculate the factor considering the current
soil retention and permeability characteristics:

G =100 [B(h) |+ 0.5 klgh)]. )

s

Here, as above, h is pressure head, k and kS are
saturated and actual soil hydraulic conductivity, and
B is defined as B(h) = 06/oh according to (5).

Though this ‘adaptive nudging’ relies on unverified
relations and cannot offer the optimal accuracy, it can
be calibrated further to provide stable and accurate
results, and it does not add any computation difficulty
to the problem since the values of coefficients f(h) and
k(h) are already calculated during the solving process.

Satellite moisture retrieving. Data assimilation
procedure requires low-noise and frequent satellite
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data. Active instruments on Sentinel-1, RADARSAT,
RISAT-1 etc. can provide high-resolution soil
moisture data with appropriate algorithms; however,
as a rule, they have a sparse repeated interval around
10 days worldwide. On the other hand, passive
instruments on SMAP, SMOS, AMSR-E and AMSR2
can provide data with repeated intervals of a couple
of days worldwide, although without disaggregation
algorithms these instruments provide low resolution
of about tens of kilometers [22].

A disaggregation method is applied to obtain
high-resolution soil moisture data from passive
sensors AMSR-E, AMSR2 and SMAP, land surface
temperature from AMSR2 and AMSR-E data. To
calculate dielectric permittivity of the soil, we applied
Single Channel Algorithm — Vertical [23] for SMAP
disaggregated data and Land Parameter Retrieval
Model for AMSR-E and AMSR2 data. The method
allows us to get high-resolution dielectric permittivity
maps with 250x250 m resolution, which is close to the
field scale. We applied the Mironov model for L-band
[24], Dobson model [25] for C-band to convert
dielectric permittivity to soil moisture content.

Model evaluation methods. We apply the triple
collocation method to combine and assess the errors
of ground station measurements, satellite observations
and model simulations. The method considers at least
three data sets, represented here by random variables
0, 0, and 0,, each containing the same number of
estimations of some variable. It is also required that the
datasets are unbiased, which cannot be guaranteed in
practice, so the bias is removed artificially. Each of the
variables 0,, 6, and 6, differs from the hypothetical truth
0 by aresidual r, i =1,n, as shown by the equations

6, =6+r,
0,=0+r7, (10)
0, =0+r,.

The method does not allow to find the truth
value 6, only to evaluate the quality of each dataset
through the estimation of the random errors r. After
eliminating the hypothetical truth from the equations
(10) and taking average over the resulting equation,
we can estimate the variances of residuals, denoted
o,, G,, 0, respectively, with the following formula:

612 = <(91 _ez)(el _63)>’
0’% = <(91 _62)(62 - 93)>, (11)
‘5§ = <(91 _63)(92 _63)>’

where (s) denotes covariance operator. Hence, using
the random error variance, we can estimate the
residuals as

(r7) = (077) — (0705) (0705)/(050% ),
() =(07) - </e’ )(0:05)/(6;0%), (12)
(r7) = (07) - (0101)(0404)/(0105) ,

where prime sign means anomaly, for example

6, =6, -

—-(6,) [10].
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Though in this work we use the triple collocation
analysis only to verify and compare the accuracy
of datasets, its application in fact is much more
wider. The supposed variance of given datasets can
be employed for further calibration. For example,
authors of [26] propose using the variances provided
by triple collocation analysis as weights to merge
active and passive sensor retrieved values.

The model results are also evaluated against the
measurements using the following traditional metrics:
average absolute deviation (AAD), root mean square
deviation (RMSD), bias, Pearson correlation (R) and
the index of agreement (IoA), defined as follows:
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In the equation above 6 (¢) are model simulated
moisture values on time points t, 6°”(r) are soil
moisture measurements, and 6°* is their mean value
over the simulation period.

All of the metrics mentioned above are calculated
using the Pytesmo library, developed specifically for
evaluation of soil moisture observations [27].

Numerical experiments. To achieve statistically
relevant accuracy evaluation, we conducted a large-
scale numerical experiment using the open ground
sensor data provided by the International Soil
Moisture Network (ISMN) [28]. The database includes
information from hundreds of in-situ soil moisture
sensors over the world, that is intended to be used as
validation data for various modelling problems.

We chose ERA5 Climate Reanalysis data as a
third dataset for triple collocation analysis. It contains
spatial data of various meteorological and climate
variables at 0.25° spatial resolution, including
satellite-derived soil moisture on four soil layers [29].
Here, we use only the satellite topsoil moisture data
for comparison.

The weather data were acquired from the NOAA
database as for the nearest meteorological station.
The NOAA provides one of the most full open
meteorological datasets; however, the format of data
is not easy to read. We downloaded the weather data
from Lametsy API service [30], which provides the
same NOAA data with daily aggregation and in a
more readable format. Soil parameters were assumed
based on the soil type individually for each station,
based on the data provided by SoilGrids [31]. Initial
conditions were set according to the satellite moisture
data used for data assimilation.

The experiment was conducted for 2018 over
all 659 ground stations in the USA, registered in
the ISMN database. Out of them, 14 stations were
excluded due to the issues with data availability,
and another 83 stations — because of inconsistent or
scarce measurement data, severe model errors etc.
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Therefore, the summary presented below includes
experiment results for the remaining 562 stations.

Note also that comparison has been done only for
the soil surface moisture since some ground stations
provided no belowground data, and satellites sense
moisture at the top soil layer only.

Results and discussion. First, we perform a
traditional comparison of model simulation results
against ground station measurements. The averaged
metrics over all stations are presented in Table 1.
Analysis shows that absolute deviation and RMSD
values are rather high, and must be caused chiefly
by the lack of correlation. Moreover, the deviation
can be attributed to incorrect initial conditions or
soil parameters. These are two of the key model
parameters, but the chosen values were rough due
to the great number of stations in the experiment.
Nevertheless, the bias between the datasets is very
low, meaning their average values are the same,
and only the deviations from the mean might not be
represented correctly by the model.

The average correlation demonstrated by the
datasets is 26%, which is a rather weak correlation.
However, the index of agreement is about 50%, which
implies a tolerably good convergence.

Further analysis of the latter two characteristics
is shown on Fig. 1. The first frequency histogram
indicates that many simulations demonstrated
negative correlation with ground station data. This
may be primary due to imprecise weather data, e.g.
when the meteorological station is very remote,
and its data differ from actual situation on the site.
Another reason may be the groundwater, which can
cause a significant influence and is not yet accounted
for in the model. Most of the positive correlation
values are near the 0.3-0.4 interval, which is medium
correlation. The index of agreement demonstrates
a normal-like frequency distribution, clustered
around the 50% value. It indicates that the datasets
demonstrate a stable agreement with each other, even
if correlation is weak.

Table 1
Evaluation of the model results against ground
station measurements
RMSD Bias R IoA
0.11830 | 0.01782 | 0.26080 | 0.48001

AAD
0.100001

Metrics

Values

Resuming the discussion of nudging factor issue, we
cannow compare the verification results for both nudging
methods. It should be pointed out that bias seems to be
the chief indicator of the problem with constant factor.
Original calculations with constant factor resulted in
the bias value of 0.06554, whereas adapted formulation
reduced it to 0.01782, which is approximately 3.5 times
less. RMSD is lowered accordingly, whereas other
metrics are only slightly improved.
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We also provide here likewise comparison of
model results with ERAS surface satellite data.
As an evaluation benchmark, ERAS5 data have an
advantage of being consistent and harmonized with
each other, whereas ISMN in-situ measurements are
provided by various types of sensors, having different
measurement methods and limitations. At the same
time, ERAS5 data represent satellite measurements,
but are not used in data assimilation process,
therefore they can serve as another benchmark for
model predictions. The average key metrics of model
evaluation against the independent satellite data are
presented in Table 2

Surprisingly, we acquired less convergence between
the model and satellite data than between the model and
in-situ measurements. Average deviation and RMSD
are nearly 50% higher in this case, but this must be due
to the significant bias between the data. In fact, while
revising the ERAS5 soil moisture dataset, we found that
the values presented there are significantly higher than
in the other datasets, especially our satellite-retrieved

Pearson correlation
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moisture. However, ERAS5 database is aimed for
climatic and meteorological analysis, so the difference
might be caused by the different speciality of the
datasets. While analyzing the data further with triple
collocation method, we obviously remove the bias, so
this should no longer present a problem.

Table 2
Evaluation of the model results against
ERAS satellite measurements

AAD RMSD Bias R
0.14119 | 0.16052 | 0.12023 | 0.35014

TIoA
0.46031

Metrics
Values

As for the correlation, the model and ERAS
satellite data agree by 35%, which is significantly
better than in the previous case. Fig. 2 presents the
frequency histograms of Pearson correlation and
index of agreement results. Index of agreement chart
is very similar to that on the Fig. 1, and its average
value (46%) is also nearly the same. As for the
correlation, its values are distributed rather evenly

Index of agreement

8

&0

"l

: i

. o i

PR FT T IS ST o

Fig. 1. Frequency histogram of the correlation (left) and index of agreement (right) between
the model and the ground station data
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Fig. 2. Frequency histogram of the correlation (left) and index of agreement (right) between
the model and ERAS satellite data
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on the histogram. Nevertheless, low and negative
correlation values are less frequent than in the
previous case.

The triple collocation analysis yielded an average
0.05258, 0.04290 and 0.07473 variances for ground
station measurements, satellite observations and
model simulations, respectively. These results suggest
that ERAS satellite data are the most accurate of the
three, and ground sensor observations only slightly
behind. The model appears to be the least accurate of
the estimations, yet its error is comparable with that
of in-situ measurements.

The most peculiar result of this triple collocation
analysis might be the variance of the satellite
observations. The lowest variance value implies
that satellite data must be the most accurate of all
considered data sources. However, it seems very likely
that our satellite soil moisture data and those provided
by the ERAS, though calculated independently and
by different algorithms, might be derived from the
same satellite images. If that is the case, then the three
datasets used for analysis are not truly independent, as
is required by the triple collocation methods. Recent
research shows, that thought actual independence
of data sources cannot be guaranteed, it does not
influence the results significantly [32]. To avoid
making unfounded inferences, we leave out the results
of triple collocation analysis for satellite retrievals
and further discuss only the interdependence between
model results and in-situ measurements.

Fig. 3 demonstrates the relation between the
variances of ground station and model data. The dots
represent the variance pairs, and the thin black line
represents the equality y = X. Most of the pairs are
above the line, meaning model estimations are mostly
less credible than in-situ measurements. However, the
points are mostly clustered near the equality line, and
29% of the model variances are better than that of the
measurements. We consider it a favorable result, since
it proves that in a sufficient number of cases model
estimations are as accurate as the ground sensors.

Conclusion. The chief purpose of our article and
the presented experiment was to compare the model
performance with the ground sensor measurements,
and to determine whether the satellite model can be
a reliable alternative for the ground station. Thought
direct comparison of the model predictions against
the benchmarks suggested rather low accuracy of the

former, triple collocation analysis showed that overall
accuracy of the model was not far from the ground
sensors. Nearly 30% of model results were estimated to
have even better accuracy than in-situ measurements.

As suggested by our results, the mathematical
model still faces a number of problems, such as
determining model parameters, taking into account
all essential physical processes, finding reliable
weather and assimilation data etc. However, it still
has advantages over the traditional measurements
methods as it does not require installing additional
sensors, and can predict moisture even in belowground
layers. The results are less accurate then that acquired
by the direct measurements, but still the model
accuracy is comparable to measured results.

In addition, the model has a vast potential
for improvement. Boundary conditions may be
considering groundwater level, soil parameters on
different soil depths and factors such as soil hysteresis
and temperature driven water flow may be taken into
account. Assimilation methods and satellite accuracy
are likewise improving, which is hopefully indicating
the high potential of current research.
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Fig. 3. Scatterplot of the model variance (vertical
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(horizontal axis), estimated by the triple
collocation method
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HA PEKUMI «BUXPOBE KIJIBLE»
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ITixg "yac BepTUKAIBHOTO, 400 Maike BEpPTUKAIBLHOTO, 3HWKEHHS TeJIIKONTepa
HABKOJIO POTOpa YTBOPIOETHCSI TOPOifalibHE «BUXPOBE KiIble». BHUBUEHHIO
aepoJMHAMIYHUX MapaMeTpiB Tedil B JAHOMY PEKUMI MOIBOTY HPUIIEHO
JOCTaTHbO yBaru. JlOCHiKeHO 3MiHY OCHOBHHUX CHJIOBHX XapaKTEPUCTHK
poboTH renmikonTepa B PEKUMI «BHUXpOBE Kimble». OnpHak it OLIbII
JETANBHINIOT0 BUBYEHHS JIaHOTO PeXHUMY HE0OXiTHO MaTu iH(opMaliito mpo
3ByKOBE TIOJIe, sIKe (DOPMYeEThCS MiJ uyac B3aEMOJIl poTopa rejiikonrepa 3
«BHUXPOBHUM KiIblleM.» BuHUKae Taka 3aa4a: sIK BIUIMBAE€ «BUXPOBE KiJIbLIE)
Ha TpoIleC TeHepalii 3ByKy, 4acTKoBOi TpaHchopmarii #oro y BiOpamii?
VYV naniii poOOTI ToOcTaBieHa 1 4YMCENIbHO PO3B’sA3aHa 3ajada TreHepaiii
BVI-mymy potopa remikonTepa Ha pPEXHMI «BHXPOBE KUIbIEe». 3anada
CKJIaJIA€ThCA 3 ACPOANHAMIYHO] 1 aKyCTUYHOT YaCTHH. AepOHAMi4Ha YaCTHHA
3aja4i BKJIIOYAE B ceOe cucTeMy piBHSIHD Eitniepa i Hepo3pHUBHOCTI. AKyCTHUHA
YJaCTHHA 3a/1a4i CKJIAA€ThCS 3 paHille OTPUMAHOI AaBTOPOM CHCTEMHU PiBHSHb,
10 OMHCYy€ Mpolec reHepaunii i mommpeHHs 3ByKy. Ha ii ocHOBI BHBYEHO
OmKHE 3ByKOBE Iojie. YnceabHUN PO3paxyHOK AATbHBOTO 3BYKOBOTO MOJIS
BUKOHAHUII HA OCHOBI IHTETPAJILHOTO MPEICTaBICHHS. Bukopucrana B po6oTi
MOJIeNIb BBAXKAETHCS TEPEXiJHOI, HAOIMIKEHOI, OCKUIBKM BHHHKAKO4i Ha
MOBEPXHI IHTEHCUBHI BiOpanii He € ManuMmu BeaMunMHamMHu. He nuBmistauch
Ha Te, IO B Hill BpaxoBaHi JIMIIE Mali aKyCTH4YHI 30ypeHHsI, BOHA JO3BOJISIE
HAOJMM3UTHCS O ONKCY BiOpawiif, BUAIINTH iX cepell aKyCTUUHUX KOJIMBAHb,
SKi BUHUKAIOTh B MpOIIECi TeHepanii 3ByKy. AHaji3 6e3p03MipHUX MybCcarlii
IIIIBHOCTI TOBOPHUTS PO TE, 110 HA PEKUMI pOOOTH POTOpA «BUXPOBE KiTIbLIE)
Ha MTOBEPXHI JIONATi peanisyloTbes 3-4 cepii monepeyHnux KoNuBaHb, BiOpartiil.
Lli momepeuHi BiOparllii € AOCUTh HEOE3NMEUHUM SIBUIIEM, OCKUIBKH MOXYTb
IPU3BECTH JI0 IHTCHCUBHMX 3TMHAIBHUX KOJNMBAaHb JIOMATi, 1 pyHHYBaHHS
mig gac (marepa. 3a3HaunMo, 10 00JacTh, Jie peati3yloThCs AaHi BiOpariii,
ICTOTHO OibIIle, HIK /711 BUTIAAKY JIITAKOBOT MOCAIKHA BEepTONbOTA. J{i1st O11bII
BUTHYTOI JomaTi BibpamiitHa 001acTh KOMIIAKTHOIO 30CepeKeHa Y TIOPiBHAHHI
3 JIONMATTIO 3 MEHIIUM BHUTHHOM. lllyMm, IO TeHepyeThCsl MPH IbOMY, Ma€e
HHU3BKOUACTOTHUH XapakTep Ta Ha 10-20xb Buime nrymy J1iTakoBOi MOCAAKH
renikonrepa. OCHOBHA €HEpTis HOTo MICTUTBhCA B MEPHINX 7-8 rapMOHiKax,
3HAUHNM YMHOM ITOCHJICHUX BiOpAIiffHOIO CKJIaJ0BOIO YAacCTHHOIO mrymy. Lli
0CcOo0NMMBOCTI 1ICHTU(IKYIOTh PEXHUM «BHXPOBE KiNbIE», IO J03BOJSE HA
MPAKTHII TTOANIBIIIE BIOCKOHAICHHS CUCTEMH O€3MEKH IOIBOTY.
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PECULIARITIES OF GENERATION OF BVI-NOISE OF A HELICOPTER ROTOR
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During the vertical, or almost vertical, descent of the helicopter around the rotor,
a toroidal “vortex ring” is formed. Sufficient attention has been paid to the study
of aerodynamic parameters of the flow in this flight mode. The change of the
main power characteristics of the helicopter operation in the “vortex ring” mode
is investigated. However, for a more detailed study of this mode, it is necessary
to have information about the sound field that is formed during the interaction
of the helicopter rotor with the “vortex ring”. The following problem arises:
how does the “vortex ring” affect the process of sound generation, its partial
transformation into vibration? In this work, the problem of generating BVI noise
in the “vortex ring” mode is formulated and numerically solved. The overall
problem consists of aerodynamic and acoustic parts. The aerodynamic part of
the problem includes the system of Euler and continuity equations. The acoustic
part of the problem consists of a system of equations previously obtained by
the author that describes the process of sound generation and propagation. On
its basis, the near sound field was studied. The numerical calculation of the far
sound field is based on the integral representation. The model used in this work is
considered to be transitional, approximate, since the intense vibrations arising on
the surface are not small values. Since today there are no models that allow you
to simultaneously correctly describe sound and vibration, the model of sound
generation is used in the work as a transitional one. Despite the fact that a priori
only small acoustic disturbances are taken into account in it, nevertheless, it
allows one to approach the description of vibrations. Analysis of dimensionless
density pulsations suggests that in the rotor operating mode “vortex ring”
3-4 series of transverse vibrations are realized on the blade surface. These lateral
vibrations are quite a dangerous phenomenon, since they can lead to intense
bending vibrations of the blade, its destruction on the flutter. At the same time,
the area where these vibrations are realized is significantly larger than for the
case of an airplane landing of a helicopter. The degree of blade bending makes
the vibration region more compact for a blade with a large bend. The noise
generated in this case has a low-frequency nature 10-20 dB higher than the noise
of an airplane landing of a helicopter. Its main energy is concentrated in the first
7-8 harmonics, which is significantly amplified by the vibrational leaving noise.
These features make it possible to identify the “vortex ring” mode, which in
practice allows further improvement of the flight safety system.

BCTVYII

Tak, B poboti [1] 3amponoHOBaHO MaTeMaTHYHY

OnHUM 13 ITIKaBHUX 1 HEOE3MEUHUX PEIKUMIB POOOTH
poTtopa reiikonTepa € oOepTaHHS HOro Ha PeKuMi
«BHXPOBOTO KiJbIlsh». OCOONMUBICTIO TAHOTO PEKUMY
€ T€, 1[0 BUXPOBE KiJIBIIE» YTBOPIOETHCS TP TIEBHUX
YMOBax MOJIBOTY: ITiJT 4aC BEPTUKAIBHOT0, a00 Maiike
BEPTHKAJILHOTO, 3HIKCHHS BEPTOJIhOTA HA IIBUJIKO-
cti Onusbko 3-7m/c. Ha chorogni icHyroTh po0oTH, B
SIKUX TPEJICTABICHI MaTeMaTHUYHI MOJIEII, IO JI03BO-
JSI0TH PO3paxyBaTy acpoJUHAMIYHI TapaMeTpH Teuii
JUISL PEIKUMY «BUXPOBE KITBIIEY.

Computer Science and Applied Mathematics. Ne 2 (2021)

MOJIEJTb 1 AJITOPUTM YHCEIFHOTO PO3PAXyHKY Iapame-
TpiB Teuil HABKOJIO POTOpa TeIIiKONTEpa U PEKUMIB
KPYTOTrO IUIaHYBaHHS 1 «BHUXPOBOTO KilbLs». [lana
MOJIEJIb BPaxOBY€ HUPKYISIIHHY CKIAJOBY Tedii i
JI03BOJISIE OIMCATH HIYKTUBHY TEUil0, IO CTBOPIOE
pa3oM 3 OCHOBHOIO Teyi€l0 BUXpoBe Kijble. Po3pa-
XYHKH Ha OCHOBI IIi€] MOJIENi TOKa3alu, MO PEeKUM
BUXPOBOTO KUIBISI CYNPOBOPKYETHCS 30LIBIICHHAM
IHIYKTUBHUX IIBHIKOCTEH Tedii, ajie B TOH ke 4ac
BiZI0OyBa€THCS 3HW)KEHHS CUIIU TSATH POTOpA.
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B po0ori [2] BUKOPHCTOBYETHCS HEMiHI{HA JIOTa-
TeBa MOZENb 3 BUIBHUM BHXPOBUM CIIiJIOM, sIKa J03-
BOJISIE BH3HAUUTH CYKYIHICTh O3HaK BHHUKHEHHS
«BUXPOBOIO Kinblish». ONHUM 13 HUX € 3Ha4YHA ITyJbCa-
1ist CHITH TATH, 1110 tocsirae 20%. [pu ibomy criocTepi-
raeThCs HECTIHKe MaxoBHi pyX jonari. [lani ¢akTopn
POOIATE LIeH PEXUM MONBOTY IyXKe HEOC3MEUHNM.

B pobGorti [3] HaBOAWTBCA YHMCENBHHNA PO3paxy-
HOK Tedii B peXXHUMi «BUXPOBOTO KiTbLSD» 3 BUKOPHC-
TaHHSM HecTalioHapHoro piBHsHHS Ha’e-Ctokca
(URANS), a Takox po3paxyHKOBi TPA€EKTOPil BUXOAY
3 JAHOTO PEXHUMY. AHAIITHYHA MOAEIb YTBOPEHHS
«BHXPOBOTO KINBIsD», MpeAcTaBlieHa B poboti [4],
OIIMCY€E BUXPOBE KIUJIbLIE 13 3aKPYTKOIO JUIS 1ealIbHOT
HECTHUCIIMBO] Teuil.

He nuBnsuucek Ha Te, 1110 aepoANHAMIYHUM acIieK-
TaM poOOTH POTOpa Ha PEKHUMI «BUXPOBOTO KiJbLIsD»
MIPUAIICHO TOCTAaTHBO yBaru, B TOM Yac MpoLec rexHe-
pauii 3ByKy Ha JaHOMY PEXHMi IOJbOTY MaJlo BUBYE-
Hui. Tak, B poboTax [6; 7] MOCIiPKEHUH IITyM TBHHTA
relikonTepa B PEeXUMi BHCIHHA 3 (HhOpMyBaHHSIM
«BHUXPOBOTO KiJbLs». BUKOHAHO PO3paxyHOK IyJb-
camiii THCKy, a TakoX Koe(illieHTa THCKY Y3IIOBK
xopau nomnari poropa. OnHAK MPOCTOPOBHH PO3IMO-
I XapaKTepUCTUK OJIMKHBOTO MOJISI HE HABOAMTHCSL.
Jiist po3paxyHKy JaJIEKOrO IOJIS BUKOPHUCTOBYETHCS
piBusiHHA ~ Doykc-YineMmca-XoykiHrca. ABTOpamMH
poOOTH TIPUIIIEHO YMMAJIO yBard MOPIBHIHHIO PO3-
PaxyHKOBHUX JIaHHUX 3 €KCIIEPUMEHTAIbHUMHU JTaHUMH,
aje He BWJIJICHI XapaKTepHI OCOOJIMBOCTI TeHepa-
i IIyMy, BIACTUBI PEXKHMY «BUXPOBOTO KIJIBIIS.
A 1e Ayxe BaXJIMBE NMUTAHHS 3 TOYKHU 30py Oe3MeKH
MOJILOTY: TIPWIJIAU TEJKONTepa IMOBUHHI 3adikcy-
BaTH BiIMIHHI pHCU TeHepalii myMmy, siki BKa3yrTb
Ha Te, IO POTOp TellikonTepa IiHCHO ONMUHMBCS Y
«BUXPOBOMY KiJIBITi».

OnuuMm 3 ($akTopiB, SIKMH NPUTAMAaHHUNA PEXUMY
«BHUXPOBOTO KIJIBISI» POTOpA TeJIKONTEpa, € BUHHK-
HEHHA pi3kuX BiOpauiil. [lilicHo, sIK MoKa3ajiu eKc-
nepuMeHTalnbHI gociimkeras [8—10], a Takox pos-
paxyHKH reHepalii yMy B3a€MOIii JIonaTi i BUXOPiB
(BVI-noise), mpu Manux uymcinax Maxa TOJIBOTY
rexikonrepa (M <0.1) BimOyBaeTbcs TpaHcdopma-
wist eHeprii reHepauii mwymy y BiOpamii [11; 12].
Ockinbky KiHETHYHA €HEeprisi MOTOKY, KOTpHi HaOi-
ra€ Ha JIONaTb, B OCHOBHOMY BHTPAa4a€Tbcs Ha
MiAHOMHY CHJy 1 MOJONaHHS JOOOBOTO ONOpY, TO
BiOparii, sKi BUHUKAIOTh Ha JIOMATi, 3aXOILTIOIOThH
yacTuHy 1iei eneprii. Tomy 1 BinOyBaeTbcs BTpaTa
CHJIM TSTH. A SIKIIO JIONATh Il MOTPANHUTh B Pe30-
HaHCHUI pexxuM (¢raarep), TO BEpPTONIT MOXKE BTpa-
TUTH KepyBaHHs. OTXKe, TyKe BaXJIMBUM MOMEHTOM
€ 3HaHHS BIIMIHHMX XapaKTEPHCTHK IIyMYy pOTOpa
reJiKonTepa Ha PEKUMI «BUXPOBHH Kijbley». Ha
OCHOBI IIUX JJaHUX NMPHUJIaJIH, IO PeecTpyIoTh 3ByKOBE
oJie, MOXKYTh l,I[eHTI/I(i)leBaTI/I JaHUN PeKUM pOOOTH
pOTOpa, MOTEPETUTH MIJIOTIB PO HHOTO.

Computer Science and Applied Mathematics. Ne 2 (2021)

VY naniif poOOTi 111 MOJETIOBaHHS LIyMYy POTOpa
rejikonTepa Ha pe)KI/IMl «BHXPOBE KiJIbLIC» BUKOPHCTO-
BYEThCS TPUBUMIpHA HeCTauloHapHa MOJIeJIb TeHepa-
il 3ByKY, 3alpOIIOHOBAHA PaHillle 1 yCIiIHO anpoOo-
BaHa aBTOPOM Ul psiny 3afgad. Ciij 3a3Ha4uTH, IO
npolec TeHepamii 3ByKy Ha AaHOMY peXuMi poOoTH
pOTOpa refiKonTepa CymnpoBOLKY€ETHCS BUHUKHEHHSIM
3HAYHMX 32 BEJIMYMHOIO BiOpalili Ha OKPEeMHUX YacTH-
Hax jonari. ToMy II0 MareMaTUyHy MOZEIb MOXKHA
PO3TIATH SIK Ha6m/1>1<eHy, 110 OIHUCYE MPOLEC Mepe-
XOIY BiJ reHepauu 3BYKY /10 Bl6paLIlI/I

Ha mincraBi maHoi Mopmeni BIepuie BIAJIOCS
JIeTaJbHO BUBYMTH OJMIKHE 3BYKOBE IOJIE: MOOYIY-
BaTl MPOCTOPOBUM PO3MOALN MyNbCAliil T'yCTHHH.
Lle no3BonmIto, B 3aJ€KHOCTI Bi HapameTpiB 3a1adi,
YiTKO BU3HAYUTH 001acTi TpaHchopmalii 3ByKOBUX
KOJMBaHb y BiOpauii. OTpuMaHi po3paxyHKOBi JaHi
OJMIKHBOTO 3BYKOBOTO TIOJISI BUKOPHCTAHO VIS PO3-
PaxyHKy JaJbHBOTO 3BYKOBOTO IIOJISl, B TOM 4Yac K
paHillie BUKOPHCTOBYBAJIHN JIMIIE HAOIMKEH] TiIX0qH
PO3paxyHKy OJMKHBOTO TOJIsl, HE PO3B’SI3YIOUH TPU-
BUMIipHOI 3a1a4i. BukopucTanHs TpUBUMIpHOTO MiJ-
X0y AJsl OMMKHBOTO TIONS JIO3BOJMIIO BH3HAYUTH
0COOJIMBOCTI TeHepaii yMy, BAHUKHEHHS BiOpariii.

Meta poboTu. Meroro nanoi pobotu € mocra-
HOBKa 1 PO3B’Si3aHHsI TPUBHMIPHOI HeCTal[iOHApHOI
3agaui renepanii BVI-mmymy Ha pexxumi «BHXpoBe
KiJIbIIe», BUSIBICHHS 3a pe3yJbTaTaMd pPO3paxyHKY
3BYKOBOTO MOJSI O3HAK, IO 1AeHTH(]IKYIOTH poboTy
poTOpa Ha JAaHOMY PEKUMI.

MNOCTAHOBKA 3AJAYI

Hexaii remikonTep 3AifiCHIOE BEepTUKaJbHE 3HU-
JKCHHSI Ha MBHJIKOCTI 3-5M/C, MpH LOMY HABKOJIO
poropa cdopmyBanocs «BUXpOBE KLUTBIE» (pnc 1).
Posrsiaemo potop, JIOTIaTi SIKOTO MArOTh MOABIMHUM
«sin-sin» BUTHH 1 BinHOCATHCS 10 «Blue-edge» Tumy
31 3HMKkeHuM 1rymom [13; 14]. HeoOxiqHO BUBYHTH
TeHepalilo IIyMy B3aeMoAii poTopa TemikonTepa 3
«BUXPOBHUM KUTBIIEM.

) )

{
A

{11

Puc. 1. ®opmyBaHHSI BHXPOBOIO KiJbIs
HA pPe:KNMi BepTHKAJIBHOIO CIYCKY, V = 3-5 M/c

®iznyna monesib. Ha pexxuMi BepTHKaIbHOTO 200
Maike BEPTHKAJIBHOTO 3HIDKCHHS (3 MaJlOK0 TOPH-
30HTAJIBHOK HIBHJIKICTIO) YTBOPHOETHCS «BUXPOBE
Kimbie». lle BinmOyBaeThbcs TOMY, IO KOMIIOHEHTHU
IHAYKTHBHOI 1 BEPTHKAJIBHOI CKIIQJIOBUX IIBUIKO-
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CTeW TIOTOKY, IO Halirae 3HMU3Y, MAalOTh OAWH 1 TOH
JKe TIOpSIOK 3a BenmmunHoo. Llei motik He B 3MO03i
«3MeCTH» 3 JIOTIATi iHIyKOBaHY TEeUifo, a TOMY BCTyTIa€
3 HEI y B3a€MOJiI0 3 (OPMYBAHHSIM TOPOIaIbHOTO
BHUXOPY — «BHXPOBOTO KUTbIL». «Buxpose Kinble» B
JaHil poOOTI MOAETIOETHCS Y BUTIISAI KOMITAKTHO PO3-
nofIiieHnx BUXOpiB Teiopa, 1mo yTBOPIOIOTH TOP.

AepoanuHaMiyHa nocraHoBka 3aaadi. Cucrema
PiBHSIHB, IO OIKCY€E iJeaNbHy CTHCIUBY TEUil0
HaBkoyo Jomati [13; 14], ckiagaerbes 3 piBHSIHHSA
Efinepa i piBHSHHS HEPO3PUBHOCTI:

ou , ou ,ou' ¢ ,ou' 1 op'
—— U AV ——t — W = ——
ot o€ am AR o M &
ov' L ov' ov' 1 ou' L Op',
— U AV —— W=
ot o om AR & M ' on
ow' ,ow' yow' 1 ow' 1 op'
— U AV =W e ——
ot o0& on AR oc M“ARp' 8¢
@+6(p u)+kca(p V)+L6(p W)zo (1)
o o3 om AR &

Tyrg=x/en=yr0=2/R1=kt,
u=u/U,v=v/U,w=w/U;p=ppU’p=p.p,
a ¢,A, R — OBXHMHA XOpJAMW JIONari, TOBIIMHA Tapa-
METp, pajiyc Jomnari BiAmoBiaHo; M — yucio Maxa,
AR = R / ¢ («aspect ration).

['panruHOI0 YMOBOIO Ha MOBEPXHI JIONATI € yMOBa
HENPOTIKaHHA PIIUHU Yepe3 MOBEPXHIO:

V| 0. )
. 3 r v

Kpim rpaangnoi ymoBH (2), 3a1atoThest BUXopu Teit-

nopa (puc. 2). PimenHs maHoi 3a1adi T03BOJISIE 3HANTH

0e3p03MipHI KOMITOHEHTH IIIBHIKOCTI 1 IILTHHOCTI.

Puc. 2. Jlonatb y «<BUXPOBOMY KiJlbLD»

Jusa 3'scyBaHHS 0cOONMMBOCTEH TeHeparii 3BYKY
B PSKHMI «BUXPOBE KiJbIe» HEOOXiTHA TOCTAaHOBKA
aKyCTHYHOI 3aj1adi.

AKyCTHYHA TOCTaHOBKA 3agaui. Cucrema piB-
HSIHB, IO OIMCYIOTh T€HEPAaIliio 1 MOMNPEHHS 3BYKY
mae Bursin [14]:

2— 2—1 2 2_'
aIoz_iz'apz_ (’12262+1262)
or® M:Z o& on®  AR® oL
R, 0P P P PP Op P
o0& onog o& Tonos T gt
/(0200 07 F9 09 0%
=""0g on og os onos T agt 3)
_,0° o’p 1 &7 op 0p
PG+ T Py+cL.92
o& on?  AR? 8s? a(; o&
we229p 99 1 9p 09 _ | 9P
on on AR?9C o | or
ﬁ'(ca—u+ﬂczﬂ+c— @)+cuai+/1c2\76i+ wai 4)
o0& on R o 0 on R o
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V piBasaEX (3)-(4) 9,p
BHIA TTOTCHITIa)I Ta TYCTHHA.

Bupas RG', 8£ aj %’ iﬁz" op 2;'

g aﬂ oG g 5@11 vt

MICTHUTh JOJAHKH, SIKi 3aJIe)KaTh Bl TYCTHHH p' Ta
ii moximuux. I'paHnyHa yMOBa AJIsT aKyCTHYHUX KOM-
MTOHEHTIB MIBUJIKOCTI BpaxOoBaHa B aepOIWHAMIYHIN
moctaHoBIl (2). Ha Bemukiid BimcTaHi Bim Jomarti
BUKOHYETHCS yMOBA BUIIPOMiHIOBaHH: 30Mepdenbaa,
sKa BpaxoBaHa y BHpa3i JaJbHbOI'O 3BYKOBOTO I10JIS,
HaBEJCHOTO HIDKYE.

Mertoa po3p’si3anHs 3aaaui. [locraBnena 3agaua
PO3B’si3yBajyach y MPsIMOKYTHIH JEKapTOBIl cCHCTEMI
KOOp/AMHAT 32 JONOMOTOI0 YHCEIbHO-aHAJIITHYHOTO
Merony [15]. BukopuctaHHsS YUCENBHOTO METOLY
NPU3BOIUTH [0 YTBOPEHHS 3aMKHEHOI CHCTEMH
piBHSIHB, 3 AKHX InyKaHi (yHKIIT Ta iXHI TOXimHI
BUPAXAaIOThCSl HESBHO (HesiBHa cxema). Llelt merox
paHillle aBTOPOM ONpallbOBaHUM Ha 3aJadax IeHepa-
ii 3ByKy JIONIATTIO TenikonTtepa. Po3paxyHkoBa ciTka
Ha TMOBEpXHI Jionari mMana Taki po3mipu: 82 x 40 —
B3JIOB)K XOP/IX JIOMATI Ta 3a 11 pO3MaxoM BiIIOBIIHO.

bunxHe moJte

Jns Toro mo0 BUBYUTH BiIMiHHI puch (opmy-
BaHHS 3BYKOBOTO IIOJISI B PEKUMI «BUXPOBE KIJIbLIE»,
JIOCIITMMO TIOBEIIHKY ITyJbcamiii  0e3po3MipHOi
IIUTBHOCTI, SIKi TEHEPYIOTh 3BYK Ha IMOBEPXHI JIOMATI.
V¥ 3amaui Oyna po3mIsHyTa JIONATh 3 TAKMMH I1apaMe-
Tpamu: nepepis jomnari € 10% napadoniunuii npodinm
NASA, gosxwuna nomari R = 3m, AR=R/c= 10.
Jlonate B NOBUIPHMM MOMEHT dYacy pO3TalllOBaHa
i TeIKUM KyToM o = 30°,45°,60° B TutOmuHI 00ep-
TaHHsI POTOpPA 1 MOCTABJIECHA IiJ KYyTOM aTtaku y = 10
(He 3MiHIOBaBCs). Y pO3paxyHKax pO3TIISHYTI JBa
BapiaHTH CTyMeHs BUrUHY Jionati: 8 =0.1,0.15

Jlani po3paxyHKiB, HaBe/IeHi Ha puc. 3-4, TOBOPATH
npo Take. [HTEHCHBHA reHepaLis 3ByKY, IO Iepexo-
TUTH B BiOparlii, pOopMyeThCcS HE B3JIOBXK JIOTIATI, 5K
11e BiAOyBa€eThCs MPH 3BUYAWHOMY TIOJNBOTI TeITiKOII-
Tepa, a IMonepeK Hei — y3J0BXK 3a XOPIOI0 Homepey-
HOTO Tepepidy jomarti. lle o3Hawae, mo B pexuMi
BEPTUKAJILHOTO 3HW)KECHHSI BiZIOYBa€ThCSI IHTCHCUBHE
3aXOIICHHSI €HEPTii 3ByKOBHX IO3/10BKHIX KOJIMBaHb
1 TpaHchopMarltis TUX KOJIUBaHb B TIONIEPEYHi (BiOpa-
1ii). Panimre B po6oTi [11] BuBYeHA JTiTakOBa TTIOCA KA
TeJIKOITePa, 1€ TOIi0HE SBUIIIE BXKE CIIOCTEPIraaocs.
OpHak Tam TpaHC(bopMaum 3BYKY Y Bl6pau11 Oyna He
HACTIIbKH IHTCHCUBHOIO, HIX B JaHii 3a1aui.

[Ipu iboMy citijT 3ayBaXKUTH, 110 HA pUC. 3,4 YITKO
BUJHO 3-4 monepedHi cepii, IKi BapiloIOThCS B 3aJIEK-
HOCTI BiJl CTYIIeHsI BUTHHY JIOTIATi i KyTa OCTAHOBKHU
ii mo motoky. IToniOHI sBHUIIA MOXYTh MPU3BECTH HE
TIJIBKU JI0 BUHUKHEHHs (parTepa jomnari, ane i 70
HIBUJKOTO PYHHYBaHHS JIONATI SIK TAKOi. 3ayBaXKHMO,
10 MyJIbCcallii NIUTFHOCTI OLIBIIT CKOHIIEHTPOBaHI IS
JIOTIaTi 3 BEJIMKUM BUTHHOM, HIJK y JIOTIATi 3 MEHIIIAM
BurnHoM. lle roBoputh mpo Te, mo ¢opma Jionarti

' — 6e3pOo3MipHHI 3BYKO-
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B3JIOBXK i1 po3Maxy 3[aTHa BIUIMBAaTH HE TUIbKHW Ha
TeHepalliro 3ByKy, aje i Ha BiOpamii. BusBieni 3axo-
HOMipHOCTi, 0€3yMOBHO, TIOBHHHI TO3HAYNUTHUCS Ha
pe3yspraTax po3paxyHKy JaJbHbOTO 3ByKOBOTO ITOJIS.

JanbHe moJte

[Ticas po3paxyHKy mapameTpiB ONMIKHBOTO TTOJIS
CKOPUCTA€EMOCS BUPA30M JUIsI AAJIbHBOTO 3BYKOBOTO
nonisi. Ha ocHoBi Bimomoro miaxoxy Kipxroda paninre
OyJ10 OTPIMAHO HACTYITHE CIiBBiAHOIICHHS [16]:

_il:z [ I[% ],dS, + [[E]. dsj,

(P(X, tl) =

e
F =p[(Vo-V)V +(V-V) Vol +p (V-V)V +

+V - div(pVo + p V) + Vodiv(pV)
_L. oo, 1 0Rde  o(l/R)

> R on Ra, on ot on
Ha puc. 5-6 npescraBneni piBHI mymy, o reHe-
PYEThCS, B 3aJIGKHOCTI BiJ] KyTa IMOCTAaHOBKH JIONATI
1 CTyIICHsI BUTHHY JIONaTi. AHai3 pO3paxyHKIB Jaib-
HBOTO 3BYKOBOT'O ITOJISI TOKA3aB TaKi 3aKOHOMIPHOCTI:
piBEHb MIYMy Y BCIX PO3PaxyHKOBHX CHTYyaIlisix
3HAUHO BHIIE PIBHS IIYMy TPH JITAKOBOI MOCAJII
reyikonTepa. SIKIIo Npw JIiTaKoBil MOcali BiH Bapi-

b

c

roBaBcsa B Mexkax 60-90ab, To B 1€l 3amaul BiH 3Mi-
HIOETHCS B miarta3oHi Bix 80-110xab.

OTpuMaHi pO3paxyHKOBI 3HAYCHHS PIBHA IIyMYy
KUTbKICHO ONMUM3BKI pesynabratam pobotu [7], aie
TPOXHU BHIIE 32 BEJIMYMHOIO, 1[0 MOXe OyTH mosc-
HEHO THM, IO B [7] Jomarh Maia Jello iHIl po3Mipu
1 hopmy, HIXK B AaHii poOOTI.

Crnexrp myMy IOKasye, 110 OCHOBHUI BHECOK
JaroTh meprri 7-8 rapmodik. [lpudomy pizko Bujine-
HUX BHCOKHMX YacTOT, HAaNPUKIAA SIK JJIs JITaKOBOi
nocajaku remikontepa [11], He cmoctepiraerses. Lle
TOBOPUTH IIPO T€, II0 HAa PEXHUMI «BHUXPOBE KIIbIIE)
nepeBakae HU3bKOYACTOTHUHN IIyM, 110 CKJIaAAETHCS 3
rymMy oOepTaHHS 1 TOCHIICHHH BiIOpalifHIMU CKI1a 10~
BUMU. TakuM YMHOM, BIIMiHHOIO OCOOJIHMBICTIO IITyMY,
10 TEHEPYETHCS, € YITKO BUPAKEHUH HU3bKOYACTOT-
HUI XapakTep myMy 3i 3Ha4HAM piBHeM L= 80-110x1b.

BucnoBkn

1. TlocraBieHO 1 YMCENBHO PO3B’S3aHO 33134y
rerepariii BVI-mymy B pexkumi poOoTH poTopa
«BHUXPOBE KiJIbLIEY.

2. AHami3 OMMKHBOTO 1 JaTbHBOTO 3BYKOBHX TIOJIB
MOKa3aB, M0 B PEXKHUMI «BUXPOBE KUIBIE» peaizy-
eThest 3-4 cepil momepeuHux BiOpalliii Ha TOBEPXHIi

Puc. 3. Myabcanii p', 5=0.1: a)a =30",b)a =45, c)a = 60°
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Puc. 4. Iyascanii p, 5§ =0.15: a)a =30",b)a =45, c)a = 60°

Puc. 5. PiBeHb 3ByKoBoro Tucky L 5 =0.1: @)o =30",b)a =45, c)a = 60°
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Puc. 6. PiBenn 3BykoBoro Tucky L, 5§ =0.155=0.1:
a)o = 30°,b)a = 45°, c)o = 60°

150
100

50

|

! b

l
il
tbel iy
\

Puc. 7. Cnektp myma, 5=0.1: a)a =30°,b)a = 45, ¢)a = 60°
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Puc. 8. Cnextp myma, 8 =0.15: a)o = 30", b)a = 45", c)a = 60°

Jomnari, sIKi BHOCSTh ICTOTHHUH BHECOK B piBEHb
[IyMy, III0 TEHEPYEThCST B3aEMOJII€I0 JIOTIATi poTopa i
BHUXPOBOIO TEUi€r0 HaBKOJIO Hel. PiBeHb myMy 3HAYHO
nepesepirye (Ha 10-20aB) mym Ha pesxumi poOOTH
gomati s 0.1 <M <0.4, a Takox IIyM JIITaKOBOL
MOCAJIKU TellikonTepa. XapakTepHO BIJIMIHHICTIO €

BOI IOCAJIKW TENIKOINITepa BHCOKOYACTOTHA OOJNACTD
TaKOX MaJjia JIOCUTh BUCOKUH PIBEHb Y CIEKTPI.

3. BukoHaHW#l MOpIBHSUILHUM aHAi3 MIyMy Ha
PEKUMI «BUXPOBHUH KUIbIIe» JJ03BOJSE 1neHTU(I-
KyBaTH MOTO cepejl IHIIMX PEKUMIB pOOOTH pOTOpa
reJlikonTepa, OTKe, MOXKe OyTH BUKOPHUCTAHUH JUIS

T€, [0 OCHOBHA CHEPTis B CIEKTPI CKOHIICHTPOBAaHA  IOJAJIBIIOTO BJOCKOHAJIICHHS CHCTEMH OC3IeKu
B 7-8 mepiux rapMOHiKax, B TOM 4ac siK JiJIS JIITAKO-  IOJIbOTIB.
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VY nmaHuil 9ac pO3BUTOK aBTOMATW3allii MPOEKTHUX POOIT HEMOXKIMBHUH
0e3 yNOCKOHAJCHHS HAsBHUX METOJIB TCOMETPUYHOTO MOMACIIOBAHHS.
be3 BukopHuCTaHHS KOMIT'IOTEPHOTO OONagHAHHA HEMOXIHUBO CTBOPUTH
ab0 MPOEKTYBATH CKJIATHI MEXaHi3MH, MAIIHHHU, cropyau. Bimomi meromu
TEOMETPUYHOTO MOJCITIOBAHHS BHUPIIIYIOTh MPoOIeMH MOOYI0BH CKIAJAHUX
(dhopm 0Oe3 BHCOKMX MarepialbHHX Ta YaCOBUX 3aTpar. AJjie JaHi METOAH
TOTOBI BHUPIIIUTH HE BCl NMPOOJIEMH, Ta IHKOJIM BHKOPUCTAHHS TOTO UH
IHIIOTO MiJIXOAYy HEMOKJIMBE, OCKUIBKHM pealizailisi CTAHOBUTHCS 3aHAJITO
CKIIQJHOW0. Y JaHiil cTaTTi PO3MIANAIOTECS BiIOMI METOIU T€OMETPHYHOTO
MOJICITIOBAHHSI, OTTHC (DOPM 32 JOMOMOTOI0 TEOPETUKO-MHOXHHHUX OTepartii.
OaHuM 13 HaWBaXIMBIMIUX EJIEMEHTIB YHCEIBHOTO aHalli3y HamlpyKeHO-
Je(OpPMOBAHOTO CTaHy MPOEKTOBAHUX IHXEHEPHUX KOHCTPYKIH Ta criopyx
€ moOyaoBa X ajgekBaTHOI reoMmeTpuuHi Mopeni. CTBOpEHHS JUCKPETHOI
TEOMETPUYHOI MOAEII KOHCTPYKI[ii HETHIOBOI (OPMHU € TyXKe CKIATHHUM i
TPYAOMICTKHMM 3aBJaHHSAM, I[0 BUMAara€ HasBHOCTI (OpMaIbHUX METOIIIB
OMHUCY TOMOJOTil IJIOCKMX Ta IPOCTOPOBHX T'EOMETPHYHUX obmacTeil,
OPUIATHUX JUIS TIOAAJIBIIOTO BUKOPUCTAHHSA B aBTOMAaTHYHHUX IPOIERypax
JUCKPETHU3allii KIHIIEBUX €JIEMEHTIB 3a1aH0T0 TUITY. OJTHUM 13 TEPCTICKTUBHUX
BapiaHTIB € BUKOpUCTaHHA R-(pyHKIIiH), ane Horo 3acToCyBaHHS Ha MPaKTHII
BUKJIKA€E MEBHI CKJIATHOCTI
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Currently, the development of design work automation is impossible without
improving existing geometric modeling methods. The non-usage of appropriate
computer equipment prevents from creating or designing complex mechanisms,
machines or structures. Already existing methods of geometric modelling can
solve the issues with constructing complex shapes without great material and
time consumption. However, the given techniques are not able to fulfil all the
assigned tasks. However, the given techniques are not able to fulfil all the
assigned tasks. Moreover, applying particular approaches becomes impossible
as their implementation can present a complex issue. In the given article we
consider existing methods of geometric modeling and shape description by
means of set-theoretic operations. One of the key elements of the numerical
analysis of the stress-strain state of the designed engineering structures is their
adequate geometric model construction.

Creation of the discrete geometric model of an atypical shape construction is
a very complex and time-consuming task, which requires implementation of
methods of description the topology of flat and spatial geometric domains,
applicable in further automatic sampling procedures of finite elements of a given
type. One of the most forward-looking options is to implement R-functions.
However, its practical application causes some difficulties particularly in folding
an implicitly assigned function, which can be rather time-consuming in its turn.

Beryn. Po3BUTOK cydacHUX TEXHOJOTiH, a came
MaImHOOY/TyBaHHS Ta OyIiBHUIITBA HEMOXKIIHBO
VSIBUTH CHOTONIHI 0€3 €(EeKTHBHHX METOIIB TeoMe-
TPUYHOTO MOJICJIIOBAHHS Ta CKJIQJAHUX KOHCTPYKLIH
B IHTErpOBaHUX cUcTeMax. TakuM YMHOM, aBTOMAaTu-
3awis moOyIoBM I'€OMETPUYHUX MOAEIEH CKIAAHUX
IHKEHEepPHHUX 00’ €KTIB 3 HACTYITHOIO JUCKPETU3AITIEI0
Ha KiHIEB1 €IEMEHTH € JIy’Ke CKJIQIHUM 1 aKTyaJIbHUM
3aBIaHHAM. Y CTarTi BUKOHAHO aHali3 OCHOBHHUX
CIOCOOIB OIMHUCY TOMOJOTi] TEeOMETPHYHUX 00’ €KTIB,
iX mepeBaru Ta HEIONIKM, a TAKOX 3allPOIIOHOBaHI
LUISIXW YCYHEHHS IpoOJieM.

IcHyr04i METOIM T€OMETPUYHOrO MOJEIIOBAHHS
JIO3BOJISIIOTH ~ CTBOPIOBATH I'€OMETPUYHI 00 €KTH,
BH3HAYaTH iX PI3HOMAHITHI IapaMeTpH, a TaKOoK
OTPUMYBaTH HeOOXimHI TpadiuHi 300pakeHHS Ha

Computer Science and Applied Mathematics. Ne 2 (2021)

KoMIT 10Tepi. DYHKIIOHAIBHI MOXKIUBOCTI MOJIEITIO-
BaHHS PEaJi3yIOThCS 3a JIOINOMOTOI0 MPOTPAaMHOTO
3a0e3MeveHHs, sSKe B3aEMOJIi€ B TPOIeci podoTH 3
rpadgivHUME TIpUCTPOSMHU BBOAY/BHBOMY. ChOToA-
HIIIHIA piBeHh OOYMCITIOBAIFHOI TEXHIKH IOCTIHHO
crpuse onTumizamii abo aBTOMarm3amii CHCTeM.
ABToMaru3anis, ska 3OIHCHIOETHCS 32 JOMOMOTOIO
MPOEKTYBAJIBHUX POOIT 3 BUKOPUCTAHHSIM iHpOpMa-
[IHUX TEXHOJOTiH, 3aCTOCOBYETHCS B TPHOX HAIPsi-
Max, a came:

1) BUKOHaHHS TIPOEKTHUX POOIT CTBOPEHHS Kpec-
JIeHb;

2) aHaJi3 BIACTUBOCTEH 00’€KTa, XapaKTepUCTHK
Ta 0COOJIMBOCTEINL;

3) BUKOHAHHS JOMATKOBUX 3aj1ad, sIKi HE IiIsra-
10T (popmartizaiii.
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T'ostoBHOIO 0071aCTIO 3aCTOCYBAaHHS IHTETPOBAaHUX
CHCTEM B T€OMETPUYHOMY MOJEIIOBaHHI € CHCTEMH
aBTOMAaTH30BAHOIO TPOEKTYBaHHA, SKI BHUKOPUCTO-
BYIOTBCS ISl aBTOMaTH3allii iHKeHepHuX poOiT. 3a
JIOTIOMOTOI0 JaHUX CHUCTEM CTBOPIOIOTHCS T'€OMe-
TpUYHI 00’€KTH Ha TUIOIIMHI Ta B TPUBUMIPHOMY
IIPOCTOPI 3 METOIO0 CHHTE3Y Ta aHai3y IPOCTOPOBUX
(hopm mpoekroBaHUX BHUPOOiIB. OIHIEI0 3 OCHOBHHX
po0OJieM Tpy MPaKTUYHIN peaizallii € aproMarusa-
1ist MOOYI0BU CKIQIHUX (HOPM T€OMETPUIHUX MOJIe-
Jiel 3 HaMEHIIOK TTOXHOKOIO.

1. Orasig meToaiB cydyacHux cucrem. [1lo6 pea-
Ji3yBaTu OyJb-SIKYy TEOMETPUYIHY MOJIENb, HE0OXiTHO
BpaxyBarTH, /10 SIKOT i3 JBOX IPyIl 3a XapaKTepUCTHU-
KOKO BiflHOCUTH ii: po3Mipu 00’ekTa, ioro Qopma
(MaxporeomMeTpisi) Ta BigXuieHHs (OpM, IOPCTKICTh
(Mikporeomerpis).

[Iponec reoMeTpUYHOTO MOZEIIOBAHHS IPUHHSTO
PO3IUIATH HA TPH ETalu:

1) simulation;

2) modeling;

3) visualization.

CyudacHi iH(pOpMamiliHi CHCTEeMH BHUKOPHCTOBY-
I0Th 4 METOAY T€OMETPUYHOTO MOJICITIOBAHHS:

1) KapkacHe MOJEITIOBaHHS;

2) MOsIeTTIOBaHHS TBEPJIOTO Tija;

3) TOUKOBE MOJICTIOBAHHS;

4) MozieTIOBaHHSI CKIIAJHUX TTOBepxHeH [1].

[Ipore Bimomi Takox ime 4 KIIACHYHUX METOIB
MIOJAHHS CXEM:

5) imKeHepHe KPeCIIeHHS,

6) mogaHHs eK3eMIUIIpaMu;

7) ogaHHs PO3TOPTKOIO;

8) moaHHs y BUIIISAI TUCKPETHOT MOJIETII.

Haii6inbim 3pyuynum Ta yHiBepcaIbHUM € QYHKITi-
OHAIIFHUH TiAXia OOYI0BH 00’ €KTIB TaK sIK 3a HOTO
JOTIOMOTH MOKHA JIETKO MOOyIyBaTH MOAENb Oynb-
SIKOT CKIJIAJTHOCTI. R-(QyHKIIIT JO3BONIAIOTH 32 JOMIOMO-
rol0 MaTeMaTHYHHUX BiJHOIICHb B HESIBHOMY BUIJISAI
omnucaru OyIb-Ky MOJEIb.

V nawiii cTaTTi pO3NIAAI0THCS METOIU TeOMETPHY-
HOTO MOJISITIOBAHHS Ta TTiIXOH JI0 IIBHUJIKOT BizyaJri3a-
il FeOMETPUYHMX MOJIENICH CKIIaHUX CUCTEM.

B kapkacHiif Mozeni JexaTh MOJeNi, SKi MaloTh
(hopmy y BUTIISIII KIHIIEBOT MHOXKHHH JIiHIH, SIKi OTIH-
CYIOTh peOpa 00’ €KTiB, 3’€IHAHUX MiXK COOOIO B TOU-
kax (BepmmHax). Ha kpuBOMiHIIHIA TOBEpXHI IiHii
HaraayoTb (opMy Kapkacy.

KapkacHe mnpencraBieHHs 4acTO BUKOPHUCTOBY-
€TbCSL HE JJIs1 MOJEJIIOBAHHS, a ISl BiIOOpaskeHHS
MoJIeNiell SIK OIMH 13 BUIB Bisyaumizarii. Jlani momeni
noTpeOyroTh MEHIIe maM’sITi, HiK 1HII MO, aie
MIPUIATHI JUTsl BUPINICHHS 3a/1ad MOOYIOBU MPOCTHX
¢dopm. Tomy 10 aHa MOAENb MPEACTaBISE COOOIO
MOJICTIIOBaHHSI HHU3bKOTO PIiBHS 1 Mae psl BaxKJIu-
BUX OOMEXEHb, SIKI BHHUKAIOTh 332 HEIOCTAaTHHOIO
iH(OpMaIIi€ro PO TPpaHi, 3aKITFOYHUME MiXK JIIHISIMH,
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1 HEMOXKJIMBICTh BUIUTMTH BHYTPIITHIO i 30BHINIHIO
o0macth 300pakeHHs TBeporo 00’ emy Tina [1].

Haiibinpmr dacTuMB OOMEXEHHSMH KapKacHOT
Mozen €:

1) kapkacHa Mozmenb He Hece iH(opMmarii Tpo
MOBEPXHi, M0 0OMEXYIOTh 00’€KT, 0 00YMOBITIOE
HEMOKJIMBICTh BHSBJIICHHS HEOaKaHMX B3a€MOIIH
MIX TpaHIMHA 00’ €KTa;

2) CKIIaJHICTh TPW BU3HAYCHHI BHYTPIIHBOT
YaCTUHH MOJIEeNi 1 OTPUMaHHI OAHO3HAYHOI MPOEKITI.
He matoun BijjomMocTel Tpo 30BHINIHIO 1 BHYTPIIIHIO
TOBEPXHi, HEMOYKIIMBO PO3paxyBaTH Macy 00’ €kTa abo
CTBOPHTH CITKY JIJIS KIHIIEBO-EJIEMEHTHOTO aHaIli3y;

3) ycknajHeHe aBTOMaTU4HE BHIAJICHHS HEBHUIHU-
MUX JIiHIH 1 TOBEpXOHbD;

4)omepamniro 3 BUJANEHHS HEBWIANMUX JIiHIN
MOXHa BMKOHATH TiJIbKM BPYUYHY 13 3aCTOCYBaHHSIM
KOMaH/I pelaryBaHHS KOXXHOiI OKpemoi JiHii, aie
pesynbTar 1iei poOOTH pPiBHOCWIbHUH pyI‘/'IHyBaHHIo
BCi€i CTBOPCHOI KapKacHOI KOHCTPYKLIY, OCKLIbKH
JiHi{ HeBUAMMI B OTHOMY BUIVIAI 1 BUANMI B IHH_IOMy,

5) HEMOXKJIMBICTH ~ PO3MI3HAHHSA  KPHUBOJIHIN-
HUX TpaHel. biuHi moBepxHi muniHApUIHOI popmu
peanbHO He MaloTh pedep, Xoua Ha 300pakeHHi € esiKi
ysiBHI pedpa, ki 00MeXyoTh Taki moBepxHi. Po3ra-
UIYBAHHS LUX YSBHHX PeOEp 3MIHIOEThCS 3aIICKHO
B/l HALIPAMKY BHJIy, TOMY CHITYCTH PO3MI3HAIOThCS SIK
€JIEMEHTHU KapKacHOI MoJiei 1 He Bl,Z[06pa>Ka}OTI>CH Ha
Hux. 1106 crpobysatu ysBUTH KpI/IBOJ‘IlHlI/IHl rpai,
BIIAIOTBCA [0 Psly YMOBHOCTEH (IHTEpHpPETyrouM
TMOBEPXHIO LHMIIHAPA IIOCKUMH IPAHAMH);

6) ckIaIHOMII TPU OOYMCIICHHI (PI3UYHHUX Xapak-
TEPHUCTUK BHACIIJIOK HECTAYl JAaHUX PO TMTOBEPXHi.

Y nmanwii wac ans MiABHINEHHS e()EeKTUBHOCTI
Mpaii CTBOPIOBaHUX OO0 €KTIB 1 SKOCTI PO3pOOITEO-
BaHOI TPOMYKIi 3aMiCTh TUIOCKOTO MPOEKIIHHOTO
KPECIICHHS LIMPOKO 3aCTOCOBYIOTh TPUBUMIPHE TBEP-
JOTUIbHE MOJCIIIOBAHHS, SKE Mpalioe 3 00’ €KTaMmu,
IO CKJIQJAIOThCS 3 3aMKHYTOIO KOHTYpY ab0 MOHO-
ity (solid). BoHo 3a6e3nedye NOBHUN OTHOZHAYHUN
omc 3D reomerpudHoi Gpopmu [2].

[Ipu TBeprOTLIEHOMY CIOCO0i OCHOBHUMH 1HCTPY-
MEHTaMH € Tilia, OOMEeXeHI TOBEPXHSIMH, a TOJOBHI
orepailii — OyneBi: 00’ €THaHHS, TOTIOBHEHHS, [IEPETHH.
B upomy BunaiKy KOHCTPYKTOP HOBUHEH NIPEACTABUTH
¢dhopMmy mpocTUMH TiTaMu (KIS, UITIHAD, MipaMiaa) i
OimpIn cknmagHuMHe Tinamu. [lpu poMy TBepae Tilo —
1e 00/1aCTh TPHBUMIPHOTO TPOCTOPY, IO CKIAJAEThCS
3 OJHOPIAHOTO Marepiamy i OOMEKeHa 3aMKHYTOK
nosepxHero. Bona moxe Oyru copmoBana 3 oxHiei
abo0 NIeKiTBKOX TpaHew, 1o CTHKYIOTbCA (puc.1). Ane
JIaHUi{ METO/l Ma€ CBOI IepeBart i HeOMIKH.

TpuBHMipHa TBEpIOTIIbHA MOJEINb CKIAAAETHCS 3
OKpeMHUX 00’ €MHUX €IIEMEHTIB, SIKi yTBOPIOIOTh B Hill
rpaHi, pedpa i BepmmHU. [Iporiec modynoBu TBEpIO-
TUIBHOT MOIENI CKIATAETHCA 3 MOCIIIOBHOTO HOa-
BaHHS 1 (a00) BUIAJICHHS MaTepiay JeTai.
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3a J0MMOMOTOI0 TPUBUMIPHOT MOsiesi Moxke OyTH
OTpHUMaHa He TiNbKW iH(OpMAIlis PO KOOPAUHATH
OyIb-SKO1 TOUKH Ha TIOBEPXHI, aJie 1 iHII XapaKTepu-
CTUKH: nudepeHiiaabii (HopMali, KpUBU3HH 1 T. 11.)
a6o iHTerpaipHi (00’ €M, IIIONIA TOBEPXHi, MOMEHTH
inepmii). Ha i ocHOBiI 3aBXam MOXHa OTpPUMATH
IJIOCKI MOJIENI: TIONIMHH 1 PO3PIi3H.

Puc. 1. 'eomerpuuna Mozesb Kyda
IPU TBEPAOTIIILHOMY MOJEJII0BAHHI

Taxum 4MHOM, TTiJ] 9ac peaiizallii BCiX BUAIB TpH-
BHMipHOTO TIpoekTyBaHHS B cydacHux CAIIP mae
MiCIle BUKOPHCTaHHS HapaMeTPUYHOIO MigXOAy Ha
OCHOBI icTopii MoOyIOBU Ta HAsBHICTH JIUIIE OOMe-
KEHUX MOXKIIMBOCTEH BapiallifHOTO NPOEKTYBAHHS.

TeepmorinmeHe 3D-mozjenmtoBaHHS Ha  OCHOBI
iepapXigyHOTO JepeBa TMOOYIOBH JO3BOJSIE 3HAYHO
MOJIETIIMTH Ta HOpuUckoputu ctBopeHHs CAD-mo-
neni. TpuBuMipHE MOJETIOBaHHS HAaOyIIO MIMPOKOTO
MIOIINPEHHS B HAYKOMICTKHX TalTy3sX (aBTOMOOLIb-
HOI, aBiamiifHO1, KOCMIYHOi, CyTHOOYMIBHOI Ta iH.),
BOHO TIiABHIy€ e(heKTUBHICTh MPOEKTyBaHHSA. [IpoTe
HEZOJIK TBEPAOTUILHOIO MOJENIOBAHHS B TOMY, IO
BXiZIHI B MOZIETTb IPUMITHBH AYX€ MPOCTi — CKJIa/IHI
oBepxHi a00 CTBOPUTH IU3aiH 3 10ro BUKOPUCTAH-
HSIM BaXKO.

TBeproTiibHA MOJIENIb Ma€ TaKy i€papXiro 3BepXy
BHH3: TiIO — TpaHi — pebpa — BepmMHH. [CHYIOTH
METOIH, SIKi BUKOPHUCTOBYIOTbCS B NPHUKJIATHUX
cucTeMax, iX MOAUIATH Ha TaKi KIacH:

1) meTon rpanuaHoOTO TipencTasneHHs (B-Rep);

2) wmeron (YHKIIOHATBHOTO IIPE/ICTABICHHS
(F-Rep).

Meton TpPaHWYHOTO MPEACTABICHHS TIeoMeTpil
B-Rep (Boundary representation) 103BoJisie CTBOpIO-
BaTH TOYHE, a HE HAOJIKEHE YSBJICHHS TeOMeTpHY-
HOTO TBEpAOTro Tina. Bci moBepxHi i BEpIIMHU TPU-
cytHi B B-Rep moxeni sisHo [3]. Ilpore HeoOXigHO
Olmpine mam’sTi, ane He MOTPiOHO Maibke HiSKHUX
0OYHMCIICHD JJIs CTBOPEHHS 300pakeHHs. Llelt Mmeton
BUMarae, o0 KOpUCTyBad 3a/1aB KOHTYpH abo TpaHi
00’€eKTa, a TAaKOXK €CKi3M Pi3HUX BUJIB 00 €KTa, BKa-
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3aBIIM JiHII 3B 53Ky MK HHMH, 0O MOXKHa Oyi0
BCTAHOBHUTH OJTHO3HAYHY BiAMOBIAHICTE. Po3ristHeMO
npukiag moOymoBH Kyba B TIporpami reoMeTpud-
Horo mozemoBanHs Gmsh. Jlist Toro, mo0 cTBopuTH
Oyzb-SIKy TEOMETPHUYHY MOJIEIb, HEOOX1THO CIIOYATKY
3aJaT¥ KOOPAWHATH TOUOK [IPOCTOPY, JIiHIH, 3aMKHYTI
KOHTYpU JIiHIM, TOBEpPXHIO, 3aMKHYTi KOHTYpH
MOBEpxHi, 00°eM Ta (i3UYHY CYTHICTb.

Jus moOymoBu JBOBUMIpHOI a00 TPUBHUMIpPHOT
CITKH BUKOPUCTOBYIOTH aJTOPUTMHU, K1 3a1aI0ThCS B
geo daiini (puc.2). 2D: Mesh.Algorithm = 1 (Anar-
TUBHUH — 3a 3aMOBUYBaHHAM), 5 ([lenone), 6 (Ppon-
tanpHui) 3D: Mesh.Algorithm3D = 1 ([lenone — 3a
3aMOBYYBaHH:M), 4 (DpoHTAIBLHMAIA).

Takok MOKIMBA ONTHMI3AIls CITKHA JUIA ITiBH-
ILIEHHS SIKOCTI €JIEMEHTIB!

Mesh.Optimize = 1 (3a 3amoB4uyBaHHSM - )

Mesh.OptimizeNetgen = 1 (3a 3aMoBayBaHHsM - 0).

Puc. 2. IloGynoBa TpuBHMipHOI MoaeJIi Ta CiTKN
B nporpami Gmsh

2. Onuc Moaesti 3a 10MOMOroK (PyHKIiOHAIL-
HOT0 MonedoBaHHA. DOyHKI[IOHATBLHE TIPEICTaB-
nennsi (F-rep) mpexacraBnsie reoMeTpuyHHN 00’ €KT
AK €JJMHE I[iJIe 3a JONOMOTOI0 OfHI€T AilCHOI Here-
pepBHOT (YHKIIT JEKUIBKOX 3MIHHUX Y BHIVISI
F(x)>0. TpaauuiiiHe BUKOPUCTAHHS HESBHHUX
¢GyHKLIM B KOoMII'IOTepHiH rpadili OXOIUIIoE: CKeJe-
ToH (skeletons), 0 reHepYIOTh CKAJISAPHI MO 200
Tak 3BaHl «kpamiuHHi 00’exktu» (blobby objects);
NPUMITHBH KOHCTPYKTHBHOI reOMeTpii TBEpAMX Til
(CSQ); anreOpaiuHi BiJICIKM TOBEPXOHb B TpaHHY-
HOMY MojiaHHi[4].
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F-rep € cmpoboro cTBOpuTH OUNBII 3aralbHY
CXEMy MOJECJIOBAHHS 3 BUKOPUCTAHHSAM IiHCHUX
¢dbyukii. F-rep 00’ eqnye 6araTo pi3HHX 3a CBOEIO
MIPUPONOI0 MOJENIEeH, 30KpeMa KJIACHYHI HESIBHO
3aJlaHl TPUMITHUBH, 00’ €KTH Ha 0a3i CKEIETOH, TE€O-
pEeTHUKO-MHOKWHHI TBEPJIi TiJia, BOKCEIbHI 00’ €KTH,
napameTpuuHi 1 mpoueaypHi moxeni. Koxxna ome-
palis moBMHHA OyTH 3aMKHYTa Ha IPEJCTaBICHHI,
TeHEpyIOUrM B SIKOCTI pe3yabprary OesmnepepBHY
nificHy QyHKIio [5].

PosrnsineMo reoMeTpuyHi 00’ €KTH SIK 3aMKHYTI
M IMHOKWHU €BKJIiJOBOTO MPOCTOpY E, , IKa BU3HA-
YyeHa 1 onucyeTbes QyHkuiero F(x)>0, ne F —
OesnepepBHa AilicHa QyHKIisA, 1 X = (X, X,,...,X,) —
3a/1a€ThCA KOOPAUHATHUMU 3MiHHUMU B E, . Takox
F(x)>0 3agae TOUKH BcepeauHi 00’ exra, F(x)=0
— TOYKHM Ha KOPJIOH1 1 F (x)<0 — TOYKH, L0 JIeKATh
30BHI 1 HEe HaJIeKaTh 00’ €xTy. PYHKIIT MOXKYTB Oy TH
BHU3HaueHi (popMmynaMu abo 3a JOMOMOTOK O0YHC-
JMIOBAIILHUX Tpoueayp. TakuM YMHOM, TIEBHI Teo-
METpUYHI 00’€KTH HE MPEACTABISIIOTH PETyIspH-
30BaHi KOHCTPYKTHBHI TBepi Tila. BoHM MOXYTb
MaTH TpaHMIl 3 JiIISHKAMU, SIKi HE CYMIKHUMH 3
BHYTPIIIHBOIO YACTHHOIO 00’ €KTa. 3aranbHe BU3HA-
YeHHS 00’ €KTa 33/1a€ThCsl B 0araTOBUMipHOMY TIPO-
CTOpIi, 110 JJ03BOJISI€ BUOMPATH MPOCTIp MOTPiOHOT
PO3MIpPHOCTI B KOXKHOMY KOHKPETHOMY BHIIaJIKY.

[lin 4ac mpOeKTyBaHHS KOHKPETHOI CHUCTEMH
MOJIEJIIOBaHHS MOXe OyTH BHU3HAaYeHa JAesiKa KiH-
IieBa MHOKMHA 00’ EKTIB-TIPUMITHBIB.

IIpoTre KoHIeNTyadhbHO II€¢ HE O0O0OB’SI3KOBO,
aJpKe 1€ I03BOJISIE MaTH TOPOXKHIO MHOXKHHY 00’ €K-
TiB B NPHUIYIIEHHI, 10 KOPUCTYBad BU3HAYUTH iX
caM a00 B CHMBOJIbHOMY BHUIVIS/II 32 JIOITOMOTOIO
dbopmyn abo 3a JOMOMOIOK OOYHMCIIFOBaJIbHUX
npoteayp. Januii miaxiz mo3Boiise yHidikyBaTu
Iy’Ke Pi3Hi BHIW MOJENeH TBepAuX TiJl 32 YMOBH,
IO BIAETHCS 3HAUTH (YHKLIOHANBbHI YSBICHHS
JUIsl HUX a00 KOHBEpPTYBAaTH BKE HAasBHI 00’ €KTH B
baxxany ¢opmy. TakuM YHHOM, MOXKJINBO CHIJIBHO
BUKOPHCTOBYBATH B OJHIN MO NPUMITUBU KOH-
CTPYKTHUBHOI TeoMeTpii, HEeIBHO 3aJaHi 00 €KTH
BiTbHOT (hopMH, TBEPI Tijla i BOKCEIbHI 00’ €KTH.

TeopeTnko-MHOXHHHI onepanii BU3HAYalOThCS
B AHAJNITUYHOMY BHUDISIAI 32  JOIOMOIOIO
po3poosnenoi B.JI. PBaueBum Teopii R-dyHKITiH
[2]. Ilpm wmpomMy  pe3ynbpTyIOUuid  00’€KT
BKJIFOYA€ TPaHWYHI TOYKH, M0 BiAMOBiJaE
omepalisiM TPU3HAYHOI JIOTiKH Hall MPEeTUKaTOM
MPUHANEKHOCTI TOYKU. ICHY€ KilbKa CcHCTEM
R-pyHK1ii, KoXHA 3 SKHX Ma€ BIIACTHBICTb
3aMKHYTOCTi. Haii0ib11 4acTO BUKOPUCTOBYETHCS
cucremMa f, 1 f,— OGyHKII{, 10 BHU3HAYAIOTh
BHUXIiJHI reoMeTpuuHi 00’ ekTH (puc. 3):
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Hetgen 6.2-dev

Puc. 3. IloGynoBaHuii reoMeTpUYHUIi 00’ €EKT
32 JIONIOMOI 010 TEOPETHKO-MHOKUHHUX OTlepairii
B nporpami Netgen

1) 06’ eaHaHHS:

1
= b+ fo =20 f 1)
2) mepeTuH:

! .
f&f=r o (h+f-Nhat fa=2a - f);

3) JorivuHe JONOBHEHHS:

~f=-f;

4) BiTHIMAHHS:

K 1= 1&(=1)-
Tyr, a=a(f,f,)— nedxka HenepepBHa (yHKIIA,
Taka L1o:

-l<a(fi.f,)<1,
a(ﬁsfz):a(-ﬁ’ﬁ):a(_ﬁ’f;):a(ﬁ’_ﬁ)‘

5) nexaproBuii 10OYTOK (J1aHa omepariist 301IbIIye
PO3MIpPHICTB) 3a AONOMOTOF0 R-(pyHKIIiH BUpakaeThCs:

f3(x,y,z) = fi (x,y)&fz(z),
ne  fi(x,y)onucye  TBEpIOTLIbHE
£(z)=(z2-2)&(z, - z) ommcye Binpi3ok.
OnHUM 13 aNbTEpPHATUBHUX CIIOCOOIB OMHKCY I'eo-
METPUYHUX MOJICNICH CKJIaJIHUMHU O0JIACTSIMH € BUKO-
puctanHs cepenuHHOi moBepxHi (medial surfaces)
[3]. [21,2,] B3mOBx oci Z. CepeMHHOIO NTOBEPXHEIO
00’€KTa HA3UBAETHCS TEOMETPUYHE MICIIE TOYOK, 1[0
€ IICHTPaMH BCIX BIIMCAHUX yCepeanHy 00’ exTa cdep
MaKCUMaJIbHOTO paiiycy. Taka cdepa mae cToCyBa-
THUCS, SIK MIHIMYM, JIBOX TOUYOK MEXi 001acTi, 1HaKIIIe
Ma€ iICHyBarH iHIla BrucaHa chepa (puc. 4):

o=R- [(m - r) - cos [r -arctan Gj] +z- sin[r . arctar: (%))]Z +
+ ((m - r) -sin (r -arctan (%D +2Z-Cos [r -arctan (%n]

Are X04 JaHWH MeTox € OUTBII YHIBEpCaIbHUM
MOPIBHSHO 3 1HIIMMU, BiH Ma€ MOXHUOKY CTBOPEHHS
(opmu 00’eKTa 3aJ]eKHO Bif 3amaHoi QyHKIT. Tomy
CBOTOIHI TIOCTa€ 3aBJIaHHS TMOKPAIIUTH POOOTY
JTAHOTO TEOMETPUIHOTO MOJIEITIOBAaHHS, 00 MOoXHOKa

TLJI0 i
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Puc. 4. luckperHa Moe b reoMeTpUIHOI (hopMH

Oyna HaiiMeHmo. HeoOXximHICTh po3poOUTH YHI-
BepCAJIbHUH IHCTPYMEHT IMOOYAOBH TCOMETPUYHHMX
MojieNield 3 HalMEHIIOI0 TOXHMOKOI0 Ta 3arparaMu
4acy MOKa3y€e aKTyajabHICTh ITPOOIEMH.

Omxe, Ha MIiJACTaBl BUKOHAHOIO aHAi3y MOYKHA
3pOOUTH BUCHOBOK IPO T€, IO 3aCTOCYBaHHS BiJ0-
MHX TIAXOMIB TEOMETPUYHOTO MOJETIOBAHHSI HE

3aBKIM JI03BOJISIE €(PEKTUBHO U 3PYYHO OIUCYBATH
TOTIOJIOTiF0 TEOMETPUIHUX o0MacTeil ckiaaaux Gopm
came B TpUBAMIpHOMY MojiefoBanHI. OTHNM i3 Tiep-
CMIEKTUBHUX BapiaHTiB € BUKOpUCTaHHS R-QyHKIIH,
aJie oro 3aCTOCYBaHHS Ha MPAKTUIl BUKIIMKAE TIEBHI
CKJIQJIHOCTI camMe B HESABHO 3aJaHiil (yHKIIi, 110
noTpelye BEUKOT 3aTpaTH 4acy.

3acTocyBaHHS MaTeMaTHYHOTO arapary R-¢QyHk-
[iif /I03BOJISIE CYTTEBO CHPOCTHTH IIPOLEC OIUCY
TONOJIOTIYHUX MOJeJeld TEeOMETPUYHUX oOiacTen
MPAKTHUYHO OyIb-KO1 CKIIQHOCTI.

[Ipu oMy Takwmii 1mi X111 T030aBIEeHUH OLTBIIOCTI
HEJI0JTIKIB BUIICONMCAHUX CTAaHJAPTHUX METO/IIB I'e0-
METPUYHOTO MozemoBaHHs Kpim Toro, 3a paxyHOK
CIIPOILIEHHS TOIIYKY OIOPHHX BY3JiB Ha MOBEPXHIi
BUXIIHOTO 00’€KTa CTa€ TPOCTIIIOK TpoIeaypa
aBTOMATHYHOI reHeparlii KiHI[eBO-EJIEMEHTHOTO PO3-
OUTTS BUXiTHOT KOHCTpYKIii. ToMy HEOOXiAHO pO3po-
OUTH aNrOpUTM, KUK Oyze MPHUIIBUIIITYBATH POOOTY
T€OMETPHYHOTO MOJISITIOBAHHS 33 JOTIOMOTOI0 (hyHK-
[[IOHAITLHOTO TI1IXOTY.
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This paper discusses blockchain technology and its associated tools, considers the
application of this technology, presents a Web application for voting in elections
as an example of the application and discusses advantages and disadvantages of
blockchain technology in general and in regard to voting in particular. Blockchain
technology was developed for first cryptocurrency known as Bitcoin as its
transaction mechanism. It is decentralized in nature and nowadays found its place
in many areas including financial and insurance markets. The technology allows
to validate user entries, safeguard them preventing the possibility of a change,
preserve them for historic purposes and secure against unauthorized access due
to its decentralized nature. Users have full access to their records at all times.
Information is reliable and up-to-date. When a transaction record is created,
all necessary information about the transaction is created and placed in there
and public key — private key mechanism is employed. The transaction record is
then broadcast to every party in the network, verified and recorded in the public
ledger. Blockchain technology can be utilized in voting. Conventional voting
systems are usually centralized. That poses security and efficiency limitations.
Electoral fraud is another issue in elections and results in lower voter turnout that
in turn makes it easier to commit fraud. Fairness is a big aspect in elections in
many countries. The characteristics of blockchain technology mentioned above
nicely fit for this purpose. We developed a voting Web application as a proof of
concept. Instead of money as in the case with cryptocurrency we use a single vote
as a digital asset transaction. Validation, safeguarding and preservation of entries
are all needed in voting and will be guaranteed by the blockchain technology.
Our application is designed as a decentralized Web voting system, which
provides a public and transparent voting process while protecting the anonymity
of voter’s identity, the privacy of data transmission and verifiability of ballots.
We also consider current limitations of the technology related to voting. Some
major disadvantages of using a blockchain technology are access to a computing
device and required technological maturity. These problems might exclude some
population from voting. A natural solution is to use a mixed approach wherein
paper ballots are provided as a backup on a few polling stations. Nevertheless,
blockchain technology is appropriate for using as an election mechanism, which
was showcased as a proof of concept in this paper.
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Y poboti oOroBoproeTbess TexHonoriss blockchain Ta moB’s3aHi 3 1i€ro
TEXHOJIOTIEI0 1HCTPYMEHTH, PO3ITISIA€ThCS 3aCTOCYBAaHHS Iii€l TEXHOJOTII,
IPE/ICTABICHO BEO-T0AATOK Ul TOJIOCYBaHHS Ha BHOOpax sIK IPHUKIAN
3aCTOCYBaHHS TEXHOJIOT1i Ta 00rOBOPIOIOTHCS IIEPEBATH TA HEIOTIKH TEXHOJOT'1{
blockchain3aramomTacrocoBHO ro0cyBaHHsA 30KpeMa. Texnomoris blockchain
Oyna po3poOieHa s IepIIoi KpUIToBaIIOTH, BiToMoi gk Bitcoin, sk MexaHi3zm
Tpan3akiiil. Llg TexHomoris Mae AEIEHTpaNi30BaHUIl XapakTep 1 ChOTOJHI
3HaMIIAa CBOE 3aCTOCYBaHHS y Oararbox cgepax, BKIIOUAOYM (piHAHCOBUIM
Ta cTpaxoBuil punku. Texnomoris blockchain no3Bomnse mepeBipsATH 3anucu
KOPHUCTYBaYiB, 3aXMINATH iX, 3aM00iratodl MOXKIUBOCTI 3MiHH, 30epiratu ix
JUIS ICTOPUYHUX PEKOPAIB Ta 3aXMINATH Ii 3alUCH BiJ HECAHKI[IOHOBAHOTO
JOCTymy uepe3 ii geneHTpanizoBany npupoay. KopucryBaui 3axau MaroTh
MOBHUK JOCTYI A0 CBOiX 3amMciB TpaH3akmii. [Hpopmaris gocToBipHa Ta
akTyanbHa. KOu CTBOPIOETHCS 3aMuC TPaH3aKIii, Bcd HEOOXiqHA iHpOpMaIllis
PO TPAH3AKLII0 PO3MIIIYEThCS B PEKOPAl, A TAKOXK BUKOPUCTOBYETHCS
MeXaHi3M MyOJIiYHOro KItoua — MpUBAaTHOTO Kitoda. [1oTiM 3ammc TpaH3akiii
HepeIaeThCsl KOXKHIM CTOPOHI B Mepexi, MEpeBipSETbCSA Ta 3aMHUCYETHCS B
nyOniyHy kHUTy 3amuciB. TexHosorito blockchain MoxHa BHKOpUCTOBYBaTH
npu rosocyBaHHi. CHCTEMH TOIOCYBAaHHS 3a3BHYall € IICHTPATi30BaHUMH.
e obmexye Oesneky Ta edextuBHicTh. LllaxpaiicTBo Ha BuOOpax — 1e mie
oJiHa mpobiemMa Ha BUOOpPAax, M0 MPU3BOANUTH J0 3HWKECHHS SIBKA BUOOPIIIB,
10, B CBOIO YEpry, MONETIIye BYMHEHHs ImaxpaiictBa. Ilposopicte — 1€
BOXJIMBA 1 OakaHa XapaKTepUCTHKa BHOOpIB y OaraThox KpaiHax. 3rajaHi
BUIIIE XapaKTepUCTHKU TexHosorii blockchain moOpe migxomsTe Iuist mi€i
MeTd. Mu po3pobuim BeO-10JaTOK JJIST TOJIOCYBAHHS SIK JJOKA3 KOHIICTIIi.
3aMicCTb TpoIeii, SIK y BUNAJIKy 3 KPUITOBATIIOTOI0, MU BUKOPHCTOBYEMO OJTUH
TOJIOC SIK TPAH3aKIiIo0 U(PPOBOTO akTUBY. [lepeBipka Ta 30epe)KCHHS 3aMHUCIB,
HEeoOXi/JHI MiJ] 9ac ToJI0CyBaHHA, rapaHToBaHi TexHonoriero blockchain. Ham
JIOZIATOK PO3POOJICHUH SK JICIIEHTPalli30BaHa cUcTeMa BeO-rOJI0CyBaHHS, sKa
3a0esredye MyONiYHUAN Ta MPO30PHUE MPOLIEC TOIOCYBAHHS, 3aXUIIAKYH MTPH
I[bOMY AHOHIMHICTH 0cO0M BHOOpPISI, KOH(DIACHIINHICTE Nepenadi JaHMX
Ta MOXJIMBICTh IEPEBIpKH OroJeTeHiB. MM TakoXX BpaxOBYEMO ITOTOYHI
00OMe)KeHHS TEXHOJIOTI1, TTOB’s3aHi 3 TOJIOCYBaHHSM. J[esKi OCHOBHI HEIONIIKH
BUKOpPHUCTaHHS TexHoyorii blockchain — me goctynm g0 00YHCIIOBAIBHOTO
INPUCTPOI0 Ta HEOOXigHAa TexXHOJoriuHa 3pimicTh. Lli mpobmemu MOXyTbh
BUKJTIOYNTH YaCTHHY HACEJCHHS BiJ rosocyBaHHs. [IpupomHuM pirmeHHsIM €
BUKOPUCTAHHS 3MIIIaHOTO MiAXOMY, 32 SIKOTO IanepoBi OIONETeHI HaTAIOThCS
SK pe3epBHI Ha KUTbKOX BHOOPYMX AUTBHUIIX. THM HE MEHI, TeXHOJOTis
blockchain € mouiapHOI0 y BUKOPHCTaHHI SK MeXaHi3M BHOOpiB, mo Oyio
MIPOJIEMOHCTPOBAHO SIK JI0KA3 KOHIIEMIIT B il poOOTi.

1. Introduction

Blockchain technology is also used in insurance,

Blockchain is a decentralized transaction and data  notary public and even music industry [1-2]. In
management technology that today is revolutionizing  this paper we discuss the strong sides of blockchain
many areas [1-3]. It was first developed for Bitcoin  technology, apply it to voting and present a voting
cryptocurrency transactions in 2008 and hence web application based on the technology, and finally
cemented its place in the financial sector [1]. consider the current limitations of the technology
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in general and those limitations that are specific to
voting in particular.

A review of blockchain-based voting systems has
been performed in recent years [4—10]. For example,
a classification of blockchain voting systems was
performed based on the types of blockchain used,
the consensus approaches used, and the scale of
participants. In our approach, we surveyed existing
blockchain technologies and its tools, selected the
minimum set of such instruments, and applied them
to the problem of voting.

2. Blockchain technology

We will briefly describe the blockchain technology
using a financial example presented in Fig. 1. At the
same time, we note that this technology is applicable
to any digital asset transaction. In the scenario shown
in Fig. 1 Alice wants to transfer some money to Bob.
Alice initiates the transfer. A transaction record known
as a “Block” with all necessary information about the
transaction is created using public key — private key
mechanism. The transaction record is then broadcast
to every party in the network, verified and recorded
in the public ledger. The verification step ensures that
the sender owns the money and that the sender has
sufficient amount in his account. The transaction is
finalized and the money is transferred.

Next, we list advantages of blockchain technology:

— Validation of entries.

— Safeguarding of entries (transactions cannot be
changed).

g . H _

1. Alice wants to
send money to
Bob

2.The transaction
is represented as
a “Block”

5

4, Parts of network
approve the
transaction as valid

5. The Block is added
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— Preservation of historic records (transactions
cannot be deleted, users have access to the history of
transactions).

— Decentralized nature (not connected to a
centralized database).

— Users have full access to and control over their
data.

— Reliable and up-to-date data.

— It can withstand and repel unauthorized access
due to its decentralized nature.

— Difficult to hack due to its decentralized nature.

— No central authority is needed to verify
transactions.

These advantages make the blockchain technology
applicable to and desirable for many areas. We
consider next the problem of fair voting and the
application of this technology to the area of voting.

3. Application of blockchain technology to
voting

3.1. The problem of voting

People often express their opinion or choice through
voting. For example, in many countries presidents
are elected by the country’s citizens through voting.
Presidents of academic universities or academic
department chairs are also often selected according
to the results of voting by appropriate constituents.
Conventional voting systems are usually centralized.
That poses security and efficiency limitations.
Electoral fraud is another issue in elections and results
in lower voter turnout that in turn makes it easier to

broadcast to
every part of the
network

6. The money moves
from Alice to Bob

to the chain that
provides record of
transaction

Fig. 1. Blockchain technology
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commit fraud. Fairness is a big aspect in elections
in many countries. Hence, there has been a trend of
moving to decentralized voting systems. Blockchain
technology seem to fit nicely here as a solution.

3.2. Application of blockchain technology — a
voting Web application

Our earlier example about a financial transaction
can be modified to be used for voting. Instead of money
we can use a single vote as a digital asset transaction.
Validation, safeguarding and preservation of entries
are all needed in voting and will be guaranteed by the
blockchain technology.

We aimed at designing a decentralized Web voting
system, which provides a public and transparent
voting process while protecting the anonymity of
voter’s identity, the privacy of data transmission and
verifiability of ballots.

The proposed solution is divided into a Front End
layer and a Back End layer. The Front End layer is used
by voters during the election phase to log in and cast their
votes on a mobile device or a computer. The Back End
layer is connected to Ganache, a personal blockchain for
Ethereum development, and to the Truffle framework, a
Smart Contracts testing network that uses the Ethereum
Virtual Machine (EVM). Smart Contracts are used
together with blockchain technology to trigger actions
when some preprogrammed conditions are triggered
and are automatically enforced by computer protocols.
To code the trigger events, we use Solidity, an object-
oriented programming language for writing Smart
Contracts. Solidity was designed to work with blockchain
platforms like Ganache or Ethereum. As a gateway to our
blockchain application, we use MetaMask tool. As the
development environment, we use Visual Studio along
with Node.js as a JavaScript runtime.

The front end was developed for a fictitious
national election in Nigeria with two candidates.

Since it is a proof of concept, we decided to show
the tally of votes in the application itself for ease of
testing.

During the election, those who are legible to vote
log on to the website to register with their designated
cryptographic addresses (see Fig. 2).

Then, through utilizing MetaMask, the application
performs a verification process of those who are
participating in the voting to verify that they’re indeed
eligible to vote (see Fig. 3).

Next, users participate in the electoral process
by choosing a candidate (see Fig. 4). This process is
guided by Smart Contracts tool.

The result of the voting is recorded and locked
until voting is concluded. After the election is
over, the number of votes is counted and presented
(see Fig. 5).

4. Discussion

The proposed Web application for elections is
based on blockchain technology and Smart Contracts
and provides an easily accessible voting system while
also verifying the voters eligibility to cast their votes
and securely protecting the casted votes. The use of
underlying technology can offer multiple benefits in
the electoral sphere, some of which are:

— The casted votes would be safely and securely
stored in the blockchain ledger. This eliminates any
form of manipulation or tampering, for example,
the deletion of legitimate votes or the addition of
illegitimate votes.

— The casting of votes and tallying of the votes
would be a lot quicker while also providing better
transparency and accuracy.

— Not many polling stations need to be set up
since the voters can vote on their computers or mobile
devices. This helps to reduce the cost associated with
setting up and running polling stations.

Independent National Electoral
Commission

Fig. 2. Voting web application screen
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Fig. 4. Voting choice

Independent National Electoral
Commission
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Fig. 5. The results of voting
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— Voters are not required to leave their homes
or place of work to cast their votes. This eliminates
the need for declaring a public holiday on the day of
elections.

— More younger people might participate
in elections as the result of utilizing technology
accessible through smart phones and computers.

There are certainly some major disadvantages of
such an approach, among which are:

— Access to a computing device is required.

— Technological maturity is necessary.

These problems might and will exclude some
population from voting. A natural solution is to use
a mixed approach wherein paper ballots are provided
as a backup on a few polling stations.

All in all, blockchain technology is appropriate
for using as an election mechanism, which was
showcased as a proof of concept in this paper.
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BUMOT'H IO O®OPMJIEHHS CTATEM Y )KYPHAJIL
«COMPUTER SCIENCE AND APPLIED MATHEMATICS»

Bumorn 10 opopmiieHHs1 cTaTei:

Jo npyKy npuiMaroThCs CTaTTi, 110 MAOTh HAYKOBY 1 IPAaKTHYHY LIHHICTh. ABTOpP Ma€ NpaBo NPEICTaBUTH
TIIBKH OZIHY HAyKOBY CTaTTIO B OIMH HOMED, SIKa paHille He myOiiKyBantacs. ABTOp Hece BiJIOBiAaIbHICTh 3a
OPHTiHAJIBHICTH TEKCTY CTATTi, TOUHICTh HaBEJCHUX (DAKTIB, LMTAT, CTATHCTUYHHX JaHHUX, BIACHUX HAa3B, [€O-
rpadiuHuX Ha3B Ta iHIIUX BiZIOMOCTEH, a TAKOX 3a Te, 1110 B Marepiajax He MICTATHCS JaHi, U0 He MiJJIAraloTh
BiIKpuTiH myOumikarii. Pemakitis He Hece BIAMOBIAAILHOCTI 32 BUKJIAJIEHY B cTarTi iHpopmarlito. OcraTtoune
pileHHs o MyOITiKaLiIo yXBATIOETHCS PEJAKII€I0, IKa TAKOXK 3aJIUILIAE 32 COOOI0 TPaBO Ha JIOJATKOBE PELCH-
3yBaHHS, peJjaryBaHHsl 1 BIAXWICHHs CTaTei.

Texniuni BUMorn:

— JI0 IPYKYy MPUAMAIOTBCS CTATTI YKPATHCHKOIO, POCIHCHKOIO Ta aHITIIHCHKOIO MOBAMU;

— eJIGKTPOHHMHU BapiaHT cTarTi y popmari *.doc, *.docx abo *.rtf, miAroToBieHid y TEKCTOBOMY peIaKTopi
Microsoft Word;

— gopmar A4 uepes 1,5 inTepBai;

— wpudt Times New Roman, posmip 14;

— moJst: JiBe — 3 ¢M, mpase — 1,5 cM, BEpXHE, HIKHE — 2 CM.

CTpykTypa crarTi:

psanok 1 — V/IK (BupiBHIOBaHHS 110 JIIBOMY Kparo);

PSAI0K 2 — Ha3Ba TEMAaTHYHOTO PO3/ily (BUPIBHIOBaHHS IO JIIBOMY Kparo);

psifnok 3 — Ha3Ba cTarTi (BUPIBHIOBAHHS M0 HEHTPY, HAMIBXUPHUN IWPUET, BETHKI JITEPH);

PAI0K 4 — NPi3BHIIE Ta iHILIAJIM aBTOPaA CTATTl; HAYKOBUH CTYIiHb, BUCHE 3BaHHS, TI0CAAA 13 3a3HAYCHHSIM
kagenpu (BUPIBHIOBaHHS 110 LIEHTPY);

Ps0K 5 — micue poOoTH (HaBUaHHS), axpeca poOOTH (HaBUaHHS), orcid-Kol, eleKTpOHHA aJpeca aBTopa
(BUpIBHIOBAaHHS 110 LICHTDPY).

Sxmo aBTOp He Mae orcid-Koxy, ioro MoXHa OTpUMarH 3a nocuiaanusaM https://orcid.org/

ad3an 1 — posmmpena aHorauis (1800 3nakiB O6e3 mpoOiIiB) Ta KIIOYOBI cI0Ba (MiHIMYM 5 CIliB), HanMcaHi
MOBOIO, fIK 1 yCsl CTaTTS;

ad3an 2 — Ha3Ba cTarTi (HAMiBXUPHUIA WPUQT, yCi JITEpH BEIUKI), MPi3BUILLIE, iHIL[IaIM aBTOpa, HAYKOBUH
CTYMiHb, BUCHE 3BaHHsI, MOCaja i3 3a3Ha4eHHsIM Kadenpu, Micue poboTH (HaBuaHHA), agpeca poOOTH (HaB-
YaHHs), orcid-Kof, eleKTpoHHa ajipeca aBTopa, po3mupena aHotauis (1800 3HakiB 6e3 mpoOisiB) Ta KIIIOYOBI
cioBa (MiHIMYM 5 ciiB), HanucaHi aHIificbKOI0 MOBOIO. Ilepexiian aHMMHCHKOI0O MOBOIO NOBUHEH OyTH
JIOCTOBIPHUM (HE MAIIUHHUM).

VY BHUIIAIKY, SKIIO CTATTS HE YKPAiHCHKOIO MOBOIO, 000B’ I3KOBO MOJAIOTHCS HA3Ba CTATTI (HAIBKUPHUH IIPUPT,
yci JIITepH BEJHKI), IPi3BUILE, HILIAIM aBTOpa, HAYKOBHI CTYITiHb, BACHE 3BAHHS, 10CA/1A 13 3a3HaYCHHIM KaeapH,
Micue poboTH (HaB4aHH ), apeca poOoTH (HaBYaHHs), orcid-Koz, eleKTpOHHA a/ipeca aBTopa, PO3IIMPEHa aHOTaLlis
(1800 3naKiB O3 MpoOLTIB) Ta KIFOYOBI CJI0Ba (MiHIMYM 5 CITiB), HAMCaH1 YKPaiHCHKOIO MOBOIO.

OcHoBHHI TeKCT cTarTi MoBUHEH BignoBigath cTpyktypi IMRAD (Introduction, Methods, Results, and
Discussion) + Literature Review:

Beryn — kopotkuii Beryi (1-2 cTOpiHKM), SKMA TIOBUHEH JaTH BiAMOBiAI Ha 3allMTaHHS «4OMY MPOBEICHO
JOCIIIPKEHHS?», «sKi 00’€KT, ME€Ta i OCHOBHI TillOTE3W JOCIHiPKEHH:?»; O JIiTepaTypu - pO3aii, 110
MICTHTB aHaJi3 OCTaHHIX MyONiKaLii 3a TEMOIO NOCIiKEeHHS (MepeBakHa OUIbIIICTD MyOMiKalii MoBHHHA
OyTH 3a OCTaHHi 5 poKiB, camonuTyBaHHs He Oinbiie 30% Bil KITBKOCTI TiTEpaTypHHUX IKEpe), 3 OIS LY JliTe-
parypu uuTadi MOBHHHI MaTH 3MOTY OLIIHUTH CTaH MpoOJIeMH y CBITi, aHaIIi3 JITepaTypHUX HKEPE MOBHHEH
MaTu KpUTHYHHUH XapakTep;

Mertoau — po3fin, KM MoOXe BKJIIOYaTH 2-3 piBHO3HAYHMX 3a 00CATOM maparpadu, o BHCBITIIOIOTH
OCHOBHI METO/IH, MiIXOH, AITOPUTMH JOCIHIPKEHHS;
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Pesynprati — po3min, sSKWiA MICTUTH aHalli3 OCHOBHHX pE3YJbTaTiB AOCHiKeHHs (rpadiku, Tabmuri 3
YUCENFHUMH JTAHNMH, 3aTalloM, Pe3yJIbTaTH 00YMCITIOBAIFHIX eKCIIepUMeHTiB); Juckycis — po3ain (o 1 cro-
PIHKNM), IKHi TaKOK MOYKHA Ha3BaTH BrcHOBOK 200 BHCHOBKH, 1110 MiCTHTB OPIBHSHHS OTPUMAHUX PE3yibTa-
TiB 3 pe3yJbTaTaMH 1HIITUX JIOCIIJKeHb (K BIIACHUX TaK IHIIMX aBTOPIB), @ TAKOX JIa€ BiJIMOBI/Ib HA 3aITUTAHHS
«SIKi TIEPCIIEKTUBH AOCIIKEHHSI?», (OPMYIIIOE HAYKOBY HOBHU3HY PE3YJIBTaTiB.

Jlireparypa po3MILIy€ThCS MICHA CTaTTi Y MOPSAKY 3raJyBaHHS; APYKYEThCs depes 1,5 inrepsai, 14 pos-
Mmipom, mpudtom Times New Roman i opopmisieTbes y BiAIOBITHOCTI BUMOT MDXKAEPKaBHOTO CTaHIAPTY
JACTY 8302:2015.

[Tocwranus Ha JiTeparypy B TEKCTi CITiJ] JaBaTH B KBaJIpaTHUX JIy’KKax, HAIPUKIAL, [2, c. 25; 5, ¢. 33], B
SIKUX TIepIia nudpa BKa3ye MopsAIKOBUN HOMEp /DKepelia B CIIHCKY JITepaTypH, a Ipyra — BiAMOBIAHY CTOPIHKY
B IIbOMY JDKEpei; OfiHe JrKepesio (6e3 CTOPIHOK) BiIOKPEMITIOETHCS BiJl 1HIIIOTO KPAIKOko 3 KOMOIO [3; 4; 6; 8;
12; 15].

Hanpukiami crarTi po3MilyeThCsi TpaHCIITEpOBaHA 1 TeEpeKiaJieHa aHIIIHCHKOI Bepcis JiTeparypu
(References), opopmiena srigao 3 Bumoramu APA (American Psychological Association).
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iHdopmauniiiny 10oBiaIKy npo aBTopa;
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B/J12JI0I0 NIPOXO/IZKEHHSI pelleH3yBaHHSI).
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