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The article discusses the algorithm and methods of statistical processing of one
type of grouped data — interval-censored samples with overlapping observation
intervals. The samples are censored by the observation time interval of the
measured value. The samples consist entirely of such interval observations.
The initial information was the data of one-time and multiple inspections of
the structure in operation in order to detect damage in the form of cracks.
The stage of appearance of the initial crack (macrocrack) in the zone of stress
concentration is determined. A macrocrack, for objective reasons, cannot
be directly detected during inspections. Examples of describing the time
of formation of initial cracks in the form of interval-censored samples with
intersecting observation intervals are presented.

The main focus was on the development of methods for statistical processing
of the studied samples. The maximum likelihood method was applied
for parametric estimation of the time of appearance of macrocracks. Basic
maximum likelihood equations are obtained for distributions with location and
scale parameters. The computational procedure of the accumulation method
with the use of Fisher’s information is applied. Expressions for calculating the
variances of parameter estimates are obtained. An equation for checking the
existence of a solution to the system of likelihood equations is presented. The
appearance of macrocracks can have a different physical nature, for example,
the accumulation of fatigue or instantaneous damage due to an overload
exceeding the calculated one. Different physical nature implies different types
of preventive work to prevent them and is described by different probabilistic
models. A likelihood ratio criterion is proposed to test the statistical hypothesis
about the situation of sudden appearance of macrocracks at a load exceeding
the calculated one.

The results obtained show the features of the structure of the studied samples
and possible methods of statistical processing. Bibliography 11 titles Table 2.
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VY cTarTi pO3MISHYTO aJTOPUTM 1 METOAU CTAaTUCTUYIHOI 0OPOOKU OTHOTO THUITY
3rPYNOBAHUX AAHUX — IHTEPBAIbHO-I[EH3YPOBAHUX BHOIPOK 13 MEPEKPUTTIM
IHTepBaiB CIIOCTEPEXKEHHS. 3pa3ku LEH3YpPYIOThCS 3a IHTEpBajOM dacy
CTIIOCTEPEKEHHS! BUMIPIOBAHOTO 3HAa4eHHsS. BUOIpKU MOBHICTIO CKIAAIOThCS
3 TaKUX 1HTEPBAIbHUX CIIOCTEPEKEHB.

Buxianoto indopmarriero Oyiu 1aHi 0THOPA30BHX Ta 0araTopa3oBUX OOCTEKEHD
KOHCTPYKIIi1, IO eKCILITYaTy€eThCsl, 3 METOO BUSBIICHHSI TOIIKOKEHb Y BUTIIS AL
TpilyH. Bu3HaueHo cTafiro MosBU MOYATKOBOI TPILIMHU (MaKpOTPILIHMHU) B
30HI KOHIIGHTpAIil HampykeHb. MakpoTpilluHy 3 00’€KTHBHUX NPUUUH HE
MOKHa 0e3M0cepeiHbO BUSIBUTH MiJ] yac ormisiiB. HaBeneHo npukiaau onucy
4acy YTBOPEHHS MOYAaTKOBUX TPIIIMH y BUINIAJI 1HTEPBAJIbHO-IIEH3YPOBAaHUX
BUOIPOK 3 TIEPECIYHUMU IHTEPBAJIAMH CIIOCTECPEKEHHS.

OcHoBHY yBary Oyno MPHIIEHO PO3pOOIi METOMAIB CTATUCTHYHOI 00pOoOKH
JOCTUKyBaHUX BHOIpok. [lns mapaMeTpuuyHOi OI[HKM 4Yacy TOSBH
MaKpOTPILIMH 3aCTOCOBAHO METOJ MAaKCHUMAJIbHOI IMPaBJONOAiOHOCTI.
OTpuMaHO OCHOBHI PpIBHSHHA MAaKCHUMaJbHOI IpPaBAONOMIOHOCTI IS
PO3IOALIIB 3 MapamMeTpaMH pPO3TallyBaHHA Ta MacIiTaly. 3acTOCOBYETHCS
O0UHCIIOBaJIbHA MpPOLEAYpAa METOAOM HAKOIMMYEHHS 3 BUKOPUCTAHHIM
iHpopmamii Pimepa. OTpUMaHO BUPA3U AT PO3PaxXyHKY AUCIEPCIH OIIHOK
napamerpiB. HaBeneHo PpiBHSHHS A NEpEBIpKH ICHYBAaHHA pPO3B’SI3KY
CHCTEMM DpIBHSHb IIPaBAOMNOMIOHOCTI. BHHUKHEHHS MaKpOTPIIIMH MOXe
MarTH pizHy (i3UdYHy IPHPOAY, HAIPUKIIAMA, HAKOIMUYEHHS BTOMH a00 MUTTERE
MOMIKO/PKEHHST BHACIIAOK MEPEBAaHTAXEHHsI, IO IEPEBUIIY€E PO3PaXyHKOBE.
PizHa ¢ismuHa npupoma mependadae pi3HI BUAU NPOQITaKTHUHOI poOOTH
3 iX 3amo0iraHHs Ta OIKCY€ThCA PI3HUMU IMOBIPHICHUMH MOJAEISIMU.
3anpornoHOBAHO KPHUTEPiH BiTHOIICHHS MHPaBIONOMIOHOCTI AT NEpEeBipKH
CTATHCTUYHOI TilIOTE3W IIO0 CUTYallii pamToBOi MOSBH MAKPOTPIIIHMH NPH
HABaHTAKCHHI, 110 TIEPEBHUIIY€E PO3PAXYHKOBE.

OTpumaHi pe3ynsTaTH MOKa3ylTh OCOOIHMBOCTI CTPYKTYPH JOCTIIKYBaHUX
BHOIPOK Ta MOXJIMBI METOAM CTaTHCTHYHOI 00poOku. bibmiorpadis 11 Hass
Tabmms 2.

1. Introduction

durability of the structure before the appearance of an

The purpose of this work is to study the possibility
of statistical processing of one type of grouped
samples — interval censored samples with overlapping
observation intervals. The study was carried out
on the examples of the analysis of damage to the
structure of the airframe of an aircraft in operation
during inspections. Interval censored samples with
overlapping observation intervals describe the

Computer Science and Applied Mathematics. Ne 1 (2022)

initial crack (macrocrack).

In the absence of interfering events, the observation
results will be known for all observations and the
sample will be complete (sample with complete
data). Censoring is defined as an interfering event that
prevents the observation of the event of interest from
being obtained, for example, in terms of the size of the
initial damage in mm (inches). The observation result

ISSN 2413-6549



can be indicated only in a certain time interval. The
boundaries of the observation intervals are determined
by the well-established names of individual data: right
censored data, left censored data, interval censored
data. The difference between these data is only within
the boundaries of the observation intervals.

In libraries of data processing programs, for
example, Reliability Python library (2021), it is
possible to process samples consisting of complete
data and supplemented with censored data. In this
case, a certain procedure is used for ranking the
inspection times in the order of non-decreasing
values and grouping the data with non-overlapping
intervals. These data are actually interval censored
samples with non-overlapping intervals. The methods
for processing such samples are standardized.
For example, the International Electrotechnical
Commission (2008) developed the IEC 61649: 2008
standard, Weibull analysis, for estimation using the
Weibull probability distribution model.

The named programs and standards do not cover
the statistical processing of interval-censored samples
with overlapping observation intervals. This type of
sampling was considered in due time (Artamonovskii
and Kordonskii, 1970) in relation to the analysis of
reliability based on the results of one-time inspections
of structures. In the article, the samples are named
naturally grouped. Let us indicate the main features
of such samples with generalization for one-time and
multiple examinations to describe the initial cracks in
the structure:

1)the result of the observation can only be
described by the time interval on all inspected
structures;

2) the sample consists entirely of such interval
observations;

3) the number of observations in the sample is
equal to the number of observation intervals;

4) each observation in the sample is censored by
time intervals of different length;

S)numeric values of interval boundaries can
include infinity or zero;

6) the boundaries of the intervals intersect and
may overlap arbitrarily.

This type of samples is defined by the object
of research in this article. It is interesting for the
possibility of analyzing the initial signs of degradation
of structures, for example, the appearance of initial
cracks (macrocracks). There are certain stages of
degradation — the appearance of an initial crack of a
small size, then the development of a visible crack up
to a size dangerous for safe operation. This time of
the appearance of the initial cracks is interesting from
the point of view of the development of preventive
measures. The appearance of an initial crack can have
two different causes. This is the result of a gradual
change in the internal state of the structure zone

Computer Science and Applied Mathematics. Ne 1 (2022)

(normal situation for fatigue damage) or as a result
of a ‘peak load’ that exceeds the design. In the second
case, preventive maintenance does not improve the
design and reinforcement of the structure is necessary.

As a result of the study, a certain understanding
of the structure of interval censored samples with
overlapping observation intervals was obtained. The
basic relations of the maximum likelihood method
for estimating the parameters of the probability
distribution law and their variances were obtained.
An accumulation method is proposed for the
computational procedure. A statistical criterion for
the likelihood ratio is proposed to assess the cause of
the appearance of initial cracks.

2. Methodology & methods

2.1.Methodology

The research methodology was based on
determining the possibility of statistical processing
of interval-censored samples with overlapping
observation intervals and the development of
statistical analysis methods.

As an example of such samples, we took the
data that are encountered in the analysis of damage
to the structure of the airframe of an aircraft in
operation. A model of damage development has
been constructed to answer the question about the
nature of the appearance of initial cracks. Examples
of the formation of interval censored samples with
overlapping observation intervals in relation to the
appearance of initial cracks are considered.

Further, an algorithm for statistical data analysis
was developed using the maximum likelihood
method for estimating distribution parameters.
The method is usually used for complex sample
structures. A parametric approach is used for a
family of distributions with location and scale
parameters: Weibull, lognormal, and normal. The
accumulation method is used as a special case of the
Newton-Raphson iterative method. The verification
of the existence condition for the solution of the
likelihood equations is considered. The properties
of the maximum likelihood estimates are analyzed.
Relationships are obtained for calculating the
variances of the maximum likelihood estimates.
A likelihood ratio criterion is proposed to test the
statistical hypothesis about the possible quasi-static
nature of the appearance of macrocracks. The selected
methods of statistical processing of interval-censored
samples with overlapping observation intervals are
suitable for the purpose of the study.

2.2.Damage development model

This section describes the model for the
development of damage. The stage of the appearance
of an initial crack (macrocrack) is highlighted. The
time of occurrence of a macrocrack is a random
variable. The size of a macrocrack can practically not
be measured either during tests or during inspections
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in service. It can be estimated for the airframe
structure of an aircraft in the range from Imm to the
minimum size of the detected cracks. At the stage of
the appearance of a macrocrack, it is important to
establish the nature of the appearance of damage —
material fatigue under the action of an alternating
load or a load exceeding the calculated one.

For all complex technical products, there are
programs for monitoring the state of the structure in
operation. This is the control of aging, strength and
corrosion. The rules for examining the zones of the
structure, inspection technologies and the dimensions
of permissible and maximum damage are determined.
As a result, statistical information about damages is
accumulated and processed.

We will distinguish between the concepts of
damage and failure. Failure is an event consisting
in a malfunction of the product. The failure time is
recorded accurately. Damage is an event consisting
in a violation of the healthy state of an object while
maintaining a healthy state and having a certain
size, for example, the length of a crack in mm
(inches). Damage can be revealed after some time
during routine inspections. The damage undergoes
irreversible changes and can develop into failure.

Classification of damages, causes of their
occurrence and probabilistic models of damageability
in the work of Gertsbakh, 1. and Kordonskiy Kh.
(1969) allows describing the fracture propagation
model as follows:

1. Unobservable period — accumulation of
damages in the stress concentration zone. Damage at
this stage is not detected by non-destructive testing
methods (unless only acoustic emission).

2. Macrocrack, initial crack. At this stage, the
incubation period of damage accumulation ends,
a material discontinuity forms, and crack growth
begins. The area of the structure where an initial
crack is likely to occur may or may not be known.

The time of appearance is a random variable. The
size of a macrocrack practically cannot be measured
due to the limited possibilities of non-destructive
testing and visual inspection methods, as well as the
conditions of testing in operation. The probability of
detecting a macrocrack is practically zero. The initial
crack size can be estimated as less than the minimum
detectable crack size when inspected in service.

In structural design and safety life calculations,
e.g. Wood (1971), and also in the work of Tavares,
S. M. O. and de Castro, P. M. S. T. (2019) an initial
crack size 0£0.040-0.070 inches (1-2 mm) is estimated
for the airframe frame of an airplane, and this value is
less than the minimum detectable crack in the sample.

3. Visible crack, trunk. Detected by non-
destructive testing methods and visual inspection.
The growth of a visible crack is determined by loads
and damage accumulation at the crack tip. Its growth
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rate depends on the stress state of the place where the
crack tip is located. Measurement of the crack length
is determined by technological documents. The
detected cracks, as a rule, do not exceed the maximum
permissible dimensions for safe operation, however,
they require analysis in order to prevent them.

4. The nature of the appearance of macrocracks.
For fatigue damage, there is a gradual change in the
internal state that develops into a macrocrack. It is
also necessary to take into account the possibility of
the appearance of ‘quasi-static damage’ — when the
appearance of a macrocrack is caused by a sudden
single external action that initiated its appearance.
This is a situation of random failures, the failure
rate is constant and reinforcement of the structure is
required taking into account the loads exceeding the
design ones. It is necessary to distinguish between
these situations, because they have a different physical
nature and are described by different statistical models.

2.3.0bservations of the current state of
products during inspections

This section discusses the schemes of one-time
and multiple inspections of structures in operation.
Forms of fixing the current state are presented based
on the results of visual inspections or non-destructive
testing, in which the operating time and the size of
the detected crack are indicated. To describe the
moment of the appearance of the initial crack, an
event indicator is used, which takes values of 0 or
1, depending on the fact of a crack detection in the
corresponding observation interval. Based on the
inspection results, interval censored samples are
formed with overlapping observation intervals for the
moments of the appearance of macrocracks.

A one-time inspection of products is defined as
a technical inspection of a set of similar products,
carried out on special instructions or a bulletin in a
specific area of the structure. Table 1 shows typical
results from one-time structural inspections. As an
operating time, i.e. the lifetime of the product, the
operating time from the beginning of operation in
flight hours, number of flights or years (months) is
taken. The current state is shown in the left half of
the table.

The right half of the table describes the events that
characterize the observation results — the moments of
the appearance of macrocracks t. The moments of
occurrence of macrocracks are censored by intervals,
including zero at the event{r, <x,} or infinity on
event {t,>x}. Observation intervals and event
indicators form a sample of interval censored data
with overlapping observation intervals.

The second scheme of examinations is typical
results of multiple examinations, see Table 2.
Inspections are carried out during structural repairs
and other forms of maintenance. The operating time
of the products is recorded from the start of operation

ISSN 2413-6549



Table 1

Results of one-time examinations and interval censoring operating time
before the appearance of a macrocrack

Current state during inspections Moments of occurrence of a macrocrack t
S Interval event indicator .
No Inspectlon tlme, Crack lenght, mm 0— no, 1- ves Censor]ng an event
X, 3, {t, <x} {t.>2x} T,
1. 5181 0 0 1 right c.
2. 4676 0 0 1 right c.
3. 4986 15 1 0 left c.
4. 4998 5 1 0 left c.
5. 4800 0 0 1 right c.
6. 4998 0 0 1 right c.
7. 5002 20 1 0 left c.
8. 6411 0 0 1 right c.
Table 2
Results of multiple examinations and interval censoring of operating time
before the appearance of a macrocrack
Current state during inspections Moments of occurrence of a macrocrack t
Inspection time, Crack lenght, Interval event indicator Censoring
x,; <Xy mm 0 —no, 1 —yes an event
X Xai o {t, <x} (<7 <xy) {2 x,} T
1. 6036 9531 65 0 1 0 interval c.
2. 5181 8181 0 0 0 1 right c.
3. 4678 7296 65.5 1 0 0 left c.
4. 4986 8441 8 0 1 0 interval c.
5. 4998 8068 40 1 0 0 left c.
6. 4800 7668 0 0 0 1 right c.
7. 4998 8086 0 0 0 1 right c.
8. 5002 8319 8.5 0 1 0 interval c.
9. 5002 7900 0 0 0 1 right c.
10. 5004 8366 0 0 0 1 right c.
11. 5100 8265 0 0 0 1 right c.

for the last repair (inspection) x, and for the previous
repair (inspection) x, . The size of the detected crack
at the time of the next repair is also recorded.

The right half of the table describes the events that
characterize the observation results — the moments
of the appearance of macrocracks. Inspection times
censor the moments of occurrence of macrocracks
with three types of intervals described by the events
{t, <x,}, {t,2x,} and {x, <7, <x,}. Observation
intervals and event indicators form a sample of
interval censored data with overlapping observation
intervals.

2.4.Maximum likelihood method  for
distributions with location and scale parameters

This section presents the basic relationships
for statistical processing of samples with interval-
censored data with overlapping intervals. Maximum

Computer Science and Applied Mathematics. Ne 1 (2022)

likelihood equations are obtained for estimating the
parameters of probability distributions with location
and scale parameters. An iterative procedure for
solving systems of equations by the accumulation
method (a special case of the Newton-Raphson
iterative method) using the Fisher information matrix
is proposed. Expressions for calculating the variances
of parameter estimates are obtained. An equation for
checking the existence of a solution to the system of
likelihood equations is presented. The asymptotic
properties of the estimates are considered.

Let us introduce the following designations:

1. x — operating time from the beginning of
product operation (product life time), calculated in
flight hours, number of flights, months, operating
time is considered as a variable.

2. 1,1,,..,Ty, — operating time before the
appearance of macrocracks. Considered as a
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repeated sampling of random variables 7.,7,,...,Ty,
which are independent and equally distributed
with an unknown cumulative distribution function
F (x)eF. The class F is finite-dimensional and
has the form ]—":{Fx(x;é), eeG)cR’”}. The
cumulative distribution function F (x; é) 1s known,
but the parameters 6 unknown, i.e. parameters
are determined. Distribution density function

oF, (x)
= f.(x), 3. (x) 20.

3. X, X5 X, SX, i=1.,N —  inspection
moments. In the general case, they are
considered as values of random variables
XX Xy Xp1sXosen X,y (for  one-time

examinations  x, =x,,; X, =X,; n,, =0). They
are independent and equally distributed with an
unknown cumulative distribution function F, (x)e F,

={FX (x;0), 6eOC Rz} . Distribution  density
. OF
function 2 ;l(x) = £.(x), 3f.(x)20.
X

4. From physical considerations, we assume
that the censored moments of the appearance
of macrocracks and the censoring moments of
inspections are random and independent. Accordingly,
independent random variables 7,,7,,...7, ®
CB. X, Xy Xy Xy Xy Xy Then  the
inspection moments are censoring points for random
values 7,,7,,...,T, and are deterministic.

5. n,indicator (0, 1), characterizing the appearance
of a macrocrack in the corresponding interval of
inspection times:

1,0,0), if  {r,<x,}
n,=100,1,0), if {x, <t,<x,}, i=1.,N; r=1,23% Y > n,=N
(0,0,1), if {1, >x,}

The cumulative distribution function for t is defined
through the location and scale parameters 6,,6, and, by
definition, describes the corresponding probabilities of
occurrence of the events of interest to us:

E(x,el,ez)%[mj. (1)

e2

The likelihood function is determined at a

fixed value of the samplet=(t,,1,,...,7,) and
independence of T and X:
N
L=L,0,0,)=]]F" (R = F,)" -(1-F)" . (2)
i=1
where

F,=P{t,<x,}, q=12% n,=(n.m.n,), r=123i=1..N.

The estimates é\l,éz of the parameters 6,,0, are
found by solving the system of maximum likelihood
equations (for the scheme of one-time examinations
7., =T,, , the second terms are identically equal to zero):

Computer Science and Applied Mathematics. Ne 1 (2022)

5,(6)=0
1(9=0, 3)
S,)=0
where
gl _ 1 K F-F F
5i®)= 0, (TZ F, ™ FE -F ™1-F,
61nL i > uz,Fz,_unEi _ Z"21’F2,i ,
S(e)_ 5. 22}“ F I-F,
Inx, -6, , OIlEF,
u,=—+—— F =—";g=12.
a 0, K Ou

Solving the system of maximum likelihood
equations provides the maximum likelihood function.
We use the computational accumulation method as
an iterative procedure for finding a solution. Let us
expand the maximum likelihood equations in the
vicinity of 0,,0, in a Taylor series up to linear terms
(for the k — iteration):

InL InL “InL AoA *InL
(AnL) (L) (-t Tt ] (=) ] -0
a6, ), A, ). 00; o 06,06, J;

o ~ ~ 6° ~ N o
dlnL = oL +(e|—e|u)) i Int +(92—92(A|) ¢ h‘iL =0
0, )s 0, ). 00,00, ); 0, )i,

Artamonovskii and Kordonskii (1970) show the
asymptotic consistency of the maximum likelihood
estimates and the convergence in probability of
the second derivatives of the likelihood function to
their mathematical expectations. We determine the
elements of the Fisher information matrix 7/ (6)

(4

O il F.) F,.-F)) E.)
el ) BEY L E)
0 6; o E, Y F,-F, 1-F,
F, F, - F, —u,F, E,)
‘Flllz =1, s Z uy ( ) ( Dy, By —uy, ) +m, uy, (F5,) (5)
0 9 E, F, - F, 1-F,
SPND U0 U 2 1 S OO DO ) W (Y o
[lzz:T m,—— 1y, ny, ——=
R~ L R I-F,

We also define the covariance matrix (inverse
information matrix) 7~ (9)

1A 1 122 _112 A
I (0)=—— , Where det[/(0)] —
detl/(OI\ -1, 1,

determinant of a matrix.
The iterative procedure for finding the maximum
likelihood estimates is a function of the accumulations

S, (é(k)),Sz (é(k)) and the Fisher information matrix,
where the unknown parameters are replaced by

e1(1+1)’92(/er1) :
Oicken = Oiy + 804y =125 k=0,,L,...,
- I, (ém)’Sz (é<k))+122 (é("))'S‘ (é(k))
1(k+1) det[7(6w))] 1 (©)
. ) I, (_é(k)) S, (é(k)) +1, (_é(k))-Sz (é(k))
2(k+1) det[7(8)] .
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An important point is the possibility of using the
check for the existence of a solution to the system of
maximum likelihood equations. Artamonovskii and
Kordonskii (1970) proposed a criterion for checking
the samples under study:

zzl(n“ + nzl.) . z:il(n“ -In x”)+zlﬁl(n2i -lnle.) (7
,-il ny; Z:(nzx ‘In xz;)

The results of the research (Makarov, Martinov
and Rastrigin, 1981) showed the effectiveness of the
estimation procedure using the accumulation method.
The number of iterations was compared with respect
to the procedure for applying the method of grids.
The choice of the initial approximations 6,6,
takes into account the peculiarities of the structure
of the initial observation data during examinations.
It takes up to 10 iterations to achieve the specified
precision, {|S1 , S2|} <e e=1-10"°.

In the studies of Rastrigin (1983, 2000), the
properties of maximum likelihood estimates were
established for observation schemes of states during
single and multiple examinations:

1) asymptotic consistency of the estimate

0, —L—0,, i=12,
2) asymptotic efficiency at which the variances

of the parameter estimates correspond to the lower

bound of the generalized Rao-Cramer inequality

L@l
D{el}zm, D{ez}=m(é)], (®)

3) asymptotic normality of estimates
0~ N(é,r‘[é]).

5.1.Testing the hypothesis of quasi-static
damage.

In this section, we solve the problem of testing the
hypothesis that the sample belongs to the exponential
law of operating time before the appearance of
macrocracks t with the alternative of belonging
to the Weibull distribution. When analyzing the
current state of products, it is important to check
the situation of the appearance of macrocracks due
to a sudden external influence. In this case, further
statistical analysis is not desirable, the structure does
not withstand peak loads and the structure needs
reinforcement. Predictive maintenance in such a
damaged area does not improve design. A likelihood
ratio criterion is proposed.

To solve the problem, we express the initial
Weibull distribution with the parameters f, 1 in terms
of the parameters 6,6, :
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E (61,92)=1_exp{_[%jﬁ] _

:1—exp{—exp(ln);_e‘ ﬂ, 0, =Inmn, 0, :%.

2

©

where P is the parameter of the distribution
shape, shows the rate of change in the failure rate;
n — resource, operating time, during which 63.2% of
macrocracks will appear.

The hypothesis H,:B=1 is tested with the
alternative H, :p=1. Earlier (Kendall and Stuart,
1961) used the likelihood ratio test to test hypotheses.
For our problem, we define the statistics S for the
likelihood ratio criterion

LT(él,e2 :1)

S=2h— )

L (o06:) 1o

where
L (él,e2 = 1)
Weibull distribution, 6, =1, 0 is the estimate of the

parameter O , which converts the likelihood function
to the maximum,;

L (é)1 6 ) is the likelihood function of the Weibull
distribution with estimates 6, , 0, ,

is the likelihood function of the

L (61,92 = 1)— actually represents the likelihood

function L_ () of the exponential distribution:

R(k)=1—exp[—exp{lnxe_e'J:|=l—e'“, k=% 0,=1(11)

_ Find a new estimate 6: of the parameter 6, for
0, =1 from the equation:

oL (é,,e2 = 1) N

F, F,. -F, F.
S, = :_znu . + 1y, x . —ny 2=, (12)
691 i=1 Ei F2i _F{z ‘ I_FZI
where
Inx, -6, , OJlnF,
uqize—;F:][: ;qzlnz-a

2

F, =Pl <x,}=F, (6,0, =1), g=12;

qi

i=1,...,N; n, z(nl,,nzi,n3,), r=123.

The statistics S in (10) under the hypothesis H,
is asymptotically distributed over ;. with 1 degree
of freedom. Under the hypothesis, one parameter f3
is checked, then r=1; distribution has r+s=2
parameters, s =1, because s # 0, then the hypothesis
is composite. Critical region at a significance level of
0.05 S > 77005 =3.841.

ISSN 2413-6549



12

The estimates of the parameters [,mand their
variances are determined in terms of the parameters
6,,0,:
~ 1 ~ 1 ~ ~ A ~ ~
b= D{B}_&D{ez}, n=c"; D{nf=exp{20,}-D{B:}. (13)

Example. For illustration, we present the results
of data processing in Table 2 of inspections of the
current state of structures to observe the moments
of the appearance of macrocracks. Checking the
conditions for the existence of a solution (7) of the
system of equations (3) gives the result 0.833>0.822,
i.e. is a solution to the system of likelihood equations.
The solution of the system of equations (3) for the
Weibull distribution (9) using equations (6), (13)
gives the following results:

61 =9.237, 6, =0429, Var(6,)=0.159, Var(6,)=0.187,

2

n=10270., f=2.331, Var(ﬁ)=1.6804+E7, Var(fs):s.317.

Testing the hypothesis about the quasi-static nature
of the appearance of macrocracks H, :3 =1with the
alternative H, : B #laccording to the likelihood ratio
criterion (10) gives the following result:

Lr(é],az :1)
S=-2In

~ A

=-2(-11.646—-(-10.717))=1.858.
Lr(91,92) ( ( ))

Then S <y, hence the hypothesis H, is not

rejected. This may be due to the low accuracy of
estimating the parameter f in this sample.

6. Results and Discussion

Results. The result of the study is the methods
of statistical processing of specific data that are
accumulated during inspections in operation. The
object of research is determined — the type of grouped
samples, interval censored samples with overlapping
observation intervals. Examples of samples entirely
consisting of interval data are given. A model of
damage development has been developed.

Analgorithm and statistical methods for processing
the samples under study have been developed. The
method of maximum likelihood is applied to find
the parameters of the distribution of the time of
occurrence of the initial cracks and their dispersions.
Basic equations of maximum likelihood are obtained
for probability distributions with location and scale
parameters. The solution of systems of equations is
performed by the accumulation method (a special
case of the Newton-Raphson iterative method)
using the Fisher information matrix. Expressions for
calculating the variances of parameter estimates are
obtained. An equation for checking the existence of
a solution to the system of likelihood equations is
presented. The maximum likelihood estimates for
the studied samples are asymptotically consistent,
efficient, and normally distributed. A likelihood ratio
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criterion is proposed for checking the studied samples
for belonging to an exponential distribution.

Discussion. The discussed research topic of
interval-censored samples with overlapping intervals
appeared in the analysis of data from structural
inspections to assess the development of damage.
The period of the appearance of initial cracks, which
cannot be detected by means of non-destructive
testing for various reasons, is especially highlighted.
This period determines the nature of damage
occurrence (fatigue or overload), and also determines
the initial conditions when calculating the growth rate
of fatigue cracks. The importance of understanding
the specifics of the processed samples in the form
of fully censored observations of the appearance of
initial cracks is emphasized.

The need to develop a mathematical apparatus is
due to the lack of software for the samples under study.
The reason is the lack of data on the exact moments
of the appearance of initial cracks at least on some
structures, which increase the information content of
the initial data and allow the use of standard tools.

Itis possible to analyze the initial signs of structural
degradation through statistical processing of samples
in the form of interval censored samples with
overlapping observation intervals. The mathematical
apparatus in the form of the maximum likelihood
method is used to estimate the distribution parameters
of the time of occurrence of macrocracks. The choice
of the distribution law for a specific analysis is
established from the physics of the damage process.

Interval censored samples with intersecting
intervals characterize the durability of the structure
before the appearance of an initial crack (macrocrack).
Further, the main indicators of the reliability and
durability of the structure can be calculated. The
research results can be used to analyze the appearance
of initial damage during wear and corrosion, as well
as to analyze the survival rate of various research
objects, taking into account the initial changes in the
situation.

7. Conclusions

The conclusions of the study are presented. In
general, the goal of the study was achieved.

The structure of interval-censored samples with
overlapping observation intervals is determined.
Their features in relation to other types of grouped
samples are described. Examples of the formation
of the studied samples according to the primary
information of the results of inspections of structures
in operation are considered. A damage development
model has been built to answer the question about the
appearance of initial cracks that cannot be detected
due to the limited possibilities of non-destructive
testing methods and visual inspection, as well as
inspection conditions in operation. The appearance
of initial cracks leads to the formation of statistical
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samples in the form of interval-censored samples
with intersecting intervals.

A parametric approach is proposed for the
statistical analysis of the studied samples. The
maximum likelihood method was used to find
estimates for the parameters of the probabilistic law
of distribution of continuous events, for example, the
time of appearance of initial cracks (macrocracks)
in the structure. To solve the system of likelihood
equations, the accumulation method was applied to
find estimates of the parameters and their variances.
To establish the nature of the appearance of initial
cracks, a statistical criterion of the likelihood ratio is
proposed.

The presented mathematical apparatus can be
useful for other areas of research, when the structure
of the initial data coincides with interval censored
samples with overlapping observation intervals. It is
also possible that applying a parametric approach to a
solution is not the only solution.
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VY crarTi po3mIsaaeThCsl MaTeMaTUIHE MOJICNIIOBAHHSI MEXaHIUHOI MOBEJIHKY
BOJIOKHUCTOT'O KOMIIO3UTY JUIsl BU3HAUEHHS H0ro HampykeHo-1e(popMOBaHOTO
CTaHy ByMOBax HelliHiiHO1 e opmaltii. 3Haii1eHo aHATI THYHI CITiBB1THOLIIEHHS
JUIs e()eKTUBHUX XapaKTEPHCTUK BOJIOKHUCTOTO KOMIO3HUIIIIHOTO MaTepiaiy,
a caMme Moayns IpykHocTi Ta koedimienta IlyaccoHa, 3 ypaxyBaHHIM
130TPOIHUX BIACTUBOCTEN MAaTPHIli Ta BOJIOKHA.

Y poOoTi a1 BHU3HAYEHHS €(PEKTUBHUX XapaKTEPUCTHK 3aCTOCOBYETHCS
METOJ] IPEACTaBHUIIBKOTO O0’€MHOIO eNeMEHTY. Po3misHyTO CHilbHE
Je(opMyBaHHs MOPOKHUCTOTO Ta CYLINBHOIO LIUIIHAPIB, IO MOAETIONOTH,
BiJINOBiHO, MAaTPHUIIO Ta BOJOKHO y KOMIIO3UTi, 3 YpaxyBaHHSIM TOrO, ILO
OCBOBI EPEMIIIIEHHS 1 BOJIOKHA it MaTpuIl cTali i ofHaKoBi. BBaxkaeThces, 1110
B mipoiieci nedopmariii i MaTepiall MaTpHil, 1 MaTepiai BOJIOKHA MiKOPSIIOThCA
3akoHy ['yka, aje B mpoueci aedopmanii X 00’€éMHa 4acTka B KOMITO3MTI
3MiHIO€ThCS. Ll 3miHa Oyne BHM3HA4YaTHCS 3MIHOK TMJIOUI TMOMEPEYHOTO
nepepizy AISHOK €IeMEHTAapHOI KOMIpKH, 3aifHATHX MAaTPHLEIO 1 BOJIOKHOM,
BPaxOBYIOUH, 1110 BUCOTA HECKIHUEHHOT KOMipKH Oy/1e OAHAKOBOIO IJISI MATPHIT 1
BOJIOKHA. OTpUMAaHO CIiBBiTHOIIEHHS [T HAIPYKEHO-1e(hOPMOBAHOTO CTAHY
130TPOIMHOTO BOJIOKHA Ta MATPHIIi, B KUX MepeadadyacThes, M0 He3BAKAIOUH
Ha JIiHIIHK] XapakTep AeOopMyBaHHS MaTPUIIl Ta BOJIOKHA, 00’ €MHa YacTKa
KOMITOHEHTIB 3MIHIOETHCS TPH 301IbIIEHH] 30BHIIIHBOIO HABAHTAXKCHHS i B
pesyabrari OyneMo MaTH HeJliHIHHY 3a1eXHICTb.

Jani po3misgaeTbes aHAJIOTIUHA 3a/a4da JUIS OJHOPITHOTO TPaHCBEPCAILHO-
130TPOIHOTO MaTepiaiy, [0 MOJIEIIOE MOBEAIHKY KOMIIO3HLIHHOTO Marepiay.
YMOBOIO Y3TOJKEHHS A I1i€i 3amadi OymyTh BUCTYHATH PIBHICTh OCHOBHX
HepeMillieHb IS JIOBIIBHOI OChOBOI KOOPAMHATH Ta PIBHICTh pPaiajbHUX
IepeMillieHb Ha 30BHINIHIM YacTWHI IMIHAPUYHOI MOBepxXHi. OTpUMaHO
(hopMyH 71l BU3HAYESHHS ITO3I0BXKHBOTO MOJTYJIS IIPY’KHOCTI KOMITO3HULIITHOTO
Marepiany 3 i30TPOITHUMHU MaTPHUIIEIO 1 BOJIOKHOM.

JocmimkeHo 3anexHicTh MOTYNS NPYX)HOCTI Ta koedinienta [lyaccona Bin
3MiHH 00’ €MHOTO BMIiCTy BOJIOKHA B KOMIIO3UTI B IIpo1ieci 1e(hOopMyBaHHS.
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The article considers mathematical modeling of the mechanical behavior
of a fibrous composite to determine its stress-strain state under nonlinear
deformation. Analytical relations were found for the effective characteristics of
the fibrous composite material, namely the modulus of elasticity and Poisson’s
ratio, taking into account the isotropic properties of the matrix and fiber.

The method of representative three-dimensional element is used to determine
the effective characteristics. The joint deformation of the hollow and solid
cylinders, which simulate, respectively, the matrix and the fiber in the
composite, taking into account the fact that the axial displacements and the
fiber matrix have become the same.

It is believed that in the process of deformation both the matrix material and
the fibrous material obey Hooke’s law, but in the process of deformation their
volume fraction in the composite changes. In addition, this change will be
determined by the change in the cross-sectional area of the units of the unit cell
occupied by the matrix and the fiber, given that the height of the infinite cell
will be the same for the matrix and the fiber. The relations for the stress-strain
state of the isotropic fiber and the matrix are obtained. In which it is assumed
that despite the linear nature of the deformation of the matrix and the fiber, the
volume fraction of the components changes with increasing external load and
as a result we will have a nonlinear dependence.

Next, a similar problem is considered for a homogeneous transversely isotropic
material that simulates the behavior of a composite material. The condition of
agreement for this problem will be the equality of axial displacements for an
arbitrary axial coordinate and the equality of radial displacements on the outer
part of the cylindrical surface. The formula for determining the longitudinal
modulus of elasticity of a composite material with isotropic matrix and fiber
is obtained.

The dependence of the modulus of elasticity and Poisson’s ratio on the change
in the volumetric content of the fiber in the composite during deformation has
been studied.
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BCTYII

3acTtocyBaHHS KOMIIO3ULIMHUX MarepiajiB, sKi
MalOTh BUCOKY MUTOMY MILHICTb 1 KOPCTKICTb, 103~
BOJISIE Y CyYacHHUX MallMHAX Ta KOHCTPYKILISIX 3HHU-
3UTH MAaTepiaJIOMICTKICTh 1 MiJBUIIUTH KOPO3iHHY
CTIHKICTB, BiIKpUBA€E MPUHLMIIOBO HOBI MOMKJIMBOCTI
ONITUMAJILHOTO MPOEKTYBAaHHS Ta CTBOPEHHS HOBUX
KOHCTPYKIIIH.

[Ipu cTBOpeHHi HOBMUX KOHCTPYKILIiH i3 KOMIIO-
3ULIHHOTO MaTrepialy BaXJIMBOIO 3aJa4der0 € BU3HA-
YEeHHs Halpy>KeHO-1e(OpMOBAHOTO CTaHy TaKoi
KOHCTPYKILii B peaqbHUX yMOBax ekcrutyatamii. [Ipu
MaTeMaTHYHOMY MOJIEIOBaHHI e(OpMyBaHHs KOH-
CTPYKLIH i3 KOMIIO3ULIMHOTO Marepially aKTyajb-
HUM € ONMCAaHHS MEXaHIYHHX XapaKTepUCTHUK Mare-
piamy. 3Bakarouu Ha Te, 110, SK MPABUIIO, 4acTOTa
apMyBaHHS BOJIOKHAMH € JJOCUTh BHCOKOIO, a TIOIe-
peuYHMi po3Mip BOJIOKHA MajlUM, CTBOPUTH MaTeMa-
TUYHY MOJIENIb Marepiaiy, sika O BpaxoByBajia KO>KHE
OKpeMe BOJIOKHO, AOCUTH MpobiemaTudHo. Tomy
HEOIHOPITHUH KOMIO3UI[IHUN MaTepian IpeacTaB-
JSIETHCS. OHOPIAHNM 3 MEXaHIYHUMH XapaKTePHCTHU-
KaMH, SKi Ha3MBalOTh €EKTUBHUMH 1 SIKi 3aJeXaTh
BiJl MEXaHIYHUX XapaKTEPUCTUK MaTPUIIi Ta BOJIOKHA
100’ €MHOT YaCTKUKOKHOTO 3 HUX Y KOMIIO3HLIIHHOMY
Marepiaii.

TeopeTnuHni OCHOBHM BH3HA4YCHHS €(QEKTHBHUX
OpY>KHUX  CTalMX TPaHCBEPCATBbHO-130TPOITHOTO
Marepiaiy, 00 MOJEIIOE MOBEAIHKY KOMIIO3HLIIHOTO
Marepiaiy, npeicTaBieHi B podborax [1-6].

Y pobGoti [1] po3misiHyTO MOzmenb eQeKTHB-
HUX BHU3HAYAJIBHUX  CIIBBIJIHOIICHh TpPaHCBEP-
CaJIbHO-130TPOITHOTO KOMITO3UTa 31 CKIHYCHHUMH
nedopmarrisiMi. 3alporOHOBAHO METOJ PO3JICHHS
3B’S3HUX Yy 3aJadax MiIKpO- Ta MaKpOCKOMIYHOTO
negopMyBaHHS.

VY poborti [2] onrcaHo MeTOAM Ta KpUTEPii HAKO-
MUYEHHS TOIIKOMKEHHS y BOJOKHHCTHX IIapy-
BaTHX KOMITO3MTaX. 3alpOINOHOBaHI MiIXOAH, IO
IPYHTYIOThCSl Ha CIIBBiJHOIIEHHAX Teopii mapo-
BHX IUJIACTHH, IO MOXYTh OyTH BHUKOPHCTaHi MpH
pO3paxyHKax, ONTHMi3allii Ta MPOrHO3yBaHHS
MEXaHIYHOI MOBEAIHKM KOMIIO3UTHHX MaTepialliB
Ta €JIEMEHTIB 3 HUX.

PoGoty [3] mpucBsiueHO MaTeMaTUYHOMY MOJIE-
JIIOBAHHIO MEXAHIYHOI IIOBEMIHKH BOJIOKHHCTUX
KOMITO3UTIB Ta MPOrpaMHid peaji3aiii miaxomiB J0
BH3HAUYECHHS 1X HANPYKEHO-/1e()OPMOBAHOTO CTaHY.

Y po6oTi [4] NponOHY€ETHCS MiAXI 10 BU3HAYCHHS
e(EKTHBHOTO MOAYJS MPYKHOCTI ISl OXHOCIIPSIMO-
BaHOTO BOJIOKHHUCTOTO KOMITO3UIIITHOTO Marepialy.
KoMI103uT, 110 CKIIafaeThess 3 130TPOMHOI MaTpPHIlL
Ta 130TPOIHOTO BOJIOKHA, MOJAETIOETHCS CYLITbHUM
OIHOPITHUM  TPaHCBEPCAIbHO-130TPOITHIUM  Mare-
piasoM. Ilpu pbOMYy MOy MPYKHOCTI MaTpHUIli Ta
BOJIOKHA PO3IVISIIAIOTHCS SIK BUIAJKOBI BEMYWHH 3
HOpPMaJIbHUMU 3aKOHAMU PO3TIOJILITY.
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Po3pobneno MeToa po3paxyHKy HeJiHIHHO-TIPYK-
HUX XapakTePUCTHK KOMIIO3UTIB i3 CKIHYEHHUMH
nedopMalisiMi Ha OCHOB1 aCHMIITOTHYHOI Teopii oce-
PEIHEHHS TEepioANYHUX CTPYKTYp [5]. Bukopucrani
BU3HAYaJIbHI CHIBBiHOIIECHHS HENiHIHHO-TIPY>KHUX
CepeIoBUIL i3 CKiHUEHHUMH AedopMaLisiMu, 3arpo-
MOHOBaH1 aBTOpOM paHime. OTpUMaHO aHATNITHYHI
PO3B’SI3KH JIOKAJILHUX 3a7ad ISl IapyBaTHX KOMIIO-
3UTIB 13 CKIHUCHHUMH JePOpMAaLisIMH.

VY crarti [6] 3amporOHOBAaHO MOAENH, IO JI03-
BOJISIE HA OCHOBI CIIBBIAHOILECHb TEOpii LIapyBaTHUX
IUIACTHH Ta amnpoKCUMalii KpuBoi aedopmMyBaHHS
OJHOCHPSMOBAHOTO 1Ay MPH 3CYBi B IUIOILKHI LAY
NPOTHO3YBAaTH HeNiHiHe AegopMyBaHHs LIapyBa-
TOro ByriemjaacTuky. OTpuMaHi aHaJITUYHI CIiBBil-
HOULICHHS JIJIsl MAaTPHUILb KOPCTKOCTI i MOAATIMBOCTI
nakera y BUDISAII AOOYyTKYBiJIMOBIIHUX MaTpPUIlb
NPYKHUX XapaKTEepUCTUK Ha MaTPUIl, 10 BPaxOBY-
I0Th HEJNiHifHI BIaCTUBOCTI MaKeTa.

Y po6oti [7] npoBeaeHO HENiHIWHUIN aHalli3 Bilb-
HOI BiOpaiii KOMIO3UTHUX JaMIHOBAaHUX IUIACTHH 1
HETMUOOKNX LIJIIHAPHYHHUX/CPEepHUUHUX/TiepOoo-
imHUX 00OOHOK 3 ypaxyBaHHSIM IF€OMETPUYHOI Helli-
HIHOCTI 3 BUKOPUCTAaHHSIM HETMOJIiHOMIaIbHO1 00ep-
HEHO1 TPUTOHOMETPUYHOI Teopii aedopmaniii 3cyBy
BUIIOTO TOPSAAKY 3 CIMOMa CTYNEHSMH BiJIBHOCTI
(DOFs). Ls Teopis nmpumyckae napaOomiuHy 3MiHY
Hanpy>keHb M03a IIoUMHOK. Po3pobieHo Ta 3acTo-
COBaHO HENiHIHY CKIHYCHHO-CIIEMEHTHY MOJAETb
JUIS OTPUMAaHHS AUCKPETHUX HEJTIHIHHUX PiBHSIHb.

Teopist Benukux nedopmaliiiii Ha OCHOBI Hedopma-
it ['pina 3 ManuMu oOepTaHHSIMH [ 8] 3aIIpONOHOBaHA
Ta BUKOPUCTOBYETHCS AJIS aHAJII3y HA 3TUH KOMITO3HT-
HUX TUacTUH. J{J1s1 BUBEIEHHS CKiHUEHHO-EJIEMEHT-
HUX MOJENeH BUKOPHCTOBYETHCS 130T€OMETPUYHUIM
aHaJli3 CHUIBHO 3 Teopiero aedopmariiii 3cyBy mep-
moro nopsaaky. ChopMmyaboBaHO —CHIiBBiIHOIICHHS
nedopmaris-3MilieHHs B ceHcl Teopii (on-Kapmana
Ta 3alpOIIOHOBAHOI Teopii. JlociiaKeHo YuCIOBI MpHU-
KJIaJ11, BKJIIOUAIOYH 130TPOITHI Ta JIAMIHOBaHi KOMIIO-
3WTHI IUIACTUHH 32 PI3HUX IPAaHUYHUX YMOB.

OpHak y HasBHUX POOOTax MPHUITYCKAETHCA, IO
nporec aeGopMmyBaHHs abo0 JiHIAHUEI, a00 HENiHiM-
HICTb OOMEKYEThCS BPaxyBaHHSIM OKPEMHUX BHUIA[-
KiB 1 He MOke OyTH 3aCTOCOBaHa AJISl LIMPOKOTO KOJia
KOMNO3UTIiB. Tak, SKIIO pO3MISHYTH OOWH i3 BUIB
BOJIOKHUCTHX KOMITO3HUTIB — T'YMOBOKOPIHI MaTepi-
aJu — TO MOXHA 33ayBaXKUTH, IO B mpoiieci aedop-
MYBaHHs TyMa MOKE 3a3HaBaTH 3HAYHHUX Jedopma-
uiil, mpuuoMy y Mexax 3akony ['yka. Bpaaouac npu
TakoMy Ae(opMyBaHHI r'yMa HE 3MiHIOE CBiil 00’eM
(koeinient [lyacona 6nusbkuii 1o 0,5), a BosOKHA
(mMetaneBi abo TKaHWHHI) mpH AehOpMyBaHHI CBil
00’eM 3MiHIOIOTH (koedinieHT [lyacona BapiroeThCs
Big 0,25-0,35 mns mertanesux mo 0,8 mis TKaHWH-
HUX), B pe3ylbTari npu JeQOopMyBaHHI 3MiHIOIOThCS
00’€MH1 YaCTKH BOJIOKHA Ta MAaTPHULIi Y KOMITO3HTI.
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MeTor0 HO0CTiIKeHHH L€l CTaTTi € BU3HAYCHHSI
3aJIeKHOCTI TIOB3JOBXXHBOTO MOZYNS IIPY>KHOCTI Ta
koedirmienra [lyaccona Bizm 00’€MHOTO BMiCTy KOpAA,
3 ypaxyBaHHS HeNiHIHHOCTI AedopMyBaHHS BOJIOK-
HHUCTOTO KOMIIO3ULIIHHOTO MaTepiay.

INOCTAHOBKA 3AA4Yl. OCHOBHI CIIIB-
BITHOUIEHHSA

Po3rsgsHEMO  BOJOKHUCTHHA  KOMITO3UIIIHUMN
MaTepial i3 JOBrMMH BOJIOKHAMHU IIPU I'€KCaroHajb-
Hill cxemi apmyBaHHA. {71 BUKOHAHHS IOCTaBlie-
HOI 3a7adyi CKOPHCTAa€EMOCS METOAOM IpeICTaB-
HULBKOTO 00’€MHOTO eleMeHTy. Buokpemumo i3
00’€eMy KOMIIO3UTY €JIEMEHTapHYy TI'€KCaroHaJbHY
KOMIpKY, 10 MiCTUTh BOJIOKHO Ta OTOYYIO4Y HOTO
MaTpPUL0. 3Ba)kalouu, LI0 KOMIIO3UT apMOBaHHMA
JOBTMMHU BOJIOKHaMH, OyZeMO BBa)KaTH NOBKUHY
€JIeMEHTapHOI KOMIpKHM HecKiHueHHow. Iekcaro-
HaJbHUM TOINEpeyHuil mepepiz KOMIpKH ampoKCH-
MY€EMO KPYTOM, Tak o0 00’€MHa 4acTKa BOJIOKHA y
KOMip1Ii He 3MiHMIacs. B pe3ynbprari enemeHTapHUN
MPeICTABHULBKUH €JI€MEHT KOMIIO3ULIHHOTO MaTe-
piamy Oyme cKiiamaTucs 3 HECKIHYEHHOTO CYIIIb-
HOTO LMIIHZpaA, II0 MOEIIOE BOJOKHO, Ta HECKiH-
YEeHHOT'0 MOPOXXHHUCTOTO LMJIIHAPA, LI0 MOJIENIOE
Matpuiro (puc. 1).

Bynemo BBaxkaru, mo B mporeci aedopMyBaHHS
1 Marepiay MaTpwili, i Marepiajd BOJOKHA ITiIKOPIO-
I0ThCSI 3aKOHY ['yka, anme B mporneci aedopmyBaHHS
3MIHIOETBCSL iX 00’€éMHa 4YacTKa y KOMIO3uTi. Lls
3MiHa OyJe BH3HAYaTHCS 3MIiHOIO TUIOINII TOTeped-
HOTO TIepepidy obOnactell eneMEeHTapHOi KOMIpKH,
o 3aliMa€ MaTpUIsl Ta BOJIOKHO, BPaxOBYIOUH, IO
BHCOTa HECKIHYEHHOT KOMIpKH OyJle OTHAKOBOIO 1 ISt
MaTpHUIIi, 1 TSl BOJIOKHA.

3’scyeMo, SIK 3MIHUTBCSA HanpyxeHo-aedopmona-
HUI CTaH eNeMEHTapHOI KOMIpKH, SKLIO B MpoIeci
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nedopMyBaHHS 11 paaiyc 3MiHUTBCA 3 b 10 b+AD, a
pajiyc BoJOKHA — 3 aJi0 a+Aa (puc. 1). YMOBOIO KOH-
TaKTy Ha Mei po3ainy MarepiaiiB B mpoueci aedop-
MyBaHHs OyZIeMO BBaXKaTH ifjeabHe 3YCTICHHS.

Posmsinemo moB3moBkHE (y  HampsMy — oci
BOJIOKHA) PO3TSTHEHHS €JIEMEHTAPHOI KOMIpPKH KOM-
MO3ULIIHHOTO Marepiay.

KpaiioBi ymoBH mifiOpaHo TakuM YHHOM, LI00
BOHM BIANOBiaNM EKCIEPUMEHTAJbHUM JaHUM,
OTPUMaHHUM JJ1s1 KOMIIO3ULiHOrO MaTepiany. B mici
34eIUICHHS! BOJIOKHA 3 MaTpULEI0 BIJICYTHIH CTpH-
00K 3a pajialbHUM IEPEMIlICHHSIM Ta palialbHUM
Hanpy>XeHHSM, OCBOBI TEpeMIlIeHHS 1 BOJIOKHA
MAaTpHIl CTaJli i OTHAKOBI:

G, (a+Aa):Gi,_(a+Aa),u:(a+Aa):u: (a+Aa),

. . (M
u (h)=u_(h),

TyT 1 gasmi CMMBOJ o O03HAYa€ BEIIMYMHU, IO BiJl-
HOCATBCS 10 BOJIOKHA, & CHMBOJIOM * — BEIMYHMHH, 1110
BiJTHOCSITBCS JIO MAaTPHIIi.

Kpim nporo, kpaifoBi yMOBH B HAIIPY>KCHHSX MPH
cymicHoMy nedopMyBaHHI MaTpHLi i BOJIOKHA 3aIlu-
UIYThCS TAKUM YHHOM:

o, (b+Ab)=0. 2)

Papianbhi nepeMileHHs TpaHCBepcab-
HO-130TPOIHOTO BOJIOKHA 3AIULIYThCS Y BUTIISI:

u:(r+Ar)=C(r+Ar). 3)

ne C — crama, M0 BU3HAYAETHCSA 3 TPAHUYHHUX
YMOB.

Toni HanpyxeHO-IehOPMOBAHUI CTaH TPaHCBEp-
CaJIbHO-130TPOIMTHOTrO BOJIOKHA Oy/e ONMUCYBaTHCH,
OKpiM (3), TAKUMH CITiBB1THOIIEHHIMHU:

Puc. 1. Ilonepeynuii nepepis ejileMeHTAPpHOI KOMIPKH
KOMITO3HMIiHHOT0 MaTepiaxy

Computer Science and Applied Mathematics. Ne 1 (2022)
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1 (G;+AG;)(1—VQ—2(VD)Z

ui(HAZ):(l_vo) = —20V |(z+42), (4)
G;(V"'Al"):(lEoo) (Go‘f‘EAcGo)V LC :
-V
G;9 (I”-i-AF): (l_vo) (Go +EAOG())V ol

AHAJIOTIYHO 3alMIIEMO CIIBBIIHOIIEHHS, SKi
ONHCYIOTh HAINpyXeHO-Ie(OopMOBaHHU CTaH TpPaH-
CBEPCAITbHO-130TPOITHOT MATPHIIi:

B

9
(r+Ar

u:(r+Ar)=A(r+Ar)+

)
(, +Ac)(1-v —2(v')
u_j(z-%—Az):(l_lv*)[ (E ( ))—2Av‘ (z+42). (6)

N | (o5 + AV’ 4 B )
G”(}UFA}’)_E[ E(1-v7) = (r+Ar)2(l+v*)]’

o e (o, +Ac, )V’ 4 B
Gee(f‘+Al")—E[ E‘(I*V‘) +1—V* (r+Ar)2(1+V*)]. (7)

Buxoasuu 3 kpailoBUX yMOB (1) (2) 3Hanz[eMo
Tenep cram A, B, C Ta 3aleXHICTh MiX G|, Ta G,
. I3 npyroi piBaocTi (1) Maemo:

B
(a + Aa)2 '

C=A+ (8)

I3 piBHOCTI (2) OTpUMy€EMO:
B (I_V*)_(G; +Ac,)V'
(b+Ab)" (1+V') E
Toni (8) 3amumieTsest y BUTTISIL:

C:B[(f+Af)(1—v*)+(1+V*)J_

(a+Aa)2(1 +v*)

©)

(o, +Acy)V'
I

(10)

I3 mepmoi piBrOCTI (1) Maemo:

CA +A63)v*J_

E (o, +Ac,)V
E E’

(1=v)

B (a+Aa)2 ((1+V )((f+Af) )
z

0=,

B (o, + Accg)vo (op + A*cz)v* (an
E E
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(a+Aa)zE°(l+V*)
E'((f+87)-1)(1=v)=E (£ +a7)(1-v)+(1+v"))
ITo3naunmo

f:b_2’
(a+Aa)2_a

V= (b +Ab) b
(+ar)-1)(1-v),

((f+Af( v+ (1+v*)). (12)
Tomi

B:v (a+Aa) (1+V )(G;+AG;)—
d —d,

(a+da) E(1+v7) v, .,
ey

2—1(6;+AG;)—
d [ . . .
_FH(GO+AGO);
_(f+Af)v°(1—v
- d —d,
V*(f+Af)E°(1—v*)+(a’l—d2)(

)(G;-FAG;)—

*

e ) GZ+AGZ). (13)

Hapemrri, 3 TpeT1>01 plBHOCTl (1) 3HaX0MMMO CIIiB-
BiIHOIIEHHS MK G, Ta G

(1_2(VQ)2_VQ)(dI _dz)_ 2(\/D)2a72 +2(f+Af)v°v* (o +AGQ)=
E(1-v') E(1-v') 1 e

) (1—2(v*)2 —v‘)(d, —d) 2(V)(f+A)E (1-V)+d, ~d,
B E'(1-V) ' E(1-v) B

2dv v
m]((jo +AGO) (14)
ITo3nayuBIIN
E((f+a)-1)(1-2(v) V)

-
(7 an(1-v =2 ) (1)

:((f+Af)—1)(1—2(v°)2—v°)_
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_Eo((f+Af)(1—v*E*— 2v°v*)+(1+v*)); 15)

Otpumyemo

o o o * * *
d (6,+Ac,)=d (6, +Ac,) (16)
PosmisHemo Tenep aHaJOTivYHY 3a1aqy A OXHO-
PIOHOTO TpaHCBEPCAIBEHO-130TPOITHOTO Marepiaiy,
10 MOZEITIOE TIOBENIHKY KOMITO3UIIIHHOTO MaTepiay.
B mpomy BuIazky mosne HampyxeHb Oyae BH3HAua-
THCSl TAKUMH CITiBBiTHOIICHHSIMHU:

G,.=06,,0,=0,0,=0,0,=0,=0,=0.(17)

rr

IIpudgomy msist Toro, o0 30ITIHUCS YMOBH PiBHO-
Baru st 000X 3a/1a4, HeoOXiTHO, IMII00 BUKOHYBAJUCS
YMOBH:

na’ (o, +Acs:))+1t(b2 —az)(cs; +Ac,)=nb (o, +Ac,),
abo
(0, +Ac,) [+ (o, +Ac,)(1- ) =(c, +Ac, ), (18)

3 ypaxyBaHssM (16) orpumaemo:

. . (o, +Ac,)d
G, +Ac, = — 1>
d +(f+f)(d :d) (19)
+ Ao (00 +A00)d

0

Td (M) d=d)

3 ypaxyBanHsM (17) piBHSHHS CTaHy 130TPOIHOTO
Marepiaiy HaOyayTh BUIVISY:

1
:_%(GO +Ac, );E. :E(GO +Ac,). (20)

1 1

rr

Tozi mepemilieHHs, 3TiIHO 3 CITIBBIIHOIIECHHIMHU
Komri, 6ynyTs Bu3Ha4yatucs popmynamu

u, (r+Ar)= _%(Go +Ac, )(r+Ar)+C;

1

uZ(Z+Az):Ei(GO+AGO)(2+AZ)+CZ.

1

21

Crani C, =C, =0 3 ypaxyBaHHSAM TOTIO, IO JUIS
miei 3agaqi OyIyTh BUKOHYBAaTHCS YMOBHU U, (0) =0
Ta U, (0) =0, Toxi

u,(r+Ar)= —%(GO +Ao, ) (r+Ar);

1

1
uz(Z-i-AZ):E(GO-f-AGO)(Z-f—AZ). (22)
1
bynemo BBaxkaru, 110 SIK yMOBHU Y3TOIKCHHS JIIs

3a)laqi Ipo MO3J0BKHE PO3TATHCHHSA OI[HOpiI[HOI‘O
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TPaHCBEPCANTBHO-130TPOMHOTO KOMIIO3HUTAa Ta 3ajadi
PO CYMICHE TMO3/IOBXHE PO3TSATHEHHS MATPUIN i
BOJIOKHA OyIyTh BHUCTYIATH PiBHICTh OCHOBUX TEpe-
MIIIEHb U JOBITEHOI OChOBOi KOOPIWHATH Ta PiB-
HICTh paJlialbHUX TIepEeMillleHb Ha 30BHIIIHIA YacTHHI
MWTIHAPUYHOI TOBEPXHI:

u, (b+Ab)=u, (b+Ab), 23)
u, (h+Ah)=u_(h+Ah)=u(h+Ah),

Toni apyre 3i criBBigHOIIEHS (23) 3 ypaxyBaHHIM
(6) Ta (22) 3anumeTbesl y BUNISAL:

| (c;+Ac;)(1—v*—2(V*)2)
(l—v*) E

=24V |(z+Az) =

:EL(GO+AGO)(2+AZ)

(6;+Ac;)*(l—v**—2(v*) )_ 24" - Lo, +A0,), (24)
E (l—v )

(l—v*) E,

a 3 ypaxyBaHHAM (23) Ta (29) orpumMaemMo CITiBBiI-
HOIIICHHS:

1 1 2v*(f+Af)v° .
—=— — (- d'+
E d+(f+M)(d -d) d,—d,

(1-v=20)) o v (FeAE (v ) d—d,
TTEY) V) E d\~d,

[Ticns mepeTBOpeHb OTPUMYEMO (GOPMYIY IS
BU3HAYECHHS [TO3I0BXHBOTO MOIYIISL MPY>KHOCTI KOM-
MO3HULIAHOTO Marepiany 3 i30TPONHUMH MaTPHIEIO i
BOJIOKHOM:

d. (25)

(a=2vB)E"(1-(f +Af))+(a—2VB)E (£ +4f)

E +AE, = . o o -
o—2Bv +2(f+Af)vE (v —v)

(26)

3 ypaxyBaHHSM CITiBBIIHOIICHb
a:E‘(l—(_f’+Af‘))(1—v°)+E"((f+Af)(1—v*)+(1+v*));
B=VE (1-(f+Af))+V (f+A)E", @7
oTpUMaEMO (hopMyITy T MOYJISE TIPYIKHOCTI:
aE (1= f)+oE f+2Bf(VE —V'E )+
E +AE, = ( f) s / *Bf( * )
oa—2Bv +2fV E (v -V )+

+Af[a(E° ~E)+2B(VE -VE )]
+Af[2V'EV = 2E° (V') | '

I3 mepiroi 3 ymoB (23) 3HaleMO CITiBBiTHOIICHHS
—-v,, / E, 1ia xommnosuuiiiHoro marepiany. Toxi, 3
ypaxyBaHHsIM Bupazy i 4 (23), orpumyemMo
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(f+ar)V(1-V)

o doy Mg V()

dl *dz E1 dl - dz
. . B v
x(c, +A00)+m:—f(co+Aco) (28)
1

[lincTaBnsitoun B OCTaHHIM BUpa3 CHIBBITHO-
menHs Jyis B (23), 0cTaTOYHO OTPUMYEMO:

\Y 1
_ V2 x

E (d+(f+Mf)d -d)
(2 A vd v @S+ A)E
d —d, E d -

d, dz)d°j

(
d2

BuxopucToByroUr CITiBBiTHOMIEHHS s edek-
THBHOTO TO3I0BXHBOTO MOIYJSl MPYXHOCTI KOMITO-
3UIIIHHOTO MaTepiany, OTPUMYEMO CITiBBiJHOIICHHS
qutst koedimienta [lyaccona:

Vi +Av,, = (0=2vPB)v'+/(2EV —2EV )+ &y (2EV -2EWV)

a=2Bv +2/(VEV -2(v') E“)+Af(2v‘E‘v“ “2(v) E) (30)

Po3rnsiHeMo r'yMOBOKOpAHUE MaTepian 3 i30Tpon-
HOI0 MaTpULEI0 Ta i30TPONHHMM KOPAOM 3 TaKUMH
NPYKHAMH XapaKTePUCTUKAMH: MOIYJNb HPYKHOCTI
TexcTunbHOTO Kopaa E°=1,6-10°MIla, xoediri-
ent Ilyaccoma v =0,8, MOIymb TpPYXKHOCTI TyMH
E" =4,5MIla, koedirient Ilyaccona v =0,49.
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Puc. 2. 3anexnicts koedinienra Ilyaccona Bix 06’€MHOro BMicTy KOpAa y KOMIIO3UTi
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Puc. 3. 3anexHicTs MOayJIs NPYKHOCTI BiA 00’€MHOr0 BMICTY KOpAa Y KOMIO3UTi
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OTpumaHi pe3ylbTaTd y YacTUHOMY BHUIAIKY
i30Tpormii cHiBIaAarOTh 3 pe3ynbTaraMu podotu [3]
IUIsl JTIHIKHOTO BUIAIKY, & 3HAUCHHS MOIYJIS IIPYyXK-
HOCTI i3 30UMbIIEHHSIM PiBHS AedopMaiiidi 3MeHITy-
€TbCs. AHAJOriyHa KapTUHA CIIOCTEPIraeThest M Uis
roedimienra [lyaccona.

Sk MOXHa 3ayBaXKUTH 3 HaBeleHUX Tpadikis,
JUIsL pealbHUX KOMMO3UI[IHHWUX MarepianiB, mpu
3MiHi1 00’ eMHOTO BMicTy BOJOKHa 110 15% B mporeci
nedopMyBaHHS, 3HAYHO BIIJIMBA€ Ha €(QEKTUBHUIL
MOB3JIOBXKHI MOAYNb TPYKHOCTI, SKHH 3MiHIO-
eTbesl y 1,5-2 pas3u [uis pi3HUX 3HAYEHb MOYATKO-
Boro o0’eMHOro BMICTy BosiokHa (puc. 3). s

21

eextuBHOrO KOedimienta IlyacoHa meit BITMB
MeHIl cyTTeBUid — 10 10% (puc. 2). Xoua xapakrep
3aJIE)KHOCTEN 1 HEeNIHIWHUHN, UIs JOCIHiHKYBaHOTO
KOMITO3HIIIITHOTO MaTepiany BiH TOCUTh ONW3BKUN
JI0 JIIHIAHOTO TpH 3aJaHUX MapaMerpax aedopmy-
BaHHS Marepiany.

Y po0ori BrepIie OTpUMaHO aHAIITHYHI 3aJIekK-
HOCTI U1 e()eKTHBHUX XapaKTEePUCTUK OIXHOCIIPSIMO-
BAaHOT'O BOJIOKHUCTOTO KOMIO3HMLIHHOTO Marepianry —
MOB3I0BKHBOTO MOAYJS MPYKHOCTI Ta KoedimieHTa
Ilyacona — i3 BpaxyBaHHSM piBHA Ne(OpMyBaHHS,
0 BiIoOpakaeThCsl y 3MiHI 00’ €MHOTO BMICTY KOM-
MTOHEHTIB y KOMITO3HTI.
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Po3rmsimaeTbest mepimia OCHOBHA TpaHMYHA 3afjadya Teopii MPYKHOCTI Ipo
BU3HAYCHHS HAINPYy>KCHO-Je(OPMOBAHOTO CTaHY OPTOTPOMHOI MiBIJIOIIUHU
B yMoOBax IUIockoi aedopmanii. Ha mexi y =0 Bimomi HaBaHTaxeHHs. Ha
HECKIHUCHHOCTI HAaIpy>KeHHS NpsAMYyIOTh 10 Hyias. HeoOxigHO BU3HAYUTH
HaNpYXXEHHS Ta MEePEeMIllIeHHs B JOBUIbHIHM TOYII MiBIJIONIMHU.

HaBoanuTbcs KOPOTKHIA OIS HAYKOBUX ITIPAllb, Y SIKMX BUCBITIIIOIOTHCS METOIU
Ta MiAXOIH PO3B’sI3aHHS 3a/]a4 Teopii MPY>KHOCTI, MilIHOCTI II0/I0 BU3HAYEHHS
HaIpy>keHb 1 1eopMaliiil B OpTOTPOIMHUX TiJax, 30KpeMa IUIACTHHAX, IUTUTAX,
Oankax.

Po3B’s30k mocTaBieHOi I'paHUYHOI 3aj1aui I OPTOTPOIHOI MiBIJIOIIUHU
IIyKa€ThCS y TPOCTOpi TpPaHC(OPMAHT OFHOBUMIPHOTO iHTErpaJbHOIO
neperBopeHHst Dyp’e. Yci OCHOBHI PIBHSHHS 3a/adi Ta TPaHUYHI YMOBH
HiAJAI0TECSL  TPSMOMY HEPETBOPEHHIO  OJHOBUMIPHOTO  iHTErpajbHOIO
nepersopeHHs: Dyp’e.

Po3p’si3anHs  chopmynboBaHOi TIOCKOT 3amadi OasyeTbcss Ha TOOYIOBi
TpanchopmanTu Oyp’e yHKIIT HAIPYKEHB, IKA 330BONBHSE BiIOBITHOMY
aHajory OirapMOHIYHOTO Ju(EepeHIiaTbHOr0 pPIBHAHHS Yy TMPOCTOPI
TpaHC(OPMaHT AJSI BUMIAKy OPTOTPOIIHOTO MaTepiay.

Burnsan tpancdopmanT GyHKIIT HAPYKEHb 3a1eXUTh BiJl 3HAYEHB NPYXKHUAX
CTaJINX OPTOTPOIHOIO Marepiaiy, a caMe BiJf 3Ha4eHb KOPEHIB OTPUMAHOIO Yy
MPOCTOpPi TpaHC(HOPMAHT XapaKTEPUCTHYHOTO PiBHSAHHS. PO3IIsHYTO OnuH i3
TPHOX MOXJIMBUX BHUIAJKIB.

YCTaHOBMIOIOTECSI  CHIBBITHOIIEHHS MK  TpaHC(HOPMAHTOI  (yHKIT
HaIpy>kKeHb 1 TpaHC(HOpPMaHTaMH HAIPYXKEHb 1 mepeMimieHs. TpancdhopMaHTH
(yHKIIT HanpyXeHb BHPAKAIOTHCSA Yepe3 YOTHPH JIONMOMDKHI (YHKINI, fAKi
0B’ 53aHi 3 HABAHTAXXCHHIMH Ha [IOBEPXHi MiBIUTOIUHHU. 3 yMOB HAaMexi y =0
3HaXOAUMO JBi 13 YOTHPHOX JOMOMIKHUX (PyHKIIH. YMOBU Ha HECKIHUEHHOCTI
JIO3BOJIMJIM BCTAaHOBUTU 3B’S30K MK JBOMa 3HANJEHUMHU JONOMIXHUMHU
¢yHKUissMu Ta ABoMa iHIIKMMU. [licig miICTaHOBKM 3HAiIEHUX BHUPA3iB Y
TpaHC(OPMAHTU HAINpPY>KEHb 1 IEPEMIIIEHb 1 3aCTOCYBaHHS OOEPHEHOIOo
IHTerpabHOrO NepeTBopeHHs: Dyp’e OTPUMAEMO ICTHUHI 3HAUCHHS HaNPY>KEHb
1 mepeMillieHb B TOUKAaX OPTOTPOIHO] MiBILIOLIUHY.
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OTpuMaHO PO3B’SI3KH [ KOHKPETHUX BUMA/IKIB 1 IPOBEACHO aHAJII3 YUCIOBUX
pesynsrariB. OTpuMaHi po3paxyHKH CBiUaTh NPO aJCKBATHICTH PE3yJIbTATiB
1 JIOTIYHICTH 3aCTOCYBaHHSI OOPAHOTO METOAY [UIS PO3B’SI3aHHS MOCTABICHOI
3afadi.

RESEARCH OF THE STRESS-STRAIN STATE OF THE ORTHOTROPIC HALF-PLANE
UNDER THE PLANAR DEFORMATION CONDITIONS
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The first basic boundary problem of the elasticity theory connected with the
determination of the stress-strain state of the orthotropic half-plane under
the planar deformation conditions has been considered. The stresses at the
boundary y =0 are known. The stresses tend to zero at infinity. It is necessary
to determine the stress and displacement at any point of the half-plane.

A brief overview of the scientific works which highlight the methods and
approaches to solving the problems of the theory of elasticity, the strength as
for the determination of stresses and deformations in orthotropic bodies, in
particular plates, slabs, and beams is provided.

The solution of the given boundary problem for the orthotropic half-plane
is sought in the transformant space of the one-dimensional integral Fourier
transformation. At the same time, all the main equations of the problem and the
boundary conditions are subjected to direct one-dimensional integral Fourier
transformation.

The solution of the formulated planar problem is based on the construction of
the Fourier transform of the stress function, which satisfies the corresponding
analogue of the biharmonic differential equation in the transformant space for
the case of an orthotropic material.

The form of the transformant of the stress function depends on the values of
the orthotropic material elastic constants, namely on the values of the roots of
the characteristic equation obtained in the transformant space. One of three
possible cases have been considered.

The relations between the transformant of the stress function and the
transformants of stresses and displacements are established. The transformants
of the stress function are expressed in terms of four auxiliary functions, which
are related to the loads on the surface of the half-plane. We find two auxiliary
functions from the boundary condition ( y =0). The infinity conditions make
it possible to establish the connection between two found auxiliary functions
and the other two functions. After substituting the found expressions into
transformants of stresses and displacements and applying the inverse integral
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Fourier transformation, we obtain the true values of stresses and displacements
at the points of the orthotropic half-plane.

The solutions for the specific cases have been obtained and the numerical results
have been analyzed. The obtained calculations demonstrate the adequacy of
the results and the logic of using the chosen method for the solution of the

given problem.

Beryn. YV wmexanini ocoOnuBe Miclle HaJeXHTh
JIOCIIKEHHSIM HalpyXeHO-1e(OpPMOBAHOTO CTaHy
KOHCTPYKIIIHA, MPYKHUX TUT i3 pI3HUX Marepialib.
OproTrporHi Marepiaiay, IO BHKOPUCTOBYIOTHCA B
0ararboX Tra;y3sx MPOMECIOBOCTI, MAalOTh BHCOKY
MIIHICTB, JKOPCTKICTh.

CydacHuWil cTaH JOCTKEHb 3aAa4 Ha 3HAXO-
JOKEHHS Halpy»XeHO-Ie()OPMOBAHOTO CTaHy Till
MIPEJICTABIIEHUI BENUKOIO KIJIBKICTIO POOIT, Y AKX
3acTOCOBYIOThCA pizHI Metoau. Y mpami O.I Kyuepa
[1] BUKOPHCTOBYETHCS METOM CKIHYEHHUX €JIEMEHTIB
IUTS pO3paxyHKy ae(opMOBaHOTO CTaHy Oararomiapo-
BOI KPUBOJIIHIHHOT OPTOTPOITHOT IIACTHHH. Y CTaTTi
S.J. Antony, K. Chandrasherhara [2] 3acTocoByeThCst
KOMOiHAITisl METOLy CKIHYEHUX eJIEMEHTIB 1 aHANI THY-
HOTO MiIXOAY A0 PO3paxyHKy aedopmartii opToTpon-
HOTro Tina. /lig mifgBHINEHHS TOYHOCTI PO3pPaxyHKiB
Yy TOpIBHSHHI 3 METOIOM CKiHYEHHX EJIEMEHTIB Y
pob6orax H.B. 3monGinekoi, M.B. ensascekoro [3;
4] Oyno po3poOIEHO aHANITUKO-YHCIOBHA METOM
MIKpOEIIEMEHTIB, SKHI 3aCTOCOBAHO IS PO3PaXyHKY
TOHKHX OPTOTPOITHUX IUIUT HA MPYXHii ocHOBI Bin-
kiepa. Y cBoix poborax O.B. Iopuk, C.b. KoBanpayk
[5; 6] ommMCyIOTh aHANITHYHUN METOJ] PO3PaXyHKY
JBOXOTIOPHHUX 0araTomrapoBHX OPTOTPOMHHUX OaJoK.
Taxox 3acmyroBye Ha yBary pobora M.B. Xyxka Ta
H.M. Ulep6unn [7], y sAKkii HaBEeOEHO MiIXix, IO
noeanye Mero Kantoposuua i MaTpuaHTHUH 4uc-
JIOBO-aHAJIITUYHUHA METOJ PO3B’s3yBaHHs 3agadi Ha
3THH OPTOTPOIHOI IUTaCTHHU. BHECOK y YncenbpHO-a-
HAJITHYHI METOIN 3HAXO/KEHHS HaNpyKeHO-1edop-

(a)

Puc. 1. ®iznyna (a) i reomeTpuyHa (0) IOCTAHOBKA 3aBJaAHHA

Computer Science and Applied Mathematics. Ne 1 (2022)

MOBAHOTO CTaHy 3poOuB Takox A.Sl. I'puropenko,
AKUH y cBOIi mparmi [8] 3ampomnoHyBaB HO€IHAHHS
METONy CIUIAfH-KOJIOKaLii Ta METOLy AWCKPETHOI
OpTOroHamizauii Ui pO3B’sI3aHHSA NPSIMOKYTHO{
oprorponHoi Tutactuau. J. Schroder, F. Gruttmann,
J. Loblein y crarti [9] npencraBuim cKiHYEHHOEIE-
MEHTHY MOJEJb IOBEIiHKHM OPTOTPOIHOIO MpYX-
HO-TUTACTUYHOTO Marepially 3a CKiH4eHHuX nedop-
Mallii, SIKa U1l OTHOTO OKPEMOTI'0 BUITAJKY 3BOAUTHCS
no teopii I'pina-Harmi.

OTxe, MOJKHA 3pOOUTH BUCHOBOK, 1110 PO3POOICHHS
e(eKTHBHUX METOMIB JOCITI[HKEHHS BIAaCTHBOCTEU
TaKWX MarepiaiiB, 30KpeMa HarpykeHo-1ehopMoBa-
HOTO CTaHy, € aKTyaJIbHOO MPOOIEMOIO 1 HHHI.

IHocranoBka 3aBaaHHs. Po3rmisgaeTscst mepiua
OCHOBHa TpaHMYHA 3ajada Teopii MpPY>KHOCTI Hpo
BU3HAYECHHS  HANPY>KEHO-Ie(OPMOBAHOTO  CTaHY
OpPTOTPOIHOI MiBIIOMMHE Oe3 NMedeKTiB B yMOBax
TI0CKoi nedopmartii.

Ha wmexi =0 BiOMI
Gy (X’O) : fl (x)’rry (x,O) = f2 (x) Ha
YEHHOCTI HANpPYXEHHSA IpSIMYyIOTb IO
OpToTpoliHa  TIBIUIONIMHA  3aiiMae  00JacTh
G(x,y){-o<x<+0,0<y<+oo}. [Jlns Marema-
TUYHOI TIOCTAaHOBH BBEAEMO CHUCTEMY KOOpAU-
HaT Tak, SK MOAaHO Ha puc. 1. Martepian miBIUIO-
IIMHU XapaKTepU3YETbCA IPYKHUMU KOHCTaHTaMH
VsV VsV, ELE

[loTpiOHO BW3HAYUTH HANpPY>KEHHS Ta TepeMi-
IICHHS B IOBLUIBHIN TOUIII MBIUIOIIWHH 32 YMOBH, 110
nedopmarris mrocka.

HAaBaHTAXECHHS
HECKIH-
HYJISL

(6)
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Metonn. OgHUM i3 METOIB PO3B’S3aHHA 3aJ]1ad
BHU3HAUCHHS  HAIPy>KeHO-Ie(OPMOBAHOTO  CTaHY
TiJI, HeOOMEXXeHUX y TuIaHi (mapiB, OaraTorrapoBux
OCHOB, IBIUIOIINH), € METOJ IHTETPAIbHUX Tepe-
TBOpeHb. [laHuii MeTox y MO€IHAHHI 3 METOAOM
(yHKII TOAATIIMBOCTI TS 130TPOIHUX MaTepiajiB
3arpoITIOHOBaHM 1 po3BUHYTHH y pobotax A.K. [Ipu-
BapHHMKOBA Ta Horo y4HiB, Hampukman: [10; 11; 12].
[loctaBumoO 3a MeTy MOIIMPUTH METOJ, po3poldiie-
Hut y poborax A.K. IlpuBapHUKOBa, Ha BUNAIOK
OPTOTPOIHOI MiBIJIOMIKHH.

3amaya BU3HAYCHHS HANpPYKeHO-Ae()OopMOBaHOTO
CTaHy MIBIUIONIMHA Ma€ Pi3HI METOAM PO3B’s3aHHS.
OpHAM 13 TaKHX MiIXO/IIB € METOJl BU3HAYCHHS HAIpy-
KeHb 3a Jomomororo (yHkuii HampyxeHb @(x,y)
(pynkuii Epi). DyHkuis HampyxkeHb Moxe OyTH
MmoJlaHa y BUMIISAL anreOpaiuHuX MOMiHOMIB (Y HITHX
(yHKIiSIX), TPUTOHOMETPUYHUX PAIiB (PO3B’SI30K
Qaitnona abo PiB’epa) abo 3a momoMororw KiHie-
BHX pi3HUI (MeTof ciTok) [13]. [Ipumuomy QyHKITis
HanpyXeHb @(x,y) OOMPAEThCA TaK, 06 TOTOXKHO
3aJJ0BOJIbHSIJIA YMOBaM:

o’ o’p o’¢
G, =—5,0,=—5,T, =— . (D)
oy Ox Ox0y

PosrsiHeMo miaxin, 1mo 0a3yeThcsh Ha 3aCTOCY-
BaHHI METOMy OIHOBHUMIPHOTO iHTErpaNbHOTO Tepe-
TBOpeHHs1 Dyp’e [12] mo ¢yHKuIl HampyXeHb 3a
3MIHHOIO X .

= Jolxy)- e dnp(ny) = [#(zr)-¢ #de (2)

[lepma ¢opmyna BuzHayae mpsiMme OJHOBUMIpHE
inTerpanbHe nepeTBopeHHs Dyp’e mia  QyHKMIT
¢(x,y), apyra — obepuene. Pyukuis ¢(&,y) Hasu-
BaeThCs TpaHchopmanToo Pyp’e dyHkiii ¢(x,y).
Mae wmicre BractuBicTs [10]:

2 0 p(x :
RO e (i) B(er). )
s Ox

Bepyun 1o yBarm 0COOMMBOCTI OPTOTPOITHOIO
Marepiaity, MaeMo He 3BHUaiiHe OirapMoHiuHe Aude-
peHLiaNbHE PIBHAHHS, a HOTO aHAJIOT, 10 SIKOTO 3aCTO-
CyeMo iHTerpanbHe niepeTBopeHHs Dyp’e i oTpuma-
€MO piBHSIHHSA [15]:

4—
499 _oyp. +A§4 $=0, (4)

dy*

I

1-v_-v_ I-v, v, 1

&y = é, 2o = g =, 035 _G_’
x y Xy
Vo tVLV, VLV eV

Cp =6y = £ = i >
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G, = S - KOHCTaHTH
2-(1+vay ~va)
npykHocti B 3akoHl Iyka, 4 =c¢,,4,=c,,

A, = % —¢,,9=0(&,y) —Tpancdopmanta Pyp’e 3a

3MIHHOIO X Big ¢(x, ).
3anumeMo BimmoBigHE 10 (4) XapaKTepUCTHIHE
PIBHSIHHS:
24,\° A\
Pt e 2= 0,0 =g
A A

1 1
Po3B’s13aBIH 1€ PIBHSIHHS, OTPUMAEMO KOPEHi:

2
s A e AL A oA (5)
4 4 4 4

3aJiexKHO BiJi YMOB 3aJ1aui MOXKJIMBI TPH BUIAIKU

AA A A 4.4,
=2 >1,—=2<1,—=*=1. PosmsaHeMo 3ajady 3a
3 3 A3
A A,
YMOBHU —2 =1, Toxi 3 (5) oTpuMaeMo IilicHI KpaTHi
KOpHi 7, = |§| 1r,= |§| 4 a TpaHcdop-

MaHTa q)yHKuu HAIPYKCHH I0) & y MoXe OyTu
npeacTaBiieHa y BUDLi (6):

0= Ash(ry\/;)+B\/Eysh(ry\/;)+

6
+Ceh(ryva)+ DNaych(ra), ©

ne r=
Tpa &.

VpaxoByrouH 3B’ 130K (byHKui'l' HaIpy’KeHb 0(& )
3 HANPYXEHHAMM G_,G , T, Ta BIACTUBICTh IIEPETBO-
peras ®yp’e (3), oTpEMaEMO BIAMOBIAHI BUpPa3H y
npoctopi Tpanchopmant Dyp’e:

—,4,B,C,D — dyHKLii mapame-
1

— 0% o’
Gx(é,y)= P = ’E"dX——Jcp e’E”‘dx—a—(P
o,(83)= [ e"dr =L
— T D0 e 0 T0p o )
T”’(&’y)_i oxoy erdv= ayiax _lé

Bpaxosytouu (6), oTpuMaemMo:
Gi(ﬁ,y) =r’aq@+2ra- (Bch(ry\/;) + Dsh(ry\/g)),cj(&,y) =-£'9,

T (&)= ié((A'\/;r‘F Bary + D\/;) . ch(ry\/;) +(C\/;r+ Dary + B\/Z)-xh(ry\/;)). (7)

3 dopmyn e, =¢,0, — 0,y =
€MO TpaHC(bopMaHm MepeMilleHb:

3T, OTpHUMA-

xy
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u_x(g,y) =é.(aza(c”a+cn)+2rac” (Bch(ry\/;)+Dsh(ry\/E))),

u_y(i’y) ) _2r‘§zcn '(BF\/ZSh(W\/E)+Dr\/gch(7y\/g))+ (aC'll +Cp, _633).6;_?' (8)

YBenemo B posrsn dynkuii a.(§),8(&),B(E),&(&), mos’s3ani 3 ymoBamu Ha Mexi y =0 [10]:

=-C&,3(8)= i =a-(4r’ +Dr),

__-T
ro v

»=0

B(E)=——u,

2ac,, "V

_is T

U
2ac,,

. =Dr\/5+6(§)‘(ac” + e —c33)

2ac,,

B a(&)-(ac, +clz)'
y=0 2ac,,

b

(€)=

)

X

Bupasumo 4,B,C,D uepes a.(&), 8(§),B(&).&(&), orpumaemo:

e —2ac, B +3ac,,d+c,0 — c;;6 B a0t 2ac,y +c,0
b

2
2avaric, 2arc,

>

O 2ac,,B—ac,; ;6 —c,0+c;;,06 (10)
r’ Za\/;rc“

Temep migcTaBUMO OTpUIMaHi BUPa3u y TpaHC(HOPMAaHTH HAPY>KCHb:

G_X(E),y) = (azc“ry(x +2a’c,ryy +ac,ry o+ 2ac, B+ ac, 8 — ¢, + 0338) .
sh(ry\/;) ch(ry\/;)
. +

2\/;C11 2Cll

. (2ac“ry[3 —ac,;ryd —c,ryd + c,,ryd + 4ac, Y + 2012(1),

G_y(?';,y) = (azc”ry(x +2a’c,ryy +ac,ryo—2ac,, B+3ac, 8+ c,8— 0338) .
sh(ry\/;) ch(ry\/;)
: +

—261\/2011 2616'”

'(—Zac“ryB +ac, 1y d+c,ryd—cy,uryd+2ac, oc),

T (‘:a)’) = (_2"011’3’[3 +ac,ryd+¢,ryd—cyryd+ac o —2ac, Y- clzu)'

i@-Sh(ry\/g) ig.ch(ry\/;) , - an
: + . + " + .
_2\/5011’, 20117" (acnl’ya ac, ryy+c,rya ¢ )

AHAJOTIYHO MiJICTABUMO OTPUMaHI BUPa3H y TPaHC(HOPMAHTU NIEPEMIIICHb;

ut(i,y) = (a3clzlryo. +2a’clryy +2d’c, e ry o+ 2a’c, o, ryy +achry o+ 2a’cl B+ a’cl, 8 — 2ac, ¢, B+ 2ac, ¢, 8+ ac, ¢, 8+ ¢y 8 — €505 6) .
ish(ry\/z) ich(ry\/;)
. +
23\/5&711 2akc,

‘(Zazclzlryﬁ_ azclzlr)’6+ 2ac, ¢,,ry B —2ac; ¢,,ry 3+ acy ¢y, 1y 8+ 4a2612| Y _Clzz'y6 +Clzc33'y5)a

uj(i,y) = (2a20121’yB - azclzl 1y 8+ 2ac ¢, 1y B - 2ac ¢,y B —2ac, c,ry 8 + 2ac, ¢ 1y S + azclzl o+ 6a2c121y - ‘312273/8 +

sh(ry\/;) ch(ry\/;)
+20,07V 8 — Ly 8+ 2ac, ), 0L+ aC; Cyy O+ 2aC, 01 Y — 2AC,Ch Y + Cy O = CpyCry a)- + . (12)
2\/;cllr 2¢,r

2 2 22 2 2
'(a C Py oL+ 2a7cryy + 206, 0,1y O — acy 631y O+ 2066y Y — 200, CTy Y + Gty O = CpCty 0L+ 4acllﬁ)'
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®opmynu  (11) mms  TpaHchopMaHT — Hampy-
KeHb € JIHIMHAMH ~ KOMOIHAIisIMH  (QYHKIIH

sh(ry\/;),ch(ry\/;) i rysh(ry\/g),rych(ry\/;),

KOXXKHa 3 Akux 3a r#0 1 y-—>o HEOOMEKEHO

Ash(rya)+ Beh(rya),
i Crysh(ry\/;)+Drych(ry\/;) mpsmye 1o 0 3a

HEeCKiH4YeHHOCTI y Bunaakax A+B=0Ta C+D=0.
3 SIKUX MU OTPUMAEMO (PYHKIIIT:

_ ’(a\/;cn +\/;C‘2)~a(é)72a\/;c” Y(&)Jr(acn +cp, 7633)'6(§)

2ac,,

(acll _Clz)'a(i)_z\/gcn 5(&)

2ac,,

3poctae.  BogHouac

B(&)

>

(€)= (13)

Otpumani Bupasu miacraeiasiemo B (11), (12),
OTPHMAEMO OCTAaTOYHI BUpPa3H Ui TPaHCHOPMaHT
HanpyXeHb i nepemimieHb. OTpuUMaHi BHpa3H M-
JaeEMO OOEpPHEHOMY IHTErpajbHOMY IEpPETBOPEHHIO
il OTpUMa€eMO iCTMHHI 3Ha4YeHHs. B okpemux BUmIAl-
Kax BJIAEThCS OTPUMATH aHAJITHYHI BHpasu, y pasi
HEMOXKJIIMBOCT] 3aCTOCOBYETHCS YHCENIBHE I1HTErpy-
BaHHs 3a JOTNOMOTOI (OPMYJT BHCOKOTO CTYIICHS
TOYHOCTI.

Yucaosi po3paxyHku. Po3risiHeMO OpTOTpONHY
MIBIUIOLIUHY, Marepiajl SKOi XapaKTepU3yEThCs
NPYKHUMU  KOHCTaHTaMu E_=1.73-10’ MIla,
E, =331-10'MIla,v_ =0.235,v, =026, v _=0.17,
v, =03.

Ha wmexi
1
o (x0)=F

HaINpyXEHHsI JOPIBHIOKOTh HYIIIO.
3a popmynamu (2), (9), (13) maemo:

a(a)=n~e‘36(é)=‘ﬁ’

y= 0 3agaHO HaBaHTaXCHHA

T, (x,0)= e 32 X+’ ow

1175320840 re ¥ (&7 +1) +2.352246170i¢

Y E_y - (E_,Z +1)'r H

—2.671142753 - re ™ (£? +1) - 0.7482324860i¢

B(&)= > .
(& +1)-r

3acrocoByroun ooepHeHe nmepetBopeHHss Dyp’e (2)
1o (11), (12), orpuMaeMo iCTUHHI 3HAUYEHHS HAIpy-
KEHb 1 IepeMIiIleHb TOYOK ITiBIUIONTHHE (pHC. 2).

Sk 6a4nMo 3 HaBEIEHUX PO3PaxyHKiB, HAMOLIBIII
3Ha4eHHs B okoJii x =0. Y pasi BigganeHHs BiJ HyJIsA
3HAUCHHS 3MEHINYIThCS. OTpHUMaHi pe3ylbTaTH
CBIYaTh MPO JAOTPUMAHHS MEKOBHX YMOB 1 yMOB Ha
Heckinyennocti ¢, (0,0)=1 Ta t,,(0,0)=1.

Ha puc. 3 HaBermeHO YHCIIOBI pO3paxyHKH IS
TIepEeMIIICHb U, .

OTpumMaHi pe3yiabTaTH ITIIKOM Y3TOMKYIOTBCS 3
OUIKyBaHOIO (DI3UIHOIO KapPTUHOIO PO3MOILTY HaIpy-
JKCHB 1 TIEpEMIIIEHb y MiBILTOIIHHI.

BucnoBku. Po3misHyTHE Mmiaxin BU3HAYCHHS
Hanpy>XeHO-1e(pOPMOBAHOTO CTaHy OPTOTPOITHOT
MTIBIUTOIIMHM, IO 0a3y€THCS Ha 3aCTOCYBaHHI METOITY
OITHOBHUMIPHOTO iHTETpaIbHOTO TIepeTBOpeHHSI Dyp’e
110 QYHKIIIT HAMPY>KEHb.

Ha 6a3i oTpuMaHuX aHATITHYHAX PO3B’SA3KIB IS
OPTOTPOIHOI MIBIUIOMIMHK OynH 3pOONIeH] YHCIIOBI
pO3paxyHKH, oOyoBaHI rpadiku Ta BUKOHAHHN X
anami3. OTpuMaHi PO3paxyHKH CBim4aTh MpO aleK-
BaTHICTb PE3YJIbTATiB 1 JIOTIYHICTh 3aCTOCYBaHHS
o0paHOro MeToAy /il pO3B’S3aHHS IIOCTaBJICHOI
3aadi.

HacTynmanM eranmoM AOCHiIKeHb € TOIIMPEHHS
OTIMCAHOTO MiIX0y Ha KJac 3a/a4 PO BU3HAYECHHS
Hanpy>XeHO-1e(pOpPMOBaHOTO CTaHy MPYXHHUX MIapiB
1 OararomapoBUX OCHOB 3 ypaxyBaHHSM OPTOTpPOMii
Marepiany mapis.

(a)

(6)

(B)

Puc. 2. Icrunni 3uauenus nanpyxens A (x,y) (a), 4,(x,y) (6) a4, (x,y) (8)
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LLELILLE

W2 = ) (11 |

LRy
0
= (0,013

= DMK
-0 0002
T

= b0

y
'

-0 00 5

o L1 [ (0]
Lt ]

(a) (0)

Puc. 3. IcTunni 3ua4yenns nepemimens u, (x,y) (a), u,(x,y) (6)
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¥ cTarTiBpaMKax IiHEpHa30BaHOI TEOPii NPYKHOCTI pO3MILAAE€THCSI KOHTAKTHA
3ajja4a Mpo MiAKPIIUIEHHS CKIHYEHHUM IIPY>KHHUM CTPHHICPOM IONEPEAHBO
HarnpykeHoi npyxHoi cmyru. IlpykHa cMmyra BUIBHOIO Bif MiJKpiMJIeHHS i
HAaBaHTAXEHHsI TPAHHIO JKOPCTKO 3allleMJIEHA 3 OCHOBOIO. 3a/1auy pO3B’s3aHO
JUIS BUIIQ/IKIB PIBHUX 1 HEPIBHUX KOPEHIB BU3HAYAJILHOTO PIBHSHHS Y BUIIAJIKY
IOPY>XKHUX MOTEHLIaJiB JOBIIBHOI CTPYKTypu. JlOCHIJKEHHS MpPOBEICHO B
3arajJbHOMY BHUIVISAL JUIsl Teopii BEIMKUX MOYATKOBUX Aedopmaiiid i ABOX
BapiaHTIB Teopii MaJuX MOYATKOBUX AedopMamniil y Mexax JiHeapH30BaHOI
Teopil MpPYKHOCTI 3a MAOBUIBHOI CTPYKTypH HpPY>XKHOTO MOTECHIIaNTYy.
[IpumyckaeTbed, M0 MOYATKOBUI HANpyXKEHUIl CTaH MPYKHOTO CTPHUHIEpa
Ta CMyTH B 00JacTi KOHTAaKTy € OZHOPIAHMUM. JIOCIiMKEHHS MPOBOIATHCS
B KOOPAMHATAX II0YaTKOBOTO Je(OpMOBAaHOIO CTaHy, SKi IOB’A3aHI 3
JarpaHXeBUMH KOOpAWHATaMH (IPUPOAHOrO cTaHy). OKpiM TOro, 30BHIIIHE
30CepeKeHe HABAHTAXKCHHS BUKIIMKA€ HEBEIMKI 30ypeHHs BiIOBITHUX
BEJINYMH OCHOBHOTO HAmpyXeHo-AepopMoBaHoro crany. Haseneni 3aranbHi
PO3B’SI3KM OCHOBHHUX JH(epeHIianbHuX pPiBHSIHD JIiHEAPH30BaHOI Teopii
HOpPY>XKHOCTI. BUXOAsuM i3 mpUIyLIEHHS MpO Te, L0 CTPUHTEp OAHOYACHO
HABAHTAXKYETHCS BEPTHKAIBHUMU 1 TOPHU3OHTAJIBHUMH CHJIAMH, MOTPiOHO
3ayBaXKUTH, 10 NPYKHUI CTPUHTEP Y BEPTUKATIHHOMY HAIPSMKY 3THHAETHCS
AK 3BHYaiiHa Oanka, a B TOPU30HTAJBHOMY HANpPSIMKY CTHCKAaeThCs abo
PO3TATYETHCS, SIK 3BHUANHUN CTPHXKEHB 31 CKIHUEHHOIO XOPCTKICTIO, SIKHH
nepedyBae B OIHOOCHOBOMY HampyXeHO-Ae(popMOBaHOMY CTaHi, 3ajada
MaTeMaTHYHO (POPMYIIIOETHCS SIK CHCTEMA IHTETPO-Au(epeHITiabHUX PiBHIHb
IIOJI0 HEBIJOMUX KOHTAaKTHHX HAalpyXXeHb. 3a JOIOMOIOI0 IEPETBOPCHb
®yp’e cucrtemMa pPO3B’A3YETbCS B 3aMKHYTOMY BHUDISAIL. Y KiHIIEBOMY
pe3ynpTaTi BUpa3H A KOHTAKTHUX HAIpYXXEHb NPEACTABICHI y BUIISAAL
inTerpanis dyp’e.

VY BUNaAKy HEPIBHUX KOPEHIB AT XiMiuHO akTHBHOI rymu CKVY-6 i moTeHmianry
Tpenoapa (Marepiai HEOTYKIBCHKOTO THITY) HaBEJIEHO pe3yIbTaTH YUCEITBHOTO
aHaji3y, MO MOAaHi y BUDIAAI rpadika, sSKui 1TIOCTpye AOCHTH 3HAYHUM
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BIUIUB TOYATKOBHX HampyxXeHb. OTXKe, BIUIMB IIOYaTKOBUX HAalpy>KCHb
Ha HaNpyXeHo-1e(OpMOBAHMI CTaH MPYXHOI CMyTH IONATaE B TOMY, IO
MIOYATKOB1 HAIIPY>KEHHS Y CMY3i ITPU3BOIAT Y Pa3i CTUCHEHHS JJ0 3MEHIIICHHS
Harpy>keHb B 00JIacTi KOHTAKTy, a B pasi po3TIry no ix 30imsmenss. 1llomo
nepeMillieHb B 00JacTi KOHTAKTy CTPHUHIEpa 31 CMYToro — yce BiOyBaeThcs
HABITaKH.
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In this paper, within the framework of the linearized theory of elasticity, the
contact problem of reinforcement of a prestressed elastic band by a finite
elastic stringer is considered. Elastic strip, free from reinforcement and load
face, rigidly clamped to the base. The problem is solved for the cases of equal
and unequal roots of the defining equation in the case of elastic potentials of
an arbitrary structure. The research is carried out in general for the theory
of large initial deformations and two variants of the theory of small initial
deformations within the linearized theory of elasticity at arbitrary structure of
elastic potential. It is assumed that the initial stress state of the elastic stringer
and the band in the contact area is homogeneous. The research is carried out in
the coordinates of the initial deformed state, which are related to the Lagrangian
coordinates (natural state). In addition, the external concentrated load causes
small perturbations of the corresponding values of the ground stress-strain
state. The general solutions of the basic differential equations of the linearized
theory of elasticity are given. Assuming that the stringer is loaded with both
vertical and horizontal forces, it should be noted that the elastic stringer bends
in the vertical direction like a normal beam, and in the horizontal direction
is compressed or stretched like a normal rod with finite stiffness, which is
in uniaxial stress. deformed state, the problem is mathematically formulated
as a system of integro-differential equations with respect to unknown contact
stresses. Using the Fourier transform, the system is solved in a closed form.
Ultimately, the expressions for the contact voltages are represented as Fourier
integrals.

In the case of uneven roots for chemically active rubber SKU-6 and Treloir
potential (neogukov type material), the results of numerical analysis are
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presented, presented in the form of a graph illustrating a fairly significant
effect of initial stresses. Therefore, the effect of initial stresses on the stress-
strain state of the elastic band is that the initial stresses in the strip lead to a
decrease in stress in the contact area in the case of compression, and in the case
of tension to increase them. As for the movements in the area of contact of the
stringer with the strip, the opposite is true.

Beryn. Y BCiX peaslbHEX KOHCTPYKITISAX 1 JeTa-
JSIX MAlIMH TPAKTUYHO 3aBKIHM ICHYIOTH ITOYaTKOBI
a00 3aJWINKOBI HAINPYXCHHS, MPUIHHU iX BHHHK-
HEHHS MOXYTh OyTH pizHmMH. Hailgactime modar-
KOBI Hampy>XeHHsI B JIETaNIAX 1 KOHCTPYKIISX CTBO-
PIOIOTBCS CHEIiadbHO MM Yac X BUTOTOBJICHHS a0o
BOHM BHHHUKAIOTh Y NpOLECI BHKOHAHHS 3’ €IHY-
BaIbHUX POOIT. Takok BOHH MOXYTH 3 SBIATHCS Y
TIpoIIeCi eKCIuTyaTarlii, sIK i BIUTMBOM MEXaHITHHX
YUHHUKIB, SK-OT HE3BOPOTHI TIUTacCTHYHI aedop-
Marii, Tak i i3 MPUYNH, IO MAlOTh HEMEXaHIYHUH
xapakTep (JIOKaJgbHa 3MiHA arperaTHoro crany, (Qisu-
KO-XIMIYHI TIpOIIECH Ta CTPYKTYpHI 3MIiHH B MaTe-
piami). Hapemiri, mo4aTkoBi HampyXeHHS MOXYTb
OyTH 3yMOBIIEHI TIOCTIHOIO €0 MacoOBUX (HAIpH-
KJIaJl, TpaBiTaliiHUX) cWi. HasgBHICTH MOYATKOBHX
HaNpy>XeHb IT03HAYA€ThCS HAa BCHOMY HANpPYKEHO
nedhopMOBaHOMY CTaHi TiJ, TOMy MOXKE BILIMBATH
Ha MIIHICTD KOHCTPYKIiH, NPU3BOOUTH 1O BHY-
TPIIIHBOI BTPATH CTiHKOCTI, CHPHUATH JIOKATBHOMY
pYWHYBaHHIO Marepiamy. B3sTTs 1o yBaru BIUIUBY
3aJIMIIKOBUX HANpPYXeHb Y PpO3paxyHKaxX eJIeMeH-
TiB KOHCTPYKIIi, MalllH 1 CIIOPY/ JO3BOJISIE OLIBII
e(heKTUBHO BpaxyBaTH MIIHOCTHI PECYpPCH Marepia-
JiB, IUIIXOM TPaBUJIHHOI OI[IHKH 3aIlaciB MIIlHOCTI.
Haremep y TexHiri st TOJINIIEHHS XapaKTEPUCTHK
MIIIHOCTHHX BJIACTUBOCTEH JeTaneil, MOXKINBOCTI 1X
BUKOPHCTaHHS B YMOBaX IiJBHIICHUX TEMIIEPaTyp
a00 B arpeCHBHUX CEPEIOBHIIIAX ITUPOKO 3aCTOCOBY-
FOTBCS Pi3HI MOKPUTTA (TOHKI 000II0HKH). OCKITBKH
Taki JeTaji 4acTo € BIAMOBIOAJILHUMHU €JIeMEHTaMHU
KOHCTPYKIIiH, Yi€e pyHHYBaHHS MOXE IPH3BECTH 0
KaTacTpOoQiYHAX HACIiAKIB, HEOOXiTHA IX peryaspHa
IiarHOCTHKA. Y TEOpeTHYHOMY TUIaHi 1 mpobiema
MO>ke OyTH 3Be/IeHa 10 PO3IIIs Ty KOHTAKTHHX 3a/1a4 32
PI3HHX HampyXeHO-/e()OPMOBAHUX CTAHIB Y HECKiH-
YEeHHOMY Iapi 9¥ CMYy3i 31 3MIIlIaHUMHU TPaHUIHUMHU
yYMOBaMH. AHAJIOTi4YHI 3aBJaHHSI MOXYTh BUHHKATH
i B pa3i po3paxyHKy Ba)XKAX (yHIaMEHTHHX IUIAT 1
OyIiBeNIbHUX MEPEKPUTTIB, IO NepeOyBaroTh y MO
Iii TpaBiTaliiHUX CHI. XapaKTepHOI OCOOIMBICTIO
TaKMX 3a/1a4 € Te, [0 B MaTeMaTHYHOMY IUIaHI BOHU
B OCHOBHOMY € 33J[a4aMH 31 3MiIlIaHUMHU T'PaHUIHUMU
yMoBaMH (KOHTaKTHUMHU 3a/1a4aMH) JJIsl CTHCIIMBUX 1
HECTUCIIMBUX T 32 OJHOPIJHUX ITOYaTKOBHX YMOB
1 3BOIATHCS 3a3BUYAl IO PO3B’s3yBaHHS IHTETpajb-
HUX piBHAHb. OJTHAK 32 YMOBH BEJIUKUX MOYATKOBUX
HanpykeHb (gedopmaiiii) MOKHa OOMEKUTHCS PO3-
IJISI0M JIiHEeapHu30BaHOi Teopii mpyxHOCTI [1; 2; 6].
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VY crarTi B paMKax JliHeapu30BaHOI TeOpil MPYKHOCTI
PO3IVISLIAETHCS MJIOCKA KOHTAKTHA 3aJada Impo Inepe-
Jady HaBaHTaKEHHS BiJ HECKIHUYEHHOTO MPYXKHOTO
CTpUHIepa 0 CMYTH 3 TOYaTKOBUMHU HAIIPY>KEHHSIMH.
JocrmimkeHHs MPOBe/eH] B 3arajlbHOMY BHIVISIL AJIS
Teopii BeNMKUX (CKIHYEHHUX) IMOYATKOBUX Aedop-
Malliii i pi3HHX BapiaHTIB TeOpii MaTUX MOYATKOBHX
nedopmariif, 3a TOBUTEHOI CTPYKTYpPH HPY>KHOTO
MOTeHLiaTy. 3a TOMIOMOTOI0 iHTErPaIbHOTO IEPETBO-
pennst Oyp’e ogepkaHO OCHOBHI iHTETpO-AHpepeH-
uiiiHi piBHSHAA. [loganmpmmii po3B’s30K SKUX Tpe-
CTaBJICHO y BUIVISIZI KBa3iperyIsIpHUX HECKIHUCHHUX
cucTeM anreOpaidHuX piBHAHB. J[OCTIIKEHO BILTUB
HasSBHUX y CMY3i IMOYATKOBUX (3QHIIKOBUX) HAIpPy-
JKCHb Ha 3aKOH PO3MOA1TY KOHTAKTHUX HAPYXEHb 3a
JiHI€FO i KOHTAKTY 31 CKIHYEHHUM CTpUHTEpOM [3-5].

Oraap  Jgireparypu. /[locnmimkeHHS BIUIMBY
MOYATKOBUX  (3aJMIIKOBUX) HAlpyXeHb CTajH
AaKTUBHO NPOBOAMTHUCS B Hamlidl KpaiHi Ta 3a Kop-
JIOHOM Jwie HanpukiHii XX cromitrs. HeoOxigHO
BiJJ3HAUUTH, IO 3arajoM CyBOpa IIOCTAHOBKA TAKUX
3aBJaHb BHMMAarae 3aJlyueHHs amapary HEeIiHiHHOI
Teopii IPYKHOCTI, IO ICTOTHO YCKIIAIHIOE TTOOYIOBY
AQHAJIITUYHUX PpO3B’s3KiB. OCTaHHIM 4acoM HayKOBi
pe3yJbTaTh, IO CTOCYIOTbCS MEXaHIKM TBEPAUX
neopMOBaHMX Tl Ta iX KOHTAaKTHOI B3aeMOii,
OXOIUTIOIOTh yC€ LIMpIIi Koja muTaHb. Lli pesyinb-
TaTH NpEACTaBICHI OararbMa MpausMd MOHOIpa-
¢biuHOrO W OIIANOBOTO Xapakrepy, cepen skux [1;
3; 12]. V mpangx [2; 4] y Mexax JiHeapu30BaHOI
Teopii MPYXHOCTI PO3MISHYTO KOHTAaKTHY 3ajady
JUIA TIPY’)KHOI CMYyTH 3 IOYaTKOBHMHU HalpyKeH-
HSIMH, WiJACHICHUMH HECKIHYEHHUM CTPUHIEPOM.
VY monorpadii [2] npeacTaBiaeHi METOAU PO3B’A3KY
MilIaHUX 3a/a4 Ui IPY>KHOI CMYTH 3 TIOYaTKOBUMHU
HarnpyxeHHsMU. B omsanoBux crartax [3; 10] akane-
mikoM O.M. ['y3em BUCBITIIEHO TPOOIEMHU HEKIIaCHY-
HOI MeXaHiKM pyHHYBaHHS, IO JAJ0 MOLITOBX VIS
BIOCKOHAJIEHHS Ta MOJAIBIIOr0 PO3BUTKY HAYKOBUX
JOCHIIKEeHb 13 Teopii MexaHiKu TBepAuX IedopMo-
BaHUX Ti. ICHye TakoX HU3Ka y3araJbHIOBAIbHUX
myOmikarii [8; 13; 14], axi minkoBUTO 200 4aCTKOBO
NOB’s13aHI 3 TEMAaTHKOIO jAaHoi crarri. Mertox aHa-
JITUYHOTO Ta YHUCEIBHOIO PO3B’SI3Ky KOHTAKTHOI
3a1ayi Mpo MiACHICHHS MONEPEAHbO HaNpyKeHOI
CMYTHM HECKIHYEHHUM IPYKHUM CTPHUHTEPOM Ipen-
crasneHo y mpangix [11; 13]. Takox, 3Baxkarouu Ha
HEOOXiAHICTh MiABHIIEHHS MIIHOCTI KOHCTPYKIIi
3aBASKH MiJCHUICHHIO i IEIKNX HECYYHX CIIEMEHTIB
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MIPY>KHUMH CTPHUHIEPaMH, IPOIIOHYIOThCS IS O3HA-
HOMJITEHHS JTOCIIJDKSHHSI, TIOAaHi y mpatsix [7; 9; 14].

MeTonu gocaigxeHHs. Y Mexax JiHeapu30BaHO1
Teopii mpykHOCTI [1; 2; 5] pe3yabpraT TOCHTiIKEeHHS
MIPEACTAaBUMO B 3arajbHOMY BUIJISAL TSl CTUCIHMBUX
1 HECTUCIMBUX TUT AJI TEOPil BENMKHUX MOYATKOBHUX
nedopmartiif i JBOX BapiaHTIB TEOPii MAIUX MTOYATKO-
BHX Ae(opMaliil 3a JOBUIBHOI CTPYKTYPH TPY>KHOTO
MTOTEHITiaTy.

Po3pi3HsitoTe TpH cTaHM HONEpeNHbO HApyXKe-
HUX TUT: a) MPUPOJHHNA (BiACYTHICTH HAIpPY>KEHB);
0) MoYaTKOBWIA HAIIPYKEHHIA CTaH; B) 30ypeHH CTaH
(ycl BENIMYMHU SKOTO CKIIAAAIOTHCS 13 CYMH BiIIOBi-
HUX BEJIMYMH II0YAaTKOBOTO CTaHy Ta 30ypeHs). o Toro
K 30ypeHHsI Bl JOKIaJaHHS 30BHIITHHOTO HABaHTAa-
JKEHHS BBa)KaeMO HA0araro MEHIIMMH BiJ BiIIOBiI-
HUX BEJIWYMH [IOYATKOBOTO HANpPY)KEHOro craHy. s
PO3B’SI3Ky 3a/1aui 3aCTOCYEMO KOOPIMHATH IOYaTKO-
BOro seopmMoBanoro crany (y,, y,), fAKi MOB’s3aHi
3 JarpaHXeBHUMH KOOPIWHATAMHU (Xv xz) CHIBBIIHO-
IIEHHAMH: Y, = Kixi, e Xi (1=1,2) — xoeirieHT BUIOB-
KEHHs B3IOBX KoopaumHaTHoi oci. [Ipumyctumo, mo
MIPY’KHI TIOTEHIiand — JIBiYi HemepepBHO-IU(epeH-
uifioBaHi (yHKii anredpaivHUX iHBapiaHTIB TEH30pa
nedopmaniit ['pina [2; 3], a moyarkoBuil gedopMoBa-
HUH CTaH € OJHOPIAHUM. YBa)KaTUMEMO, II0 Iovar-
KOB1 Hampy>XeHHS IIIOTh Y3OBX OOJIaCTi KOHTAaKTY.
Marepianu Tix OyauMO BBa)KaTH i30TPOITHUM CTHCIIH-
BUMH 200 HECTUCIMBHMH 3 JOBUIBHOIO CTPYKTYPOIO
MIPY’KHOTO HOTEHLiay.

Otxe, chopMyTI0EMO 3a1ady: HexXall oNepeIHbO
HampykeHa cMyTa (TOBIIMHHU ), TiACHIEHA MPYXK-
HUM CTPHHIE€POM CKIHUCHHOI IOBXHHH, IepeOyBae
M Ji€fo 30Cepe/ukeHoro HaBaHTaxeHHs Pd(y,),
y HampsiIMKy Ao oci Oy, mig kytom o (puc. 1), ne
8(»,) — onurmuna dymkiis Jipaka.

2op

l o y

>
R
LY 77

S

N

7 LIS gy

Puc. 1. [lisg cniam Ha cMyry

Vei pocniokeHHs BUKOHAHI Ui CTHUCIMBUX 1
HECTHUCJIMBUX TiJ Y BHIQJIKY NPYXHHX TOTCHIIaIiB
JIOBIJIBHOT CTPYKTYPH B 3aralbHOMY BUIJISIAL JIJIS TEO-
pii Benmukux (KiHIIEBHX) MOYATKOBUX aAedopmariid.
Hnst mepexofy 10 pi3HHX BapiaHTIB Teopii Mainx
MOYaTKOBHUX JedopMalliii HeoOXiJHO BBECTH CIIPO-
IeHHs, 3a3Hauene y [3; 4; 7].

Jnst BU3HAUCHHS TMOJSI MPYXHHUX NEPEMIIEeHb 1
HanpyxeHb (QYHKIIT BIUIMBY) BiIl NpUKIaAeHOT Ha
ii rpani 3ocepemkenoi cunn P3(y,), HpPHKIaIEHOL
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mig KyToM o 10 oci Oy, , OBEep’KyeMO Taki I'paHUYHI
YMOBH Ha KpPOML NPYkHOI cMyrH 3a y, =0 (puc. 1):
0,,(3,,0)==Psina-5(y,); 0, (»,0)=—Pcosa-5(y,), (1)

Ha JIiHIi 3’€JHaHHs NPYXHOI CMYTH Ta HalliBILIO-
IIMHY 33 ), =

u (»,-1)=0;  u,(»,-1)=0. 2)
Hotpumytouncs [3; 10], Bupa3u 1jis nepemimeHs i
Hanpy>keHb IPaHUYHUX TOUYOK CMYTHU 3 TOYaTKOBUMHU
Hanpy>XKeHHSMHU Yy BUMAJIKy PIBHUX 1 HEPIBHUX KOpe-
HiB BU3HAYaJbHOTO PIBHSHHS 3allUILIEMO Y BUIIISIIL:

u (nx,) = anI [L (4 +4,)+ 0z, [ (B, +B,) |exp(—icw, ) dot

, (31o,) =

“L (B, +5,B,)+az [ (4 +s,4, )]exp( ioy )da.  (3)

)
1 A
sz(yp ) %I[E(Al+SA2)+O(ZII:(31+SB:):|eXp(_ia)4)da
. i (1 A
0, (y"x’):zlin'L\/n:lrm;[[E (B, +5,B,)+ 0z [(A, +sOA2)]exp(—ia)q)du.
1 1+m, / m, —1
Tym z =(n)2y,; s,=—2L; s=5,=; § =——7}
y i ( ,) Yas Sy 1+m, ol1 1 m
A+ Bz)chaz, + B(oz, )shaz,; n =n,,
L (A+Bz)= ( Jehaz, + B(az)shaz, b
Achaz, + Bzch(az, ); n, #n,;
A+ Bz)(az )" shoz + Bchoz,; n=n,;
L(A+Bz)= ( )(az) o ' S
Ashoz, + B(az,) shaz,; n #ny;
Tyr [, m, c,,— mnapameTpu, IO BH3HAYAIOThH

MOYaTKOBUM HANpPYKCHUU CTaH CMYTH, 7,
BHU3HAYAIILHOTO PiBHSHHA [2,; 3] (i =1,2).

Sxmo 3agoBonbHUMO TpaHudHI ymMoBH (1) 1 (2)
3 ypaxyBaHHSAM (3) Ticig HHU3KH NEPEeTBOPEHb IS
BU3HAYCHHsI HeBinoMux xoedimientis 4,B, (i=1,2)
y BUNAJIKy PIBHHX 1 HEPIBHUX KOpPEHIB BHU3HAYaJb-
HOTO piBHAHHA [2; 3; 12], omepxuMo CHUCTEMH aire-
OpaiyHuX piBHAHB.

[Ticnst po3B’si3aHHS cucTeM 3HaiineMo Koedirri-
eHTH A, B (i=1,2), o BUPaXAIOTHCS Yepe3 mapa-
METpH, AKi BHU3HAYAIOTh ITOYATKOBUI HampyXeHUH
crad. Bupasu mis nux xoedillieHTiB 3HaX0IUMO Bifl-
MOBI/THO:

— IS piBHUX KOPEHIB BHU3HAYAIBHOTO DIBHSIHHA
[2,5] n, = n, 3Hax0AMMO Koedinientn A,B, (i=1,2)

— KOpeHi

A,:{ n[ S Vﬂ+l s, — ¢lz+(

A, = {no‘:(sl
B, {no soish¢]ch¢l]+mo[s§osh2¢l+¢f—sa]}aﬁ

S, =5, )] +m, [—.ﬁﬂshtblch(j)1 — sl ]} g’
—5,sh°¢, ] +m, [, +5,5hd,chd, ]} g

; (4)

B, =

2

S5, 5H§cho, + 0, |+ my [ 55h’, +5 |} &"

JUTSE HCpiBHI/IX KOPEHIB BH3HAYAILHOTO PiBHSHHS
[2; 5] n, #n, 3Haxonumo 4,,B, (i=12):
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4 { no[sow, a)- sso¢lwl(m)—2sshz¢z—sl]—mo[Eslmz(a)+sm4(a)]}él'(0.)
{n0 S, d)lz 2 sh ¢,+3ool(u)+¢|m4((x)—so]+mo[sl¢lo)2(ot)+o)3(ot):|}§;'(ot)

B, {"0 508 1(’)3(0L Yo‘b]@z(a)]*'mu[”ml(a)+S¢1mz(a)_s|5h2¢z:|}é;

o) J my 5, (6 =2) 0, = sy, (@) + 0, (x) =5 &
[lincTaBUMO 3HAYCHHS (4) i(5) y (3) 1 3Haiigemo

(YHKITIO BIIMBY Y pr)KHlI/I CMy31 3 MTOYaTKOBUMH

HAIIPpY>KECHHAMU  1JI plBHI/IX i HeplBHI/IX KOpeHlB
BHU3HaA4YaJIbHOI'O plBHﬂHHH y BI/IFJIS[III.

_[Hll 1y2) “da

(9

{nﬂ 0,0, (x) + 5,0, (o

Uy (ypyz
(6)

Uy, (ylayz Ile 1y2) e™da

Po3misiHEMO JIBa BHUNAJKK TPAHHYHUX TOYOK
(», =0) IpPYXXHOI CMYTH 3 MOYATKOBHMH HAIPyKCH-
HAMH.

I. Ongumana cuma 8(y,) (P=1) xie HopMambHO
JI0 BEPXHBOI I'PaHi MPYXKHOI CMYTH 3 IOYaTKOBMMHU
HaIIPYKEHHSIMH.

II. Omunnyna cuna 8(y,) (P=1) nie TaHrenmi-
aJBbHO JI0 BEPXHBOT IPaHi MPYKHOI CMyTH 3 MOYATKO-
BMMH HAIpyKEHHAMHU.

V HepIoMy BHIIAIKy 3MilleHHs TPAHMYHHX TOYOK
(», =0) IPYXXHOI CMYTH 3 MOYATKOBHMH HAIPYKCH-
HSAMH MO>KHA OOYUCIIATH 32 (POopMyITamu:

)cos oy, da

(N

)sinoy,do

1 o0
Uy (yl’o):%(yl’o):% I H, (OL

1 0
Uy, (yI,O):u2 (J’wo):% J. H, (OL

Tyr3a n, =n,:

H, (o)=n, [(sushzmtl +5,5,5h° o, — a¢,N+(cxd)l) -SN+¢,]&7( (8)

L ym _
Hy, (o) =i== [SoslNa =5 (0, ) N, +5, ((O‘q)l)NZ Na]ill (o) 5
Jny
3a n #n,:
H,,(o():nu[(s,cmwb, +5,N, + 5,5, Nad, —ad N +s, (ad, )’ shad, —s,ch’ad, +5,N, +ad,N,]&' (o

le(u):iw[%sl[\]} _SO(ad)I)N\ +5 ((O“b\)

A
Oxpim Toro, as Gyuxuit 7, (o), Hy, (o) coymni
TaKi FPaHUYHi CIIiBBIAHOLICHHSL:

limH, () =0(1) limH,, (a)=0(a™"), (10)

y JIpyroMy BHIIQJIKy INEpeMillleHHs 3HaiinemMo 3a
aHaJIOTTYHUMH HOPMYTaMU:
—0< y] < 00

IHZI
(1)

0
Isz a)cosoy,da; —o0<y <o
—00

L, =5 N=sN, g ( (9)

Uy yl’y2 SIn(x’ylda’;

1

Uy (yl’y2 o
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Tyr3a n,=n, H, (a)i H, (o) BU3HAYAIOTECS 3
BHpa3iB:
H, =m, [— s+1)(sshad, - chad, —ad, ) —ch’ad, —s,sh*ad, —S] ' (o)

sl U2

imym,

Hy = I [ ssich’a, +(ob, ) - o, N =sich’ (o, ) -

3a m #n,:

H, (a) —mo[s‘v (ad, )N, —sN; +s(ad, )N, + N, &' (o)

H,, ((X) Im“m1

-5 (ﬂ-¢1)N4+N3]§z ( ;

[1 sich(204, )+ ss,N +sad,N, +ss,(a¢) shad, — ss,ch’ad, — . (13)

Bapro 3asHaunth, mwo mus Qyskuin H, (o) i
H,,(a), sk i y Bumaaky (10), MaroTh Miciie acHMII-
TOTUYHI PO3KIAIH:

limH, (a)=0(1) limH,(a)=0(a") . (14)

OTxe, nepeMilieHHs B 3a1a4i | Ta ropu3oHTanbHI
nepeMillleHHs y APYTii 3a1a4i B TOUL MPUKIaJaHHS
MaroTh JIOrapu(MiuHy 0COOIUBICTS.

3a ZONOMOTOI0 MPHUHIUITY CYNEpIo3HLii nepemi-
IIEHHS TOYOK MPY>KHOI CMYTH 3 TOYaTKOBUMH Harpy-
JKEHHSIMH 32 HalpsMkoM oceil Oy,, Oy, BiJ BOTHO-
gac Ail0unx HOpManbHUX p(y,) i TaHreHUiadbHUX
q(y,) Hanpyxenb, 3riguHo i3 (7)1 (11), BU3HAYaIOTHCS
bopmynamu:

©

U (yl): J.”ll(‘}ﬁ —‘t‘)p(‘c)d‘c-ﬁ- ]87”12 (yl

-0 -0

d1:+.[ u,, ‘yl r‘)q

ne u;, (ij=1 2) (yHKIIT BILIKBY.

[IpunycTuBIIK, WO NPYXKHA HAKIAIKA y BEPTH-
KaJILHOMY HANPSIMKY 3TMHAETHCS K 3BUYaiina Gaka,
TOOTO:

— r)q('c)dt
(15)

0

uz(yl):J.uzl( =

—0

4
d'u,

D dyf‘ =p(x)—p0(x)

—o<x<w, (16)

ne u,(y,) — BepTHKAIbHE MEPEeMillleHHs TOYOK
NpPY’KHOT Hakmaikd, D — >KOPCTKICTh HAKJIAAKH Ha
3THH.

A B TOPH30HTAJBHOMY HANpPSIMKY PO3TATYETHCS
a00 CTHCKa€TbCA SIK OJHOBICBHO HABaHTAXECHUH
CTpYKEHb. 3 ypaxyBaHHAM YMOB PIBHOBAr Mpy>kKHO{
Hakjanku [2] A HEeBiIOMUX KOHTAaKTHUX Harpy-
JKEHb OJIEP’)KUMO CHUCTEMY 1HTErpo-nudepeHIliaib-
HUX PiBHSHB:

d'u,

DW{I”H(‘M T‘) d‘r+ ];“\2(}’17":)‘](7)(11}:[7(}’1)7@)()’1)
e .(17)
E,hi{[‘ull (y] ) 'r)dt+ Juzz ‘), —‘r‘ T)d‘[}* H:q(r -4, r)]d'r

dy, |-

v pasi Iii TUIbKH BEPTHKAIbHUX cuil g, (»n)=0
3aMicTh cuctemu (17) OymeMo MaTH TiNbKH OIHE
iHTerpo-audepeHialbHe PiBHIHHS:

D;;|:T ”11(‘)’1 —T)P(T)dr:|:p(yl)_p0 (y])’

—o0
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a B pasi BiZiCy THOCTI BepTHKaIbHIX CHI p (1,) =0
HAKJIaJIKa JIMIIE PO3TATYETHCS, TOA1 OfEPKUMO:

£ (s (=) p(e)de= [[a(0) e ()] (19)

Pesyabrarn. UwcenbHuil aHami3  mpoBene-
HOTO JIOCII/DKCHHSI TIPEICTABICHUN MMl TOTEHIIi-
amy Tpemoapa (Tijla HEOTYKiBCBKOTO THITY) Yy pasi
ximiuHO aktuBHOI rymu CKY-6 3a Takux mapamerpis
BUioBkeHb: A, =0.7; 0.8; 0.9; 1;1.1; 1.2 . Anroputm
YHCEIBHOTO PO3B 3Ky 0a3y€ThCsl HA METO/I pEyKIIii
Ta peanizoBaHUi y BUDNISII MporpamH B raketi Maple.
Takok 3a3HAUUMO, IO YUCENbHE JOCITIKEHHS CUC-
temu tumty (17) npencrasnene B [1; 2].

BrimB mouarkoBHX HampyXeHb Ha 3aKOH PO3-
MOJITy KOHTaKTHHX XapaKTEPUCTHK JUIS 3a/adi mpo
MiCHUIIEHHS TIOTIEPEIHBO HANPYXKEHOT CMYTH, MiCH-
JIEHOT CTPUHTEPOM CKiHYEHOI JOBXKHUHU (CKiHYCHOIO
MPY>KHOI0 HAKJIAKOI0) y BUMAAKY HoTeHuiamy Tpe-
JI0apa, IpeCTaBICHO Ha PUC. 2.

Tyr ¢'(§) — 6e3po3MipHi KOHTAaKTHi TaHIeHIIi-
albHI HampyXeHHs. 3HaueHHA A, =1 (Ha rpadiky

MyHKTHpPHA JIiHisA) BIANOBiZae KIACUYHIA Teopil
MIPY>KHOCTI Ta 30iraeTbes 3 pesyipraramu mpari [8];
A, =0,7;0,8,0,9 — BiInOBinarOTh MOYaTKOBUM HaIpy-
JKEHHSIM CTHCKY; A, =1,1;1,2;1,3 BIZIIOB1AAIOTH
MOYAaTKOBUM HaNpyXEHHsIM po3Tiary; & — 0e3pos-
MipHa KOOpJHHATA [N0YaTKOBOI'O HAIIPYXEHOTO CTAHY
y IIPY’>KHIH cMy3i 3 TOYaTKOBUMHM HaIpy>KCHHSAMHU.

HMuckycisi. Y pe3ynbrari IpoBeaeHHX JI0CIiKEHb
PO3B’SI30K 3ajavi MpeACTaBICHHA y BUDNIAI iHTe-
rpo-nudepeHIiiHuX piBHAHD, PO3B’SI30K SKHUX 32
J0IoMororo obepHeHoro nepersopeHHs dyp’e 3Bo-
UTHCS 10 OOYUCIIEHHS 1HTETpalliB BiIOMOI TIPOCTOi
CTPYKTYpPH.

Bepyun nmo yBaru mpoBeneHe AOCHTIHKEHHS, JUIS
noreHmiany Tpenoapa, 10 BiAmoOBiZae HepiBHUM
KOpPEHSIM BH3HAYAJILHOTO PiBHSIHHSA [2], BIUIUB I10YaT-
KOBUX HAaIpy>KeHb Ha HaIpPyXCHO-Ie(POPMOBaHUIHA
CTaH B 00J1acTi KOHTAKTy MOKHA OIIMCATH TaK:

1. [loyaTkoBi HampykeHHS B pa3i CTUCKY MpH-
3BOZATH 10 3MEHILEHHS CHJIM Halpy>KeHb B 00J1acTi
KOHTaKTy, a B pa3i po3Tary — A0 ix 30UTbIICHHS, Y
pasi mepeMileHp Bce BifOyBaeThCcs HaBMmaku. To0TO

@

D | | | |

-1 -09 -08 -0.7 -0.6

-0.2 -0.1 0

Puc. 2. Po3nonin Hanpy:keHb B 00/1aCTi KOHTAKTY
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HAsIBHICTB TTOTIEPEIHHO HAINPYKEHOTO CTaHYy ITiJ| 9ac
KOHTAKTHOI B3a€MOJIii MIPYXXHUX TUT J]a€ 3MOTY pery-
JIFOBAaTH KOHTAKTHI HAPY>KEHHS Ta IEPEMIilCHHS.

2. BinplI cyTTeBO, y KUIBKICHOMY IUIaHi, MOYar-
KOBI HaIlpy>XEeHHs JII0Th y BUCOKOGIACTUYHUX MaTe-
pianax y HOpiBHSHHI 3 OLIbII JKOPCTKUMH, ajie iXHii
SIKICHUH BILTUB 30€piraeThcsl.

3. 3a I0OMOMOroI0 YHCIOBOI peaii3amii MeToxy
JNOCHTIUKEHHSI BCTAHOBJICHO OCOOJHUBICTD BIUIMBY
HasIBHOCTI ITOYATKOBUX HAIpY)KeHb HA 3aKOH PO3IIO-

37

JIiTy KOHTaKTHUX HaIlPY>KEHb 1 IepeMileHb B 001acTi
KOHTAKTY, IIOPiBHSHO 3 BUIIAIKOM BiJICYTHOCTI IT0YaT-
KOBUX HaIpY>KeHb.

OT1xe, MOKHAa 3pOOMTH BHUCHOBOK TPO T€, IO
BIUTUB TIOYaTKOBHX HAINpPy)XKEHb Ha KOHTAKTHY B3ae€-
MOJIiI0 ITPY>KHUX TJT JOCUTh CUIIBHHH 1 CyTTEBO JTi€ HA
3aKOH PO3MONLTY KOHTAaKTHHX XapaKTepUCTHK. Tomy
Horo BpaxyBaHHS JacTh MOXKJIMBICTh 3HaYHO MOKpa-
IIUTH TOYHICTH iHKEHEPHUX OOYHCIICHb Y PO3paxyH-
Kax Ha MII[HICTh KOHCTPYKIIIX 1 IeTanei MalivH.
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V cTarTi A0CiHKEHO SIKICHUH 1 KUTBKICHUH BIUIMB MTOYATKOBUX (3aJIUIITKOBHX )
HaIlpy>KeHb Ha 3aKOH PO3MOALTY KOHTAKTHHUX XapaKTEPUCTHK NPH B3aeMOAii
OPY)KHUX CKIHYEHMX HakKJIaJoK (CTpUHTEpiB), NpH iX mepioguyHOMY
PO3MillleHHI, 3 JIBOMa MONEpPEeIHbO HApPy>KEHUMH CMYyTaMH, IO 3alleMJICHI
OIHUM KpaeM. JlOCHiPKeHHSI NMPOBEICHO y 3arajJbHOMY BUIISAL A Teopii
BEJINKUX (CKIHYEHHHUX) IMOYATKOBUX AedopMaliiil i JBOX BapiaHTiB Teopii
MaJluX MOYaTKOBUX AeopMalliil B paMKax JiiHeapH30BaHOI Teopii MPyXKHOCTI
OpU  JOBUIBHIM CTPYKTYpi MNpPY)KHOTO TMOTEHIiady A CTUCIMBUX Ta
HECTUCIIUBUX TiJ. Takok BUKOPUCTAaHI METOAM IHTETpaJbHUX HEPETBOPEHb
@yp’e, MeTOAM pPO3B’S3Ky TAPMOHIMHUX JU(PEPEHIIIHUX pIBHSHb,
CHHTYJISIPHUX 1HTErpaabHO-TU(PEPEHIIaIbHUX PIBHSIHD Ta YHCIOBUX METOIB.
3po06neHo MPUIYIIEHHS, 10 B 00JacTi KOHTAKTy MOYATKOBHM HaNpyXEHUH
CTaH, 3 IIEBHUM CTyNEHEM TOYHOCTI, BBAXA€MO OJHOPiTHUM. BBaxkaemo, 1110
IpyXHA CMyTa 3 TMOYaTKOBUMH (3aJIHMIIKOBIMU) HANPYXEHHSIMU 3HAXOAUTHCS
B yMOBax IUIOCKOI aedopmanii, a s Npy>KHOI HAKIAJIKH, HaBaHTAXEHOI
OITHOYACHO BEPTUKANBHUMU 1 TOPU30HTAIBHUMH CHJIAMH, CIIPAaBEAJIHBA
3arajabHONPUIHITA MOJIENb 3TUHY OAJIKH B MMOETHAHHI 3 MOIEIUIIO OTHOBICHOTO
HaNpy>KeHO-Ie()OPMOBAHOTO  CTaHy NPYXKHOI  HakIaAku. BuseneHo
CHHTYISIDHE iHTerpasibHO-IuGepeHnianbHe pPiBHAHHS 3 saiapom [inbepra,
IO JO3BOJISIE PO3B’SI3aTH IOCTABIEHY 3ajady. AHANITUYHUHA PO3B’SI30K
PIBHSHHS 3HaXOAUMO y BUDIAAL psiuiB Bix ¢yHkKmii SIko6i. s marepianis 3
IPYXHUMH NTOTEHIiaTaMU TapMOHIYHOTO TUILY (CTHCIIHBI TiNa) Ta IPYKHUMHU
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noreHrianamMn  bapreHeBa-Xa3aHoBuya 1 Tpemoapa (HecTHCHHBI Tijna)
MIPOBEICH] YNCIIOB] TOCIiKEHHS. PO3IIsSTHYTO BUTIAIOK, KOJIM BC1 TIEPiOJMYHO
pO3MillleH] HAKIagK{, [0 MiAKPIIUIIOIOTH MPYKHI CMYTH 3 IOYaTKOBUMHU
HaNpY>XCHHSMH, HABaHTa)KEHI TAHTCHINIAJBHOK CHIJIOKO. AHAJI3 YHCIOBUX
pe3yJbTaTiB CBIMYUTH PO CYTTEBUH BIUIMB MMOYATKOBHX (3QJIUIIKOBHX)
HaIrpy>KeHb HA PO3MO/iT KOHTAKTHUX XapaKTEPHCTUK NEPiIOAUIHO i ICHIICHUX
CMYT TOHKHUMH ITiAKPIIUTIOIOUUMH eneMeHTaMu. OTpIMaHi pe3ylbTaTH MOXYTh
OyTH BUKOPHCTaHI /IS iIHKCHEPHUX PO3PaXyHKiB Ha MIiITHICTh T IOBTOBIYHICTh
KOHCTPYKIIilf 3 ypaxyBaHHSAM HOYaTKOBUX HAIPYKEHb JJISI IIHPOKOTO BUOOPY
KOHCTPYKIIITHUX MaTepiais.
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Key words: stress-strain state, The qualitative and quantitative influence of initial (residual) stresses on the
initial (residual) stresses, law of distribution of contact characteristics at interaction of elastic finished
contact tasks, Jacobi function, overlays (stringers), at their placement, with two prestressed strips which
Fourier transform. are clamped by one edge. In general, the research was carried out for the

theory of great initial (ultimate) and two variants of the theory of small initial
deformations within the framework of linearized theory of elasticity with the
elastic potential having arbitrary structure for compressible and incompressible
bodies. Fourier integral methods, methods for solving harmonic differential
equations, singular integral-differential equations and numerical methods
were used too. It is assumed that in the contact area the initial stress state,
with a certain degree of accuracy, is considered homogeneous. We make
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the assumption that the elastic band with initial (residual) stresses is in the
conditions of plane deformation. Also, for an elastic lining loaded with both
vertical and horizontal forces, the generally accepted model of beam bending
in combination with the model of uniaxial stress-strain state of the elastic lining
is valid. A singular integral-differential equation with the Gilbert kernel was
derived, which allows us to solve this problem. We find the analytical solution
of the equation in the form of series from the Jacobi function. Numerical
studies were performed for materials with elastic potentials of harmonic type
(compressible bodies) and elastic potentials of Bartenev-Khazanovich and
Treloar (incompressible bodies). Numerical studies have been performed
for materials with elastic potentials of harmonic type (compressible bodies)
and elastic potentials of Bartenev-Khazanovich and Treloir (incompressible
bodies). We have considered the case when all periodically placed pads that
support elastic bands with the initial stresses were loaded with tangential force.
Analysis of numerical results shows a significant effect of initial (residual)
stresses on the distribution of contact characteristics of periodically reinforced
strips with thin reinforcing elements. The results obtained can be used for
engineering calculations for the strength and durability of structures, taking

into account the initial stresses for a wide range of structural materials.

BeTyn. AKTyanbHICTh HAYKOBUX JAOCIIIKEHB IPO-
OneMu KOHTaKTHOI B3a€MOJIiT MIPYKHUX TiNl MMOCTIHHO
3pOCTa€ 1 BIOCKOHAIIOIOTHCS IXHI METOIH, BPAXOBY-
FOYH PO3BUTOK Cy9acHUX 1H(POPMAIiHHIX TEXHOIOTIiH
Ta MaTeMaTHYHUX OOYMcIeHb. Lle 3yMOBIeHO akTy-
ANBHICTIO BUKOPUCTAHHS PE3yJabTaTiB TaKWUX JOCIi-
JOKEHB I11]1 yac OyiBHHUIITBA CIIOPY/, BUPOOHUIITBA Ta
KOHCTPYIOBaHHS JIeTalleld MaIllnuH Ta iX KOHCTPYKIIIH.

BpaxyBaHHs IMOYaTKOBHX HAlpyXeHb I dac
JNOCHIUKEHHS] KOHTAKTHUX 3ajgad 3HAa4HO YCKJal-
HIOE MaTeMaTu4Hi PO3PaxyHKH, B 3B’SI3Ky 3 yCKIal-
HEHHSAM PO3PaxyHKOBHX (hopMyIl, aje BOOHOUYAC Ja€
MOXIIUBICTb OTPUMAaTH OUIBII peasbHUN pe3yabrar
MIPOLIECIB, SKi MiAIATAIOTh JJOCIiXKEHHIO.

Temaruka nOCHIKEHHS KOHTaKTHOI B3aeMOAil
NPY>KHUX T 3 IOYAaTKOBUMH HaNpY>KEHHSAMHU TaKOX
€ aKTyaJbHOIO 1 1711 GyHAAMEHTAIbHUX JOCIiIKEeHb
3 MEXaHiKH TBEPAOTO Ae(POpMOBAHOIO Tija.

Takum uynHOM, naHa poOOTa MPHCBSYEHA OOCTI-
JDKEHHIO TIMTAHHSI KOHTAKTHOI B3a€EMOI1 MOTIEPEAHBO
HampyXeHUX CMYT 3 MEpPiOAUYHO PO3MIIIEHUMH
CKIHUEHHMMH TPY)KHUMH Haknaakamu. OO0’ exToMm
IAaHOTO AOCIIMKEHHS € JB1 HECKIHYEHHI, OJHAKOBI,
MOTIEPEAHBO HATIPYXKEHI CMYTH, SIKi OIHIEI0 TPAaHHIO
KOPCTKO 3aIlleMJICH], a IHIIMMHU TpaHsIMHU 3’ €IHaHI
MiX 0000 TIEPiIOTUYHO PO3MIMIICHUMH CKIHYCHHUMHU
Npy>KHUMHU HakJaakamu. [IpenmeTom gociimKeHHs €
BIUIMB MOYAaTKOBUX HANpYKEHb HA 3aKOH PO3IMOILTY
KOHTaKTHUX HAaIPy>KEeHb 1 IePEeMILIeHb MPYKHUX Til
B 00J1aCTi iXHBOTO KOHTAKTY.

Mertoro poOOTH € OTpUMaHHS PO3PaXyHKOBHX
iHTerpo-audepeHIiiHNX PIBHSAHB, PO3B’SI3KH SKUX
ONUCYIOTh  HampyXeHo-ieopMoBaHMI CTaH B
0051acTi KOHTakKTy, a TaKOK OTPUMaHHS YHCEIbHUX
pe3yNbTaTiB y BUMAAKY NMPYKHUX MOTEHIIaJiB KOH-
KPETHOI CTPYKTYpH. JloCIiIKeHHs TPOBEIEHO B paM-
Kax JIiHeapu30BaHO1 Teopii NPYKHOCTI B 3aralbHOMY

Computer Science and Applied Mathematics. Ne 1 (2022)

BUDJISAAL Ui Teopii BENMKUX (CKIHYEHHHUX) IMOdYarT-
KOBUX JedopMalliii Ta JBOX BapiaHTIB Teopii Mamux
MOYaTKOBUX JAedopMaliil mpH JOBUIBHIA CTPYKTYpi
npyKHOro noreHuiany [1-3].

Orasin aiteparypu. KoHTtaktHa B3aemomist Tin 3
MOYAaTKOBUMHU HANpPYKEHHSIMH HAJIEXKHUTh 1O OHIi€i
3 aKTyaJIbHUX o0nacteld MexaHiku JeOpMiBHOTO
TBepIoro Tijia. PO3B 30K TakuX 3a/1a4 1MOB’ sI3aHUI 3
HIMPOKUM KPYToM npoOiiem, siKi BHHUKAIOTh B Mallli-
HOOyAyBaHHi, OyIiBeNbHIN Taxy3i Ta 1HIIUX ramry3sax
npomuciioBocTi. KoHTakTHi 3aga4i kiaacu4Hoi Teopii
NPY’KHOCTI B HaIIil KpaiHi 1 32 KOPIOHOM B OCTaHHI
JECATWIITTS OAEPKaJIN MOAAIBIINHA PO3BUTOK fK 3a
TIUOWHOIO HOBUX ITiIXO/IiB, TAK i 32 IIMPUHOIO AOCTi-
JokeHb. [Ipo e CBiIuuTh BeNIMKa KUTbKICTh BYCHUX,
SKi TIPAIIOIOTh HAJl 3aJaHOK0 MPOOIEMOI0, 1 Kijlb-
KICTh TMOJAHMX JOMOBiJed HA CUMIO3iyMH, 3’1311
Ta KoH(epeHuii Sk y Hamii KpaiHi, Tak i 3a KOpJo-
HOM B OCTaHHI ASCATHITTI. SIK BimOMO, IMOYATKOB1
(3aNMILKOBI) HaNpyXEHHS MPAKTUYHO 3aBXKIU TPH-
CYTHI B €JleMEHTaX KOHCTPYKILIH 1 AeTasIX MAalluH.
Jist ocTaHHIX BUKJIMKAE B ONEPEIHBO HALIPYKEHOMY
TiMI Takuil camuii eexT, K i Oynp-sKi 1HII Hampy-
JKCHHSI, SIKI MOXYThb BHM3BaTH Jedopmanii, pyHHy-
BaHHS, 30UTBIIUTY TCHJICHIIIIO 10 BTPATH CTIMKOCTI i
BHYTPILIHBOTO TEPTSA. TOMY BUBUCHHS 1 A0 CIiHKEHHS
SKICHOTO 1 KUTBKICHOTO BILTUBY HOYATKOBHX (3aJTUIL-
KOBUX) HalpyXeHb Ha 3aKOH PO3MOIiTY KOHTAaKTHUX
Hanpy>XeHb € JTOCHTh aKTyaJbHOIO MPOOJIEMOIO SK B
TEOPETUYHOMY, TaK i B MPAKTHUYHOMY acrekTax. He
JUBIISTYMCH HA JOCUTH BEJIIMKUH CIEKTP AOCHTIIKEHb
3 BU3HAYCHHSI 3aKOHY PO3MOILUTY KOHTAKTHUX Xapak-
TEPUCTHK B KOHCTPYKUISX 1 JETasIX MAIlUH B Kia-
CHYHill Teopii NPyKHOCTI, HEMOXKJIMBO (BUXOISYH 3
NPUAHATOI NiHIHHOT MOJIENi) BpaxyBaTH MOYaTKOBHUIA
(3aMILKOBUI) HANPyKEHO-IePOPMOBAaHUI CTaH Til,
mo nepeOyBaioTh B KOHTakTi. [lomepenHbo Hampy-
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XKEHUIl CcTaH MOXXKHA BpaxyBaTd, BHKOPHUCTABLIH
JIiHEapru30BaHy TEOPit0 MPYKHOCTI, sika po3pobieHa
akagemikom HAH VYkpaian O.M. I'yzem B 70 poxax
MHUHYJIOTO CTOJITTS. XOua B 3arajJlkHOMY BHUIAIKy
CTpora IIOCTaHOBKA TaKHX 3a/ad BHMAarae 3acTocy-
BaHHS HeNiHINHOI Teopii npyxHOCTI [4]. Ilpore npu
JOCUTH BEIMKHUX BEJIMYMHAX MOYATKOBUX (3aJIMILKO-
BHX) HaIlPYy>KeHb MOYKHA OOMEXXUTHCS 11 JTiHEapHu30Ba-
HUM BapiaHTOM. [CTOPUYIHO JOCITIKEHHS KOHTAaKTHUX
3a/lad B paMKax JliHeapu30BaHOI Teopii MpyKHOCTI
CKIIaflaniocs Ha JBOX HampsiMkax. llepmuii moB’s-
3aHUI 3 DOCIIDKEHHAMHU KOHTAKTHOI B3a€EMOIIi T
3 KOHKpETHOI (OpMOI0 Mpy>KHOro noreHuiany. Lle
mpami B.M. Anekcannposa, H.X. ApyTroHsHa 1 ixHiX
yuHiB [5]. Apyruit migxin 3amod4aTkoBaHUN akajgeMi-
koM HAH Vkpaiau O.M. ['y3em i iioro y9HIMH, TIPO-
tecopamu C.1O. badbuuem i B.b. Pynaunpkum — 1ie
JOCHIDKEHHS] IPOCTOPOBUX Ta IJIOCKUX 3aJad KOH-
TAaKTHOI B3a€MOMIi TiJd 3 ITOYATKOBHMH (3aJTHIITKO-
BUMH) HalpYyXEHHSIMU 3 JOBUIBHOIO CTPYKTYpPOIO
MPY>KHOTO MOTEHLIaNy Ui CTUCIUBUX 1 HECTUCIHIHU-
BHX MaTepialliB y BHITQJKy TeOpii CKIHYCHHUX (BEJH-
KHX) 1 IEKUTPKOX BapiaHTIB TEOPii MaINX MOYATKOBHUX
(3anmumkoBux) pedopmarniii [1-3; 6-8]. IcHye Takoxk
PO y3aranpHIOWOYHX MmyOmikamin [9—15], ski moB-
HICTIO a00 YaCTKOBO MIOB’sA3aHiI 3 TEMATHKOK HAHOIL
crarti. Ilpukmnan 4ncinoBoro po3B’si3Ky KOHTaKTHUX
3amad momaHo y crarrti [16]. Takox, BpaxoByroun
HEOOXiHICTh IMiJBUIIEHHS MIITHOCTI KOHCTPYKIIi 3a
PaxyHOK MiJCUIICHHS ii MeSKUX HeCy4YHX €JIEMEHTIB
NPY>KHUMH CTPHUHI€PaMH, IPONOHYIOTHCS Ul O3HA-
HOMIICHHSI TOCITiJPKEHHS, TTofiaHi y nparnsax [16—19].

Metonun mocuigxeHnsi. Bukopucraemo cIiiBBin-
HOIIIEHHS JTiHeapu30BaHO1 Teopil mpyxkHocTi [1-3],
MPUIOMY AOCIHIIKCHHS NPEACTaBUMO B 3arajbHOMY
BHIJISIL JIJISL CTUCIIMBUX 1 HECTUCIIMBHX TiJl LISl TEOPii
BEJIMKHUX MMOYaTKOBUX Ae(OpMallili Ta IBOX BapiaHTIiB
Teopii Manux Mo4yaTkoBUX Aedopmauiid npu AOBiIb-
Hill CTPYKTYpi IPYKHOTO NOTEHLIIAIY.

BynemMo pO3pi3HATH TpH CTaHU MONEPEAHBO
Hanpy>XKeHHUX TiJI: a) IPUPOAHUI (BIACYTHICTH HampYy-
JKEeHb); 0) MOYaTKOBUH CTaH; B) 30ypeHUl cTaH (BCi

30ypeHHs BBa)Ka€MO Habararo MEHIIMMU BiJ| BiAIO-
BIZTHUX BEJIMYHH IIOYATKOBOTO CTaHY.

Jns po3B’si3Ky 3ajaqi 3aCTOCYEMO KOOpPAWHATH
[04aTKOBOTO nedopmoBaHoro crany (v, V,), fKi
TOB’SI3aHi 3 JIArPAH)XEBUMH KOOPAMHATaMH (X, X,)
CIIIBBITHOLICHHIMU: yl.=7ulxi, e 7‘; (==1,2) — xoedimi-
€HTH BUJIOBKEHb B3JI0BK KOOPMHATHOI OCi Y.

[lpumycTriMo, 10 [1Bi HECKIHYEHHI TIPYXHI
CMyTH BHTOTOBJICHI 3 CTHCIMBOTO a00 HECTUCIH-
BOTO Marepially 3 MOTEHI[aJOM JOBIIBHOI CTPYK-
Typu. Takox HpuIryckaemo, o B HUX MIIOTh i/1€H-
TUYHI TIOYATKOBI (3aJIMIIKOBI) HampyxeHHsd. Hexait
CMYTH 3’€JIHaHI M)XK COOOF0 Ha CKIHUEHHUX Bifpi3Kax
[~a+2kl;a+2kl] (I>a, k=0+1,%2....), sKi mepi-
OZINYHO TIOBTOPIOIOTHCS, TPYKHHUMH HAaKJIaKaMu
Masoi ToBIMHN / . [lodaTkoBi Hanpy»XeHHS B MPYXK-
HUX HaKJIagKaxX BiCYTHI, MOAYIb MPYKHOCTI Mare-
piany Haknanok £, koediuient Ilyaccona v, i BoHH
3HaXOIATHCS B yMOBax Intockoi medopmarii. Tos-
IIMHA TIOTIepeIHBO HampykeHux cmyr H. IlorpibHo
JOCIHIUTH BIUIMB IPHCYTHOCTI MOYATKOBHX HAIpy-
KEHb B CMyrax Ha 3aKOH DPO3IOIUTy HOpMaJbHUX
p(y,) i TanrenmiansEux ¢(),) KOHTAKTHHX HAmpy-
JKEHb B 00J1aCTi KOHTAKTy NMPYKHUX HAKJIAIOK 3 MOTe-
PEIHBO HANpPYXEHHUMH CMYTaMH, KOJM Ha HAKJIAJKH
Jli€ TOPU3OHTAJbHE NEPIONUYHE HABAHTAKCHHS 3
nepiogom 2/ Ta iIHTEHCHBHICTIO qo( ) (puc. 1).

BpaxoBytoun  mepiogndHICT  MpEACTaBICHO]
3aJayi, Ciai BIAMITHTH, 1[0 BIUIMB IIOYaTKOBUX
HaIpy>XeHb MiJ{ KOKHOIO TOHKOIO NMPYKHOIO HaKJIa-
KO0 Oyne OJHAKOBHM, TOMY MOXHA OOMEXKHUTHCH
PO3IIISAIOM TUIbKH OfHi€T 3 HUX. Po3rissHeMo, Hanpu-
KJIa/1, HAKJIaJIKy SKa PO3MIIlleHa Ha BiIpi3Ky [—a, a].
Sk BimoMO, 3 OCHOB OIOpPY MarepialliB TMpy>x)Ha
HaKJIaJka B BEPTHKAJIBHOMY HampsMKy oci Oy, 3TH-
HA€eThCS SIK 3BHYAHHUN Opyc, a B TOPH30HTAIEHOMY
HanpsMKy oci Oy, CTHCKY€TbCs, a00 PO3TATYETHCS,
SIK 3BUYAHUIA CTPHKEHb 3 CKIHYEHHOIO KOPCTKICTIO,
SKAH 3HAXOJWTHCS B OJHOBICHOMY HAampyKeHO-Je-
¢opmoBanomy crani [18]. OTxe, MaTEMyTh MicIie
TaKi piBHSHHS:

. . . du (yl) 1 %
BCJIMYHUHM SIKOTO CKJIAaJar0ThbCs 13 CYMH BIAIIOBIIHHUX —_— = f [2q(g)—q0 (g)]d& (—a <y < a) , (1)
BEJIMYWH [T0YaTKOBOTO CTaHy Ta 30ypensb). Jlo Toro x, dy, E\hz,
| Yo
|
H ) W | aly) 4
| e ey magzi~h %
y J-a-21 a-21 -« ) d -a+21 a+2{ ¥
fr= 2l e 21 —
|
Puc. 1
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av (yl)
—=0, V - s
&, v, €(-a<y <a)
ne u(y), v(») — mepeMilleHHS IPaHHYHMX

TOYOK HaKJIaJKH.
VYmoBH KOHTAKTYy HAKJIAAKW Ta CMYT'U 3 IIOYaTKO-
BHMMU HAIIPYKCHHAMU MAtOTh BUITIAA:

u(y)=u(n); v(yn)=u,(»); (~a<y <a), 2)

ne u,(y,), u,(») — HepeMillleHHs IPaHHMYHHX
TOYOK MPYKHOI CMYTH 3 TOYATKOBMMH HAMPYKEH-
HAMH. [ paHHYHI YMOBHU Ha KIHISIX TPYKHOT HAKJIAJAKH
BHACJIIOK BIJICyTHOCTI 30BHIIIHIX CHJI MOXHA 3aIlH-
caru y Bursiai: Q(y,)=0; P(y,)=0; M(y,)=0 mpu
v ==a, e

- [Tat0-a ()]s Iy <a
1)= I[p(T)_
M(y,)= ]l(yl —r)[p(t)—

—a

‘E)]d’t, |<a;

‘C):| dr, |y| <a.

Tyt QO(y,) — noB3noBxHs cuna; P(y,)— nome-
peuHa cuna; M (y,)— 3TUHAOYUI MOMEHT B IIOIIEpEU-
HOMY Tiepepi3i HaKIaIKH.

Sxmo Bpaxysaru (2) i Bupasu il OOYHCIICHHS
MepeMillieHb TPAHUYHUX TOYOK B 00J7aCTi KOHTAKTY
v, €[~a, a] HapaHi y, =0 npyxHOi cMyru 3 moyar-
KOBUMH Harnpyxenusmu [ 18; 19], orpumaemo Bigomy
CHCTEMY 1HTETpalbHO-TU(PEepPEHIIaIbHUX PIBHSIHb.
SIKIO 71 i€l CHCTEMU BBECTH HOBY (DYHKILIO 1 3p0-
OuTH 3aMiHy

X(t)=p(v)+ig(o); (t=& ) d=nall, (3)

TO MICJIS JESKUX NMEPEeTBOPEHb OTPHMAEMO CHH-
TyJsipHE iHTerpajbHE piBHSHHA 3 sipoM [inbpOepra
[17]:

f g
iBX (&) + [ X (n)etg=_Tdn~ jLn &-m)X (n)dn-
-8

8

—i[ilz(é—n ( dn- ILzzé T]) ()dn+
+B, [[X() - X(m) Jdn= )
=i[BzQ (&)+A ]dr— b (-8<&<3)

3 TPAaHHYHOIO YMOBOI-O

jX Jn =", 5)

He X(n) - (byHKLuﬂ KOMIUIEKCHO CIIPSKEHA JI0
dyskEr X (1)
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0,(8)= [ @ (mydn; 0, = [a(n)dn; M, - [e(e)de

-3 —-a
- Ity 1 . It ~ It 1
PO =r(E) 5 a0 =o[Z) 5 a0 Z)5 ©

Benuuunu I:!./. (1:), B,, A, XapakTepu3ylOTh I10YaT-
KOBUH HampyKEHUH CTaH 1 BU3HAYAIOTHCS U1 CTHUC-
HUX 1 HECTHCIMBHUX MaTrepialliB y BUMAJAKY KOHKPET-
HUX TPYXHUX TOTEHINANliB OKPeMo MJIs PIBHUX Ta
HEPIBHUX KOPEHIB BU3HAYaIbHOTO PIiBHAHHSA BUpa-
3amu [1]. Takox, Q,(£)— dyHKUis po3moniny TaH-
TeHIIIaIbHUX KOHTAKTHUX HAIpPyKe€Hb B3JOBXK IiHIi
KOHTAKTy HaKJIaKH i IPY>KHOI CMYTH 3 TOYaTKOBUMHU
Hanpy>KeHHSIMU.

TakuM 4MHOM, OCTaBJIEHA 3a7a4a 3BOJUTHCS 110
PO3B’sI3yBaHHS CHHTYJISIPHOTO 1HTETpajbHOTO PiB-
HSHHS (4) 3 TPAaHUYHUMHA yMOBamH (5).

Po3B’s30K LIbOTO DIBHSHHS IIYKAEMO y BUIISAL
psany 3a ¢pyukuismu Axo6i [18; 20]:

X(&)=w ZX PP (ctgitg j (|§|<6) (7)

n=l1

ne {Pn(“’ﬁ)(cth/2—tg§/2)}:0:0 — MHOTOUYWICHHU

SIko0i, o opToroHaNBHI Ha BiAPI3KY [—0; d] BiA-

a B
HOCHO Baru w(&)zsecé(sins_gj (sin8+%j,
2 2 2

1. 1 . In(3-4c,,)
a=——-io; B=—=+ia; o, =———.
2 2n

Tyt ¢,, — mapaMerp, SKUii BU3HAYAE MOYATKOBHUIM
HaIPYKEHUH CTaH B CMy3i.

Cnij Big3HAUUTH, WO X, — 11€ HECKIHUCHHUH psf
HEBIJJOMUX KOMIUIEKCHUX KOS(IIi€HTIB, SKi MOTPIOHO
BH3HAUUTH. J[11 1X BH3HAYCHHS IiJCTABIIEMO 3HA-
yeHHs (7) B piBaAHHS (4). B nopanemomy, BUKopuc-
TaBIIU BJIACTUBOCTI OPTOTOHAIBHOCTI MHOTOYJICHIB
HKO6i~ [19; 20], nns BH3HAUCHHS HEBIIOMHUX BEJIH-
4yuH X, OTPUMY€EMO HECKIHUEHHY CUCTEMY JIIHIHHUX
anreOpaidyHuX PiBHSIHB

1, +Z[ )X, + D%, |-

TyT BBCJICHO ITO3HAYCHHA

dmetg ) I"(m-a)T"(m-p)
by = ;

! chmo, (m!)’
DO 1)+ ) 1% D)~ 1)+ 1)
DY =0+ £~ % D)+ £,

D = [ i@ (@) teS e | o
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) %J{I{(z—/)w(n) i (m[dgg gl j+</ DB ‘”(ctgitggﬂdn}w(é)x

-5 -8

o 5 &
P‘“””(t—-t—)d;
x| e 87 €

S (&
Jitsl :;HJ‘{[[(z_j)w(n)+(j—1)v_V(n)]dﬂ}W1 (€)
P B(ctgg tg&"j dg;

1) =[(2- j)+i(j *1)”{%(@ ww(n)-F,

(ctgg tg F’j d&}x

5 .
xwy (&) P m(ctg;tg%) de, j=1,2

Lﬁf)—f{ﬁzz(i n) w(n) dnjw (&)™ B)[cthtgé]dé?

-8

5 {i[ﬁz@—nf +B ] w(n) dnjw (¢)

5 -8
m—1 (Ctg% tg aj dé

ae PB,, A, — TapaMeTpH, sKi BU3Ha4Ya-
I0Th TIOYATKOBHH HamlpyXeHUHl CTaH B CMy3i,

o B
w (€)= secé[sin 8 E"J (sin o+ E“‘J :
2 2 2
Jnsi BUKOpUCTaHHS YHCIOBHX METOMIB IIpH
pO3B’s13yBaHi cucteMu (8) HEOOXiTHO 11Ie BU3HAYUTH
koedilieHT X, AKUi BXOAUTH B IPaBy YACTUHY CHUC-
temu [16; 18; 20]. Koediuient X, MmoxHa 3HaliTU

3 rpaHuyHoi ymoBu (5) 3a nmomomoroio pangy (7).
VY pesysbTari 0TpuMaeMo

ple

chna, - cos§
2

)

21

0,
ah y

v, fd
1 OB-DE-04-02 0 02040608 1"

Puc. 2

Computer Science and Applied Mathematics. Ne 1 (2022)

Cucrema (8) kBaziperyispHa, Tak BUpa3
=1

Lm = lmms Z—S[ D(l) +‘
n=1 N

. o *
Ta BUIBHUM 4JleH d, = lmmc[

Dfnﬂ (m=1,2,..), (10)

|

ne I =(ml )" =0(1) , MaroTh IOPSIOK O(m’(”z)”)
npu m —» oo . Taki OIIHKY AaF0Th MOXKJIMBICTb CTBEP-
JOKYBATH, 10 CHCTeMa KBa3iperyisipHa JUlsl JOBLIb-
HUX 3Ha4eHb (I3WYHUX 1 TEOMETPUYHUX TTapaMeTpiB
HIMPOKOTO KJIACy KOHCTPYKIIIHHUX MarepiaiB.

Pesynbrarn. Yucnouil aHamiz MpOBENCHOTO
JOCTIJDKEHHSI TPEACTABICHUH ISl TapMOHIYHOTO
norenniany (puc. 2) i norenniany bapreneBa-Xa3a-
HOBHUYA (pHUC. 3) 3a JOMTOMOTI'OI0 BIJJOMHUX MapameTpiB
MIOYaTKOBOro cTany npu A, =0.7; 0.8; 0.9; 1; 1.1; 1.2
. ANTOpPUTM YHCIOBOTO PO3B’A3KY TPYHTYETHCS Ha
METOMI PEAYyKIlI Ta peai30BaHUil y BUDIAII MPO-
rpamu B makeri Maple. Takoxk 3a3HauMMoO, IO
YHCEeNbHE JTOCIIKeHHSI cucTeMU THITy (8) Ha KBa-
3iperyispHiCTh MpejcTaBieHe B [1].

BruiMB movyaTKkoBUX HaNpyKeHb HA 3aKOH PO3IIO-
JITy KOHTaKTHHUX XapaKTePUCTHK JUIS JaHOi 3ajadi
MpeJCTaBIIeHO Ha puc. 2 Ta 3.

P .
a h QZI
LiaJIbHI HANpyXeHHs; A,— IOYaTKOBI BHUIOBKEHHS
B3IOBX oci Oy,, AKi BU3HA4YAIOTh IEPEMIIEHHS
MOYATKOBOTO CTaHy; P — BepTUKAJIbHE HAaBAHTAKCHHS
MIPUKJIAJCHE 0 HAKIJIAIKH, QZI =q,(»)9%(y,) — Tan-
TeHIllaJIbHa CHJIa, SIKa Ji€ Ha Hakmaaky, ne o(y,)—
Bimmoma ¢ynkmis Jlipaka.

3HaueHHa A, =1 (Ha rpadikax MyHKTHpPHA JIiHis)
BIJIMIOBIIa€ KJIACHYHIA Teopii MPYKHOCTI 1 CHiBMa-
nae 3 pesynpraramu podoru [20]; A, =0,7;0,8; 0,9
BIJIMIOBIIal0Th MOYATKOBUM HAINPYKCHHSIM CTHCKY;

23]+ |2+ |2

Tyt — 0e3po3MipHi KOHTaKTHI TaHTEeH-

Lo
fc'h 21
h=0.7
0.8 l
A=0.8
Il —— A1=0/9
0.6
0.4
0.2

v /a
-1 -08-06-04-02 0 020406 08 17"/

Puc. 3
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A, =111,2; 1,3 BiAmoBiIalOTh MOYATKOBUM HArpy-
XKEHHSIM PO3TATY; , /a— 0e3po3MipHa KOOpOUHATa
[I0YAaTKOBOT'O HANIPY>KEHOT'O CTaHy B IPYXHUX CMYyTax
3 MOYaTKOBUMH HaIpy>KEHHSIMHU.

Juckycis. Y pe3ynbTari mpoBeIeHUX TIOCTiIKEeHb
PO3B’S30K 3a/1a4i MPECTaBICHUI y BUINIAAI HECKiH-
YEeHHHUX PsAiB, KOS(Ii€EHTH SKUX BU3HAYAIOTHCS 3
HECKIHUEHHOI KBa3iperylsipHOi CHUCTeMH JIiHIHHHX
anreOpaiuauX piBHAHB (8). Lli koedimienTH 3anexars
BiJl CTPYKTYpHY NPY>KHOTO TMOTEHINANy i TapaMeTpiB,
IO 3aJaloTh IIOYaTKOBHH HampyxeHo-aedopmona-
HUH CTaH.

BpaxoBytoun mpoBeneHe JOCTIJUKEHHS, AT
MOTEHITiaTiB rapMOHiuHOTO i bapreHeBa-XazanoBu4a
BIUIMB TOYAaTKOBMX HANpPYyXEHb Ha Halpy>KeHO-Je-
(opMoBaHUl CTaH B OONACTI KOHTAKTY MPYNKHHUX
HaKJIaJOK 3 TMONEPEIHbO HANPYKECHUMH CMYyramMu
BUPAXKAETHCSI TAKAM YHHOM:

1. IloyaTkoBi Hampy>XeHHS NMPH CTUCKY IMPH3BO-
ISITh 10 3MEHIIEHHSI CHIIM HalpyXeHb B 00J1aCTi KOH-
TaKTy, a IPH PO3TA3i — 110 iX 30UIBIICHHS, ¥ BUTIA/IKY
MepeMileHb BCe Bi0yBaeThcst HaBNaku. ToOTO HasB-
HICTh MONEPEIHBO HANPY>KEHOTO CTaHy IiJ 4ac KOH-
TAKTHOT B3a€MOJIIl MPYKHUX TUI 1a€ 3MOTY PEryJo-
BaTH KOHTAKTHI HANPY>KEHHS Ta NEPEMIilLICHHS.

2. Biacranp MiX HakIaJKaMH € BaKIHMBUM
napameTpoM iX B3a€MHOTO BILTUBY. Ase Oyiio BCTa-
HOBJICHO, IO HA 3aKOH PO3MOALTY KOHTaKTHHUX
HaIpy>KeHb, KPIiM BifICTaHI MiX HaKIaJKaMH, CyT-
TEBUU BIUIMB 3A1HCHIOIOTH NOYATKOBI HAIPY)KEHHS
B CMyTax.
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3. bimbm cyTTeBuit BrummB (y KUTBKICHOMY TUIaHi)
MOYaTKOBI HAINpPYKEHHS 3[IHCHIOIOTh Y BHCOKOEIac-
THYHUX Marepialiax y MOpIBHAHHI i3 OUIbII KOp-
CTKHMH, aJie sIKICHO iX BILTUB 30epiraeThcsl.

HaykoBa HOBW3HA pe3ylbTaTiB IMPOBEICHOTO
JOCIDKEHHS ;

1. OTprMaHo po3B’ 30K IIOCKOT KOHTAKTHOT 3a/1a4i
JIiHEeapH30BaHOI TeOPii MPYKHOCTI YIS TiJ 3 TTOYATKO-
BHMHU HAITPY>KEHHSMU TPH AOBUIBHIHM CTPYKTYPIi IPYXK-
HOTO MOTEHITIaTy JIJIsl CTUCIMBHX 1 HECTUCIMBUX TLII.

2. BcraHoBaeHO aHAIITHYHI 3a71€KHOCTI, K1 103-
BOJISIFOTH JIOCHIJDKYBAaTH IOBENIHKY HalpyXeHb Ta
MepeMilieHb B 00J7acTi KOHTaKTy Ui MEPioaudHO
PO3MIIIEHUX NPYKHUX HAKIAAOK 1 CMYT 3 IOYaTKo-
BHMH HalpyXEHHSIMHU.

3. 3a JomoMOror 4MCIOBOI peamizalii MeTomy
JTOCIIIDKEHHSI BCTAaHOBIIEHO OCOONHBICTH BILTUBY
MOYaTKOBUX HANPYXEHb Ha 3aKOH PO3IOJLTY KOHTAK-
THHUX HampyXeHb 1 MepeMilleHb B 00JacTi KOHTAKTY,
a TaKkoK IPEICTABICHO IOPIBHSAHHA OTPUMAaHUX
pe3ynbTaTiB 3 BUMAAKOM BiCYTHOCTI IOYaTKOBHX
Harnpy>KeHb.

OTxe, MOXKHa 3pOOMTH BHCHOBOK MO T€, IO
BIUIMB TOYAaTKOBUX HAINPYXCHb HA KOHTaKTHY B3ae-
MOZiI0 TPYKHUX TiJl ZOCTaTHHO CHIIBHUM 1 CYTTEBO
BIUIMBAE Ha 3aKOH PO3MOALTY KOHTAKTHHX XapaKTe-
puctuk. Tomy #oro BpaxyBaHHs JO3BOJHUTH 3HAYHO
MOKPAIIUTH TOYHICTh 1HXKEHEPHUX OOYMCIICHb TpHU
po3paxyHKax Ha MIIHICTh KOHCTPYKIIH Ta JeTa-
Jiel MallWH, a TaKOX J03BOJHUTH CyTTEBO 3MEHIINUTH
MarepiaJioEMHICTh KOHCTPYKITiH.
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3anpoNnoHOBAHO MAaTeMaTHYHY MOJENb IPOTHO3YBAaHHA XapaKTEPUCTUK
€JIEKTPOHHO-IIPKOBOI IJIa3MH aKTHBHOI obmacti (i-o0macti) p-i-n-CTPyKTyp,
sIKa BPaXxOBY€ BILUIUB Ha (DOPMYBaHHS IPOCTOPOBOTO 3apsy CTPYMY 3MILLICHHS,
BUKJIMKAHOTO CTOPOHHIM HajBUcOKouacToTHHM (HBY) enexrpomarHiTHUM
noneM. OCHOBY MOJENi CTAaHOBUTH CUHTYJSIpHO 30ypeHa HeliHilfHa KpaioBa
3aja4a Uil CUCTEMHU PIBHSHB HETIEPEPBHOCTI €IEKTPOHHOTO 1 AIPKOBOTO CTPYMiB
ta [lyaccoHa (piBHsHHS [lyaccoHa MiCTUTh IPUPOTHUM YUHOM C(HOPMOBAHUIM
Manuil mapamerp). MojenbHa HelliHilHA KpaifoBa 3a/1aua IUIIXOM 3aTy4eHHs
ACUMIOTOTUYHUX METOJIB, 30KpeMa METOAY IOTPAHUYHOIO IIapy, Ta METOLY
KOMITJIEKCHUX aMILTITY[], IpUBECHA IO PeKYPEHTHOT OCIIiI0OBHOCTI JIiHiITHUX
KpaloBUX 3ajad JUIs BU3HAUYEHHS PO3MOALTIB KOHIEHTpALill eIeKTPOHHO-
JIpKOBOi MJIa3MU Ta €IEKTPUYHOrO MOTeHLiany B i-o0macti. OcoOnuBicTO
3aMpoNOHOBAaHOI MaTeMaTWYHOI MOJENi € Te, 0 BOHA BigoOpa)kae poIb
MOTPaHUYHOTO MIAPy B MIPUKOHTAKTHUX 30HAX P-1-N-CTPYKTYpH Y (POpPMYBaHHI
MPOCTOPOBOTO 3apsily 1 BPaxoBYeE IO CTPYMY 3MIIICHHS, SIKUM BUKIUKAHHUHA
HBY BunpomintoBanHsaM. [100y10BaHO alropuT™M MPOrHO3YBAHHS PO3MOALTY
KOHIICHTpAIiil HOCIIB 3apsly B EeNEeKTPOHHO-AiIpKoBiil ma3mi. Ilokasano,
mo ctoponHe HBY mone crnpuumHsie D0ONAaTKOBE 3pOCTAHHS CTal[iOHApHOI
KOHIIGHTpAI[il eNeKTPOHIB 1 JipOK B AaKTWBHIM oOnacti, Ha QoHI fKOi
BiZIOyBarOTHCS KONMMBAaHHA KOHLIEHTpanii masmu Ha yactoti HBY momst (mosiBa
BUIIMX TapMOHIK y MOJENi He BpaxoBYeThcs). B 30Hax p-i-, n-i- KOHTAKTiB
e(eKT 3pOCTaHHS CTAI[lOHAPHOTO CKIAJHUKA KOHLEHTpalii BHpaXXeHUH
CHJIBHIIIE. 3alpoIOHOBaHA MaTeMaTHYHa MOJICIIb Ta PO3POOJICHUN alnropuT™M
aHaJIi3y MOCTABJICHOI 3aJ[a4i BaXJIUBI A pO3pOOHMKIB HAIiBIPOBITHUKOBUX
enemenTiB HBY enekTpoHiku, 30KpeMa p-i-n-CTpyKTyp, IKi BAKOPHCTOBYIOThCS
JUISL KOMYyTanii MOTY>KHUX €JIEKTPOMAarHiTHUX ITOJIB 1 = sIK 3aXUCHUX IIPUCTPOIB
BX1JTHUX TPAKTiB PaAiOTEXHIYHUX CUCTEM.
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The mathematical model is proposed for the electron-hole plasma
characteristics predicting of the active region (i-region) of p-i-n structures,
taking into account the effect of the displacement current (induced by an
external microwave electromagnetic field) on the formation of a space charge.
The model is based on a singularly perturbed nonlinear boundary value problem
for the system of the electron-hole current continuity equations and Poisson’s
(the Poisson’s equation contains a naturally formed small parameter). The
model nonlinear boundary value problem is reduced to a recurrent sequence
of linear boundary value problems for determining of the electron-hole plasma
concentrations and the electric potential distributions in the i-region by using
asymptotic methods, in particular, the boundary layer method and complex
amplitudes. The proposed mathematical model feature is that it reflects the
role of the boundary layer in the p-i-n structure contact zones in the formation
of a space charge and takes into account the effect of a displacement current
caused by microwave radiation. An algorithm for predicting the charge carrier
concentrations distribution in the electron-hole plasma is constructed. It is
shown that an extraneous microwave field entails an additional increase in the
stationary concentration of electrons and holes in the active region, against
which the plasma concentration fluctuates at the microwave field frequency
(the appearance of higher harmonics is not taken into account in the model).
The effect of the growth of the concentration stationary component is more
pronounced in the zones of p-i-, n-i-contacts. The proposed mathematical
model and the developed algorithm for analyzing the problem posed are
important for developers of microwave electronics semiconductor elements, in
particular, p-i-n structures used for switching powerful electromagnetic fields
and as protective devices for the input paths of radio engineering systems.

Berym.

HumH [1; 2]. 31 3pocTaHHAM MOTYKHOCTI CUTHAIY

[IpoGnema npoekTyBaHHS KEpyIOUHUX HaliBIPO-
BigHukoBuXx npuctpoiB HBY (3okpema, p-i-n-xi-
oniB [1]) cTukaeThcs i3 HEOOXIAHICTIO KOMII 1O-
TEPHOTO MOJENIOBaHHS  (I3MUYHHUX  TPOIIECiB
(cTamioHapHuX / HecTalliOHapHHUX), IO MPOTiKa-
I0Th y BiJANOBIIHMX HANiBIPOBIIHUKOBHUX CTPYK-
Typax, Ha fiki, 30KkpeMa, 3xiiicHioe BmiauB HBY
BunpomiHioBanHsa. [lpm 1poMy BHUPIIIYIOTHCA
CKJIQJIHI 3a7a4i 31 3HaXOJKECHHS PO3IMOJLIIB MO
1 KOHUEHTpauiil HOCiiB 3apsgy B €JNEKTpOAHHA-
MIYHIN CHCTEMI 3 BIANOBIIHUMHU aKTUBHUMU e€lie-
MEHTaMH. 3ajadi BH3HAUEHHA XapaKTEPUCTHUK
HaliBIPOBIAHUKOBUX CTPYKTYp Yy KOHKPETHHUX
€JIEKTPOJUHAMIUYHUX CHCTEMaXxX BiJ PiBHS MOTYX-
HocTi gitogoro HBY curnany € He JocuTh BUBYE-
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Ta #O0TO YaCTOTH MOXIIMBI ICTOTHI 3MiHM BIACTH-
BOCTEH HaINiBIPOBITHUKOBUX CTPYKTYP.

bazoBi MaremaTryHi MOZETi B TipOIUHAMIYHOMY
HaOMIDKEHHI CTaHy eJEeKTPOHHO-IIPKOBOI IUIa3MHU
aKTUBHOI 00JIacTi HaMiBIPOBITHUKOBUX MPUCTPOIB,
SKi ONMHUCYIOTh PO3MOAUTM KOHIIEHTpalii Iipok (7),
€JIEKTPOHIB (p) Ta MOTEHIIATY (@), MICTATh PIBHIHHS
HENepepBHOCTI JIPKOBOTO 1 €JIEKTPOHHOTO CTPYMIB Ta
piBusiHHS [lyaccona [1; 2; 3]. I'panuuni ymoBu Oyimy-
IOTHCS1 Ha OCHOBI YSIBJICHB IIPO MTPOTIiKaHHS Ha BHJIiJIE-
HMX OUISHKaX MeE1 aKTUBHOI 00JacTi 1HKEKIIHHUX,
mudy3iitHO-IpeitdoBrUX Ta peKOMOIHAIHHUX TPOIe-
ciB [3] y pasi npuKkIafieHnX A0 KOHTAKTHUX HIJISTHOK
3a/laHuX CTpyMy 1 Hanpyru. TpaauiiiHO BIACTHBOCTI
HaIliBIPOBITHUKOBHX CTPYKTYP BHUBYAIOTH 32 YMOBHU
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CTaIliOHAPHOCTI, MAJIOCUTHAJIBHOCTI 32 CTaJNX KOe-
¢imienTiB Mozemi.

VY BUmMaaxy B3a€Mo[ii HamiBIPOBIAHUKOBUX MpH-
ctpoiB 3 HBY enekrpoMarHiTHUM BHUIIPOMiHIOBaH-
HAM Ha TPOIECH TPOTIKAHHSI CTPYMY IPOBITHOCTI
HAKJIaJar0ThCsl HU3Ka KIHETHYHHX Ta TEIUIOBUX IPO-
neciB, 3ymoBneHux niero HBUY enekrpomarsitHoro
moys. 30KpeMa, 3MIHIOIOTHCS 3HAueHHS XapakKTe-
PUCTHK MaTepialliB HaliBIPOBIAHUKOBUX CTPYKTYP
y notyxxaux HBY mosix, cocrepiraetscsi po3irpis
aKTUBHOI 00JacTi HaMiBIPOBITHUKOBUX CTPYKTYP,
MAalOTh MICIle HENiHIMHI sSBUIa aerekTyBanHs HBY
XBHWJIb, TOPOKEHHSI BUIIMX TapMOHIK y XBUJIEBUX
mporiecax tomo [4; 5]. OgauM i3 (akTopiB BILTUBY
HBY nons € HaBeneHuii cTpym 3mimeHHs [6], Skuid
HEOOXiIHO BpaxoByBaTd B MaTEeMaTHYHHUX MOJIEISAX
OLIIHKM CTaHy EJeKTPOHHO-AIpKOBOi masmu. Oue-
BHIHO, 0a30Bi MaTeMaTWYHI MOIEJi TOTPEeOyIOTh
YAOCKOHAJICHHSI.

EdextuBHuMH 1151 pO3B’SA3aHHSA  CKIAAHHUX
HENMHIMHUX 3amad  Teopil HaIiBIPOBITHUKOBUX
IPUCTPOIB, IO BPaxXOBYIOTh KOMIUIEKCHUN BIUIMB
pi3HUX (akTopiB, € acuMTOTHYHI MeToau [7; 8; 9;
10; 11], sxi AO3BOJISIIOTH TMPOBECTH JICKOMITO3HITIO
[MOYaTKOBOI HEJIIHIMHOT 3a/1a4i MOJICIIOBaHHS, TIPH-
BecTH ii 1O PEKYypeHTHOI MOCIiJOBHOCTI HPOCTI-
IUX 3a7a4, AKi Po3B’S3yIOThCSA aHANITUIHUMH a00
YUCIOBUMH MeToJaMH. MOXKIUBICTh 3aCTOCYBaHHS
ACHMTOTHYHHX METOiB, 30KpeMa METOTy IPUMEKO-
BUX MomnpaBsok [7; 8; 9; 10; 11], 3yMoBieHa TuM, 110
MTOCTAaHOBKH BIiJIIOBIMHUX 33134 MICTATH TPUPOI-
HUM YHUHOM c(hopMOBaHi Mali napameTpu. [cToTHIM
TAKOX € Te, [0 ACUMIITOTUYHI METOIU JO3BOJISIIOTH
BCTAHOBUTH CTYTiHb BIUIUBY NEBHOTO (akTtopa il
HBY mnosns Ha cTaH €JIEKTPOHHO-IAIPKOBOI IJIa3MHU
aKTUBHOI 001acTi.

MeTa podOTH € PO3BUTOK METOMOJIOTIi Moje-
JIOBAaHHS  PO3IMOJITY  KOHIIGHTpalii  eIeKTpo-
HHO-JIPKOBOI IIa3MH B aKTHBHIiH obmacti p-i-n-mi-
ofiB (TUTa3MOBUX [iOMIB) 3 YpaxXyBaHHSIM BIUIHBY
Ha CTaH CHCTEMH CTPYyMY 3MIIEHHS, BUKIHKAHOTO
HBY mnoneM, Ta po3BUTOK aCUMOTOTUYHUX METO-
IiB pO3B’si3aHHS BiJNOBIAHUX CHHTYJSPHO 30ype-
HUX HENIHIMHUX 3a11a4, 10 3a0e31euye MOKIUBICTh
OTPUMAaHHS A0/aTKOBOI iHpopMalii mpo iMIeaancHi
BIIACTUBOCTI P-i-N-i0iB.

IlocTanoBka 3anaui.

EnexrponpoBigHi  BIAcTUBOCTI  p-i-n-CTpyK-
TYp B OCHOBHOMY BHM3HA4a€ PO3MOJIiI KOHIEHTpa-
mii HOCIiB 3apsAay B akTHBHIH oOmacti (00macTh

:{(p,e,z):0<p<R,O<9<2n,0<z<w},pnc. 1).
Posmonin koHIEHTpaIllii 1a3Mu 3HAXOIATh Y Pe3yilb-
TaTi PO3B’s3aHHS CHUCTEMHU DIBHSHB HEMEPEPBHOCTI
CJIEKTPOHHO-JIPKOBUX CTpyMiB Ta piBHsAHHS [lyac-
COHA 3a 33JaHUX T'PAHUYHUX 1 MOYaTKOBUX YMOB [1;
2; 3]. Jlito CTOPOHHBOTO EIEKTPOMArHITHOTO IIOJIS
MIPOIMOHYEMO BpaxoByBaTh y 0a30Bili MaTeMaTHYHIN
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N | P
(0Q), (0Q),
o)
J
- w —
J R
k
9
Eext

Puc 1. CxemaTuuHe 300paxkeHHs p-i-n-gioga
i mponuxarouoi B xion HBY xBuri

MOZEeT TaKUM YHHOM (Ipeiid HociiB 3apsny BinOyBa-
€THCS y CTALlIOHAPHOMY €NIEKTPUIHOMY ToJli —V ¢, Ha
SKE HaKJIAJA€ThCsl MPOHUKAaIoYe B i-007acTh IIBHI-
KO3MiHHE CTOPOHHE Toe £ ):

DnAn—unV~(n(V¢—E“’))—Ti*n=%,
DpAp+upV‘(p(V¢—E”’))—%p=%, (1
P
880v(v¢ E*)=~(p-n+N,),

nie p, n — GYHKIIT pO3MOALTY KOHIIGHTPAIIN JipoK
1 CJIGKTPOHIB BIiAMOBIAHO; ¢ — (DYHKIIS PO3MOMUTY
notenmiany; E“ — BEKTOp HANPYKEHOCTi CIIEKTPH Y-
HOI KOMIIOHEHTH CTOPOHHBOTO HBY noss; 1, t, )
xapaKTele penakcaniiHi 4acH XKHUTTS eneKTpomB Ta
JUpOK B i-00macTi; e — 3apsin enekrpona; D , D, — Kkoe-
(bluleHTH nudysii, Hyp M, pyXOMOCTl BiZINOBiAHO
IIpOK Ta EJEeKTPOHIB (pn —D,,, ne T — Tem-
neparypa (300 °K), k, — CTaJ{ﬁBEOHLuMaHa) € ¢,
BiTHOCHA z[ieneKTquHa MIPOHHUKHICTH Hal'IlBl'[pOBl,I[—
HHKa Ta JlieNleKTpu4Ha crana; N, =N, — N, —3a1aHa
GyHKIiS Tpodimo JeryBaHHS (ONMHCYE PI3HHIIO
KOHIICHTpAIlIA aKIENTOpiB 1 JOHOPIB B aKTHUBHIN
obnacti). PiBHSIHHA HemepepBHOCTI 6a30BOi MaTeMa-
TUYHOI Mozeni OyayIoThcs 13 BpaxyBaHHSM YSBIICHb
PO TPOTIiKaHHS CTPYMIB MPOBIAHOCTI 1 3MIIIEHHS
(BUKJIMKaHMAN MBUIKO3MIHHUM €JICKTPUYHUM IOJIEM
1 3B’3aHOIO 13 HUM 3MIHHOIO y Yaci KOHIICHTPAIIIE€I0
HOCIiB 3apsny) [6].

I'pannyHi yMOBM Ha 1HXKEKTYIOUMX KOHTAKTax
(mosepxHi (0Q2) , (0Q) ,) 3AIHCYEMO 3 yPAXyBaHHAM
MIPUITYIIEHHS PO Te, mo gepes Mexy (8(2) CTpyM
NEePEeHOCATh JIMIIEe EJeKTPOHH, BIATOBIIHO uepes3
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(GQ) — NipKu (y pasi mmpokoi akTUBHOI 0OMacTi
GiTbIla HACTHHA IHKEKTOBAHUX HOCIIB 3apsAay peKoM-
OiHye B 1-00/IacTi 1 HE BCTHTae MOTPAMTUTH B 00JIACTh
MIPOTHIIEKHOTO KOHTAKTY) [3]. CTpyM, sIKWil mmigBO-
JHATHCSA 10 KOHTAKTHUX IUISHOK, B aKTUBHIM 00J1acTI
p-i-n-mioma  po3MOAUISAETbCT MK  AUQY3iHHORO,
IperoBOrO 1 peKOMOIHAIIITHOO CKIIQJIOBUMU YaCTH-
HaMU CTPyMy MPOBIJHOCTI Ta CTPyMOM 3MiIlIEHHS

. Dext
( T = 0

IEHHS HE BPAaXOBYETHCS, OCKUTLKH BiH BIACYTHIN Y
CTaIliOHAPHOMY BHITAJIKy 1 HE3HAYHUH Yy MaJIOCHT-
HaJILHOMY peXuMi poOOTH mioma abo y pasi poOoTu
Ha HU3BKHX YacToTax. OTpuMyeMo:

). B TpamumiitHIX MOAENSIX CTPyM 3Mi-

JS.M J
8}7 Mn (Em + Eext) 2ynn + v - ,
6\/ D,  liocy, eD,
ap “P in ext
———Lp(El+E") =0, ()
» b, (%),
a_p_“_pp<E\z)n +E5Xt)+ 2Ypp— jM _ J ,
ov D, eD, (o), eD,
@+ﬁn(E;’" +ES) =0, 3)
ov D, ),
- . . a,
J€ V — BEKTOp HOpMall 10 IIOBEPXHI; Y, = o
o n
Y, = D—", o, , — KOeili€HTH TOBEPXHEBOI PEKOM-
P

OiHallii BiAMOBiIHO €NEKTPOHIB i Aipok; E” =-V§ —
BHYTPIIITHE €JIEKTPOCTATUYHE ITOJIC AKTUBHOT 001aCTi.

ext

= a—v — cTpyM 3MmimeHns, D =g eE™, EX —
t

M
v
HaIPYXEeHICTh MPOHUKAI0YI0T0 B i-001acts HBY morts.
OYHKITIS TOTSHITIATY 3aI0BOJIBHSIE TaKi TPaHUYIHI
YMOBH:

¢(59) =0, ¢|(aﬂ

ne U — crana, mo BU3HA4Ya€ HANpyry Ha KOHTakK-
Tax p-i-n-crpykrypu; U — HaBeneHa Hanpyra HBY
noneM. IIpumyckaerscs (3a yMOBH Aii BHCOKOYAC-
TOTHOTO CHTHAaJly), IO Halpyra y OCHOBHOMY HpH-
KJIaieHa 0 BUCOKOOMHOI IUISHKH P-i-N-CTPYKTYpH,
MaJiHASM Hampyrd Ha iHXEKTYIOUHX N-i-, p-i- KOH-
TaKTaxX HEXTYEMO.

Ha Giuniii mosepxHi giona (0€2), urykani QyHKuii
3aJIOBOJIBHSIFOTh YMOBH aHAJOTI4HI 110 (2)—(4):

| =U+U™, (4)

on . 0 . 0
5 " =0,a—p—v,,p =0,£ =0.(5)
(), v (), (22),
Posrmsaemo 3amagy (1)—(5) 3a yMOBH BIUIHBY

cnabkoro HBY monst Ha mporiecu mepeHocy 3apsiB
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B aKTHBHiil oGmacti: V¢ >>E™ =puE~ (U >>U™).
Takox BBaKaeMo, LII0 B aKTUBHIHM 00J1aCTi CTPYKTYpH
BiJICYTHI TOHOpHI i aKUenTopHi IOMiMmKu (001acTb
HenerosaHa): N, =0.

[Micns 3acTtocyBaHHS MpPOLEAYPU HOPMYBaHHS
piBHsiHHS cuctemH (1) HaOyBalOTh TaKOTO BUIIISAY:

An—V-(n(V¢—uE~w)) An=8B %
Ap+v.(p(v¢—uE~w))—A BZ (6)
pAG -’V -E"w=—(p-n),

ze Sf 0 (mManmit mapamerp 3aaaui, u~10"%)
e i

2 2 2 2
A= W*,Ap— Y =" Bp_w_, p=P
T, Dp'cp D, Dp w
ext
Z: (0<z<1), ¢——¢ Uzﬂ, Fr =S ,
k,T k,T k,T

. n n ~_ P ~ P
h=— (0<p< ) 0< p<mey e

v N @ P=o (0sp=—E)

i i i i

N, — KoHIIeHTpaIlis eneKTpOHiB y BIACHOMY HaIliBII-

i

pOBl,I[HI/IKy, 3aJeKUTh Big BUOpaHOTO MaTeplaJIy
HaliBIPOBIAHUKA. 3 METOIO CIPOLICHHS 3aIluCy pPiB-

@ »

HSIHb 3HAK B (6) 1 HACTYIHUX BHUKJIaJKax OILy-
IIEHO.
I'pannuHi yMOBH IIpH LIbOMY HaOyBarOTh BUIJISIAY:
) J.’S’,’H
—+n(EL"+uE;)w—2ynwn+ LA —Li,
eD N, eD N.
n il(eq), n i
P .
P p(E"+uE ) =0, (7)
ov (e0),
op ; . 2w J w
Lo p(E"+pE w2y wp— V) o 2 W
o~ PLEL+RE w21, mp D, N, eD, N,
ilea),
a—n+n(Ei"+uE;)w =0,
o (o),
¢(5Q) =0, ¢|(ag)p =U+U",
@—y;wn =0,a—p—y;wp =0, % =0.
ov @, OV @@, Ve,

AJNTOpUTM TeKOMIIO3U LI 3a1a4i.

[Tomryk po3B’s3Ky 3amadi IPyHTYEThCS Ha BUKO-
pUCTaHHI METOTy TPUMEKOBHUX MOMPaBoK [7; 8; 9] i3
3QIYICHHSIM METOJIB KOMIUIEKCHUX amrumtyn [12],
po3aiieHHs 3MiHHEX [ 12] Ta BiAITOBITHUX YHCEITBHIX
METOIiB. BBaxkaemo, IO XapaKTePUCTHKU (aMILTi-
Tyna, Ga3a) IpoHUKaOY0i B aKTUBHY OO0JIacTh Iiona
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HBY xBumi Bimomi. BBaxkaemo, 110 HampyKeHICTh €IEKTPHUIHOTO CKJ‘Ia,Z[HI/IKa oyt HBY xBuiti 3MiHIOETBCS B
4aci 3a TaApMOHIYHUM 3aKOHOM, IIPUIOMY ( — 9aCTOTa KOJINBaHb, J’ =-1):

- 1 [0} — jot
Epe,z(paenz’f)a( o (P.0,2)e" + E,_(p,6,2)e ), (8)

ne dynxuii E. , (p,6,z) Ta E 0. (p,0,z) KOMIUIEKCHO CHPSIKEHi; BENTHMHA \/ E.o.(p.0.2)E,, . (p.0,2)
BH3HAUYAIOTh aMILTITYy KOJIUBAIBLHOTO MPOIIECY.

Ha mporiecu npoTikaHHs eNeKTPOHHO-AIPKOBOTO CTPYMY HAKIJIAAA€ThCS MPOIIeC KOJTMBAHHSI TPOCTOPOBOTO
3apsTy, TOMY PO3MOIiTH KOHIICHTPAIIIM HOCIIB 3apsay y Iia3Mi i-00J1acTi Ta MOTEHITIaTY MPOTIOHYEMO TITYKaTH
Y TaKOMY BHTJISIII:

1(p.0.2.0) =" (.0,2) 42 (. (p.0.2)e™ 417 (p.0,2)e ™). ©)
p(p,0,2,1)=p"(p,0,2) + %(P* (p.0,2)e" +p’ (p,G,z)e’j‘”’) ,

o(p.0,2,6)=9" (p,6,2) + %((I)* (p.6,2)e" +¢ (p,e,z)e’j“”) , (10)

ne n” (p,6,z), p”(p,6,z), ¢"(p,0,z) — cramioHapHi po3MOITH KOHIEHTpALiH eIeKTPOHIB i AIPOK Bimo-
BigHO; 7. (p,0,2), p.(p.0.2), ¢.(p,6,2) — MBHIKOBMIHHI CKIIA/HUKH, SKi MAIOTh 3MIiCT KOMILICKCHHX aMILTi-
tym; 1 (p,6,2), p (p.6,2), ¢ (p,6,2) — KOMILIEKCHO CIIPSDKEHI aMIUTITY/IH.

[Mincranoska (9), (10) B (6) Ta BUIUICHHS CTallilOHAPHUX WICHIB 1 MIBUJIKO3MIHHAX KOMIIOHEHT (MICTATH

MHOXHHKH e’“” Ta e et , 110 OMUCYIOTh KOJIMBAHHS Ha 4acToT1 CTOPOHHBOT'O HOJ'IS[) Jar0Th MOXKJIMBICTB OoTpu-
MaTH TaKi CHCTEMU plBHHHLZ

An" -V - (n‘”V(I)” ) —An" = l(V : (n* (V(I)* - IVLE*NW)) +V- (n* (V(I)* - uE,:w))),

¥ -

A" +V (Vo) - 4,p" = i(v (p,,( ¢ —pE” )) (p (Vd)*—LLE;w))), (11)
-n"),

uAY" =—(p”

An. =V -(nV¢" )= (4, + joB,)n. =V - (n (Vo. - uE:W)),
Ap.+V-(p.V§") = (4, + joB, ) p. ==V -(p" (V. —nE-w)), (12)
pAd, — 2wV - E = —(p*—n*),

An' =V (n'V§")~ (4, - joB,)n" =V (n (Vo - uE*Nw)),
Ap +V- (p*V(I)”)—(Ap —jcon)p* = —V-(p” (V(I)* - },LE*NW)), (13)
HAQ — WV -E" = —(p* —n*).

Bimznaunmo, mo cuctemu piBHAHB (11)—(13) onmucyroTh MOBENIHKY CTalliOHAPHUX KOMIIOHEHT IIyKaHUX
(hyHKII 1 THX, 110 KOJIMBAIOTHCSA HA YacToTi 30yprotouoro HBY mons. basosa cucrema (6) HemiHilHA 1 TYT
MOXKJIMBA TIOSIBa KOJIMBAJIBHUX KOMIIOHEHT Ha BUIMX YaCTOTaX, SIKI B paMKaxX IIbOTO JOCII/KEHHS HE BHBYA-
IOTHCS.

AHaNOTIYHUM CcII0c000M TIEPETBOPIOIOTHCS TPaHIYHI YMOBH (7):

on” . , 1 R, 1 . ~ ‘ J w
(V") —=n (VO —pE"w) —=n" (Vo —pEiw) =2y wn"| =——
n ( [0} )V 4n ( o —pu w)V 4n ( 0. — NE, w)V Y, Wh - oD N
P, (Vo) + i (VO —nE"w) +% P (Vo —pEiw) | =0, ¢ P (14)
(e0), ’
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op" . 1 .z 1. = . I w
V) g (8 W) g (Ve o) 2| =
o v 1 e e 1. . ;
. —n'(V(I) )V_Zn*(vd) ~hHE W)V_Zn (V(I)*_“E*W)v 0 =0, ¢ (@), =t
on" . 15 o
_ =0 - =0, =0.
ov (e0) v (), O lany
on - g LWE., w
(V. —pED) —m (V) —y wn +2je s W g (15)
(00 (54, o2 S
a * st o~ st
%Jr P (V. —uE:) +p. (V") . =0, ¢ =0,
6}’1* i . . Uext
ov =" (Vo. —pEr) —n. (Vo) o, 2’
an*—y;w* =O,%— S Wp. =0,6¢* =0.
ov (@), ov (70) OV |,
on" . . . o gME w
—-n" (Vo —pE") —n (Vo) -2y, wn - jo—————  =0,(16)
8\/ ( ) ! ( ) e j eDn i (E)Q)”
Los p (V8 -uE") (V0
v (202,
WD o me . (st .. eguE,
éiv+p (Vd) —uE )V+p (V(I) )V+2ypwp +]0)882Tp%(m) =0,
O i ey afeis U
E_n (Vd) ~HE )V—n (V¢ )V(asz) =0, ¢ @), 2’
on B |l
v (e0) R (e0), > N _0'

0

3anada (11)—(16) € cunarymnsipHo 30ypeHoro [7; 8; 9; 10; 11], ocKiIbKH MICTHTh MaJIii TapaMeTp 3a CTapIIol
noxigHoi y piBHsHHI [lyaccona. Ha CTPYKTYpY ii po3B’sI3Ky B OCHOBHOMY BIUTHBAIOTh YMOBH Ha KOHTaKTHHX
ninsHKax (0€2) Ta (GQ) yepe3 sKi 3MIHCHIOEThCS HAITOBHEHHS i-00JacTi HOCISIMHU 3apsiy, TOMY IPOIIOHY-
€MO IIyKaTH poss 530K TIOCTaB/IeHol 3a1adi y BUDJIAJI TaKUX aCHMITOTHYHHX PSNiB (TIOKAa3aHO CTPYKTYPY
PO3B’SI3KY JUISl CTAI[lOHAPHUX CKJIATHHUKIB ITyKaHUX (DYHKIIH):
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st

(I)SI (p,e,z,u) CD”(M) (p’e’z,u) @ﬂ(m) (p,e,é, H) @ (m) (p> 9, &n M)

" (p.0,z.1) |=| N, (p.0.z.1) |+| N, (p.0.E.1) |+ N”“’)(p’e’_’“) - 17
st St 5t g
p"(p.0,z,n) P (m)(p,G,Z,H) I_)A(m)(p’e’é’“) l

W (p02) | [ S0 (p08)| [ S0 (0.
,- - T I s A (XX
Vo (p.0.2) |+ 2w N (00.8) [+] 2 N7 (p,0.8) [+] T (00 21) |
)

i

> Ju'p (p.6,2) i\/ﬁil_’f’(p,eaé) i\/ﬁif’?(p,e,i

i=0

5 (9,6, 2 1)

ae ® . (p.8,z,1), N, (p.0,z,1), P, (p,6,2,11) — peryispHi YaCTHHI aCHMIITOTHK; @S’(m)(p,e,é,u),

ﬂ”(m) (p,e,é,u), E"’(m)(p,e,é,p), <_D”<m>(p,9,%,“), ﬁ”(m)(p,e,é,p), I_JS'(m) (p,@,g,u) — IPUMEKOBI MTOMPABKU

. . . z - l-z .
aCUMINTOTHK BIJMOBIAHO B OKoMax Touok z=0 1 z=] ({E=—=, &=—— — perysIpu3yroul po3TiITH);

Ju T e

Ry, (p,6,z,10), Ry, (p.0,2,1), R, (p.0,z,u) — 3ammmkoBi wienn. KommiekcHi i KoMILIEKCHOCTPsIKEHi

d(m)

aMILTITYAH KOIMBAIBHOTO MPOLECY TAKOXK IIYKAEMO Y BUIVISII, aHanorivnoMy 1o (17).
VY pe3ynbTari miAcTaHOBKM acUMOTOTUYHUX psiaiB (17) B piBHsHHS 1 rpannuHi ymoBH (11)—(16) Ta rpymy-

BaHHS BiJIMOBITHAX JOaHKIB y CTETIEHEBUX PAIax ISt KOOKHOI i3 He3aIeKHUX 3MIHHHX z,&,& OTpUMY€EMO TaKi
3a7a4i JIsl TONIYKY TOJIOBHUX WICHIB PErYAsPHUX YACTHH aCUMITOTHK:

Any =V (nVoy ) - An = %(v-(;a*ov(1>;j)4r V- (mVo., )),

Apy + V- (Vo) )~ 4,07 = —i(V'(p*OWZ) =V-(PVea)). (49

st __ st
Py =hy,

T (98, - Ny (V8 ), =m0 (V8), =70 (Vo) =20, = 27,01, T
Loy pi (Vo). + 20 (V) +5 2 (V01), + 520 (V) L
Py +p“(V¢”) +Po (Vd)”) +lp (Vd)*) +lp* (Vo). +2y,wpy +2y wPo __Jw
av 0 o), o), 4*0 0), 40 %0 )y » "o P o erN,-’
Oy (V) ~No(V0Y), ~ (V) ~ L (v0,) | =0,
ov v Vo4 Vo4 "o,
ony . 3 GLS’_ . 3
6\(; —y,wn, - =0, 8\(: v, wpy N =0.
Any =V (1, V3 )~ (4, + joB, )n, = V- (nV.,),
Ap.y +V - (PoVO )= (4, + joB, ) py ==V (3 V0., ), (19)

p *0: n*o,
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617* s s S . &g ;V w
6_\/0 —ny (V¢*0 )V — Ny, (Vd)of )V - N, (Vq)o’ )V =2y, wny — 2y, WN,, + ]sznV,- . =0,
op. . . )
Bt i (Vo). + o (V60 + P (V41),) =0,
(o),
ap*o st st j— st i . SSOHE:V w
e, (Vouo ), + 2o (VO ). + P (VO ) +27,wpeg +27, WP — jo—"——| =0,
! er Nl (o9)
on, . . _ )
o (T80), = (V47), W (v40) | =0,
B
=0.

oy 0Py
—v wn, =0, =2 v wp,
ov VoW (@), ov Tp P

3amayi 111 MOIIYKY KOMILJIEKCHO CIPSHKEHUX aMIUTITY] Ta HACTYIIHUX WIEHIB PeryspHUX YaCTHH ACHMII-

(o),

TOTHK MalOTh CTPYKTYpY, aHajoriuny ao (18)—(19).
dopmyemo 3amaui Uil 3HAXOMHKEHHS TOJOBHUX WIEHIB MPUMEXOBHUX NOMNpaBok (cramioHapuHux (20) Ta

BUAKO3MIHHUX (21)):
(20)

2 2 24F * 2
0 No 0 N 8@0 —n, 0 @0 =l M, 0 %0 +i N*o a@o +n; 0 q_)z*o +i N’(‘J 5@*0 ,
4 g o8 ot o ot ot

a§2 _a_é —0 aé a§2

2 2 2 R/ * 2

a€o+i _0& + oa%oz_l p*oac%o"'i E*oago +p;a(l)2*o+i ]_):)89*0 >
08" o5\ 05 og 4 o8 B 6 o8 B %

%

sy, %o, 20 i[mow*o)%(n;wo)a?;}mo(;)w,

o e e | e

s

L, _p 00, 00| zi((p*o+e*o>%+(p;+£;)6§;} lim 2, (2) =0

- a_g — L, 6_§ ~ Py P |x:0

st _ . _U
F@|, =0, lim®(g) ="
GRON
agz"— (Py—Nu), (21)
N, 0 00, o’ 0, >, 0 0d,,
2 Ae | 20 — Ny > | 2 + | N 5
o8’ o 08 o og ogl T A
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oP. oD, oD .
og "o e a—§°|x0=03 lim 2., (£) =0,
g + Qo] =0, thD*O(i) U:t.

3ajaui 11l HOLIYKY KOMIUICKCHO CTPSIKCHUX aMII-
JTYI (NO ,P0 , D @, ») Ta HACTYIHUX YJICHIB TIPUMEKO-
BHUX MONpPaBOK MAalOTh CTPYKTYpY, aHAJOTIUHYy O
(20)— (21). 3amaui s 3HAXOMKEHHS MPUMEKOBHX
MTOTIPaBOK Ha Mexi obnacti (0€Q) (z=1) Takox OymyTh
aHajorigaumu 1o (20)—(21).

VY pesynbTrari AomaBaHHS MEPIIOTO i JPYToro piB-
HAHHA y CHCTEMax (18) (19) ta BpaxXyBaHHs YMOBH
plBHOCTl KOHIICHTPALil EJIEKTPOHIB 1 AIPOK Yy aKTHUB-
Hill 061acTi OTpUMYEMO:

A + A
An) ——( : 5 ”)ng’ =0, (22)
st
ony —y,wny —y,wN, =W—J,
Oz ., 2eD,N,
a st _
wny +y,wPo =—W—J,
62 ., 2eD,N,
ony (v, +Yp)wng, 0.
op 2 N

An,, 3 +im 5 n, =0, (23)
on, -
M ey w4 jo SR W] g
Oz 2eD, N,|_,
6p0+ Wpay +7 WP + ool W 0
N *() _— = ,
oz TP 7 2en, N, .
on, (1.7,
ﬂ_uwmo =0.
op 2 R
=

ITocranoBku 3ama4 (20)—(21) TEPENHIIEMO 3 ypa-
XyBaHHSM JIAaHUX TIPO TeE, MO anMemom TOIPAaBKH
3 KOHIIEHTpAIii AipoK BiacyTHi ( P,=P., = P,=0) [5]
(1a rpanumi z=1 BUKIIQJKU aHAJIOTIYHI 32 YMOBH, 110
TYT BiACYTHI HpI/IMC)KOBi HOHpaBKI/I 3 KOHIICHTpaIii
eNeKTPOHIB) 1 YMOB p;' =n,' , p .,=n.,. Takox Bpa-

. 0o
XY€MO CIIBBIIHOLIEHHS E = _a_g

. OTpumMyemo:
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aEOZ _

og
ON é 0 2 @4
a_o +(NOEOZ)_ (|E0z )’

ne
dymwni: ggmo(g)w, limE,, (€)== (E,,

cTasa, sika 3HaXOAUTHCS HA OCHOBI TPAaHUYHUX YMOB

.| =E.,.E,., TpaHA4Hi YMOBH JUISl ITyKaHUX

JUTSL TOTEHITiamy j(l_? 0. + Eo: )dz =U).
0

OE.
=*0z :_N*oa
o
o - . (25
a_; (NuEy.)=—(NyEs, ).
npu  lim N, (&)=0 lim £ (€)= 2 3ayBa-
ééw_*o ) > Lixoz 4

xumo, 1o E& — ycepez[HeHe 1010 MPOCTOPO-
BAX KoOpAWHAT y TuomuHi z=1/2 mpu p<R 3Ha-
YEHHS HAIPY>KCHOCTI €JEeKTPUYHOI KOMIIOHEHTH
HBY nons. ng oTpuMaHHS 3HAYEHHS €IEKTPHYHOT
inaykuii eg £ (z=0) (ymoBH Ha Mexi obGmacti
z=1 OTpUMyeMO B pe3yabTaTi aHAJIOTIYHUX Mip-
KyBaHb) CKOPHCTaEMOCh Teopemoro [aycca [6]:

66, By (2=0) = 6,8, By = [eNoy (§)d5 . Sanasi (24)-
0

(25) p03B’513y10TLCﬁ cymicHo. Ha HactymHOMY eTtarmi
3HAaXOAUMO pO3B’s3kM 3a1a4 (22)—(23). B pe3ynLTaT1
OTPHMYEMO TOJIOBHI WIEHH aCUMITOTHK, SIKI JAr0Th
MOXKJIUBICTD POTHO3YBAaTH po3no;[1n KOHICHTPa-
it POCTOPOBOTO 3apsily B aKTHBHIH o0aacTi p-i-n-
CTPYKTYP 3 TOUHICTIO MOPSAAKY f (~10%).

Ouinky YJICHIB (Rdjzm)( Au ),
RZE»»( \/;)’ R;’(m)( \/;)’ R%(m)(z,\/a),
Resimy (Z\/ﬁ) ) Repimy (Z\/;) ) Ry (Z\/;) )

R (z,\/a ) s R (z,\/a ) ,) IPOBOIMMO aHAJIOTTYHO

1o [13] 3a mogaTKOBUX YMOB IJIAJIKOCTI Ta X y3ro/Ke-
HocTi. BcraHOBII0EMO, 1110 BC1 BOHU MaIOTh MOPSIOK
MaJoCTi O(\/;m)

AHaJTi3 pe3yJbTaTiB Ta BUCHOBKH

TectoBa 3amada BupimryBajach 3acobamMm Marte-
MaTHYHOTO TlakeTa Maple 3a Takux BXITHUX NaHUX:
BIICTAHbP MK IHXKEKTYIOUHNMH KOHTaKTaMu W=
30 MKM; KOHIIEHTpaIisi HOCIiB 3apsAqy y BIaCHOMY
HanisnpoBiguuky  N=10'° cm’;  enemeHTapnuii
sapsa e=16-10% Kir; koedimientn andysii Bigmo-
BIIHO €NeKTPOHiB i ipok D, =35 cm’/c, D =25 cm’/c;

3aJIUIITKOBHUX
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temneparypa 1,=300 K; wac »xuTTs HOCIiiB 3apsamy
¢ =t =107 ¢; npuknaneni Hanpyra i crpym U=5 B,
J=2-10° A/em?; crami e=11, £=885-10"* ®/m; 3Ha-
YeHHs Maioro mnapamerpa u=6.25-10° mBua-
KOCTi MoBepxHeBoi pekomOinauii a =2-10° cwm/c,
ap=105 CM/C; HAaIpPYyXEHICTh EJIEKTPUYHOI KOMIIO-
Hentn HBY xBuni E;" =2-10* B/m.

Ha puc. 2 nokazaHo pe3ynsraTy 4uceIbHO-aHali-
TUYHOT'O MOJICJIIOBAHHSI JUISl CTAalliOHAPHUX T'OJIOBHUX
4iieHiB acUMTOTHK. CyIliIbHA TOTOBIIEHA KPHBA BiJI0-
Opaskae PO3MOALT KOHIEHTpaLlii HOCIIB 3apsiLy 3riIHO
3 KJIACMYHOI Mozeni amOGinonspaoi audysii (mozeni
nineapuzauii) [1; 2; 3], cynisibHa TOHKA — pe3yNbTaTH
MOJICTIIOBAHHS 13 3aIy4E€HHSIM METOIY MOTPaHUYHOTO
mapy 0e3 BpaxyBaHHs HaBegeHux HBY Bunpominio-
BaHHSIM HaNpyTH i CTPYMiB B aKTHBHIH oOnacti p-i-
N-CTPYKTYpH 1 MyHKTHpPHA KpPHUBa — 3 ypaxyBaHHIM
BBy HBY BumnpominioBanHa. Takok B aKTHB-
Hili o0nacTi 3’SBISIOTHCA KOJMBAJIBbHI CKIIATHUKH
KOHILEHTpauii miasMu (BiirpaioTh KIIOYOBY PpOJb
y PEaKkTUBHIH CKIaIOBii 4acTHHI iMIegaHcy p-i-n-
CTPYKTYpH), SIKi CIIBCTaBHI 32 BEITUYMHOIO 13 CTalli-
OHAPHOIO KOHLICHTPALIEIO.

3acTtocoBaHMil y pa3i BUKOHAHHSA JOCIIJKESHHS
ACHUMITOTHYHUN MeTOA (METO/ IOrPaHUYHOTO IIapy)
J03BoJIsIE O0IHTH OOUMCITIOBANIBHI TPOOIEeMH, OB’ -
3aHi 13 HAsABHICTIO B JOCIIKyBaHii o0macTi Jinis-
HOK i3 BEJTUKHUMH TpaJi€HTaMH IIyKaHWUX (QYHKIIH
[14]. Bim3HaunMmo, 110 BXKE HA eTaIi MOIIyKY TOJIOB-
HUX WICHIB aCUMITOTHK OTPUMYEMO pE3yJIbTaTH,

57
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22 00082
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0.0085 l
1
1
\
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Puc. 2. Po3nonin koHueHTpaiii 3apsaais
B akTHBHIii o01acti (R=0, cranionapua
KOMIIOHEHTA)

pO3B’sI3aHHS BiIITOBITHUX SIICKTPOIMHAMITHUX 3a71a4
HBUY Ttexniku. Pe3ynbrat MaTeMaTHIHOTO MOJIEITIO-
BaHHS y3TOIKYIOTBCS 13 BIAMIOBIMHUMHA TaHUMH €KC-
nepuMeHTiB [15].

3anpornoHoBaHa MareMaTudHa MOJAETh Ta po3po-
OJleHWI aNTOPUTM aHaTi3y MOCTABJICHOI 3a/1adi BaX-
JIUBI U1 PO3POOHMKIB HAITIBIIPOBIJHUKOBHX CJICMCH-
TiB HBY enexTpoHiku, 30KpeMa p-i-n-CTPYKTyp, SKi
BHKOPUCTOBYIOTHCS TSI KOMYTaIlii MOTYKHUX €lleK-
TPOMATHITHUX TIOJIIB 1 K 3aXHUCHUX MPHUCTPOIB BXiJ-

siki 3a6e3meuyoTh HeoOXinHMI piBeHb anekBarHocTi — HAX TPAKTIB PAIIOTEXHITHAX CHCTEM.
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TeMmmepaTypa TiJI TEPTA iICTOTHO BILTUBAE HA ITPOLIECH, IO BiIOYBAIOTHCA B MicIli
KOHTaKTy. ToMy BU3HAUEHHs TEMIIEpaTypHUX MOMIB y TiJIaX, 10 B3a€MOIIOTh,
y pa3i iX BiTHOCHOTO KOB3aHHS € OIHUM 13 HaiBaXUIMBILINX 3aBAaHb TPUOOIOT{
Ta TpuOOTexHikU. PO3MAITTS HpPUPOAM YMHHMKIB BIUIUBY Ha TEIJIOBUI
PEKUM KOHTAKTHOI Mapu 3yMOBIIOE CKJIAJHICTh OMHUCY Ta MareMaTHYHOIO
MOJZIETIOBAHHS TAaKOTO MPAaKTHYHOIo 3aBlaHHsA. Cepell UMHHUKIB BIUIHBY €
AK Tema0¢i3u4Hi (TEMIONPOBIIHICT, TEIJIOEMHICTh, KOCQIII€HT NiHIHOTO
PO3LIUPEHHS Tij, IO B3a€MOJIIOTH, Ta iHINI), TaK 1 MeXaHi4Hi (MIPY>KHICTb,
TBEpPAICTh TOIO). [IpOnoOHyeThCSI MAaTEMaTUYHO MOAETIOBATH PEXXUMH TEPTH,
3HOIIYBAaHHA Ta TEIJIOYTBOPEHHS 3a JOIOMOIOI0 PO3NISAY Tak 3BaHOIO
YMOBHOTO «TPETHOTO TiJla) — TOHKUX NPUIIOBEPXHEBUX 1 MPOMDKKOBUX IIApPiB
TiJ, OO0 B3a€EMOJiIOTH, (DI3UKO-MEXaHIYHI BIACTUBOCTI SIKUX BiJPI3HAIOTHCA
BiJl BIACTMBOCTEH Til KOHTAKTHOI MapH, Ta MIKPOT'€OMETPIEI0 IMOBEPXOHb
TiN y KOHTaKTHiM 30HI. PO3MISHYTO MeTON BH3HAUCHHS TEPMONPOHHKHOCTI
KOHTakTy mapu TepTsa. OCKiNbKM y TpUOONOTiYHUX 3aJa4aX KOHTAKTHHMA
TUCK y pI3HHX TOYKaX € pi3HUM, TO i KOHTAKTHA NPOBIAHICTH TeX HE Oye
CTaJIOK0 BeIMYMHOI0. Ha OCHOBI 4MCIIOBOTO aHaNi3y AOCIHIIKEHO 3aJICXKHICTh
TEpMIYHOI IPOHUKHOCTI KOHTAKTY BiJ pi3HUX BXiIHUX YMHHUKIB, TOOYIOBAHO
BiAMOBiAHI Tpadiky, BUSBICHO HEICTOTHUI a00 CyTTEBUI BIUIUB OKPEMHUX
BX1JTHUX YMHHUKIB. /{1 BU3HAYCHHS BIUIMBY BXiHUX IapaMeTpiB Ha 3MiHY
TEMIIepaTypy Ta TEIUIOBUX IOTOKIB PO3IISHYTO KOHTAaKTHY HECTAlliOHAPHY
3a/a4y TEPMOIIPY>KHOCT1 3 TEIIOyTBOPEHHSAM Bil Mii CHJI TepTs Ha MeExi
JIBOX TIBIOPOCTOPIB, fKa 3a CKJIAJHICTIO BIAMOBiZAAa€ CyNEpHo3WIi IBOX
OIHOBHMIPHHX 3a/ad TEepPMONpPYXHOCTi. PO3B’SA30K 3amadi OTpUMaHO 3
BUKOPUCTAHHSIM IHTErpajbHOro neperBopeHHs Jlammaca. PosmisiHyTO
TpU pi3HI HaAHOINBII TWUIIOBI BHUMAIKK 3aJaHHS HampykeHb. OTpUMAaHO
AQHAJITUYHI BUpPA3U UL PO3MOAUTYy TEMIepaTypH Ta TEIUIOBHX IIOTOKIB,
noOyfnoBaHO BIAMOBiAHI rpadiku, poaHATi30BaHO BIUIMB IapaMeTpiB
MIOBEPXOHb, II0 KOHTAKTYIOTh, Ha TEIIOYTBOPEHHS Bix TepTs. OOuHCIeH] B
OITHOBHMIPHHUX 3aJ[adax 3HAYCHHS TEPMIYHOI IPOHUKHOCTI KOHTAKTY MOXYTh
BUKOPUCTOBYBATHCh Y MOJIC/IIOBAHHI 337124 i3 HETOBHUM KOHTaKTOM.
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The variety of factors affecting the thermal conditions of a frictional couple
results in complexity of the simulation of this problem. Among these factors,
thermophysical (thermal conductivity, specific heat, coefficient of linear
expansion of bodies, etc.) and also mechanical ones (elasticity, hardness of

contacting bodies, etc.) play an important role. The conditions of friction, wear
and heat generation are also determined by the characteristics of the so-called
“third body”, i.e., thin near-surface and intermediate layers, the physical
and mechanical properties of which differ from those of the interacting
bodies, and by the microgeometry of their surfaces in the contact zone. The
method of determination of thermal contact conductance in mathematical
modelling of contact interaction with considering friction and hear generation
by “third body” is presented. Using of modified conditions of heat contact
in mathematical model of contact thermoelasticity taking into account of
friction and heat generation is proposed. After numerical analysis, the graphs
of dependence of thermal contact conductance on the input parameters are
constructed and substantial influence of some of them is detected. In the
trybological problems a contact pressure in the different points is different,
so contact thermal conductivity is not constant value for this different points.
The one-dimensional non-stationary contact problem of thermoelasticity with
heat generation of friction on the border of two half-spaces for finding of the
influence of some physical and mechanical parameters on the temperature
and heat fluxes in the contact bodies is investigated. This contact problem
is equivalent to superposition of two one-dimensional contact problems of
thermoelasticity. The three most typical different cases of given stresses are
investigated. The solution of problems by Laplace integral transformation is
constructed. The analytical expressions for distributions of temperature and
heat fluxes is obtained. On the base of numerical analysis, the dependence of
thermal conductivity on different input factors is investigated, corresponding
graphs are built, essential or not substantive influence of certain factors is

detected.
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Beryn. BusHadeHHS TeMIlepaTypHHX —IOJIB
y TiNax, IO B3a€MOJIIOTh, y pa3i iX BiAHOCHOTO
KOB3aHHS € OHUM 13 HalBa)KJIMBIIINX 3aBIaHb TPU-
Oomorii Ta TpmOOTEXHiKH. PO3MAiTICTh YMHHHKIB
BIUIMBY Ha TEIUIOBHHM PeXHUM TPHUOOJOIiUHOI mapu
3yMOBIJIIOE CKJIAIHICTh ONUCY Ta MareMaTHYHOIO
MOJICTIIOBaHHS TAKOTO MPAaKTHYHOI'O HayKOBO-TEXHiu-
Horo 3aBraHHs. Cepex YMHHUKIB BIUIUBY € SIK TETLJIO-
(hi3uuHi (TETUIONMPOBIAHICTD, TEIUIOEMHICTB, Koedi-
LI€HT JIHIHHOTO PO3IIMPEHHS T, B3aEMOMIIOTh, Ta
iHMI1), TaK i MeXaHiuHi (IPYKHICTh, TBEP/ICTH TOIIO).
VYhepie yMOBH HeiJleaJIbHOTO TEMJIOBOTO KOHTAKTY,
SIKi BPaxOBYIOTh TEPMIYHHHN OITlip TOHKOTO ITPOMiXK-
KOBOTO MIapy MIX Tijamu, OyIlo 3aPONOHOBAHO B
[1,c. 133]. Tepmomnpy»Ha KOHTAKTHA B3a€EMOJIisl TLJI 32
HAABHOCTI MTOBEPXHEBUX TEMIODI3HIHIX HEOTHOPI-
HOCTeil yrepie Oymna gociimkena y [2, ¢. 23]. Brus
PI3HHUII TEMIIepaTyp TiT Ha PO3IO/LT TEIUIOBOI €HEep-
rii Mixk HIMHU Oyrno 3’scoBaHo y [3, c. 410]. Anami-
TUYHOMY OITUCY TEIJIOBUX HPOLECIB 3 ypaxyBaHHIM
HEOAHOPIAHOCTEN CTPYKTYpPHU TiJI, IO KOHTAKTYIOTh,
NPUCBIYEHO HU3KY CyYacHHUX Ipallb, 30KkpeMma [4; 5].
Onnak BUOIp aleKBaTHUX YMOB TEIUIOBOI'O KOHTAKTY
1 MaTeMaTHYHE MOJENIOBaHHs TEIIOBUX IPOILIECIB B
eJIEMEHTaX KOHKPETHOI TPHOOCHCTEMH 3 MAKCUMAJIb-
HOIO TOYHICTIO € CKJIQJIHOIO MTPOOIEMOIO.

MeTor0 po60TH € OTPUMAHHA 1 aHANI3 aHATITHY-
HOTO pO3B’S3KYy HECTallioHapHOi KOHTAaKTHOI 3ajadi
TEPMOTIPY)KHOCTI 3 TEIJIOYyTBOPEHHSM BiJl il CHI
TEpTS HAa MEXIi JIBOX MIiBIIPOCTOPIB, KA 33 CKIIAIHI-
CTIO BIITIOBIJJa€ CYNEPIO3UIii TBOX OJHOBUMIPHHX
3agad TepMomnpyxHocTi. Ilpomonyerscsi marema-
TUYHO MOZEJIOBATH PEKUMHM TEPTA, 3HOLIYBAHHS Ta
TETJIOYTBOPEHHS 32 JOIIOMOTOI0 PO3IISiAY TaK 3Ba-
HOTO YMOBHOTO «TPETHOTO Tinma» [6, c. 82] — TOHKHX
MIPUIIOBEPXHEBUX 1 IPOMIKKOBHX 1IaPiB TiJ, 110 KOH-
TaKTYIOTb, (hi3UKO-MEXaHIUHi BIACTUBOCTI SIKMX BiJl-
PI3HSIOTBCS Bil BIACTUBOCTEH TiJI KOHTAKTHOI MapH,
Ta MIKPOI€OMETPI€I0 MOBEPXOHb TiJl Y KOHTAKTHIH
30HI.

Moneab «TpeThoro Tija». s mociimpkeHHs
KOHTaKTHOI TEPMONPYXHOCTI 3 YpaxyBaHHSIM TepTA
1 TEeIJIOyTBOPEHHS 3a BHUXiJAHI YMOBH BHKOPHCTAEM
y3arajibHEHI yMOBH TEIUIOBOI'O KOHTAKTY, SIKi Bpaxo-
BYIOTh IHTETPaJbHY XapaKTEepUCTUKY — KOe]imieHT
TEPMOIIPOHUKHOCTI KOHTAKTYy / [2, c. 25]:

B
AA(d +10)+ 2[x 6(; YL —aé
n n

]—c(i(l) +i%)-20, (1)

M(tw_,<2))+z[m%w%‘:]_]m(aw_t<z>) (), (2)

Ie iHmexcaMu «1» Ta «2» IMO3HAYEHO BEINYHHU,
SIKi HaJIeXKAaTh BiIOBIIHO JIO MEPIIOTO i JPYTOTO TiJT;
1 — HOpMallh JI0 MOBEPXHI KOHTAKTY TiJl; A — 3Be/icHa
TEIUIONPOBIAHICTE; A — JBOBUMIpPHHNA OIepaTrop
Jlamnaca; ¢ — 3Be/ieHa TEILIOEMHICTh; () — IHTCHCHB-
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HICTh TEIUIOBUX JDKEPEN, /i — KOe(illieHT TepMOIIPO-
HUKHOCTI KOHTakTy. lIpoBeneHuii 4YMCIOBUI aHami3
MOKa3aB, [0 HEXTYBaHHA KOe(illieHTOM A HE3HaYHO
BIUIMBA€E Ha PO3MOALT TEMIIEPATyPHUX IOJIB y Tilax
napu TepTs, a CyTTEBUH BIUIMB HA PE3yNbTaTH Mae
IHTETpaJIbHA XapaKTepUCTHKa — KOe(QillieHT Tep-
MOIIPOHUKHOCT] KOHTakTy /. ToMy A/l IPaKTUYHUX
PO3paxyHKiB MO)KHa PEKOMEHAYBAaTH TaKi CHPOLICHI
Teruto(i3uYHi YMOBH Ha JUISHII KOHTAKTY:

2
Z’—n—x@ a(;n “S(+i%)-0. 3

7). @)

3’sicoBaHo [6, C. 85] IO CEpe/IHs TeMIeparypa B
00J1acTi KOHTaKTy Tijd Majio BmplsH;{eTbcsi BiJl TeM-
neparypu 1) =% B pasi igeassHOro TemIOBOro
KOHTaKTy Tij. OCKUTBKM AJISl 3HAXO/PKEHHS Koediri-
€HTa TEPMOIIPOHUKHOCT] KOHTAKTY /1, SIKUI MOB’s3y€
TEIUIOBUH TOTIK 1 pi3HULIO Temmeparyp (g = hAt),
HEOOX1THO 3HATH CEPEIHIO TEMIIEPaTypy, TO PO3B’s-
30K 3aJayi i3 3alpoNOHOBAHUMHM CIIPOIIEHUMH Ipa-
HUYHUMU yMoBamH (3) — (4) 3a £ —> 0 MOXHA PO3-
DISIATH 1 SK NEpLIMid eTam Uil 3HAaXOMKEHHS /1.
UWHHWKH, Bl SKAX 3aJEXKHTH /1, K 1 BECh IpOLEC
TEIUVIOYTBOPEHHS, € YHCICHHUMHM Ta CKIAQJAHUMHU
[7, c. 87]. llpoBeneHuii 4rcnOBHii aHAI3 EKCIIEPH-
MEHTaJbHUX JAaHUX JJO3BOJIUB YCTAHOBUTH CYTTEBHUH
BIUIMB Ha 3MiHY TEPMONPOHUKHOCTI KOHTAaKTy Ies-
KHX 13 HUX (puc. 1 Ta puc. 2).

1 2
on on 6

k| 150

3600 m

1] 1 80H0

Puc. 1. 3anexnicts koedinienta
TePMONPOHUKHOCTI KOHTaKTy i (KBT/(M?- K))
Big Tucky P (MIla) Ta TBepaocTi
3a Meiiepom p (MlIla)

Jl1s BU3HAUEHHS BIUIMBY BKa3aHUX [apaMeTpiB Ha
PI3HUIIIO TEMIIEPATYP i TEIIIOBUX NOTOKIB PO3MIISIHYTO
HECTAalllOHApHY KOHTaKTHY 3aJa4y TePMONPYKHOCTI
3 TEIUIOYTBOPEHHSM BiJI JIii CHJI TEPTS HAa MEXi JIBOX
MiBIPOCTOPIB, KA 33 CKIIQ/IHICTIO BiJIIIOBiIa€e Cymep-
MO3UIIIT IBOX OJHOBUMIPHHX 33]1a4 TEPMOIIPYHKHOCTI.
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| 150

Al

AL = 302)

7
0 150

14 | Al
300 i

Puc. 2. 3anexHicTs koedinieHTa
TePMONPOHUKHOCTI KOHTAKTY /h (KBT/M?- K)
Bil YMcTOTH 00POOKH NMOBEPXOHL A/ (MKM)

1 KoeQinieHTiB TemuonpoBixHOCTI

(830 1" =17, Br/(m- K))
MaremaTH4yHa mocTaHoBKa 3aaavi. [Ipumycka-
€MO, 110 JIBA MIPYKHI MIBIPOCTOPH 3 HYIHOBOIO TEM-
TepaTypoio CroYaTKy € HEPYXOMHMH, a B MOMEHT
gacy t=0 36J]I/I)KyIOTI>C$I i 3 TEpTSIM TOYMHAIOTH
MepeMilllyBaTHCS 3 BiJIHOCHOIO CTAJIOK) MIBHJKICTIO
V. Tponec TepTs Ha MeXi KOHTaKTy CYIPOBOIDKY-
€TBCSl TEIJIOYTBOPECHHSM, TEIUIOBI IPaHUYHI YMOBH
BPaxOBYIOTh KOE(DII[IEHT TEPMONPOHUKHOCTI KOH-
TakTy 4. MareMaTH4YHO 3a/1a4a MoJIAra€e B PO3B’sI3aHHI

PIBHSHB TEPMOIPYKHOCTI:

o a8 1 o

R N &

ox’ ox,  ox; 4" ot

i

3a TAKUX YMOB:

£ L= 0,0, = ze , u +u® = const , (6)
®
t t
B0 eal =fVs, = Vo, , (7)
Ox, Oox, ! :
8t at
A5 —2h(t(')—t(2))=0, (8)
Oox, 0ox,
ne f — KoedilieHT TepTsl MK  TLIaMHu,
B=(3r+2p)a,, Ap — xoedimientn Jlame, o, —
TeMIepaTypHuil Koe(illieHT JiHIHHOTO PO3MIMPEHHS,
a"’ — koedillieHT TeMIepaTyponpoBiAHOCTI s i-TO
Tina, i =1,2.
Hexaii | =0.0,| =-07.5,| =-5",

X; =00
(i=1,2). Toni po3B’s30k 3ana4i (5) — (8) MoxxHa 00y~
JyBaTH 3a JIOTIOMOTOI0 IHTETPaIbHOTO MIEPETBOPEHHS
Jlannaca:

7(;) fVs”
2A J—

L (A-A) ! ) exp(~p/d” )5, (9)

2AA h(A +A
1432 \/;Jr (2/1\1\2
1432

Computer Science and Applied Mathematics. Ne 1 (2022)

N P L)) 1 )
=T WA A eXp(_ ’”/"“)x’-(lo)
TToAN,
_ 1+ v ) (1-2v"
Z/_l(l) =a _( )( )—oc _

(1) o %

BN (1) e ) (11

P 2AANp+h(A +A,)

e A, = }\‘(i)/'\j a(i) , i=1,2.
Po3missHeMO THIOBI BUIAAKK Ui PI3HUX 3aKOHIB

3aJ[aHHs HAIPYXKeHb 6™ (1), sKi 6 MO3BOISIIM aHaTi-
THYHO OTPUMATH 300pakeHHs 3a JIarmmacom nryKaHux

GYHKIIIH.
Bunanox 1. Hexait o¢” =F =const 3a 120,
1,1>0
0010 6°(1)=PH (1), ne H(t)=< — QyHK-
(5= (). () ={ 20 -y
uis Xesicaiga. Toai y mpocTopi 300pakeHb MaeEMO
. B
p

Bunamox 2. Hexaii o~ ZB,[H(T)_

H('c—'ro)],

ne By =const, H(t) — Qynxuis Xesicaiima. Toxi y

npoctopi 306paxkens 6° =—>——Lexp(—1,p).
Bunanok 3. Hexait ¢” =F, / Nnt, ne P, =const.
Toxi y mpocTopi 300pakeHs 3a Jlammacom oTpuMaeMo

— 0

\/; .

Bxazani Tpu BHITaIKH JAIOTh 3MOTY aHAJIITHIHO
oTpuMaTH TIykKaHi (QyHKIIi y TpocTOopi OpHUTIHATIB
[8]. Hampuknanx, mis Bumanky 3 3amaHHs Ha 0e3-
MEXKHOCTI HANpYKEHHs BUIIALY o] =P, / Jrr 3

BUKOPHUCTaHHSM TEOpeM OOEpHEHHS iHTETpPajbHOTO
neperBopeHHs Jlamnaca s po3nonity TeMneparypu
1 TETUIOBHX MTOTOKIB y KOHTAKTYIOUHX Tijax 3a IIHOu-
HOIO OTPUMAHO TaKi GopMyIH:

V) (xl,t):L 2A,erfe—ri— —
20, (A, +A,) 2ae
W (A, +A) A, +A,
—(Ai—Aj)CXp ( 12+ 2./) x;h +
4NN’ f 2A A,
Y h(Ai+A.)
xerfe| —=— + NFEIS (12)
wWale  2AA,
0] :fVPo B _ x; h(Ai_Aj)
q" (x,, 1) =" {\/Eexp( o WA
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hz(A.-f-A.)z NEL A +A,
xex
=P 4NN / 2A A,
h(A, +A,
xerfe : (A ’)ﬁ . (13)
e 2AA,
2% .
ne erf(x)=—=|e" dt (YHKIi TTOMUJIOK,
Vg

erfc(x)=1—erf (x)= \/% Ie" dt — JIONOBHIOBAJIbHA

(hyHKIIisI TTOMFJTOK.
YucioBi pe3yiabraru.

I[ocmzm(eﬂo 3aJ1eK-
HICTh PI3HHII TeMIeparyp At =% —

(pHc 3—4)
1 TETUIOBUX TIOTOKIB Ag = q(z) q(l) (pnc. 5-6) Bin
PI3HUX YXIIHUX TIapaMeTpiB, M0 BILUTMBAIOTh HA TEp-

Puc. 3. 3anexnicTs pisHUII Temmeparyp At
(°C) Bix yncroTn 00poOKH MOBePXOHL A/ (MKM)

i koediuienTiB TenonpoBiaHoOCTI AR (B1/(m- K))
Ag i
FLEY
3 14 7
L 150 o A

Puc. 5. 3anexHicTh TeNI0BUX NOTOKIB Ag
(xB1/(M*" K)) Bix yHcTOTH 00pOGKH MOBEPXOHD
Al (MKkM) i Koe(inieHTiB TenJIONPOBITHOCTI
A, A (Br/(m- K))
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MOHpOHI/IKHiCTL KOHTaKTY: BiJl THCKY P MiX Timamu
Ha ,I[lJ'IHHLIl KOHTAKTy; BiJl TBEpAOCTi 3a Meiiepom
B MSKIIOrO Marepiaiy; Bifl YHCTOTH 0OpOOKH
HOBEpXOHb A/ ; Bil KOe(]illi€HTIB TEIIONPOBIHOCTI
ARIAS IiBIIPOCTOPIB, IO KOHTAKTYIOTh.

BucHOBKH. 32 OTPIMaHUMH YHCIOBUMH PE3YIIb-
TaTaMH MO>KHA 3pOOUTH TaKi BUCHOBKH:

1) 31 30iLMBIMICHHSIM TETUIONPOBIMHOCTI TiJl, IO
KOHTaKTYIOTh, 1 THCKY B 30HI KOHTAaKTy TE€PMOIIPO-
HUKHICTh KOHTaKTy 3pOCTa€, a B pa3i 30UIbIICHHS
JKOPCTKOCTI 1 TBEPIOCTI MaTepiaiiB TiJl — CIIaJaE;

2) 31 301IBIIIEHHSM TETUIONPOBITHOCTI HYXKHBOTO TiNa,
JKOPCTKOCTI Ta TBEPIOCTI MaTepialliB Mapy TepTs piSHI/I]_ISI
TeMIIeparyp Till, IO KOHTAKTYIOTE, 3pocCTae, a 31 301IB-
IICHHSIM TCHJIOHpOBl,HHOCTl BEPXHBOTO TiJIa — CHIAJIAE;

3) 3MiHa HOMIHAJIBHOTO THCKYy MDK TUTaMH Ha
JIUTSTHIT KOHTAKTy Mallo BIUIMBAE Ha PI3HHUITIO TEMIIe-
paryp i TeIJIOBHX MOTOKIB y TiJlaX;

Ar 50

5 w F
ﬂ + 1
1 =00

3600 M

""-.__‘__H-

-50

Puc. 4. 3anexnicts pisanui remneparyp At (°C)
Bia Tucky P (MIla) i TBepaocTti 3a Meliepom p

(MIla)
Ag | 8
4
i Py
5 I
1 1 1 1
0 100 36

Puc. 6. 3ajexHicTh TeNJI0BUX MOTOKIB Ag
(xB1/(M?- K)) THCcKY P (MIIa) i TBepocTi 3a
Meiiepom p (Mlla)
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4) 31 30iTBIICHHSAM TETUIOMPOBIAHOCTI BEpPX-
HBOTO Tija PI3HUIM TEIUIOBHX MOTOKIB TN, IO
KOHTaKTYIOTh, 3pOCTa€, UIsl HIKHBOTO Tijla eexT
NPOTUJIEKHUN;

5) 3MiHa TBEPIOCTI Ta )KOPCTKOCTI MaTepiaiB Ti,
10 KOHTAKTYI0Th, MaJIO BIUIMBAE HA Pi3HULIIO TEIJIO-
BHX MOTOKIB y HUX.

HaykoBa HOBHM3HA OTpHMaHMX PE3YJIbTATIB MOJIS-
ra€ B TOMY, 10 IPOBEIEHUM aHai3 BIUIMBY IlapaMe-
TPiB KOHTAKTY 1 CTaHy IIOBEPXOHb, 110 KOHTAKTYIOTb,
Ha TEMIEpaTypHi MOJNA Ta TEIUIOBI IOTOKU uepe3
IHTETpaNbHY XapaKTepUCTUKY /i — KoedimieHT Tep-
MOIIPOHUKHOCTI KOHTAKTy 103BOJIMB YIIEpIIE BUKO-
pUCTaTH MaTeMaTH4YHY MOZENb «TPEThOro Tilay
IUIl OTPUMAaHHS aHANIITUYHOTO PO3B’SI3Ky HecTalli-
OHapHOI 3a7a4i TEPMONPYKHOCTI 3 TEMJIOyTBOPEH-
HSIM BiJl Jii CHJI TePTS Ha MEXi JBOX IIBIPOCTOPIB.
Y pO3BUTOK TOCIIKEHB [6; 7] pO3IISTHYTO TPH Pi3Hi

3aKOHHM 3aJaHHS HApYXEHb, SIKi aI0Th MOXKIIUBICTb
NoOyJOBH aHATITUYHOTO PO3B’SI3KY. Y YaCTHHHOMY
BUMAJIKY i7IeaJlbHOTO TEIJIOBOTO KOHTAKTY TiJl OTPH-
MaHi YMCJIOBI Pe3yNbTaTH SKICHO Y3TO/DKYIOTHCS i3
[3], me muTOMa MOTYXKHICTh TETUIOBUIIICHHS IPH-
HAMAa€eThCSl CTAJOK0 YW 3aJAa€THCSI KOHKPETHOIO YMC-
J0BOMO 3ajexHicTio. [1oOynoBaHi po3B’sS3KH OIHO-
BUMIPHUX 3aJad JO3BOJIAIOTH BHECTU IONPABKY B
oburcneHHi KoedilieHTa TEPMOMPOHUKHOCTI KOH-
TaKTy 3a CTaHOM TIOBEPXOHb, SKi KOHTAKTYIOThH [4].
3 iHmoro OOKy, y pe3yjibTaTi MOpiBHSHHS EKcIie-
PUMEHTANbHUX OAaHUX 1 BUBEIEHHS TEOPETUYHOTO
PO3B’A3KY Ha EKCIIEPUMEHTAJIbHUI MOXKHa pOOUTH
BUCHOBKH PO IIOPCTKICTh NOBEPXOHB, 10 KOHTAK-
TYIOTh, KOHTaKTHUH THCK, IUIOILYy KOHTaKTy TOLIO,
10 MaTUMeE BEJIMKE 3HA4YCHHS IJI1 KOPEKTHOI Mare-
MaTUYHOI MMOCTAHOBKH 3aJay i3 HETMOBHUM KOHTAaK-
TOM Y HACTYIHUX JOCIiIKCHHSX.
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Knruosi cnosa: pecpeciiine OuiHtoBaHHS PO3Mipy IMPOTrPaMHOTO 3a0e3MeueHHs, 30KpeMa IPUKIaIHOTO 3
PieHANHSA, HeNiHIlHa pespecis, BiIKpUTUM KOJIoM Ha C#, Ha ChOTOJIHI € Iy’Ke Ba)KJIMBOIO YACTUHOIO B MpoIIeci
HOpMATi3yioue nepemeopetHs PpO3po0KK TOAIOHUX TPOEKTIB. 3HAIOUM PO3MIp MPUKIAJAHOTO MPOTPAMHOTO
Lorconcona, dosipuuii inmepaar, 3a0e3MeueHHs Ha PaHHIX eTanax po3poOKH Ta BUKOPUCTOBYIOUH TaKi MOJEI,
inmepean nepedbavents, mosa gk COCOMO, COCOMO II, abo meTomu Ta MOIENi aJrOPUTMIYHOTO
npocpamy6aHHsI. MOZIETIOBAHHS YU iHII, SIKi BUKOHYIOTh PO3PaXyHKU Ha OCHOBI KiJIBKICHHX

3HaUeHb PO3MIPY MNPUKIATHOTO MPOTPAMHOT0 3a0e3MeueHHs, MOXKHA
po3paxyBaTH TPYIOBUTPATH Ta BAPTICTh MPOEKTY Ta MEpeAOauYUTH PHU3UKH,
OB’ s13aHi 3 PO3POOKOIO.
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VY 11i#t poOOTi BUKOHAHO aHaJIi3 HAsIBHUX PETPEeCiiiHUX PiBHSAHB 17151 OI[iHIOBAaHHS
PO3Mipy NPUKIIAJHOTO MPOrPaAMHOTO 3a0€3MeUeHHS 3 BUKOPHCTAHHAM Pi3HUX
MOB TPOTpaMyBaHHS, SIKHH IMOKa3aB HEOOXiMHICTh MOOYIOBH HEIIHIHHOTO
perpeciitHoro piBHSIHHS AT OI[iHIOBAHHS PO3Mipy IPHUKJIAIHOTO IPOTrPaMHOTO
3a0e3medeHHs 3 BiAKpUTUM KomoM Ha C# i3 3acTOCYyBaHHSIM YHiBepCaIbHOTO
OTHOBHMIPHOTO HOPMaJIi3yl04oro nepeTBopeHHs cimM’i SB J)xoHcoHa, 1110 Ja1o
MOXJIMBICTh HOOYIyBaTH HENiHiNHE perpeciiiHe piBHSIHHS TOCHTH BHCOKOI
axocti (R2 = 0,974, MMRE = 0,198, PRED(0,25) = 0,778), Ta sike Ma€e kpari
MOKA3HUKH OPIBHSHO 3 NiHIHHUM perpeciiiHuM piBHAHHIM 0€3 3aCTOCYBaHHS
HOPMAJi3yIOYHX MEpeTBOPEHb i eMipndnux aaHux (R2 = 0,887, MMRE =
1,028, PRED(0,25) = 0,361), a Takox MOPIiBHSHO 3 HENIHIHHUM perpeciitHum
PIBHSHHSM 3 BUKOPHCTAHHAM HATYpaJbHOTO JIOTapu(pMy SK HOPMANi3yI0d0ro
neperBoperns (R2 = 0,819, MMRE = 0,222, PRED(0,25) = 0,694). Kpim
I[bOTO, BUKOPUCTAHHS YHIBEPCAJIBHOTO OJHOBHMIPHOTO HOPMAIi3yIOd0I0
neperBopeHHs J[xoHcona cim’i SB nmamo 3mory moOymyBaTH OUTBII BY3bKi
JOBip4YMii IHTEpBaJ Ta iHTEpBa NepeadadeHHs ISl HEMiHIHHOTO perpeciitHoro
PIBHSHHS MOPIBHSHO 3 IHTEpBaJaMH, SIKi Oyau moOy10BaHi 3 BUKOPHCTaHHAM
HATYPaJILHOTO JIOTapU(MY SIK HOPMATi3yI0uoTro IIEPEeTBOPECHHS.

Y  pesynprari  po3poONeHO MPOrpaMHUM  JOAAaTOK ISl OI[iHIOBaHHSA
po3Mipy TPHUKIAIHOTO MPOrPaMHOrO 3a0e3ledeHHs 3 BIAKPUTUM KOIOM
Ha C# 3 BUKOPHCTaHHSM HENIHIHOTO perpeciiHOro piBHSHHS Ha OCHOBI
YHIBEpPCAJIBHOTO OJHOBHUMIPHOTO HOPMAJIi3ylouoro meperBopeHHs cim’i SB
JI>xoHCOHa, SKHif aBTOMATH3Ye€ MPOIEC PO3PAXyHKY Ta CIPOIIY€ 3aCTOCYBAHHS
MoOyI0BaHOTO HEJIHIHHOTO PErpeciifHOTO PIBHIHHSA, IO JAJI0 3MOTY 3HAYyHO
CKOPOTHUTH Yac MPOBECHHS BiAMIOBITHIX PO3PaXyHKiB Ta 3MEHIINTH KiTBKICTh
PO3paxyHKOBHX ITOMHMJIOK.
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Estimating the size of software, including open-source applications in C#, is
currently an especially important part of the development of such projects.
Knowing the size of application software in the initial stages of development
and using models such as COCOMO, COCOMO II or methods and models
of algorithmic modeling and others that perform calculations based on
quantitative values of application software it can be calculated labor costs and
project cost and anticipate risks related to development.

In this paper it was analyzed existing regression equations for estimating the
software size of different programming languages which in turn indicated
the need to construct a nonlinear regression equation for open-source
application software in C# using the universal one-dimensional Johnson
normalizing transformation for the SB family, which allowed to construct a
nonlinear regression equation of high quality (R2 = 0.974, MMRE = 0.198,
PRED(0.25) = 0.778), and which has better performance compared to the
linear regression equation without using of normalizing transformations for
empirical data (R2 = 0.887, MMRE =1.028, PRED(0.25) = 0.361), as well as
in compared with the nonlinear regression equation using the natural logarithm
as a normalizing transformation (R2 = 0.819, MMRE = 0.222, PRED(0.25)
= 0.694). In addition, the use of the universal one-dimensional normalizing
Johnson transformation of the SB family made it possible to construct
a narrower confidence interval and prediction interval for the nonlinear
regression equation compared to the intervals that were constructed using the
natural logarithm as a normalizing transformation.

As a result, a software application was developed for estimating the size of
open source application software in C#, using a nonlinear regression equation
based on the universal one-dimensional Johnson normalizing transformation
for the SB family, which automates the calculation process and simplifies
the using constructed nonlinear regression equations that reduced the time of
relevant calculations and reduced the number of calculation errors.

Beryn. CydacHuii cBiT yce OinbIe BIPOBAIKYE

TOMy HasIBHI METOON Ta MO,Z[CJ'Ii AJIsL TPOTrHO3YBaHHSA

iH(opMarliifHi TeXHOIOTIi B pi3Hi chepu TisTBHOCTI
JFOJIVHU. P03IJ_II/IpeHH5{ cq)epn 3aCTOCYBaHHS Iep-
COHAJIBHUX KOMII'IOTEPiB MiABHIILYE NOTpedy B po3-
PoOLI MPUKIIAIHOTO IPOrPAMHOTO 3a0e3MeUeHHS.
Bimomo, mio matixke 90% orepaiiitHux cucTeM rep-
COHATBHUX KoMIT FoTepiB craHoBUTH OC Windows [1].
Tomy BuKOpUCTaHHS 00 €KTHO-OPIEHTOBAHOI MOBH
mporpamyBanHs C# [2], po3poOieHoi KoMIaHi€ro
Microsoft cnenianero mix OC Windows, € cydacHuM
ITiIXOIOM JIJTsI pearti3allii MpUKIaJHUX ITPOEKTIB.
Bukonyroun po3poOKy HporpaMHHUX NpPOAYKTIB,
HeoOXiTHO Ha PaHHIX CTalifAX MPOEKTIB aeKBaTHO
OIIHIOBATH TPYAOMICTKICTh X peamizamii. OmHUM
i3 OCHOBHUX (DaKTOpiB, IO BH3HAYAIOTH TPYIOMICT-
KiCTh PO3pOOKH MPOTPAMHOTO 3a0e3NeueHHsl, € Horo
po3mip. BimoMo, mo po3Mip Tporpamui 3HaYHOIO
MIpO0 3aJIEXKHUTh BiJi OCOOIMBOCTEH MOBHU TpOTpa-
MYyBaHHS, TIaTGOPMH pO3POOKH Ta IHIIUX (DAKTOPIB.
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pO3Mipy MailOyTHBOTO MPOTPaAaMHOTO MPOAYKTY, IO
MPU3HAYeH] U151 By3bKOTO KJlacy 3aj1ad.

AHaJi3 OCTaHHIX JocCTiuKeHb i1 myOsikamii.
OuiHioBaHHS PO3MIpYy NPHKIAAHOTO MPOTPAMHOTO
3a0e3MeUYeHHS TICHO MOB’A3aHE 3 MOAEISIMU OLIHIO-
BaHHS BapTOCTl MPOrPaHOro MPOAYKTY Ta TPYy.o-
BUTpAT Ha HOTO po3poOky. HasiBHi pi3Hi MeTomu Ta
Mozeni ouiHoBaHHA po3Mipy [I3, ocHOBHI 3 sKuX
Ha3BaB b. boewm [3].

i MeTomu Ta MoAEIi MOMUISIFOTECS HA allTOPUT-
MiyHI Ta HeanmroputmiuHi. [lo HeanropuUTMiYHHX
HaJIe)KaTh TaKi SIK:

— METOJl eKCIIEPTHUX OILIHOK, 1[0 OCHOBAaHWH Ha
ONMTYBaHHI TEXHIYHHUX EKCIIEPTiB, K1 CBOEIO YEPTOIO
JAIOTh OLIHKY PO3MIpy MPOEKTY;

— METO/I aHaJIOT1i, sIK1ii 6a3y€eThCs Ha MOPIBHIHHI
3aIUIaHOBAHOTO POEKTY 3 TIONEPEIHIMH MIPOEKTAMU 3
NOAIOHMMU XapaKTepUCTUKAMH.
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Jlo anropuTMigyHUX BiJTHOCATS:

— HEWpPOHHI Mepexi, ki 0a3yroThCsS Ha HABYaHHI 3
BUKOPHUCTaHHSAM IITYYHOTO 1HTEJIEKTY;

— TEHETUYHI aJrOPUTMH, SIKi 0a3yI0ThCS Ha BUKO-
pHCTaHHI olepaTopa CXpellyBaHHs, BUKOPUCTOBYIOTb
MEeXaHI3MU TPHUPOJHOTO BiOOpPY Ta CIIaJKOEMCTBA.
I'eHeTnyHi anropuTMu MOXYTh BHKOPHUCTOBYBATHCS
CaMOCTIiifHO a00 CIIJIBPHO 3 HEHPOHHUMH MepeKaMu
SIK KOMOIHOBaH1 METO/IH;

— perpeciiiHi MeTomu, SKi BHKOPUCTOBYIOThH
NiHIAHY Ta HeNiHiiHY, onmHOo(aKTOpHY Ta Oarartodak-
TOPHY perpeciro.

[ToOynoBa perpeciiiHUX piBHSIHB IS OI[IHIOBAHHS
PO3MIpy NPHUKJIAAHOTO IPOrPAMHOTO 3a0€3MeUeHHS —
e 6araroeTanmHuil npouec, SKUi MOXKe MICTUTH Take:
MIOIITYK TPOEKTIB; 30ip METPUYHKUX 3HAYEHB IS KOXK-
HOTO TIPOEKTY; aHai3 310paHUX MaHWX; MOIIYK Ta
BUIAJICHHS aHOMAaJIbHUX 3HA4YeHb (BUKHIIB); Iepe-
BipKYy JaHHUX Ha HOPMAJIBHICTh PO3IIONLTY; BUOIp HOP-
MaJIi3yI04Ooro MEPeTBOPEHHS; HOpMaJli3alliio JaHuX;
OIIIHKY KOe(Iilli€HTIB perpeciiiHoro piBHSAHHSI; MOOY-
JIOBYy JIOBIpYOTO IHTEpBally; IMOOYIOBY iHTEpBAIY
nependadeHHs; 3BOPOTHE IIEPETBOPEHHS PO3paxo-
BaHHUX JaHUX; PO3PAXYHKH XapaKTEPUCTUK MOAEINI;
MIOPIBHAHHS Mojeliell Ta BUOip Haiikpamoi.

OCKUIBKH HasiBHI METOIM Ta MOZAEII, K1 3M1MCHIO-
IOTh PO3paxyHKH Ha OCHOBI KUTbKICHOTO TOKa3HUKa
PO3Mipy MpOrpamMHOro 3abe3NeueHHs, a MpUKIIagHe
IporpaMHe 3a0e3MEeYCHHSI PO3POOISETHCS 3 BUKO-
pUCTaHHSIM PI3HOMAHITHUX MOB TPOrpaMyBaHH,
CTWJIb T4 CHHTAaKCHUC SIKUX JIy>K€ PI3HUTHCS, BUHH-
Kae moTpebda B po3poOIli Momem s OIIHIOBaHHS
PO3MIipy NPOrpaMHOTO 3a0€3MEUYCHHS ISl KOXHOI
MOBH OKkpeMo. CaMe ToOMy crodaTky Oys10 IpOBEICHO
MIOITYK HAsBHUX PErPeCiiHUX PiBHSHB OIIHIOBAHHS
poamipy 113 s pisHHX MOB IpOrpaMyBaHHSL.

Byno 3HaliieHo Taki perpeciiiHi piBHSHHS: IS
OLIIHIOBaHHA po3Mipy BeOmonarkiB Ha Java [4]; mis
ouiHioBaHHA posmipy 13 indopmaunilinnx VB-cuc-
TeM [5]; Iy OLIHIOBaHHSA PO3MIpY HPOTrpPaMHOro
3a0esrieueHHs Ha Java [6; 7]; Ui OLIHIOBaHHS PO3-
Mipy Web-3aCTOCYHKIB, 1110 CTBOPIOIOTHCSI 3 BUKOPHC-
taHHAM (peiiMBopky Laravel [8]; ans ouiHioBaHHA
p03M1py PHP-3acrocynkiB [9]; st OIiHIOBaHHS
PO3Mipy IPOrpaMHOTo 3a0€3MeUeHHS IS Kpoc-Tiiar-
(hopMHOT po3p0oOKH MOOLIEHUX 3aCTOCYHKIB 13 BHKO-
puctanssiM riardopmu Xamarin [10].

ITocranoBka 3aBaanHs. OCKIIBKH BIIOMO, IO
po3mip I3 3anexurts Big MOBU PO3pOOKH, a perpe-
CifiHOrO piBHSHHA Ul NPHUKIAAHOTO MPOrPaMHOTO
3abe3neueHHs Ha C# He Oyno 3HaEHO, TOX BHHU-
Kae motpeda B OOYAOBI perpeciiiHoro piBHSHHS U1
OLIIHIOBaHHS PO3MIipy TaKOro MporpaMHOro 3abesre-
YEHHSI.

Mertoro pobotu € moOynoBa HENiHIKHOTO perpe-
CiffHOrO pIBHSHHS Ul OLIHIOBaHHS PO3MIipy NpH-
KJIQJIHOTO MPOTPaMHOTo 3a0e3MeueHHs 3 BiIKPUTHM
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kopoM Ha C# IUIAXOM 3acCTOCYBaHHS HOPMai3ylo-
40ro nepeTBopeHHst J>KoHCOHa, 110 T03BOJIUTH OTPH-
Maru O1NIBII TOCTOBIPHHUN PE3yJIbTaT.

Bukaan ocHOBHOro Marepiajy J0CTiXKeHHS.
[ moOynoBu HENMiHIMHOTO perpeciifHoro piBHAHHS
OLIIHIOBAaHHA PO3MIpY NPHUKIAIHOTO MPOTPaMHOTO
3a0e3nedeHHs] 3 BiIKpuTUM kogoM Ha C# Oymo
BUOpaHo 37 npoeKTiB Ha BigkpuToMy pecypci GitHub
[11]. Sk 3anexHy 3MiHHY BHOPaHO KiJIbKICTb THCAY
CTpOK Koxy (BuOipka Y), a K HE3alexHy 3MiHHY —
KUTBKiCTh KiaciB (BuOipka X).

s mepeBipky OTPUMAaHUX AaHUX Ha HOPMallb-
HICTb po3moniTy BHKOpHcTanu Kputepid [lipcona
[12], a Takoxx po3paxyBaiy OCHOBHI XapaKTEPHUCTUKU
BUOIpKH.

OCHOBHI XapaKTePUCTHKH eMHlpI/ILIHI/IX JaHUX:

n—37 my =48,43;0x =47,40; Ax =1,19;ex =4,02;
my =4,16;Gy =5,42; Ay =2,48; &r =10,15;
KUTBKICTb 3HAYEHDB; My Ta 1,

e n —
— BHOIpKOBE CepeHE

BUOIpOK X Ta Y BiANMOBiAHO; Gx Ta Gy — CEPEOHBO-
KBaJ[paTUYHE BiIXUJICHHS BUOIpOK X Ta Y BiAMOBIIHO;
Ay Ta Ay — acumetpis BuOIpok X Ta Y BiINOBiIHO;
(;,X Ta éy — ekciiec BHOipok X Ta Y BiIIOBiTHO.

3a omiHKaMH acUMeTpii Ta ekcuecy i 000x
BHOIpOK Oyi0 BuOpaHO ciM’1o posmoainy S, JKoH-
COHap[13],};IKa MaepTaKI/Iﬁ BI/IFJI;II;[: siede

= +Uln[X—_6j
v = A+ 0-X )
B<X <O+L; v>0;—00 <y <+o00;—00 < O(+0; 1)0, (1)

e v,v,0,A — mapamerpu neperBopeHHs J[xoH-
COHa.

OuinroBanHs napameTpis cim’i S, JKoHCOHa BUKO-
HaHO METOIOM MaTeMaTHIHOTO IIporpamMmyBaHHs [14].

OcCKinpKy 7151 TOOYIOBH PETPECIfHOTO PiBHSHHS
Iy’)Ke Ba)XJIMBO, MO0 yci AaHi Oyau OTHOPIAHUMU
Ta HEe MICTHJIM aHOMAaJIbHUX 3HAYCHBb (BUKHIIB), IS
MOITYKY BUKUAIB CKOPHUCTAINCH KBAIPaTOM BijcCTaHi
Maxanano6ica [15] 3a Takoro popmysoro:

M7 =(X,—n) £7(X,-n),i=1,2,...,n,(2)
ne: X! — 3BopoTHA MarpMIld KoBapiarfii; g =
W, ... U ) — CEpenHii BEKTOp BUOIpKU X.

VY pesymbTari po3paxyHKiB Oyjg0 BHUSBICHO Ta
BHJIaJICHO OfuH BUKUA. Jlami mys BuOipku 6e3 BHKH-
JiB 3HOBY OLIIHIOEMO mapameTpu ciM’i S, JHKoHCOHa,
BUKOPHUCTOBYIOYM METOJI MAaTeMaTHYHOTO IPOrpamy-
BaHHA [ 14].

3HaueHHs MMapaMeTpiB HOPMaJli3yIodoro IepeTBO-
penns JHkoHCOHa CIM'T S,

(T

, =0,560;7, =1,010;6, =0,480;1, = 202,650;

v, =0,670;y, =1,890;6, =0,007;1, = 38,073.
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XapaKTepuCTHKH HOPMalli30BaHO1 BUOIpKH: 11 =36;
mx =-0,00,0x =1,003; 4x =0,021; ex =3,014;

my =0,005; Gy =1,001; Ay =0,089; &y = 3,105.

3a po3paxyHKamH, [Jis BUOIPKH Z, 3HAYEHHS %
crocrepexenns JjopiBuwoe 1,18, a nns Bubipku Z,
3HAUEHHs 7y~ CIIOCTEPEKeHHs nopiBHIOE 1,32, Tok
00H/1Ba 3HAYCHHS € MCHIINMH 33 Yg,s, KPHTHUHE,
sIKe JOPIBHIOE 5,99. BUXomsau 3 OTpUMaHUX 3HAYCHD,
MOXKEMO CTBEPIKYBATH, IO OOWIBI BUOIPKH TiATIO-
PSIKOBYFOTHCSI HOPMAIIbHOMY 3aKOHY PO3IOILITY, TOXK
MIPUCTYIIAMO JI0 TTOOYIOBH PErPECiHOTO pPiBHIHHS,
SIKe Y 3arajlbHOMY BUTJISJII Ma€ BUTIISL;

Y =7 (X), 3)

ne Y — 3anexHa 3MiHHa (KUIBKICTH CTPOK KOAY);
/(X)) — dbyHkuis perpeciiiHoro piBHsHHs (HeTiHilHA
abo miHifiHa); X — He3amexHa 3MiHHA (KIJIBKICTh
KJIaciB).

Bume Oymo noBemeHo, MO0 AaHi ITiAMTOPSIIKO-
BYIOTbCS HOPMAJbHOMY 3aKOHY pO3IOALLY, TOMY
MoOkeMo OymyBatu JiiHiiiHe perpeciiiHe piBHIHHS, SKe
Ma€ TaKUuM BUITIS:

Y=b,+bX, 4)

ne: X —He3alle)kHa 3MiHHA; Y — 3ajIe’KHa 3MIHHA;
b, Ta b, — xoedilieHTH PIBHAHHS, SKi 3HAXOIATH 3a
METOZIOM HailMEHIIHNX KBajaparis [16].

st miHIHHOTO perpeciiHOro piBHSAHHS 3HAWICHO
JIOBIpUYMi iHTEpBaN, SKAH PO3PaxOBaHUI 32 TaKOO
(dhopmynoro:

2
~ 1 xX—X
I, :yit%‘nfz *g ¥ _+(—)_ ®)]

m

1 Nt .
n_zz(yj—yj) ; t%’w2 — KBaHTLJIb

J=1

e Sy:

po3noainy Creronenra [17].
AHAIIOTIYHO OTPHMAaHO IHTEpBAN MependavyeHHs
3a Takor GopmMysioro:

—\2
~ 1 (x—X)
— * *
I,=y=% o2 S* T+—+— —, (0)
noy(x-%)
Jj=1 J

Juis mepexony Bin miHitHOTO perpeciiiHoro piB-
HSHHS JUTsE HOPMAJTi30BaHUX JAHUX JI0 HENiHIHHOTO
perpeciiHoro piBHSHHS BHKOPHCTAaHO 3BOPOTHE

nepeTBopeHHs ciM’i S, JUKOHCOHA, K€ Ma€ TaKkui

BUITIAL:
k
e
X=0+\ =

I+e
-7

Z
ne k=—"%*1
L
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Sk pesynmpraT OTpHMaHO HENiHIiHE perpeciiiHe
PIBHSHHS U OI[IHIOBAHHS PO3MIPY TPHUKIATHOTO
NPOrpaMHOro 3a0e3MeueHHs 3 BIAKPUTHM KOIOM Ha
C#, saxe Ma€ TaKUH BUTIISI:

38,08¢* +0,0072

Y= 8
1+e" (®)
0,5551n(2f)<3_1(;’4i(j—0,884
Ie k = bl
0,67

Takox ISl TOPIBHSHHS MMOOYIOBAHO JIiHIHHE
perpeciiiHe piBHsSHHS Oe3 HOpMasi3allii JaHUX, sSKe
Ma€e BUTIISI;

Y =0,1078X —0,9167; ©)

Ta HeJiHilHe perpeciiine piBHAHHS 3 BUKOPUCTAaH-

HSM SIK HOPMAaJi3yIouoro MEepeTBOPEHHS HaTypalib-
HOTO JIOTapu(My, SIKE Ma€ TAKUK BUIVISL

? — 2492 % Y0993 (10)

Jns HemiHIHUX perpeciiiHuX piBHSHB Ta JIiHIH-
HOTO perpeciiHoro piBHAHHsA (0e3 HoOpMamizarii
BUXIIHUX NaHUX) MOOYIOBaHi OBipYi iHTEpPBAIM Ta
IHTEpBaJM MepenoadeHHs.

Ha puc. 1 mpencraBneHo eMmipu4Hi AaHi, Heli-
HilfHE perpeciiiHe piBHSHHS, SIKE OTPUMaHE 3 BUKO-
PUCTaHHAM HOPMAaJIi3ylO40ro MEPETBOPEHHS CiM’T S,
JI>xoHCOHA, 3 HOTO AOBIPYMM IHTEPBAJIOM Ta IHTEPBa-
JIOM niepeadayeHHS.

S BUIHO 3 puc. 1, BCi 3HAYEHHS BUXIAHUX AaHUX
JieKaTh Yy MeXax iHTepBasly nependadeHHs, 0 BKa-
3y€ Ha Te, IO NepeBipKa JaHuX, MOUIYK Ta BUAA-
JICHHS1 BUKHJIB JaJM TapHUH pe3ynbsTaT Ta JaHi, 10
3aJUILIUINCH, HE MICTATh AHOMAJIbHUX 3HAYCHb.

Ha puc. 2 npencraBneHo eMmipu4Hi AaHi, Heli-
HilfHE perpeciiiHe pPiBHSHHS, SIK€ OTPUMaHEe 3 BHUKO-
PHUCTaHHSIM HATypaJbHOTO Jorapudmy SK HOpMalli-
3yI04OT0 NIEPETBOPEHHS, HOTo TOBIpUMil iHTEpBad Ta
IHTEpBaJ mepenoadeHHs.

Sk BUgHO 3 pHC. 2, BCi eMIipUYHI JaHI 3HAXO-
JSIThCSL y CepelnHi IHTepBaly IPOrHO3YBaHH.

Ha puc. 3 npencrapneHo emmipu4Hi AaHi, JiHiiHE
perpeciiite piBHsIHHA Oe3 HOpMaTi3aLii BUXiIHUX JaHMX,
HOTr0 J0BipYMii IHTEpBA Ta IHTEPBAII MIEPEAOAYCHHSI.

Sk BuAHO 3 pHc. 3, HY)KHI TPpaHUL iHTepBaITy Iepea-
OaueHHs Ta OOBIPYOro IHTEPBAIY MICTATH Bix’€MHI
3HAYEHHS], 1110 YHEMOKJIMBIIIOE BUKOPUCTAHHS TaKOTO
perpeciiHoro piBHSHHA IS OL{HIOBAHHS DPO3MIpYy
NPUKJIAJHOTO MPOrpaMHOro 3abe3nedeHHs 3 BiJKpH-
UM KofoM Ha C#. Jlo Toro x BUIHO, IO eMITipUYHI
JIaHl MarOTh aHOMaJIbHE 3HAYCHHS (BUKH).

Juckycisi. XapaKTepUCTUKH SIKOCTI MOOYIOBaHUX
perpeciiHuX piBHSIHb MpeAcTaBieHi B Taom. 1.

BukonaBmmu a”amiz tadna. 1, 6aunmo, 10 Haii-
Kpall XapaKTepUCTHKH Ma€ HeliHiiiHe perpeciiiHe
PIBHSIHHS 3 BUKOPHCTaHHSIM HOPMaJli3ylo4uoro Imnepe-
TBOpEHHs ¢iM’i S, JIKOHCOHA MOPIBHAHO 3 HENIHIN-
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Puc. 1. EMnipuysi n1ani, Heqtiniiine perpeciiine piBHsIHHS, Sike OTPHUMaHe
3 BUKOPUCTAHHAM HOPMAJIi3yI040ro nepersopenns cim’i S, Jl:xoncona, iioro noBipuuii intepsas
Ta iHTepBaJ nepeadayeHHsI
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Puc. 2. EMnipuyni naHi, HestiHiiiHe perpeciline piBHSIHHSA, sike OTPUMAaHe 3 BUKOPHCTAHHSIM
HATYpPaJbHOTO JIorapudMy sik HOPMAJIi3yI040ro nepeTBOPEeHH, iioro 10BipUMii iHTepBaj
Ta iHTepBaJ nepeadadeHHs

HUM PpErpeciiHuM pIBHSHHSIM 3 BHKOPUCTAHHSIM
HaTypaJlbHOTO JIorapudMy SK HOPMaIIi3yH4doro
MIEPETBOPEHHS Ta JIHIHHUM perpeciiHiM piBHSIHHIM
(mobymoBanuM 6e3 HOpMalTizalii BUXiIHUX JaHUX).
Takok y poOOTI BUKOHAHO TOPIiBHSIHHS OTpHUMa-
HUX pErpeciiiHuX piBHSHb 3 HENIHIMHUM perpeciii-
HUM DiBHSHHSIM, SKe 1o0yJ0BaHe Ha OCHOBI HOpMaJTi-

Computer Science and Applied Mathematics. Ne 1 (2022)

3yH0YOT0 TepeTBOpeHHs J)KOHCOHA ISl OLiHIOBAHHS
po3Mipy BeOmonarkis Ha Java i3 [4]. ¥V pa3si 3acTocy-
BaHHS BKa3aHOTO PErpeciifHOrO PIiBHSHHS JAJS OLi-
HIOBaHHS PO3MIpy MPUKIIAIHOTO IPOTPaMHOT0 3a0€e3-
MEUCHHS 3 BIAKpUTUM KozoM Ha C# oTpuMaHO Taki
XapaKTePUCTHKH sKocTi: R = 0,663, MMRE = 0,407,
PRED (0,25) = 0,514, sixi HE € NPUHHATHUMH.
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TakuM YHHOM, SKICTH TPOTHO3IB MIOAO OIiHIO-
BaHHA PO3Mipy NMporpaMHOro 3abe3nedeHHs 3 JOIo-
MOTOI0 PErpecifHOTO PiBHSHHS 3aJIeKUTh BiJl MOBH
[IpOrpaMyBaHHs Ta THILy MIPOrPaMHMX IOAATKIB, Ha
OCHOBI SKHX DPIBHSHHSA pO3poOIsiocs Ta BHUIIPOOO-
BYBAJIOCS, @ TAKOXX BiJl BUAY HOPMAJIi3yIOUoOro mnepe-
TBOpeHHs. lle miaATBepAXKye By3bKOHAIPABICHICTH
HasIBHUX PErpeciiHUX PiBHIHB Y pa3i MIPOTHO3yBaHHS
pOo3Mipy mporpamMHoOro 3a0e3reueHHsl, TOOTO He iCHy€
YHIBEpCAILHOTO PETPeciiHOrO PIiBHSHHSA, SKE B yCiX
BUIAaJKaX 3a0€3Me4YNTh IPUHHATHI TOKa3HUKHU SKOCTI.

BucHoBku. Jlyig oOuiHIOBaHHS pO3Mipy TIpH-
KJIAJHOTO IPOrpPaMHOro 3a0e3MeueHHs 3 BIIKPUTHM
kogqoM Ha C# moOymyBanu HENiHINHI perpeciiiHi
PIBHSIHHS 3 BUKOPHCTAaHHSIM HOPMaJIi3yl04uoro Iepe-
TBOpEHHs CiM’i S, JHKOHCOHAa Ta HOPMai3yH4Oro
MIEPEeTBOPEHHS HAa OCHOBI HATYPaJbHOTO JIOTapuQMmy,
a TaKOX JIiHIHEe perpeciiiHe piBHAHHS 0e3 HOpMalTi-
3awii eMIipuYHUX AaHuX. 151 KOXXHOTO 3 OTPUMaHUX
PiBHSIHB perpecii Oynu moOynoBaHi JAOBipYHil iHTEp-
BaJ Ta iHTepBaj Mepen0adeHHs, SKi € By)KYUMU IS
HETIHIHHOTO PErpeciifHOTO pPIBHIHHS, OTPHMAaHOTO
3 BUKOPUCTAHHSIM HOPMAaJIi3yI0dOr0 IEPETBOPEHHS
cim’i S, Jlxkoncona.

3 moOymoBaHUX PiBHSAHB OyII0 BUOpPAaHO PiBHSHHS
3 KpallUMH 3HAYEHHSIMH XapaKTEPUCTHK SIKOCTI —
HeNiHIlHe perpeciiiHe piBHSAHHS 3 BUKOPHCTAHHSIM
HOPMaJIi3yI040ro MepPETBOPeHHs cimM’i S, JhKoHCOHa,
sIKe Ma€ TPUAHATHI 3HAUYCHHs XapakTepucTHK (R’ =
0,974, MMRE = 0,198, PRED (0,25) = 0,778).

BubGpane HeniHiifHe perpeciiiHe piBHSIHHS MOXKHA
BUKOPHUCTOBYBAaTHU ISl IPOTHO3YBAaHHS PO3Mipy HpH-
KJIaTHOTO IPOrpPaMHOro 3a0e3Me4eHHs 3 BiIKPUTUM
xopoM Ha C# Ta OTpUMaHi pe3yinbTaTd BUKOPUCTOBY-
BaTy B MOJAJIBLIMX PO3PaXyHKaxX TPYAOMICTKOCTI Ta
BapTOCTI MPOEKTY.

Y Mall0y THROMY IIIaHY€ThCS PO3pOOKa HEMIHIIHOTO
perpeciitHOTO PiBHAHHS sl IPOTHO3YBAHHS PO3MIpY
NPUKJIATHOTO HPOrpaMHOro 3ales3MeueHHs 3 BiIKpu-
TUM KoztoM Ha C# 3 BHKOpHCTaHHSIM OaraToBHMIpHOI
HOpMaJTi3allii Ta moOyoBa 6araTopakTOpHUX MOJIEIEH,
110 JO3BOJIUTH ITiABUILUTH SKICTh IPOTHO3YBaHHSI.

Takoxx Oyno po3pobieHo mporpamue 3abesrie-
YeHHsI i1 aBTOMATH3aIlil OIIHIOBAHHS PO3MIpY MPH-
KJIaIHOTO IPOTrPaMHOro 3a0e3Me4eHHs 3 BiIKPUTHUM
kogoM Ha CH#, sike pealizye HeliHilHE perpeciiiHe
PIBHSIHHS 3 BUKOPHCTaHHSIM HOPMaJIi3ylO4uoro Inepe-
TBOpeHHs ciM’i S, JkoHCOHA.

e e ol Y O 0 5 b P e e 0P O d B D

ennipi Qs

——  Ainifia perpecin (Ben HopMasinagi];

SCNpUHA BTEREAR,  — =  [WrepEan nepea o

Puc. 3. EMnipnyni nani, niniiiHe perpeciiine piBHsIHHA 0e3 HOpMaJizanii BUXiTHUX JaHUX,
Woro noBipumii iHTepBaJ Ta iHTepBaJ NMepeadaYeHHSs

Tabmanms 1
XapakTepHCTHKM SIKOCTi perpeciiiHux piBHIHb
Buj piBHSIHHS
XapakTepucTuku Y — Y
(naiimenyBantsi) Heuniniiine He.mﬂvmne .JIu-mlH? )
([x0HCOH) (HaTypaJbHuii Jorapugpm) (6e3 HopMmauTizaii)

R? 0,974 0,819 0,887
MMRE 0,198 0,222 1,028
PRED (0,25) 0,778 0,694 0,361
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Knrouosi cnosa: epagh, meopis Teopis rpadis 3100yna HeaOUAKY MOMYJSAPHICTh y BENUKIA KiTBKOCTI cdep
epagis, po3pobKa npocpamHux 3aCTOCYBaHHsI 3aBISIKM CBOI YHIBEpPCATBbHOCTI, B TOMY YHCIi 3Py4HOCTI
cucmem, 00Cny208y8aHHs. MOJIETIOBaHHsI Ta HAOYHOCTI Bi3yaumizarlii. 3arajgom, y BUDISAL rpady MOXKHA

npocpamHux cucmem,

MPEJCTaBUTH JOBUIBHY MOJIENb 00’€KTIB PEalbHOTO CBITY Ta 3B’A3KiB MiX

3acmocysantsa meopii epagis. HUMH, 10 J03BOJISIE 3aCTOCOBYBATH J0 HBHOTO Oy/Ib-sKi BiJIOMi alTOPUTMH Ta

Mi1aBaTy iHIIUM BUIaM TIOAAJIBIIOTO aHAi3Y.

TeopeTnuHi OCHOBH TpadiB TakoX IIMPOKO BHUKOPHCTOBYIOThCS Y cepi
JIOCHiUKeHHS omepauiil. Hampuxiaa, 3aBraHHA KOMIBOSDKEpa, IIOIIYK
HaliMEHIIIOTO KICTSKOBOTO JepeBa y 3BAKCHOMY Trpadi, 3HAXOMIKEHHS
HAMKOPOTIIOTrO NIISAXY MIX JBOMA BEpPIIMHAMH Ta iHIII. MeToro 1i€i podoTH
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€ caMe aHaJli3 IPaKTUYHOTO 3aCTOCYBaHHS Teopil rpadis sk Oe3mocepeaHbo
B PO3pOOIIi MPOrpaMHOTro 3a0e3MeueHHs], TaK i JuIsg HOro po3poOKH, a TAKOK Y
pasi moAanbIoro 0O6CIyroByBaHHS Ta MiATPUMKHU IIPOTPAMHUX CHCTEM.
OKpiM BUKOPHUCTAHHSI TCOPETUYHUX OCHOB IrpadiB B iHIIMX Taly3sfX HayKH,
Teopis rpagiB TakoX 3HAWIIIA ITUPOKE 3aCTOCYBAHHS y BHPIIICHHI 0ararbox
NPAaKTHYHHUX 33/a4 Y BEIUKOMY CIEKTpPi >KUTTEMISIBHOCTI JIOAUHH, SK-TO Y
X1Mi1, COLIOJIOTI, TOTICTHII, 01010Ti{, eKOHOMII[I, TSXHII[i Ta 1H.

Tak camo i B po3poOIii mporpaMHOro 3ade3rnedeHHs Teopis rpadi mocina
CBOE TIOYECHE MicIie. 3a i JOIOMOTOI0 BUPINIYIOTHCS 3a/1adi 6araTbox pi3HHX
BUJIIB, SIK y TIPOIIEC] pO3pOOKH pOrpam, Tak i AJIsl PO3BUTKY CaMoi TPOTpaMHOi
1HXKeHepii.

VY pesynbrari mpoBeaeHoi poOOTH 3 aHaNi3zy MOXIMBOCTEH MPaKTHYHOTO
3aCTOCYBaHHA Teopil rpadis A po3poOKH Ta 0OCITYroByBaHHS MPOTPAMHUX
cucteM Oyro BUSBICHO TOH (DaKT, 10 Ha OIIBIIOCTI eTamiB NUKIY PO3POOKH
IpOrpaMHOTO  3a0e3medeHHs TIpady BHKOPHCTOBYIOTBCS — TUIBKH UL
MOZECTIOBaHHS Ta Bisyamizamii pi3HMX BHIIB iHopMamii, mpore Maibxe
BiZICyTHIfl aBTOMAaTH30BaHUH AJTOPUTMIYHMI aHai3 OTPUMAHUX MOJEINCH.
Ile MoXe CBITUUTH MPO HASBHICTH IEPCIEKTHBHOTO HANpPSMY IUIS MOLIYKY
JIOIaTKOBUX MOMIJIMBOCTEH 3acToCyBaHHA TrpadiB y Ipomecax po3poOKH
MPOTPaMHOTO 3a0e3MedeHHs.
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Graph theory has gained considerable popularity in many areas of application
due to its versatility, including ease of modeling and visualization. In general,
a graph can represent an arbitrary model of real-world objects and the
relationships between them, which allows applying any known algorithms to
it and subject it to other types of further analysis.

The theoretical foundations of graphs are also widely used in the field of
operations research. For example, the travelling salesman problem, finding
the minimum spanning tree of a weighted graph, finding the shortest path
between two vertices etc. The purpose of this work is to analyze the practical
applications of graph theory, both in the process of software development and
for software development in general, as well as in the subsequent maintenance
and support of software systems.

In addition to using the theoretical foundations of graphs in other branches
of science, graph theory has also found wide application in solving many
practical problems in different areas of human life, such as chemistry,
sociology, logistics, biology, economics, technology and so on. Similarly, in
software development, graph theory has taken its rightful place. Many kinds of
problems are solved with its help, both in the process of software engineering
and for the development of software engineering itself.

The analysis of the graph theory application opportunities for software
development and maintenance has shown that at most stages of the software
development cycle, graphs are used only for modeling and visualization of
various kinds of information, but there is almost no automated algorithmic
analysis of the obtained models. This may indicate a promising direction for
discovering additional opportunities of graph theory usage in the software
development processes.

Beryn. Y cyyacHomy cBiTi Teopist rpadiB 3HaXo0-
IUTH CBOE Miclle, MalyThb, B yCiX cepax misIbHOCTI
MIOIMHY. 1i BUKOPUCTOBYIOTH SIK B iHIIMX Tamy3six
HayKH, TaK 1 y BHpIIICHHI 0ararboX NPHUKJIATHUX
3agad. 3 1 JOMOMOTOI0 JOCIHiIKYIOTh MOJIEKYIH,
aToMH, XiMi4yHi 3B’s13kH. BoHa MIMPOKO BUKOPUCTOBY-
€TBCSL Y COLIONIOTIT A7l BUMIPIOBAaHHS TOMYJISPHOCTI
AKTOPIB YW NI JTOCIHIDKCHHS MEXaHi3MiB nudysil
iHHoBawiid. Teopist rpadiB 3acTocoByeThCst B Oiono-
il JJIs BIIC/TIIKOBYBaHHSI Mirparlii >KUBHX ICTOT, J¢
PETiOHM TIPOKMBaHHS IMO3HAYAIOTHCS BEPIIMHAMH
rpady, a pedpa BifoOpaXKarOTh ILISXUA MIrpamii 4u
nepeMilieHHss MK pi3HHMHU perionamu. Ll indop-
Mallisl Ty’Ke BayKJIMBa JUIS JOCIIPKEHHS MTOIIUPEHHS
3aXBOPIOBaHb, APA3UTIB TA BUBYCHHSI BILIMBY Mirpa-
il OJJHOTO BHJY Ha )KUTTEMISUIBHICTD 1HIIIOTO.

TeopeTnuHi 0OCHOBH TpadiB TAKOXK ITUPOKO BHKO-
PHUCTOBYIOTBCSL 'y cdepl IOCHKCHHSI OTepatii.
Hanpuxnazn, 3aBmaHHS KOMIBOSDKEpa, MOLIYK Hakd-
MEHIIIOTO KIiCTSKOBOTO AEpeBa y 3BakeHOMY rpadi,
3HAXO/PKEHHSI HAWKOPOTILIOTO MUISXY MK ABOMa Bep-
IIMHAMH Ta 1HIIII.

Computer Science and Applied Mathematics. Ne 1 (2022)

HemoxnuBo He 3rajiaTv 3acTOCyBaHHS Teopii rpa-
¢hiB y MOZIETIFOBaHH] TPAHCIIOPTHUX MEPEXK Ta MEPEK
nisutbHOCTI. Mepeki BUKOPHCTOBYIOTH Ui PO3B’si-
3aHHS BEJIMKOI KiJIbKOCTI KOMOIHAaTOpHUX 3aa4. Haii-
OUIBII MOIIMPEHE Ta BAAJC 3aCTOCYBAaHHSI MEPEK y
JTOCITI/DKEHHI OTepaiiii — Iie MIaHyBaHHS BEJIUKUX Ta
CKJIQJIHUX MPOEKTIB.

3acrocyBaHHs rpadiB A0 Teopii irop H03BOJSE
PO3B’sI3yBaTH MPOOJIEMU B MAIIMHOOYIYBaHHI, €KO-
HOMIII Ta BIMCBHKOBIM CIIpaBi IS TOIIYKY OIITH-
MaJILHOTO TJIaHy BHKOHAHHS BHM3HAUCHHWX 3a/ad Y
KOHKYpeHTHOMY cepepoBum. s penpeseHTaii
CKIHYEHOI I'pH BUKOPHUCTOBYIOTh OPIEHTOBAaHUM Tpad,
B SIKOMY ITO3UIIIT MPEACTaBIICHI BEPIIMHAMH, a pedpa
B1JI00paKar0Th MOXKITUBI XO/IH.

Mera 11i€i poOOTH — 3AIHCHUTH aHAIII3 MPAKTHY-
HOTO 3aCTOCYBaHHS Teopii rpadiB y po3poOiri mpo-
IPaMHOTO 3a0e3IeUeHHs Y pa3i MOAaIbIIoro 00Ciy-
TOBYBaHHS Ta MITPUMKHU MPOTPAMHHX CHCTEM.

Pesyabrarn. Haiinepmmm, HallOYeBUIHIIIAM Ta
HAWIMPIINM BapiaHTOM 3aCTOCYBaHHs rpadiB € pis-
HOMaHITHI CTPYKTYpH naHux. Hacammepen imerbcs
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po caM rpagd SK OKpeMy CTPYKTypy AaHHUX. 3a ZOTO-
MOTO0 Tpady IaHi OPraHi30BYIOTHCS TAKUM YHHOM,
mo0 BimoOpakaTh 00’€KTH pa3oM 3 BiAIMOBITHUMH
3B’sI3KaMU MK HEMH. Yacrime 3a Bce, rpadui BUKO-
PHUCTOBYIOTECS AJisl €(pEeKTUBHOTO 30epiraHHs NaHUX
B OIIEPATUBHIHN MaM’sITi, ajie iCHYyIOTh TaKOX 1 CHeli-
aJTi30BaHi CUCTEMH ISl 30epiraHHs BEIHKUX 00’ eMiB
JaHUX, IPEICTaBICHUX y BUIVIAII rpady.

OpmHUM 3 TUMIB TaKWX CHCTEM € iepapXiuHi 0a3m
JMaHWX, Taki sk, Hanpukian, “Neo4j” um “Amazon
Neptune”, siki opieHTOBaHI Ha 30epekeHHs 00’ €KTiB
pa3oM 3 iX BIACTUBOCTSAMH Y BUIVIALI BEpIIMH Ipady
Ta 3B’S3KiB MK HHUMH, TPEACTaBICHUX peOpamu.
I'pacdoBi 6a3m maHWX MATPUMYIOTH CIIeiabHI MOBH
3aIUTiB, IO TO3BOJISIOTH OTIEPYBATH NaHUMHU B rpadi,
B TOMY YHCJII BHKOHYBaTH 3arajbHOBIJIOMi ajro-
pUT™MH Hax rpadamu, HaOPUKIa, HOMIYK HAHKOpOT-
LIOTO LIISXY TOLLO.

OnHuM 3 SICKpaBUX NPHUKIAIIB MOIEJEH NaHMX,
sIKi Haii3py4Hime 30epiratn came B rpadoBiii 0a3i
JaHUX, € MOAEIb COLIaNbHOI Mepexi, HaupuKiIam,
“Facebook”, oCKIJILKH caMe 3B’ I3KH JIIOAEH 3 IHIITUMHI
JIONBMU, CHUTBHOTAMH, iX BIOJAOOAHHS BiJirparoTh
KIIFOYOBY PO B e(eKTHBHOMY (YHKIIIOHYBaHHI
COIIiabHOI MEPexKi.

[le opHi€r0 ayXe TMOMMUPEHOI CTPYKTYPOIO
JIaHUX, 5IKa 32 CBOEIO CYTTIO TAKOXK SIBJISIE COOOI0 rpad,
€ gepeBo. Ha mpakTuii BUKOPUCTOBYIOTH JOCHTH
Oarato pi3HHMX BHJIB JIEPEB, BiIIITOBXYIOYHCH BiJ
KOHKpeTHUX BUMOT. Cepen HaHMOIIMPEHILINX CTPYK-
TYp AaHUX MOXKHA B1JI3HAUYUTH MOLIYKOBI IepeBa Ta ixX
Bapiarlii, mpiopuTeTHI AepeBa, npedikcHi aepeBa Ta
iHmn. JlepeBornmoaiOHiI CTPYKTypH NaHUX TEepeBaXKHO
BHKOPUCTOBYIOTBCSL Ui 30epiraHHsl iepapXidyHUX
JaHWX Ta JUIs ONTHMI3alliil MBUIKOAIT ¥ pasi iMIie-
MEHTAIlil pI3HOMaHITHUX aJTOPUTMIB.

HaiinmomumpeHilunmMy npuKiagaMi 3acTOCyBaHHS
nepeB € QaiiinoBi cuctemu, iepapxii kimaciB y Oinb-
ocTi 00’ €KTHO-OPIEHTOBAaHUX MOB IIPOTrPaMyBaHHS,
a0CTpaKkTHI CHHTAaKCHYHI JepeBa, 00 €KTHI Mopeni
XML ta HTML nokymentiB tomo. Ha pucynky 1
300paskeHo MpuKiax OiHapHOTO MOLTYKOBOTO JIEPeBa,
JI€ B KOXXHOMY JTIBOMY MiJIEPEBl MIiCTATHCS TiTbKU
BEPIIMHU 3 MEHILIUM KJIIOUEeM, HiXK Y TIpeJika, a B pa-
BOMY — TIJIbKH 3 OUIBIINM KITIOUEM.

Puc. 1. Ilpukaag 6iHapHOro MOUIyKOBOIO JepeBa

Computer Science and Applied Mathematics. Ne 1 (2022)

OpnHiero 3 HamMpIUX cep BUKOPUCTAHHS Ipa-
¢hiB € came MOJENIOBaHHS 00’ €KTIB PEabHOTO CBITY
JUTst iX monmaneimoro aHamizy. ['padu, Ha BimMiHy Bix
CITUCKIB 4H TaOJIHIIb, € yXkKe 3pyUHOI0 (POPMOTIO Bi3y-
ajizarii 00’eKTiB Ta iX 3B’A3KiB, 1[0 MOXE 3YMOBIIIO-
BaTU TaKy BUCOKY HONYJISIPHICTb iX BUKOPUCTAHHS B
MOJEJIFOBAHHI.

HaiinepmuM npukiazoM MOXXHAa HAaBECTH Ipen-
CTaBJICHHSI CKIHYEHOIO aBTOMAaTy y BUIJISAI OPi€HTO-
BaHOTO Tpady, Ie BepirHaMu Tpady BigoOpakaroThes
pi3HI CTaHM CKIHYEHHOTO aBTOMAaTy, a pedpamu —
MIEPEXO/IU 3 OJHOTO CTaHy B iHMMNA. OCKIIBKH CKiH-
YEeHHI aBTOMAaTH Iy’Ke IIUPOKO BUKOPUCTOBYIOTHCS B
po3poOdii mporpamMHOro 3abe3ledyeHHs, Bizyarizallis
3a Jgonomororo rpady aomomarae MIBHAIIE 3PO3Y-
MITH MeXaHi3M POOOTH KOHKPETHOTO CKiHYEHHOTO
aBTOMATy Ta JO3BOJIsIE O€3 3aiBUX 3YCHJb IepeBi-
PUTH aBTOMAaT Ha KOPEKTHICTh CTaHIB Ta IEPEXOLIiB.
Ha pucynky 2 HaBeaeHuI mpukiaa NpeacTaBICHHS
CKiHYEHHOTO aBTOMATy Y BUIIISIII Tpady.

Puc. 2. CkinyeHHnuii apromMar y BULIsAAi rpady

MopentoBaHHS 32 JIOTIOMOTOK0 TpadiB 3acTOCO-
BYETbCSA HE TUNBKH MiJ 4ac PO3POOKH MPOrPaMHOIO
3a0e3reueHHs, alle i Ha OUThII paHHIX CTadisX, IK-OT
y pasi aHaiizy QyHKLIOHAJIFHMX BUMOT MailOyTHHOI
MPOrpaMHOi CHCTEMH.

Ha erami 30opy Ta anamizy ¢QyHKUiOHaJIbHHUX
BUMOT OyyIOTh Jiarpamy MOTOKIiB JaHHX, sIKa Bi3y-
ali3ye TPOLECH IEPEeTBOPEHHS JaHWX, CXOBHIIA
JaHMX, 30BHILIHIX CTOCOBHO CHCTEMH CYTHOCTI, Ta
MOTOKM JTaHUX MK HUMH. IIOTOKM DaHWX MOXAIOThH
y BUIVIIAL pedep rpady, sKi CoTy4aloTh 1HII THIH
€JIIEMEHTIB JiarpaMH MK cO0O0I0, NPeACTaBICHUX
BepuHamu rpagdy [3, c. 27].

AOCTpakTHHI TPUKJIa] AiarpaMH MOTOKIB JaHHX
300paKeHO Ha PUCYHKY 3.

[IpoexkTyBaHHS MOPOrPaMHOi CHCTEMH TaKOX
HE 00XOOUThCS ©e3 MOJENIOBaHHS ii CTPYKTYpH i
3a3BHYail 1Ie TAKOXK MOJAEJIOETHCS Y BUIVIAII rpady,
OCKUIBKU TIporpaMHe 3a0e3MeueHHsI CEpEeAHbOr0 Po3-
Mipy Ta OiIbllle Ma€ TOCHUTh CKIAAHY CTPYKTYDY, SKY
JIy’e BaKKO 300pa3uTH 3a JOMOMOTOI0 MPOCTIMIMX
rpagiuHuX GopMm.

Ha morouynuii MOMEHT OZHMM 3 HaHMOIIMpEHi-
HIMX CIIOCO0IB Bi3yallizalii apXiTeKTypy MporpaMHoi
cuctemu € UML-niarpamu, siKi HOAISIOTE HAa CTPYK-
TYpPHi, TOBEJIHKOBI Ta JiarpaMu B3a€MOJii, aje HUHi
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Puc. 3. A6cTpakTHa 1iarpamMa moToKiB JaHUX

Animal

+age : Int

+gender: String

+izharmmal )
wmale()

m

Zebra

#ig_wild : Boolaan

Duck Fish
+haakColor : String = “yellow” -sizalnFt : Int
canEal . Boolean
4““‘4]
+quack) =S

Puc. 4. UML-ngiarpama kiacis

Habupae Bce OUTBIIOI MOMyIApHOCTI «Momens C4y»
JUISL Bi3yaltizamii apXiTeKTypH IPOTrpamMHOTO IIPO-
nykry [4].

Sk iB 6impmocti UML-miarpam, Tak i B «mozeri C4»
yCi miarpaMu SIBJISIFOTH COOOI0 OpieHTOBaHI abo Heopi-
€HTOBaHI Tpadu 3 JOMATKOBUM iHGOPMAITITHIM HaBaH-
TaKEHHSM, II0 O3HAaYae, 0 BOHU TAKOXK MiIHAlOTHCS
TUM CcaMHUM MeTonmaMm aHamizy rpadiB. Ha pucynky 4
300pakernit mpukitax UML-niarpaMu Kiiacis.

He MoxHa Takox He 3rafaTi, Mo rpadu IIMpPOKO
BHKOPUCTOBYIOTBCS TSI MOJETIOBAHHS KOMII IOTEp-
HHAX Mepex. Takui miaxin TakokK AyXKe CTae B Haroi
SK y pa3i IPOEKTYBaHHS PO3IIOAIIEHOTO IPOTPAMHOTO
KOMILIEKCY, TaK 1y pa3i Horo po3ropTaHHs, 0COOIUBO
B MEpeKi XMapHHX PECYpCiB, OCKIIBLKH TOIIOJIOTisS
BHYTPIIITHHOI MEPEkKi PO3IMOMITICHOI CUCTEMH 3a3BHU-
gail Mae AyKe 3HAYHWH BIUTMB Ha HOTO IIBHIKOMIIO
3arajom.

Y 1976 pomi Jx.I1. Xeii3 3amporoHyBaB ImiIxXima
JI0 MOZCIIOBAHHS BiJIMOBO-CTIHKHX IPOTPAMHHX
cucteM. [T bOTO BUKOPHCTOBYIOTHCS IBa Tpadu.
[Tepmmii — rpad mporpamMHOi CHCTEMH, B SKOMY BEp-
IUHAMH TIPEICTaBICHI BCi MpOrpaMHi Ta amapaTHi
00YHCITIOBATEHI 3aCO0H, SKI MOXYTb Y OymIb-sKHi
MOMEHT BHITH 3 Jajy, a peOpaMu BUCTYIAIOTh KOMY-
HiKaIliiHi 3B’ 13KU MK HUMU. pyruii — 11e rpad anro-

Computer Science and Applied Mathematics. Ne 1 (2022)

PUTMY, YHi BEPITUHHU BiOOpaKarOTh OOYMCITIOBAITBHI
3aco0u, HeoOXiTHI 111 BAKOHAHHS TaKOTO aTOPUTMY,
a pedpa — HEOOXimHi 3B’S3KM Mik HUMH. [ TOTO
o0 crcTeMa MOTyIa BUKOHATH TaKUi aJTOpUTM, Tpad
NITOPUTMY TIOBHHEH OyTH i130MOpPGHUM 10 TIOPOIKE-
HorO miarpady cuctemMu. Bunansroun 3 mO4aTKOBOTO
rpadyy cucTeMH BEpIIMHH Ta iX CyMiKHI pebpa, sKi
BiTOOpa)KarOTh Ti OOUHMCITIOBANIbHI 3aCO0H, IIT0 MOXKYTh
BUWTH 3 JIaAy OJHOYACHO, MOKHA POOHUTH BHCHOBKHU
YU TaKWil aJTOpPUTM BCe Ie MOXKe OyTH BUKOHAHHN
MMOTOYHOIO MTPOTPAMHOIO CHCTEMOIO IUIIXOM TIOBTOP-
HO1 TIEpeBIpKN YMOBH i30Mopdizmy Tpady anropurmy
IO IOPOKEHOTO MiArpady mporpamMHoi cuctemu [5].

[lle ogHUM KOPUCHHUM TPHKIIAZOM MOJAETIOBAHHS
B pO3pOOIIi IPOTPaMHOTO 3a0e3MeUCHHS € CTBOPCHHS
Tak 3BaHOTO «BeOrpadyy» — opieHTOBaHOTO Tpady
0araToCTOpiHKOBOTO BEOMOJATKY, 1€ BepIIHHAMU
rpady BUCTyHarOTh OKpeMi BeOCTOPiHKH, a pedpamMu —
MOJKJTUBI TTepexou (TIOCHIIaHHS Y Tiepeaapecatii) 3
omHi€l cTopiHkM Ha iHmy. Ha pucyHKy 5 300paskeHO
npukiaz rpadgy sedomory.

Taka Momenp NaHUX KOPHUCHA HacaMmImiepen st
inenTudikamii HEJOCSHKHUX CTOPIHOK, aje TaKoXK
IIAPOKO BUKOPHCTOBYETHCS [UISI TIONIYKY JOBXHH
IUIAXIB 3 TTOYATKOBOI CTOPIHKH IO I[LTBOBOI 3aiJis
MOKpAIeHHS] KOPUCTYBAIBKOTO TOCBIY.
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Puc. 5. I'pa¢ nepexonis Mizk cTropiHkamMu Be00JI0TY

KoHTakTH

3BHUANHO X, IEPIIMM Ta HAHOYESBUTHIIITM 3aCTO-
CYBaHHSM € 3aBJaHHs po3(apOoByBaHHS CyMiKHHX
KpaiH Ha MOJITHYHIN KapTi cBity [3, c. 368], ane e
€ JJAJIEKO HE €JIMHUN NPUKJIIaJ BUKOpPUCTaHHA. Takuii
MiAX1J TakoX 3aCTOCOBYETBhCS Yy pasi po3dapOoBy-
BaHHS JPOTIB a00 JOPIXKOK Ha ENEKTPOHHIN cXemi
[3, c. 375], nnst BUAUIGHHS PajioyacToT MijJ CyMiXKHI
pamioCcTaHIlil, B SIKUX IEPETUHAIOTHCS 30HU TPAHCIISI-
uii [3, c. 353; 6], a TakoXk ISl BIJOKPEMIICHOTO 30e-
piraHHs XiMiYHHAX CIIOJNYK, SIKi MOXKYTh CHIAJIAXHYTH Y
pasi ix 3MimyBanHs [3, ¢. 354]. Ha pucysky 6 300pa-
KEHO MpUKIa rpady HaKIaJaHHs pagiodacTor.

Puc. 6. I'pa¢ Hakaananns pagioyactor

Ta y cdepi iHpopMaiiHUX TEXHOJOTIH TaKOXK €
JIOCHUTB MIPHUKJIAJIIB 3aCTOCYBaHHS MpodiieMu po3dap-
OoByBanHs rpadiB. Haiibinpm mmpokoto cdeporo
BUKOPHUCTaHHS mpo0ieMu po3dapOoByBaHHS rpadin
€ BUpIIICHHS KOHQIIKTIB y pa3i cKIalaHHS PO3KIary
€K3aMEHIB, TNIaHYBaHHSI BUKOHAHHS pOOOTH TOLIO.

B omepaniiinux cuctemax po3dapOoByBaHHS
rpady 3aCTOCOBYIOTh JUISI IUTaHYBaHHS pPOOOTH TPO-
Lecopy, Je pi3Hi 3a7a4i NpPEACTaBICHI BEpUIMHAMU
rpady, a pedpa 3’€JHYIOTh Ti 3 HUX, sIKi HE IOBUHHI
BUKOHYBAaTHCh OJTHOYACHO.

VY neskux OOYMCIIOBANBHUX CHCTEMax € oOMe-
KEHA KIUTBKICTh MPOIIECOPHUX PETICTPIB Creliallb-
HOTO TPU3HAYEHHS, K1 JO3BOJISIOTH MPHUIIBHUIIIATH
BUKOHAHHS JISIKUX aJITOPUTMIYHHUX OMepalliii mopis-
HSHO 3 BUKOPHCTaHHSM 3BHYaiiHOi mam’siti. IIpo-
rpaMHi 3MiHHI, K BHKOPHCTOBYIOTHCSI HaldacTilie,
MOXYTh OyTH TO3HaueHi SIK Ti, MO MOTpiOHO 30e-
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piraTH B JIaHUX peTicTpax, mpoTe, SAKIIO KIUTBKiCTh
3MiHHHMX OyJe TEpEeBHIYBATH KilbKiCTh JIOCTYTHUX
creuiagbHuX perlchlB TO Hac, BI/ITpa‘IeHI/II/I Ha repe-
MillIeHHs] 3Ha4YeHb 3MIHHUX 31 3BHYaiHOi mam’sTi
B pericTpu Ta Haszana, Oyne TMOBHICTIO HiBEIIOBATH
KOPHUCTH BiJ[ IPUPOCTY IIBUAKOMII MiJ 4ac BHUKOPH-
CTaHHS [UX PETiCTPiB.

s BupimeHHs Takoi mpoOieMH BCi 3MiHHI TIpe-
CTaBIAIOTHECA Yy BUDISANI BepluH Trpady, a pedpamu
3’€IHYIOTHCS Tl 3 HUX, 10 MOXYTb OyTH aKTHBHUMH
OHOYacHO. B TakoMy BHMaiKy XpOMaTH4YHE YHCIIO
rpady npoueaypu Oy/ie TOpiBHIOBATH KiJTHKOCTI HEOO-
XiHUX CHeMialbHUX PETiCTPiB, M0 A€ 3MOTYy YHH-
KaTH HaJMIpPHOTO KOITIFOBaHHS 3MiHHUX [3, c. 354].

VY marepianax Kypcy Jekwii 3 Teopii rpagis Mac-
CauyCceTChKOro TEXHONIOTiYyHOTO iHCTUTYTY 2010 poky
npodecop Tom JlediToH HaBOOMB NPHUKIAJ] 3acCTO-
CyBaHHs IpobOneMu po3dapOoByBaHHs TpadiB s
OHOBJICHHSI IPOTPaMHOT0 3a0e3MEeUCHHS Ha cepBepax
koMmmaHii “Akamai” [7, c. 146].

®penk Tomcon JleliToH — reHepadbHUA BHUKO-
HaBYMH JAUPEKTOP Ta CHiB3aCHOBHHK aMEPUKaHCHKOI
xomnanii “Akamai Technologies”, sika mnpomonye
MOCTIYTH MEpeXi JOCTaBKU KOHTEHTY, KibepOe3neku
Ta posnonineHux obuuciens. [Imarpopma “Akamai
Intelligent Edge Platform” € HuHi onHiero 3 HalO1Tb-
mMX wiaTdopM po3nofiieHux o0uuciieHsb y cBiTi [8].

[Tpobnema, sxa mocraja nepea KOMIaHi€lo, B TOH
MOMEHT MoJisirajga B TakoMmy. Y IoOaslbHIA Mepexi
KOMIaHii Ha TOW MOMEHT BHKOPHCTOBYBAJIHChH
Oinpmre Hixk 75000 cepBepiB, HA KOXKHOMY 3 SIKUX
MpaIfoBao X BIIACHE MPOrpamMHe 3a0e3neueHHS
p13HI/IX BUJIB, cepest AKMX — 1 cUCTeMH MapuLIpyTH-
3anii Tpagiky, i cuctemu 30epiraHHs JaHUX TOLIO.
[locraBnene 3aBAaHHs MOJATajlo B HEOOXiAHOCTI
OHOBJICHHSI TPOTPaAMHOTO 3a0€3MEeUCHHS Ha BCiX cep-
Bepax KoMmmaHii 0e3 3yNMMHKH MOCTa4daHHS IMOCIYT
KiHLIEBUM CIIOKHBAYaM.

[y OHOBNIEHHS MPOTrpaMHOro 3abe3neueHHs Ha
OJJHOMY CepBepi Takuil cepBep MOTpiOHO Oyno Bif-
KJIIOYaTH Bij 3arajJbHOi MEpexi, a caM Mpouec OHOB-
JICHHsI TPUBaB OJM3BKO OJHI€T rogWHU. Y pasi Hey-
MOPSIIKOBAHOTO MapalelbHOTO OHOBJIECHHS CEpBEPiB
€ PU3HK BIIMOBHU BCi€l CHCTEMH, SIKIIO BCi €K3EeMII-
JSIpU TIpOrpaM OJHOTO THUILY NPH3HAYEHHS OymayTb
BUMKHEHI OJJHOYACHO. Y pa3i OHOBJIEHHS YCiX cepBe-
PiB 1O Yep3i mporec MOBHOTO OHOBJICHHS TPUBAB OH
Onu3bBKo 8,5 pOoKy.

s BUpilIeHHS IbOTO 3aBAaHHS BCS MEpexa cep-
BepiB Oyna mpeicTaBieHA y BUIVIALI HEOPi€HTOBa-
Horo rpady, Ae BeplMHaMu OyiH cepBepH, a pedpa
3°€/IHYBAIM TIONApHO CEPBEPH, HA AKUX BUKOHYBa-
JIUCh 3a/1a4i OTHAKOBOTO THITY. I[am rpa(b p03(1)ap60—
BYBAaBCS B HAlIMEHIITY HCO6X1,[[Hy KUTBKICTh KOJIBOPIB,
IO TapaHTyBaJIO MOXJIHMBICTH OZHOYACHOTO OHOB-
JICHHSI BCIX CEpBEpiB OFHOTO KOJBbOpY O€3 pU3UKY
BiIMOBHU Bci€i cucremu. TakuM 4YWMHOM, y KOMIIa-
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Hii “Akamai” 3mormu oHoBHTH Bci 75000 cepsepiB
YCBOTO 32 8 «XBHJIbY» OHOBJICHb.

IHmoro kareropiero 3amad, sIKi BUMaraloTh BHpi-
LICHHS B KOMII'IOTEPHUX CHUCTEMaX, € IOIIYK LUIs-
XiB y rpadax. Sk yxe 3raayBalioch paHilie, Teopis
rpagiB ayke 4acTO BHUKOPHCTOBYETbCA IJISi MOJe-
JIIOBaHHS KOMII'IOTEpHUX Mepex. OCHOBHOIO LIILIIO
MOJISITFOBAaHHS MEPEXKi €, 3BUUaiiHO, BiTOOpaKeHHs ii
CKJIaJJHHKIB, CTPYKTYpH Ta TONOJOTIi, ajle TAKOX TaKa
MOJIEJb € JTy’Ke 3PyYHOI0 JUIsl TOJANBIIOTO i aHai3y,
HaNpHUKIAM, U HOIIYKY HaWKOPOTLIOTO MIISXY VIS
MapmpyTu3aiii Tpadiky MiXk IBOMa By3JIaMH YU IS
3HAXOPKEHHS MAaKCHMAJBbHOIO IOTOKY Tpadiky B
ITOTOYHIN Mepexi.

3amada onTUMI3allii MOTOKIB JaHUX € aKTYaJIbHOIO
HE TINBKU JUIsl OpraHi3amii KOMIT IOTEPHHX MEpeX,
ajie TaKoX 1 JUIs iX MOZANbLIOro BUKOPUCTaHHS. s
MIPUKJIa Ly, TOIIOJIOTiSl PO3MIILIEHHS] KOMIIOHEHTIB PO3-
MOAINICHOT MPOTPaMHOi CHCTEMH B PI3HHX MeEpexax
Oyzne MaTu IyXe CyTTEBHH BIUIUB Ha KiHIEBY IIBHI-
KOZII0 Takoi CUCTEMH 3arajioM. Y TakoMy BUIAIKy
aHaTI3y M UISITAI0Th SIK JTOBKWHU IUIAXiB KOMYHi-
Karlii MiXK pi3HUMH KOMITOHEHTaMU, TaK i IHTEHCHB-
HICTBh Ta 00’ €M WX KOMYHIKaIlii, III0 CBOEIO YEPTOIO
BHMarae aHaji3y IOTOKIB Ta IMPOITyCKHUX 31i0HOCTeH
KaHaJIB 3B’ sI3Ky Mi’K OKPEeMHUMH BiITaJICHUMU CKIIa-
HUKaMH IPOTrPaMHOi CUCTEMH.

[le ogHMM HAOYHMM NPHUKIAZOM HEOOXiTHO-
CTi aHaJli3y NUIAXiB y Tpadi € peanizaliis Tak 3BaHUX
«30UpadiB CMITTS» y JESKAX BipTyallbHHUX MallldHAX
JUISl BUKOHAHHS POMIXKHOTO KOy 3 aBTOMaTHYHUMH
MeXaHi3MaMHi KepyBaHHsA mam’stTio. s mpukiamy,
OJTHI€I0 3 TAKHUX BIPTYaJIbHIX MAIIUH € IDIaTPOopMa s
po3pobku noxatkis “.NET” Bing komnasii “Microsoft”.
Tomi sik BipTyanpHa MalvHa BUSBISE (pakT Hecradi
KEpOBAHOI mMaM’sITi Ui MOAAJIbIIOrO BUIUICHHS IIiJ
HOBI JIaHi, 3aITyCKAETHCS MPOIEC «30UPaHHS CMITTS,
SIKMH aHaJI3ye, sKi paHile BUIUICHI 00 €KTH Oinblie
HE MOTPiOHI 1 MOXKXYTh OyTH BUIAJICH] JJ1S1 3BUIBHEHHS
3aiHATOI HUMHK oOmacti mam’siti. Jlns BUKOHaHHS
MOCTABJICHOI 3aja4i «30Mpayd CMITTS» aHalizye rpad
MOCWJIaHb MDK BCiMa HasBHUMH 00’€KTamu, I10YH-
HaIO4YM 3 KOPEHEBUX 00’€KTIB MpOrpamu, Ta BHIAJSE
Ti BEpIIMHU-00’€KTH, SIKi € HENOCSHKHUMH, TOOTO /10
SIKHX HE iCHY€ IIUTAXY B rpadi BiJ HOYaTKOBUX BEPILHH.

VY cyuacHOMy CBITi icHye myxke Oarato 3aco0iB,
SKi JomoMaraloTh MIBHAIIE Ta Kpamie po3poOisTa
mporpaMHe 3a0e3nedeHHs OinbLI BHCOKOI SKOCTI.
3a3Buyail OiNbIICT, TakWx 3aco0iB BOyHOBaHI B
IHTETpOBaHi CepeNoBHUINa PO3POOKH MPOrpaMHOIO
3a0e3neueHHs] a0o MpHB’s3aHi 10 KOHKPETHOI MOBH
porpaMyBaHHsI a00 CepemoBHILA BUKOHAHHS IPO-
rpam, aje iHKOJH TPAIUIIOThCA i OKpeMi MporpamHi
KOMIUIEKCH, II0 CTBOpeHi st Ti€l sk MeTH. OnHiero
3 OCHOBHHX (PYHKI[ili Takux 3aco0iB € JOIMoMora B
HalMCaHHI KOPEKTHOTO, 3pYYHOrO Uil YUTaHHS Ta
SIKICHOTO KOJY.
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Bci 11i 3acobu Ta cucteMu 00’ €JHy€ OJIHA CIIiJIbHA
pHca — HalKpallli 3 HUX ONEPYIOTh BUXIIHUM KOJIOM,
NpeACTaBIeHUM y BUITIsLII TpadiB. Bonn Bukopucro-
BYIOTh SIK CHHTaKCHUHE a0CTpaKTHE JEPEBO KOLY, TAK
1 CeMaHTHYHE, a TAKOXX HaIOyJOBYIOTH IIE 1 JOJAT-
KOB1 JIOBUTBHI Tpadu IS MONaiIbIIOro OLTBII BHUCO-
KOPIBHEBOTO aHai3y.

[Mpuknanamu 3aaad, SKi JONOMAraroTh BUPIIATH
TaKi aBTOMaTH30BaHi 3ac00H, MOKHA Ha3BaTH MOIIYK
KOHCTPYKUIH KOy, fIKi HIKOJM HE BHKOPUCTOBY-
I0ThCS, TTOCUIJIAHHS HA HEICHYIOUi 3MIHHI 4M KJIAacH,
3HAXOKEHHS1 KOH(MIIKTIB IMEH 3MiHHHX Yy CILUIb-
Hiii o00jacTi BUOMMOCTI, BHUABJIEHHS HENOCSKHHUX
IHCTPYKUIH y Tl GyHKOil Ta 3aryOneHux HeoOXi-
HUX pO3Taly:KeHb KOAy Ta 06ararto 4oro iHmoro [9].

MOXIHMBOCTI AJsl PO3LIMPEHHS aHali3y BUXiJ-
HOTo Koxy Ha 0a3i rpadiB mie Jajeko He BUUepIaHi i
MaroTh JJOCUTH BEJHKHA oTeHnian. OCHOBHIUM oOMe-
JKEHHSIM MOXKIIMBOCTEH [UIsl TAKOTO aHAMi3y € Te, Ky
iHpOpMaIlil0 MOXXHA BKJIIOYHUTH B Takui rpad, a sKy
Hi. CaMe TOMy MOBH NpOrpaMyBaHHS 31 CTATUYHOIO
tunizauieto (Hanpuknan, C#, F#, Java, TypeScript)
HabaraTo Kpaile MiAJaroThCsl aHallizy, aHK MOBH 3
JMIMHAMIYHOIO THMi3aliero (Hampukian, JavaScript,
Ruby, Python).

3agaya TOIIYKY HAHMEHIIOT0 BEPIIMHHOTO
MOKPUTTS Tpady TakokK 3HAUIIIA CBOE 3aCTOCYBAHHS
y cdepi mporpaMHoi iHKeHepii, a came B po3poOui
CHCTEM Ki0ep3axuCTy B peallbHOMY 4aci. Y TakoMy
BUNAJIKy AITOPUTM TOUIYKYy HaWMEHIIOro Bep-
IIMHHOTO TIOKPUTTA Tpady BUKOPUCTOBYETHCS LIS
CUMYJISLIT MOIIMPEHHsSI CKPUTHUX BipYCiB-XpoOakiB
Yy BEINHKHX KOMIT'IOTEPHHUX MeEpexax Ta PO3pOOKH
ONTUMAJILHOT CTpaTerii 3aXucTy Mepexi BiJ BipyciB
y peanbHOMY uaci. [IpoBeneHa cuMynswist y BeTHKii
IHTepHET-MONIOHIH BIpTyaNbHIH Mepexki Iokasana,
IO TOIOJIOTiSI MapHIpyTH3alii Mae Ty)e BEeTUKH
BIUIMB Ha IIBUJKICTh MOIIUPEHHS LIKiAIHBOTO MpPO-
rpaMHOro 3a0e3leueHHs B Mepexi. BaxIuBicTb
BUBYCHHS MEXaHI3My IMOIIMPEHHS Bipycy-XpoOaka
MOJISITa€e B HEOOX1THOCTI EPEIIKOKAHHS HOTO ITOIIIH-
PEHHIO B PEKUMI peasbHOro vacy. [0J0BHOIO i1e€ro
TYT € TOIIYK HalMEHIIOr0 BEPUIMHHOTO MOKPHTTS
rpady, BepUIMHAMH SIKOTO € CEpBEpH MapLIPyTH-
3arii, a peOpaMu — 3B’SI3KM MK cepBepaMu. Y pasi
3HAXOKEHHSI ONTHMAJIEHOTO MEXaHi3My MOIIUPEHHS
Bipycy MOXHa TOOynyBaTH €(QEKTHBHY CTpaTeriro
3aXHCTy Mepexi B peasibHOMY 4aci [10].

BucnoBku. Teopis rpagiB 3100yna HeaOusKy
MIOMYJSAPHICTh y BEJNHUKIH KibKOCTI cdep 3acTocy-
BaHHA 3aBASKH CBOill YHIBEpCANBHOCTI, B TOMY YHCII
3pYYHOCTI MOJENIOBaHHS Ta HAOYHOCTI Bizyali3a-
uii. 3aranoM, y BUIIsAL Tpady MOXKHA MPEICTaBUTH
JIOBLIbHY MOJIEJIb 00’ €KTIB PEaJIbHOTO CBITY Ta 3B’S3-
KiB MI’K HUMHU, 10 JI03BOJISE 3aCTOCOBYBATH JI0 HHOTO
OyIb-SIKi BiIOMi QJTOPUTMH Ta TMiAJNaBaTH I1HIIAM
BUJIaM TOJIJIBIIIOTO aHAII3Y.
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OKpiM BHKOPHCTaHHS TEOPETUYHHX OCHOB Ipa-
(hiB B IHIMX Tamy3sx HAYKH, Teopis rpadiB Takox
3HAWIUIA IUPOKE 3aCTOCYBAaHHS y BUpIIIEHH] Oara-
THOX NMPAKTUYHHX 3aB/IaHb y BEIIMKOMY CIIEKTPI JKUT-
TEMISUTBHOCTI JIFOMUHH, SK-TO Yy XiMii, COIIOJOTii,
JIOTICTHII, OloJiorii, ekoHoMili, TexHili Ta iH. Tak
camo i B po3po0i1i mporpaMHOro 3a0e3nedeHHs Teo-
pis TpadiB mocina cBoe moyecHe micue. 3a ii goro-
MOTOK) BHPIIIYIOTHCS 337a4i 0aratboX pi3HUX BHIIB
SIK Y TIpOTIeci po3po0OKH porpam, Tak i s pO3BUTKY
camoi mporpamMHoi iHXeHepii.

VY pesynbrari mpoBeneHoi poOoTH 3 aHATIZY MOXK-
JMBOCTEH MPAaKTHYHOTO 3aCTOCYBaHHS TeOpii rpa-
(hiB s po3poOKH Ta OOCITYTOBYyBaHHS ITPOTPAMHHX
cucteM Oyiio BUSBIEHO TOW (haKT, MO Ha OiNBIIO-

CTi €TamiB UKy PO3pOOKHA MPOrpaMHOTO 3abe3re-
YyeHHsI Tpayl BUKOPUCTOBYIOTHCS TIIBKH IJIs MOJe-
JIOBaHHS Ta Bidyaiizamii pi3HHX BUAIB iH(OpMaii,
MPOTE Maike BiZICYTHIA aBTOMaTH30BaHUH aJITOpHT-
MIYHUH aHali3 OTpUMaHuX Mojenei. Lle moxe cBin-
YUTH PO HASABHICTH MEPCIEKTUBHOTO HANPIMY IS
MOIIYKY IOJATKOBHUX MOXKJIMBOCTEH 3aCTOCYBaHHS
rpadiB y mporecax po3poOKH MporpaMHOro 3abes-
MIEYEHHSI.

Bepyun no yBaru Te, 1o neski 3agadi, mMoB’si3aHi
3 Teopiew rpadie, yce Ie HE MalOTh €PEKTUBHUX
ANTOPUTMIB [UIS X BHUPILICHHS, 3HAXOMXEHHS TaKUX
ANTOPUTMIB MOXKE CIIPUYMHUTH BEITUKHHA CTPUOOK SIK
Y PO3BHUTKY caMoi Teopii rpadis, Tak i 3HAYHO PO3IITH-
putu chepu ii 3acTrocyBaHHS.
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Jua pocmimkeHHss (QinbTpanii MOIYJIbOBAaHMX CHUTHANiB BUKOPHCTOBYBABCS
CTELiaNbHO 3TE€HEPOBaHMUN MOAEIBHUI CHTHAN, SIKUM CKIQJA€eThes 13
3aTyXalunX rapMOHIK BUIIAJAKOBOI TOYATKOBOI YaCTOTH 1 (ha3H 3 MOIOBHUHHUM
NEPEeKPUTTAM. 3a JOMOMOror BikHa hanning 3a0esneueHa IUIABHICTH Ha
KIHI[SIX 3T€HEPOBAaHOIO CHUTHAly. 3aBISKU BHKOPHCTAHHIO E€BKIiJIOBUX
HOPM BEKTOPiB, C(OPMOBAHUX i3 BeiBIIET-KOE(IlliEHTIB amnpokcuMarii Ta
JeTanizanii s BCiX piBHIB JEKOMITO3MLT MOJEIBFHOTO CUTHAY i3 IIYMOM i
0e3, OTpUMaHa MaTeMaTHYHa MOJENb, III0 BPaXOBY€E BIUIUB 3MiH MOTYXHOCTI
mIyMy Ha e(eKTUBHICTh (inbTpamii. JlocikeHHsS OTpUMaHOi MaTeMaTHYHOT
MOZENI JIOBEIO HAsBHICTh JBOX PI3HUX PO3MOALTIB 3@ PIBHAMH JEKOMIIO3HLIi
BiZTHOCHOT NMOXMOKHU Bil BIUIMBY IIYyMy JJIsi KOE(illi€HTIB alpoOKCHUMAIl] Ta
JeTaiizanii 3aJIe)KHO Bif] KIJIBKOCTI TapMOHIK y MOJAENbHOMY curHami. Jlis
3aIPOIIOHOBAHOTO MOJIENBHOTO CUT'HATY HE3aJICKHO BiJf IOYaTKOBUX YAaCTOT
TapMOHIK 1 KoedilieHTa 3aTyXaHHs 3MiHA BiTHOCHOI MOXMOKH, BU3HA4YEHOL
yepe3 EBKIIJJOBI HOPMM BEKTOPIB Al KoedillieHTIB ampokcumanii Ta
Jeraiizanii, BinOyBaeTbca B pa3i MEPEBUILEHHS KUTBKOCTI FapMOHIK Oiiblie
JIBAILATH CeMU. BakiMBHM pe3yabTaToM Takoro aHajily € Te, IO BiH
JI03BOJIsIE BUSIBUTH TakKi PiBHI PO3KIAJaHHSA, Ha SKUX BIHOCHA MOXWOKa
000x Koe(dimieHTIB SIK AeTamizawlii, Tak i ampokcumanii Oyfge MiHIMasibHA.
Ile migTBEpIKy€e HASBHICTH MIHIMyMY CEpeIHbOKBAIPATHYHOTO MOKA3HUKA
MSE ecdextuBHOCTI 6€3m0poroBoi BeiiBneT-¢inprpanii, KU 3aIHIIA€THCS
Ha JIPyroMy piBHI JEKOMITO3MIII] /IS 3T€HEPOBaHOTO MOAEIHFHOTO CUTHANY B
pasi 3MiHH HOTY)XHOCTI mrymy. OKpiM TOro, 3Ha4E€HHsI MOXUOKH JOaTKOBO
3MEHIIYEThCS BHOOPOM JHCKpeTHOro Beiinery. [IpoBeeHO NOpPiIBHSAHHS
0e3MoporoBOro MeTofAy JHCKPETHOi BeiBieT-inpTpamii 3 MeTrogamu
3arajdbHOTO W YHIBEpCAJIBHOTO TMOPOTIB JUISL 3alpOIOHOBAHOI MOJENBHOL
¢yHKII B yMOBax 3MiHHM TOTYXHOCTI IIyMy. be3ymMoBHOIO mepeBaroo
MeToIy 0e3 Mopory € MiHiMaJIbHE 3aCTOCYBAaHHS OOYMCIIIOBAIBHUX PECYPCIB.
HaBenena wmerommka BelBneT-(inpTparii Moxe OyTH BHUKOpPHUCTaHA JUIS
IHIUX (YHKIIH curHaIiB. 3anponoHOBaHa MOJETIbHA (DYHKIIiSI HaBEJICHA SIK
y3arajpHIOBaJIbHUN IPUKIAL.
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To study the filtering of modular signals, a specially generated model signal was
used, which consists of attenuating harmonics of a random initial frequency
and a phase with half overlap. With the help of the window ganning provides

smoothness at the end of the generated signal. Due to the use of Euclidean norms
of vectors formed from wavelet coefficients of approximation and detail for all
levels of decomposition of the model signal with noise and without obtaining
a mathematical model, the change of noise power for filtration efficiency is
taken into account. The study of the obtained mathematical model proved the
existence of two different levels of decomposition distributed error from the
influence of noise for the coefficients of appropriation and detail depending on
the number of harmonics in the signal model. For the proposed model signal
is indeterminate from the initial frequencies and attenuation coefficients of
changes in the error of the error determined through the Euclidean norms
of vectors for the coefficients of approximation and detail occurs when the
number of harmonics of twenty families is exceeded. An important result of
this analysis is that it allows to identify such levels of decomposition at which
the relative error of both coefficients of both detail and approximation will be
minimal. This confirms the presence of a minimum average dramatic MSE of
the threshold filtering efficiency in which remains powerful at the second level
of decomposition for the generated model signal when the noise changes. In
addition, this error value is further reduced by selecting a discrete wavelet.
The non-threshold method of discrete filter wavelet is compared with the
methods of general and universal thresholds for the proposed model function
in the conditions of noise power change. The unconditional advantage of the
method without a threshold is the minimal use of computing resources. The
above wavelet filtering technique can be used for other signal functions. The
proposed model function is given as a general example.

Beryn. V ramy3i po3BUTKY Ta BIOCKOHATICHHS
METOZIB JUCKPETHOI BeWBNeT-(inmbTparii gorenep
Oymu BiioMi TuThKH fBa anroputMu: VisuShrink [1], 13
3arajpHIM moporoM ooMexenHs, BayesShrink [2, 3],
3 YHIBEpPCAIbHUM ITOPOTrOM OOMEKEHHS BEHBIIET-KOC-
(himieHTIB MeTami3amii st KOKHOTO PiBHS JEKOMITO3H-
1ii. OcoOIMBOCTI IUX aNTOPUTMIB — CKIIaHE (HOpMy-

Computer Science and Applied Mathematics. Ne 1 (2022)

BaHHS IIOPOTOBOT (PYHKIIIT Ta CAaMOT'0 IMOPOTY 3aJIEKHO
BiJl Oararbox (PakTopiB, a came: XapakTepy CamMoro
CHTHAIY, 3aKOHY PO3IOAUJICHHS IIYMOBHUX IMEPEIIKO.
1 obpanHs ¢yHKmii 6a3oBoro BeiBieTy. B YkpaiHi
BIlepie OyJ0 BHHAWACHO i JOCIiIKEHO Oe3rmoporo-
BUW MeTOJ BeWBIeT-(himbTpallii [4], 0CHOBHOIO Tiepe-
Barolo SIKOTO € IPOCTOTa pealtizalii Ta He3aJIeKHICTh
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SIK Bl (hOpMU CHTHAITY, Tak 1 BiJ XapakTepy caMoro
mymy. [lopiBHsHHS moxubok anroputmiB VisuShrink
ta BayesShrink i 6e3noporoBoro MeTomy HaBeIeHO B
po0ori [5]. MeTo1o po60oTH € ToCIiKeHHS 0e3Mopo-
TOBOTO METOY B YaCTHHI 3aJIEKHOCTI TOXHOKH q)inb—
Tpauii Bix 3MiHM IOTYXHOCTI IIYMy JUlsl CHTHAIIB i3
YaCTOTHOIO Ta (pa30BOI0 MOIYJIALIEIO, L0 3I1MCHIO-
€THCS 32 BUNAAKOBUM NPUHLIUIIOM. CaMe BUPILICHHIO
3a3HaYCHOTO 3aBJIaHHS MPUCBSIYCHA I MyOTiKaIisl.

Orasaa aiteparypu. [lyomnikanii mogo DWT-¢ins-
Tpamii MpOTATOM OCTaHHIX POKIB YMOBHO ITOJiNISI-
10ThCsl Ha 1Bi rpynu. Ilepma crocyerscsi 3acTocy-
BaHH# Binomux anroputmiB VisuShrink i BayesShrink
JUIl BUPILICHHS NPakTHYHMUX 3aBdaHb. llpukiamu
TUIIOBUX 3aBJaHb: KEPYBaHHS PUBOIAMH [6], momryk
apretakTiB Ha enekrpokapziorpamax [7; 8]. Hpyra
rpyna — Ie HOBE 3aCTOCYBaHHs BiIOMHX METOIB,
HaNpHUKIa] aHaji3 e(peKTHBHOCTI BEHBIIET-IIAKETHOTO
MIEPETBOPEHHS], 3aCTOCOBAHOTO 10 KOHKPETHHX YIIb-
TPa3BYKOBHUX CHUTHATIB BUABIEHHS [9]. Okpemo B miit
rpymi BapTo BUAUIATH TyoOmikamito [10]. ¥V srapaniit
myOumikaiii 3aMiCTh OKPEMHUX PillleHb OIITYKY 3araib-
HOro abo yHIBEpCcaIbHOTO MOpOTra OOMEKEHHS KOe-
¢bimientiB meramizamis (VisuShrink ta BayesShrink)
3alpOIIOHOBAHO KOMIUIGKCHUHM MiXiy OO0 TiJABH-
meHHs epexruBHOCcTi DWT-dinbrpanii, skuit mosns-
ra€ B YHCEIBHOMY pillleHHI MpoOieMy 3MeHIIeHHS
MOXUOKH 3a KOMIUIEKCHUM KPHUTEPIEM IOPOTOBOi
(yHK1ii, mopora Ta 6a30BOTO BEHBIIETY.

Koportki TeoperuuHi BizomocTi, HeoOXiaHi 1151
NMOJAJIBIIOI0 BUKJIAJEHHS MaTepiaay myOuaikaunii

Cursan 3 aIUTHBHUM LIYMOM Tayca MOXXHa OITH-
CaTHU CITIBBIIHOIIIEHHIM:

fn(f;)Zf(t,-)Jrﬂ» (1)

ne f(t) — dbyukuis curnany; f (z) — QyHKuis
CUTHAITY i3 TIIyMOM; 1| — OUTHH HOpPMAaJbHO PO3TOIi-
JICHUU 1IyM.

Posknananus curnaiy f, () 3a BciMa piBHAMH
JIEKOMITO3HINI] MJ1s1 KOediIli€HTIB arpoKCHMarii Ta
JeTajizaii BU3HAYa€eThCS CIiBBiAHOMEHHMU [11]:

Jlst curHamiB 0e3 BITUBY MTyMY:

a0 =] S0, (Ot
di =] S, (Ot

ILJ'IFI CUTHAJIIB 3 AIUTUBHEC JOJaHUM LTYMOM 31"i,[[HO

3 (1):

2

G =] 1) 0, (0t
dj*’b*" :.[Rﬁl([f)'wj+jo,k(l)dt

ne R— ramysp BusHaueHHs Qymkuii f(7), 1, ()
; a1+1(1 k ’d]+](1 k> a]‘*/ k’dj+](; k Koe(bluleHTH
aHpOKCI/IMaHII Ta Jeraji3amii I/ BIUIMBOM IIyMY H

Oe3 Bimnosinuo; o, (O,vy,., () «MaTepuH-

3)
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CbKMI» 1 «OaTbKIBCHKHMI» BEHBIETH BiAIOBIIHO;
JosJok MMOYaTKOBHUH, TOTOYHHHA 1 TOPSAKOBUI
HOMep BelBier-koedimieHTiB. DYHKIIS CHTHAITY
TICIIS HOTO YHMIIEHHS BiJ ITyMYy:

(t) Zaﬁ/ok{p/*/n (t)+zzF(>\') J+josk \ll/+10 (t) (4)

=1k
e f (#t) — GyHKUiIZ CUTHalIy  OYMIIe-
HOro BiA 1ymy; F'(L)) ¢GyHKIisA mopory A j,
QO (@), F();) — mapamMerpu IUCKPETHOL
BeliBneT-(inpTpanii, ski 3a0e3neuyroTh MiHIMaJIbHY
NOXHOKy ¢inprparii:

E- % DT, ()

ne E— MiHiManmpHa  cepelHbOKBaJpaTU4HA
noxu6Oxka dinsrpanii (MSE mozeni).

MaremaTtuyHa MoJeJdb JAUCKPETHOI BeiiB-
JeT-¢iabTpauii 6e3 mopora 3 ypaxyBaHHsIM BiHO-
CHHMX MOXUOOK BeliBjeT-Koe(illieHTIB Bil BILINBY
3MiHM MOTYKHOCTi HIyMy

Jns oTpuMaHHA MaTeMaTHYHOI MOJEINi BEHB-
neT-insTparnii 6e3 mopora JOCHTh 3MIHHTH JIpyTe
JIOJIaBaHHA y CIIIBBiIHOIIEHH] (4) Ha

Jmax

DD, W), (6)

Jopt Kk

e J,, — piBEeHb JIEKOMIIO3MIIII, sSKUW 3a0e3re-
gyye MiHiMaabHy MSE u 10 sikoro Bci koedillieHTn
JICKOMIIO3MIIIT 3aMiHIOKOTh HYJISIMHU (TOOTO 0€3 BHKO-
pHCTaHHS [OpOra, TOMY METOJ IICTaB Ha3By «0e3mo-
poroBuit»); j . — MakCUMaJlbHO MOXIIMBHUI pIBEHb
JICKOMIIO3HIIIT, IKUH 3aJICXKUTh BiJ TOBKUHU CUTHATY
it 0OpaHOTO BEUBIETY.

Jns aHamizy BIUIMBY IIyMy Ha e(eKTHBHICTh
¢inprpanii 0e3MOporoBUM METOAOM Yy YaCTOTHIH
rany3i Tpeba BUSHAYUTH MOXUOKH, SIKI BHOCHTD LITYM
y BeHBIeT-koe(ili€HTH, 1 3HANTH PiBEHH JEKOMIIO-
3UIIiil, Ha SKOMY IIi MOXUOKK OymyTh MiHIMaJbHi. 3a
JIOTIOMOTOI0 €BKJIIJIOBHX HOPM BEKTODIB JUIS PSJIiB
(2), (3) oTprMaemMo CHIBBiIHOMIEHHS ISl BiTHOCHUX
MOXMOOK 3aJICIKHO BiJ PiBHSI ICKOMIIO3HMIIIT:

‘] pa—
||szj+/o ZZdH/Ok H
67 — Jo Jo
HZZdﬁjok H
, (O
llZZ ZZ Ay |
5 = Jo

J
||Zzaj+,},,k |
Jo kK

e 8‘?,67 — BITHOCHI MOXUOKY BEUBIET-KOC(IITiEH-
TiB 3aJIS)KHO BiJI PiBHA j JJEKOMIIO3HILIT; ||... || — Mmo3Ha-
YEeHHS €BKIIIJJOBUX HOPM BiJIIOBiTHUX BEKTOPIB.
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I'enepanist MogebHOI pyHKIIT 1J1s1 TeMOHCTPA-
uii MeToauku pinbTpanii

OmnyckaeMo aerani (JOpMyBaHHS MacHBIB BHUITA]I-
KOBHUX 4acTOT ®, 1 (a3 ¢, rapMOHIK N, a TAKOXK CTPYK-
Typy GyHKUii hanning(j) Ans MEPEKPUTTS TAPMOHIK
Ta 3a0e3MeueHHs BIKOHHOI BEpCii BUXITHOTO CUTHAITY
i3 3aTyXaHHAM 3aBJISKH MHOKHHKY e ' . 3alHIIeMo
MOJIETIbHY (PYHKIIIIO B HAJITO 3arajlbHOMY BUTIISII:

f(= Zn:Zk:eﬂt" -cos(w,t; +@,) - hanning(j) . (8)

Hagenemo rpadiku ¢yHnxuii (8) mis ABOX 3HaUEHb
KIJTBKOCTI TApPMOHIK, 32 SIKHX, K Oy/Ie ITOKa3aHo Jai,
3MIHIOETBCS XapaKTep po3noiry noxuook (7) 3a pis-
HSIMU JICKOMITO3UIIIT IS Pi3HUX MOTY>KHOCTEH Tayco-
BOTO IITyMY.

JocaigskeHHs1 BIUTUBY MOTY:KHOCTi raycoBOro
HIYMY Ha po3moais koedinieHTIB BelBIeT-T1eKOM-
Nno3Muii Ta MOXUOKY MoJeJsIi B 4acoBiii raaysi

3a nomomororo criBBigHomeHHS (7), (8) modyay-
€MO PO3MOALIH MOXUOOK KOe(ili€HTIB, I KOXKHOTO
XapakTepy pO3MOAUTy HaBeAeMO ITOXHOKY MOJeli
MSE B uacosiii ramysi 3rigHo 3 (5). Jlns MiHiMi3za-
uii MSE mig po3noninau piBHS eKOMIIO3MIIT oOupa-
€Thcst BeliBieT. Posmomin OyneMo cnocrepirat ass
MoJIeNbHOT QyHKIIIT 3 15 rapmoHnik (puc. 1)

Hagezneni rpadiku MmokasyroTh, 110 KOE(II[iEHTH
JeTaizamii IpuiMaroTh OJU3bKI J0 HYJS 3HAYCHHS
IMOXUOKHM HE3aJISKHO BiJl MOTY>KHOCTI IIyMy Ha Jpy-

TOMY, TPETHOMY Ta YETBEPTOMY PIBHSIX JEKOMITO3HUIII i
me 1o ¢insrpamii. Koedimientn meramizarii nemoH-
CTPYIOTH Pi3Ke 3pOCTaHHS IIOXUOKH B CHITBHIH 3aJIeXK-
HOCTI Biff moTyxHocTi mymy. Ilicnsa ¢imprparii 6e3
Mopora MM MaEMO MiHIMaJbHY TTOXHOKY Ha JIPyrOMy
piBHI nmexommo3umii Ta 3poctanHs MSEopt y pasi
o0OpaHHS pi3HUX BEHBJIETIB GBI Hi’K Ha MOPS/IOK.

Ham cmocTepiraeMo po3momin Uisi MOAETHHOI
(hyHKIII:

OTpuMaemMo iHIIUE XapakTep PpO3MOALTY BeHB-
TeT-MOXUOKH Ta BeWBieT-koedimieHTiB Aerarmizarii
no ¢ineTparii, a came: MaeMo iX 3HaUYeHHS, OJM3bKe
JI0 HyIS, MOYMHAIOYH 13 IPyrOro pPiBHA TEKOMIIO3H-
11i1, HE3aJIeXKHO BiJ] MOTYKHOCTI mryMy. OTHaK MOpiB-
HsAHHS TpadikiB posnoximy MSE moxmeni 6e3mopo-
roBOTO MeTofa (inbTpallii, HaBeneHUX Ha puc. 4 Ta
puc. 7, mo3BOJsE HaM JiNTH BHCHOBKY, IO camMe Ha
JIPYTOMY PiBHI JEKOMIIO3HIIIi CITOCTEPIraeThCs MiHi-
MaJbHA TOXHOKa, PO3MOAIN AKOI 3a IOTYKHICTIO
UIyMY OJHAKOBHM.

Jms ocTaToYHOTO BHCHOBKY IIOAO €(EeKTHBHOCTI
Oe3nmoporoBoro Mertomy (inmpTpariii Ha TPHUKIAIi
3aMporOHOBAaHOI MOAENBHOI (PYHKIIi TMPOBEIEMO
MOPIBHSJILHAM aHalli3 HAsIBHIX METOIIB 13 3aralbHAM
1 yHIBEpCaIbHIM IIOPOTOM OOMeKeHHs KoedimieHTiB
Jeramizamii.

BucnHoBku. OTpriMaHa MaTeMaTUYHa MOAEb, SIKa
JI03BOJISIE TOCIIIAUTH BIUIMB MOTYKHOCTI aAUTUBHOTO
raycoBOTO ITyMy Ha BiTHOCHI ITOXHOKH Koeilli€H-
TiB arpoKCHMAIlil Ta JeTaii3allii Ha KOXXHOMY piBHI

KepoBaHa yHKUis MOAENbHOro cUrHany
CMHTU30BaHHOI0 3 OKpPeMuX rapMoHiK
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0.5 1
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3anexxHicTb NoxXnubku &
KoeiuieHTiB geTanizauil Big SNR wymy
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3aneXHicTb Noxmubku &
KoediuieHTIB anpokcuMauii Biga SNR wymy
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DWT dinsTpauis 6ec nopory
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3anexHicTb Noxnubkun &
KoediuieHTIB anpokcuMadii Big SNR wymy
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Tabnums
HopiBHsiIbHMIT aHATI3 BIVIMBY 1IIYMY 32 MeToAaMu GuibTpamii
MerTon BeiiBJieT-inbTpanii i3 3aransHuM noporoM. Yac BUKOHaHHS nporpamu — 45,3 ¢
G, Beiisner F(\,) A MSE, MSE, — MSE,
0,1 db35 garotte 0,2 0,0059
0,2 syml3 garotte 0,3 0,0204 0.0702
0,3 syml3 garotte 0,4 0,0451
0,4 syml3 garotte 0,6 0,0761
Merop BeiiBiet QinpTpaii 3 yHiBepcaibHUM noporoM. Yac BUKOHaHHS nporpamu 2,9 c.
0,1 coif7 garotte — 0,0048
0,2 db26 garotte — 0,0192
0,3 sym13 garotte — 0,0430 0.0714
0,4 db7 garotte - 0,0762
Merton BeiiBnet dinprpanii 6e3 mopory. Yac Bukonanas mporpamu 0,4 c.
o, Beiiner Jopt nax MSE, MSE, — MSE,
0,1 coifb 2 4 0,0048
0,2 db34 2 3 0,0191
0,3 syml0 2 5 0,0429 0.0713
0,4 db7 2 6 0,0761

JIEKOMITO3HITI Ta BU3HAYUTH PiBEHb JEKOMIIO3HII,
Ha skoMy moxubka MSE 06e3moporoBoro meromy
(dimpTpamnii Oyze MiHIMATBHOIO IS 331aHOT MOTYX-
HOCTI TyMy. [l amamizy po0GoTH MaTeMaTWmdHOI
MOJIeTTi 3ATeHepOoBaHa CIelliagbHa MoieIbHa (QYHKITIS,
sIKa JTO3BOJIMIIA JTOCTIAWTH BIUIMB 3MIiHH PO3MOALTY
MOXHOO0K KoeirieHTiB Ha e(PEeKTUBHICTH (iIBTpaIlii.
UmrcenbHUM €KCIIEPUMEHTOM JIOBEICHO, 10 BKa3aHa

3MmiHa He BImBae Ha MSE dinprparnii. [Iposeneno
MTOPIBHSUTPHUI aHaT3 METOMIB BEHBIET-QiIbTpaItii.
3’scoBaHo, 10 nokasHuku MSE 36iraroTecs It
BCIX HaBEICHHX METOMIB CaMe 3aBISIKH OOpPaHHIO
BeliBieTy. Anie MeTon 0e3 mopora morpedye 3HaYHO
MeHIIIe 00YHCIIOBABHUX PECYPCiB, IO € WOTO CyT-
TEBOIO TTEPEBAror0, 0COOIMBO B Pa3i BUKOPUCTAHHS B
MOOUTEHHUX TIPHUCTPOSIX.
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The article is devoted to the development of a decision support system in
a Purchase Tender. Such the system allows an institution that announced a
Purchase Tender to estimate suppliers that have an interest in supply and can
take part in such tender offering different conditions of purchase. The main
method that is used to build a decision support system was chosen as the
method of the analytic hierarchy process that was developed by T.L. Saaty
based on construction pairwise comparisons matrices of suppliers and their
features. These matrices are constructed by experts and they need for coherent
often, because expert’ assessment of one pair elements of a matrix can be
controversial sometimes to assessment of second pair elements of such matrix.
Such controversies are connected with difficulties for expert, which can be
in process of complex relations estimation. This method is modified in the
direction of building coherent matrices of pairwise comparisons. It presents an
approach to assessing the consistency of pairwise comparisons matrices based
on the analysis of the transitivity of the graph that is constructed with the help
of the matrix of pairwise comparisons.

The pairwise comparisons matrix is seen as a adjacencies matrix of a graph.
Besides, the paper proposes an approach to the evaluation of pairwise
comparisons of suppliers and their features with the help of a group of experts
that helped make the evaluation more accurate. The estimate of elements of
pairwise comparisons matrix is calculated as a weighted average of all experts’
assessments with the coefficient of confidence. The coefficient of confidence
is change for every expert. This change is connected with the correctness of
experts’ estimation in previous evaluations.

Based on the developed modification of the analytic hierarchy process it built
a software system for decision support, which is implemented in the C++
language. One of the areas of the system application is the analysis of decision-
making problems in the field of public procurement to assess the companies-
bidders for the construction of industrial facilities.
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CrarTss mOpUCBSiUEHA PO3POOJICHHIO CHCTEMM IMIATPUMKH  YXBaJICHHS
pillicHb y TEHAepi Ha 3aKkymiBiio. Taka cuCTeMa JO03BOJSIE YCTaHOBI, siKa
OroJI0CHIIa TeHJEp Ha 3aKyMiBJII0, OMIIHUTH MTOCTaYaJbHUKIB, AKi 3alliKaBJeHi
B MIOCTa4YaHHI Ta MOXYTb B3ATH y4acThb y TaKOMy TEHJEpi, MPONOHYIOUU
pi3Hi yMOBH 3akymiBii. OCHOBHHM METOAOM, SKHI BHKOPHUCTOBYETHCS IS
noOyAOBH CHUCTEMH HiATPUMKHU YXBaJEHHs pillleHb, 0OPaHO METOJ aHali3y
iepapxiii, pozpobnenuii T.JI. Caati Ha OCHOBI MOOYIOBU MaTpHllb MOMAPHOTO
HOPIBHAHHS MOCTaYaIbHUKIB 1 IXHIX XapakTepucTHK. Lli MaTpuri OynyroThcs
eKCIIepTaMH, i BOHH 4acTO MOTPeOyIOTh Y3TOKEHOCTI, OCKUIBKU EKCIIePTHA
OLIIHKA OfIHi€T TApH €JIEMEHTIB MaTPHIIi iHOJI MOXKE CYIEPEUUTH OLIHII APyTOi
Hapy eIeMEHTIB Takoi MaTpulli. Taki cynepedHoCTi OB’ sI3aHi i3 TPYJHOILAMHU
JUTS €KCTIepTa, SIKi MOXKYTh BAHUKHYTH Y IPOLIEC] OLIHKY CKJIaJHUX BiIHOIIEHb.
Le#t merox MomudikoBaHUi y HampsiMi MOOYIOBH Y3TOPKCHHX MAaTpHUIlb
MOMapHUX TOpPiBHAHB. [IpencTaBieHO MiAXiA 00 OIHKK Yy3TOMKEHOCTI
MaTpHUIb MOMAPHUX IMOPIBHSIHb Ha OCHOBI aHaNi3y TPaH3UTHUBHOCTI rpada,
noOyZOBaHOTO 32 JOINOMOIOI0 MATpHIl MONAPHUX IOPiBHSIHb. MaTpuis
MOMApHOTO MOPIBHSIHHS PO3IISNAETHCS SIK MAaTpHLS CyMiKHOCTI rpada, ne
HOT0 BEPIIMHU MITATHCS MMOCTAYATbHUKAMH (XapaKTEPUCTUKAMH), a TyTH MiX
BEpIIMHAMH 33JaI0Th KUIBKICHE 3HAUCHHS IepeBard OJHOTO MOCTadalbHUKA
(xapakTepucTuky) Haj iHMKM. OKpiM TOro, y poOOTi 3aIPOIIOHOBAHO MiAXix
JI0 OLHKY TIONApHUX MOPIBHAHB IOCTA4YaJbHUKIB Ta 1X XapaKTEPHUCTHK 3a
JIOTIOMOTOFO TPYITH €KCIIEPTIB, IO JOMOMOTIIO 3pOOHUTH OLIIHKY O1TBII TOYHOO.
OrmiHKa eJeMEeHTIB MaTpUIll TONApHUX IOPIBHSHb PO3PAXOBYETHCS SIK
CepeHbO3BAKEHE 3HAYCHHS BCiX OIIHOK EKCIEPTiB i3 KOe(illieHTOM IOBipH.
KoeditieHT 10BipH 3MIHIOETBCS IS KOXKHOTO ekcrniepTa. g 3MiHa moB’si3aHa
i3 TPaBMIBHICTIO OI[IHKM EKCIEpTiB Yy IONEpenHix oIiHkax. Ha ocHoBi
po3pobienoi Moxudikanii MeToxy aHami3y i€papxiil HoOyr1oBaHO MPOrpaMHy
CHCTEMY HiITPUMKH YXBaJIE€HHs pillleHb, SIKa peanizoBaHa MoBowo C++. OnHuM
i3 HamPSAMIB 3aCTOCYBAaHHS CHCTEMH € aHaJi3 MPOOJIeM yXBaJCHHS PillIeHb Y
ctepi nepxaBHUX 3aKyMiBelb JJIs OLIHKA KOMIaHIi — YYaCHUKIB TOPTiB Ha
OyIIBHHUIITBO MPOMHUCIIOBHX 00’ €KTIB.
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1. INTRODUCTION

A Purchase Tender (PT) is used to drive competi-
tion between several suppliers to get the best offer for
a list of products or services. An institution announces
a Purchase Tender and suppliers that have an interest
in supply can take part in such tender offering dif-
ferent conditions of purchase, where each supplier is
competing with one another. An institution can select
the supplier that offers the best conditions.

We have many papers that describe Consumer
Decision-Making [ 1-3]. There exist sites that can help
in a purchase tender organization (www.tendertiger.
com, www.indiatenders.com ). C. Csaba [4] describes
general questions of decision making of public pro-
curement. The group of authors [5] investigates the
lowest cost for a project. It does not guarantee the
terms of time and quality of a project. More particu-
larly, the risk exposure during the tendering process
is usually very high and the success of the project is
strongly related to managing this risk.

In [6] authors research the algorithm of suppli-
ers evaluation based on the weight coefficients. This
algorithm does not evaluate the expert’s logic that
can do contradictory assessments. Besides, the confi-
dence to experts is constant and do not connect with
their previous estimations quality. This can influence
on the results quality.

Authors [7] describe tender price evaluation of
construction project. As we know price is very impor-
tant feature, but we have other features that we should
take into account, for example, term of work finish.

Take into account the experience of existing
papers, we will describe an analytical approach
and an algorithm of the estimate the best supplier
from a tender group on the base of a features’
set with the help of the concordance opinion an
experts’ group.

Therefore, aim of this paper is to find approach,
which allows us to find the best supplier from » sup-
pliers on the base of m features. These features deter-
mine characteristics of suppliers. For example, goods
price, service quality, the warranty term, et al.

In this paper, the selected subject area is the deci-
sion-making in the field of public procurement, which
is regulated by the Law of Ukraine “On Public Pro-
curement” [8]. As the trends of the Ukrainian govern-
ment aimed at combating corruption, and the bulk of
corruption in the state related to public procurement,
it is advisable to automate the public procurement
process, which minimizes interference of corrupt
officials in this process. Therefore, the topic of work
devoted to such automation is extremely relevant to
Ukraine.

Therefore, the main purpose of this paper is to
consider an approach to the construction of an expert
system that can estimate Purchase Tender suppliers
on the base of their features set.
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Let there is a set of n suppliers D,D,.., D, par-
ticipants of a Purchase Tender. Let there is a set of m
features kj, kz, km that characterized the suppliers.
For example, price of goods, warranty service, loca-
tion of the enterprise, fixed assets of the enterprise.

The main idea of an expert system construction
is based on the analytic hierarchy process [9] that is
modified in this paper.

According to the analytic hierarchy process, it is
necessary for every feature to form a matrix of pair-
wise comparisons suppliers. Expert evaluation of n
suppliers on the base feature £, is formed into a matrix
of the form (Table 1).

Table 1
Matrix of pairwise comparisons of suppliers
k, D, D, D,
D, 1 a,
D, a,, 1
1
D, a, 1

The cells a,, of the matrix include the estimates of
experts which mean how many times more prefera-
ble from the point of view of feature k, we can select
the supplier D, which marks the row of the matrix
than the suppher D, which marks the column of the
matrix. From this deﬁnltlon it can be seen that the
main diagonal of the matrix has values 1.

Thus, if D, = =pD, i.e. the supplier D, occurs p
times more preferable than the supplier D then we
have D. = 1/p D..

That i is, if the estimate a;=p, then a,=1 / p and
a. =1.

" Similar to the supplier matrices, experts build a
matrix of pairwise comparisons of features (Table 2),
where each row and column of the matrix is marked
by the features &, k,,... kthat characterize suppliers.

Table 2
Matrix of pairwise comparisons of features
k, k, k,
k, 1 a,
km amI 1

For the matrix of features, as for the matrix of sup-
pliers, there are relations: a;= D, then a,=1 /p, and
a. = 1.

’ Expert evaluations of g, are recorded in the cells
of the matrix, which means how many times is
more preferable for a tender announces institution
the feature k, which marks the row of the matrix
than the feature k, which marks the column of the
matrix.
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2. Expert group evaluation of pairwise com-
parison matrices of suppliers and features

To improve the construction of suppliers and fea-
tures matrices, it is advisable to use an expert team
for this comparison [10]. The method of such use is
developed by the author and it is given below.

The evaluation of the i-th supplier (feature) rela-
tive to the j-th supplier (feature) a . of pairwise com-
parlsons is performed by a group of m experts accord-
ing to the algorithm below with the possible use of T
evaluation steps to improve its quality.

The algorithm 1.

1. The estimate a; is calculated as a weighted aver-
age by the followmg formula (1)

m k
Z:p S
IR )
=Pk

where p, is the coefficient of confidence to the 4-th
expert (in the first stage of evaluation, the coefficients
of confidence of all experts are the same and equal to 1),
Skiis the estimate of the i-th supplier (feature) relative to
the j-th supplier (feature) determined by the k-th expert,
m is the number of experts. The indicators $* are esti-
mated by each expert based on the scale of preference,
which values are determined in the range from 1 to 9.

2. The coefficient of confidence to the k-th expert
is adjusted according to the following formula (2):

=_ 2
A=134, @
where T is the number of evaluation stages, p,’ is
the coefficient of confidence to the k-th expert at the
t-th stage of evaluation (3):
iz (G,-st) )
= exp(- T),

k

where G, is a posteriori evaluation of the i-th sup-
pher (feature) relative to the j-th suppher (feature) (that
is, the estimate, which is determined in the process
of checking the matrices of suppliers and features for
inconsistency), o, is forgetting factor of the k-th expert.

3. Checking the consistency of the matrix a,and
its correction by experts. As a result, we get a "new
matrix aij”"‘”.

4. Paragraphs 1-3 will be repeated until the
change in estimates, matrices of suppliers (features)
due to the inconsistency check is less than the speci-
fied value € (4).

2

<u )

5 B new

aj; ~ai

i=1 j=1

3. harmonization of suppliers and features
matrices

In the process of constructing the matrices of the
features and suppliers, they must be coordinated, that
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is, the transitivity given by the matrix of relations
must be performed.

Transitivity allows us to test the logic of the
expert’s thinking. If the expert considers that the fac-
tor A (supplier or feature) exceeds the factor B, and
the factor B, in turn, exceeds the factor C, then by
a pairwise comparison the factor 4 must exceed the
factor C, that is, the inequality 4 > B > C must be
satisfied, where the symbol “>" means outperforms.

In addition, numerical estimates of the transitivity
of relationships must be performed. For example, if
factor 4 exceeds factor B 2 times, and factor B, in
turn, exceeds factor C 3 times, then factor 4 must
exceed factor Cin m =2 x 3 = 6 times.

Lack of consistency can be a serious limiting fac-
tor for using the method.

To study the transitivity of relations in the matri-
ces of features and suppliers, the paper proposes to
use oriented graphs.

One of the first questions that arise when study-
ing graphs is the question of the existence of paths
between pairs of vertices. The answer to the question
is the above ratio of reach at the vertices of the graph
G = (V, E), where V is the set of vertices, and FE is the
set of relations between the vertices of the graph.

The vertex weV is reachable from the vertex v €
Vifv =w or G is the path from v to w. In other words,
the reach ratio is a reflexive and transitive closure of
the E.

To analyze the matrices of features and suppliers,
we construct a graph using the matching matrix as
the adjacency matrix of the graph, where the values
of the element of the matrix will be interpreted as the
weight of the edges of the graph.

Since the matrix of features and suppliers is con-

structed in such a way that, 4, =——, where a, is

aij
an element of the matrix of features or suppliers, it is
p0551b1e do not use the relations for which a; <1 for
i#zjanda, = 1.

The matrix is shown in Table 3 compares some
features that characterize suppliers.

Using the matrix of Table 3 as the matrix of adja-
cencies of a graph, we construct a graph for the analysis
of inconsistencies of a matrix of pairwise comparisons
(Fig. 1). To simplify the image, branches with weights
less or equal to 1 were not displayed on the graph.

From the analysis of the graph in Fig. 1, it can be
seen that the pairwise comparisons matrix (Table 3) is
inconsistent because the path 1-2—4 has a weight of
18, and the path 1-4 only 8. Path 1-3-2 has a weight
of 15, and path 1-2 only 3. Path 1-3—4 has a weight
of 45, and path 1-4 only 8.

Fig. 1b shows a graph based on a harmonized by
experts matrix of pairwise comparisons of features.
Such the harmonized pairwise comparisons matrix is
given in Table 4.
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Table 3

Matrix of pairwise comparisons of features that characterize suppliers

Price of Warrtgnty Location o.f the Fixed assets of the enterprise
goods service enterprise
Price of goods 1 3 5 8
Warranty service 1/3 1 1/3 6
Locatwfz of the 15 3 1 9
enterprise
Fixed assets of the 18 16 19 1
enterprise
Table 4
Matrix of pairwise comparisons of features of suppliers (after concordance)
, , , , Fixed assets
Price of goods | Warranty service | Location of the enterprise of the enterprise
Price of goods 1 6 2 8
Warranty service 1/6 1 1/3 1,33
Locatto'n of the 12 3 1 4
enterprise
Fixed assets of the 1/8 1/1,33 1/4 1
enterprise
¢ = (W, % W, % < W) (5)

a) b)

Fig. 1. Graph to analyze inconsistencies of the
matrix of pairwise comparisons: a) the pairwise
comparison matrix is inconsistent; b) the pairwise
comparison matrix is consistent.

Matrix matching of pairwise comparisons is per-
formed by an expert team in an iterative mode.

4. Estimation of suppliers’ priority

To determine the priority suppliers and features of
each supplier, it is necessary to determine the geomet-
ric average (5), which indicates the typical value of a
set of numbers by using the product of their values.
We will obtain a normalized vector of features if this
typical value will be divided by the sum of typical
values of all suppliers (6).

The vector {c,}"_, can be calculated by the fol-
lowing relation:
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where W, are the elements of the pairwise compar-
isons matrix of features, m is the number of features.
The normalized vector {X} for features of suppli-

ers is calculated by the formula (6):
X ,I1=1,2,..n. 6)

i

;] Ci

The local priority vector {Y,} is calculated by the
formula (7):

Y; Wit Wi Wize. Wi Xi

L2 |\=|WaWanWos.. W x | X2
, (D)

Ym Wml WmZ Wm3--- Wmn Xn

where the matrix | Wi].| is pairwise comparisons
matrix of features.

The global priority vector {P} is calculated by the
formula (8):

P; ZiZuZsi...2lmi Y;

P \=1Z12Z27Z3..7Zm x | Y2
, (8

Pn Z[mZZmZ3m...Zmn Ym

where {Zij} is the local priority matrix for the pair-
wise comparisons matrices of suppliers (j) for every
feature (i).
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Consider a simple example. Let the experts cre- c,=(a, xa,)”*=(1,5x1)"?=122.
ated the pairwise comparisons matrix of suppliers’ _ _ _
features in this form (Table 5). s=¢,+¢,=082+1,22=2,04 (12)
X, =c/s=0,82/2,04 = 0,4.

Table 5
Example of pairwise comparisons matrix X,=c¢/s=1,222,04 = 0.6.
of features For feature k,:
k, k, k, c,=(a, xa,)?=(1x8)"?=30.
k, 1 1/6 1/9 — « 12 = (1/8 x 1)"2 = 0.35
k, 6 1 1/9 € (@ > ap) = ) T
k 9 9 1 S:CI+02=3,0+0,35=3,35. (13)
3

. X,=c/s=3,0/335=0,89.
Then the normalized vector {X,} for features of
suppliers is calculated by the formula (6) as fol- X,=c¢/s=0,35/3,35=0,11.

lows (9). We calculate the local priority vectors {Z }
c,=(a, xa,*xa,)”=(1x1/6x1/9)"”=0,265. (14-16) of suppliers’ matrices of pairwise compari-
¢, =(a, *a,xa,)?=(6x1x1/9)"=0874, sons for every feature k, k,, k,.
¢, =(a, xa,xa,)?=(9x9x1)5=4327, zu| 112 033] |0.665
S=c,+c,+c,=0265+0,874+4,327=546. (9) Zo|=|21  |x|o67|= |[133 | (4
X, =c/s=0,265/5,46 = 0,05.
X,=c/s=0,874/5,46 = 0,15.

X, = c/s=4327/546 = 0.8. Zu | 1S 04| |08
We obtain the local priority vector {Y} by the for- Z | =151 x 10,6 |=112 (15)
mula (7).
Yi 11/6 1/9 0.05 0,16
Z 18 0,89 1,77
Yal=|611/9 « [0.15 |= |0,54 | (10) i ’ ’
Zu|=|181 [x[011|=[022] (¢
Y3 991 0.8 2,6 :
Let the matrices of pairwise comparisons of sup- o )
pliers for each feature created by the experts in this The global priority vector {P } is calculated by the
form (Table 6). formula (8).
We obtain (11, 12, 13) performing calculations
similar to the calculations of the features. P 0.6650.8 1.77 0.16 514
For feature k]: P2|=|133120.22 x 1054 |= 1143 | (17)
c,=(a, xa,)?=(x1/2)"?=0,71. 26
c,=(a, xa,)?=2x1)"?=141 ) o
The obtained results show that the first supplier is
s=¢,+¢,=0,71+ 1,41 =2,12. (1D more preferable in the Purchase Tender because his
X, =c¢/s=0,71/2,12 = 0,33. rating is 5,14.
X,=c/s=141/2,12 = 0,67. Based on the described approach, an expert sys-

tem was developed. The software implementation

For feature £;: of the expert system is made in C++ language in the

c,=(a, xa,)”?=(x1/1,5)"=0,82. C++ Builder environment.
Table 6
Example the matrices of pairwise comparisons of suppliers
k, D, D, k, D, D, k, D, D,
D, 1 12 D, 1 /1,5 D, 1 8
D, 2 1 D, 1,5 1 D, 1/8
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5. Conclusion

1. It is proposed modification of the analytic hier-
archy process (T. Saaty [9]) for decision-making in a
Purchase Tender.

This modification consists in next:

a) it is proposed the algorithm of estimation of
pairwise comparisons of features and suppliers with
the help of a group of experts;

b) it is proposed the algorithm of harmonization of
suppliers and features matrices.

2. The algorithm presented in this paper allows
us to effectively use a team of experts to evaluate

the suppliers. The presented algorithm improves the
quality of work of the expert system requiring taking
into account the level of trust in the competence of
experts, as well as the speed of change of experts’
trust by the decision-maker.

3. One of the areas of the system application is the
analysis of decision-making problems in the field of
public procurement to assess the companies-bidders
for the construction of industrial facilities. However,
the algorithm has universal character and we hope it
can be used for decision making in other spheres of
procurement tenders, different competition selections.
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BUMOT'H IO O®OPMJIEHHS CTATEM Y )KYPHAJIL
«COMPUTER SCIENCE AND APPLIED MATHEMATICS»

Bumorn 1o opopmiteHHs cTaTei:

Jo npyKy npuiMaroThCs CTarTTi, 110 MAOTh HAYKOBY 1 IPaKTHYHY LiHHICTh. ABTOpP Ma€ NpaBo NPEICTaBUTH
TIIBKH OZIHY HAyKOBY CTaTTIO B OIWH HOMED, SIKa paHille He myOsiKyBanacs. ABTOp Hece BiNOBiAaJbHICTh 3a
OpHTiHAJIBHICTH TEKCTY CTATTi, TOUHICTH HaBeJCHUX (DAKTIiB, LMNTAT, CTATUCTUYHHX JaHHUX, BIACHUX Ha3B, [€O-
rpa¢iuHuX Ha3B Ta iHIIKX BiIOMOCTEH, a TAKOX 3a Te, 1[0 B Marepiajax He MICTATHCS JaHi, U0 He MiJJIAraloTh
BiIKpuTiil myOumikanii. Pemakitis He Hece BIAMOBIAANBLHOCTI 32 BUKJIAAEHY B cTarTi iH(popmarlito. OcraTtoune
pileHHs mpo myOITiKaIiio yXBaTIOETHCS PEJAKII€l0, IKa TAKOXK 3aJIUILAE 32 COOOI0 MPaBO Ha TOATKOBE PELCH-
3yBaHHS, peJaryBaHHs 1 BIAXWICHHs CTaTeil.

Texniuni BUMoOrn:

— JI0 IPYKYy MPUAMAIOTBCS CTATTi YKPATHCHKOIO, POCIHCHKOIO Ta aHTIIHCHKOI0 MOBAMU;

— eJIGKTPOHHMH BapiaHT cTarTi y popmari *.doc, *.docx abo *.rtf, miAroToBIeHHI Y TEKCTOBOMY peIaKTopi
Microsoft Word;

— gopmar A4 uepes 1,5 inTepBai;

— wpudt Times New Roman, posmip 14;

— moust: JiBe — 3 cM, mpase — 1,5 cM, BEpXHE, HIDKHE — 2 CM.

CTpykTypa crarTi:

psanok 1 — V/IK (BupiBHIOBaHHS 110 JTIBOMY Kparo);

PSI0K 2 — Ha3Ba TEMAaTHYHOTO PO3/iNy (BUPiBHIOBaHHS IO JIIBOMY Kparo);

psinok 3 — Ha3Ba cTarTi (BUPiBHIOBAHHS MO LEHTPY, HAMIBXUPHUN MWPUET, BETHKI JITEpH);

Ps0K 4 — Npi3BHIIE Ta iHIL[IaJIM aBTOPa CTATTl; HAYKOBUH CTYIiHb, BUCHE 3BaHHS, T0CA/A 13 3a3HAYCHHSM
kadenpu (BUpIBHIOBaHHS 110 LIEHTPY);

pPsaoK 5 — micue poOoTH (HaBUaHHS), axpeca poOOTH (HaBUaHHS), orcid-Koll, eleKTpOHHA ajpeca aBTopa
(BUpIBHIOBAHHS TIO LIEHTDY ).

SAxo aBTOp He Mae orcid-kofy, HOro MOXKHA OTPUMATH 3a nocwianHsaM https://orcid.org/

a63an 1 — po3mmpena anoraiis (1800 31HakiB 6e3 MpoOLIiB) Ta KIIFOYOBI CJIOBA (MIHIMYM 5 CITiB), HalTUCaH1
MOBOIO, fIK 1 yCs CTaTTS;

ad3am 2 — Ha3Ba CTaTTi (HAMIBXUPHUHA WPUPT, yci JiTEpH BEIHKI), MPi3BUILE, iHIL[IaId aBTOpa, HAYKOBHUH
CTYIiHb, BUCHE 3BaHHsI, [TOCA/IA 13 3a3HAUCHHAM Kadenpu, Miclie poOboTH (HaBUaHHS), ajpeca poOOTH (HaB-
YyaHHs ), orcid-Koj, eJIeKTpOHHA ajipeca aBTopa, po3mmpeHna anorailis (1800 3nakiB 0e3 mpoOiIiB) Ta KIOYOBI
cioBa (MiHIMyM 5 cIiB), HanmucaHi aHIMilCbKOI0 MOBOIO. [lepexiiaa aHTMiIMCHKOI0 MOBOIO NIOBUHEH OyTH
JIOCTOBIPHUM (HE MAIIIUHHUM).

Y BUMaIKy, SKIIO CTATTS HE YKPATHCHKOK MOBOIO, 000B’SI3KOBO ITOIAIOTHCS Ha3Ba CTATTI (HAIBKUPHUIA PUPT,
yci JIITepH BEJHKI), IPi3BUILE, iHIIIaIM aBTOpa, HAYKOBHI CTYITiHb, BACHE 3BAHHS, T0CA/IA 13 3a3HaYECHHIM KadeapH,
Miciie poOoTH (HaBUaHHS ), ajypeca poOOTH (HaBYaHHS ), Orcid-Koj1, eEKTPOHHA aJJpeca aBTopa, pO3IIUPESHA aHOTAIlis
(1800 3naKiB 63 MpoOLTiB) Ta KIFOYOBI CJI0Ba (MiHIMYM 5 CITiB), HAIMCaH1 YKPaiHCHKOIO MOBOIO.

OcHoBHHI TEKCT cTarTi MoBUMHEH BignoBigatu cTpyktypi IMRAD (Introduction, Methods, Results, and
Discussion) + Literature Review:

Beryn — kopotkuii Beryt (1-2 cTopiHKM), SIKMA TTOBUHEH JaTH BiAMOBiAI Ha 3allUTaHHS «4OMY MPOBEICHO
JOCITIIDKEHHA?», «IKi 00’€KT, ME€Ta i OCHOBHI TilIOTE€3W MOCIHIPKEHH:?»; O JIITepaTypu - PO3MAii, IO
MICTUTh aHaJIi3 OCTaHHIX MyOJiKaliid 32 TeMOI JOCIIKeHHS (MepeBaXKkHa OLIBINICTh MyOITiKaIlili MOBUHHA
OyTH 3a OCTaHHI 5 pOKiB, caMmonUTyBaHHs He Oibiie 30% Bij KIIBKOCTI JiTepaTypHUX JKEpPE), 3 OISy JiTe-
parypu 4yuTadvi MOBHHHI MaTH 3MOTY OL[IHUTH CTaH MpoOJIeMH y CBITi, aHaIli3 JITepaTypHUX HKEPEN MOBHHEH
MaTu KPUTUYHHUN XapakTep;

Mertoau — po3fin, KA MoXe BKJIIOYATH 2-3 piBHO3HAYHMX 3a 00CATOM maparpadu, Mo BHCBITIIOIOTH
OCHOBHI METOJIH, IT1JIXO/T!, AITOPUTMH JIOCITIJPKESHHS;
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Pesynmeraté — po3min, sSKWiA MIiCTUTH aHAalli3 OCHOBHHX pPE3YJBTaTiB AOCHimkeHHs (rpadiku, Tabmuri 3
YUCENFHUMH JTAHNMH, 3aTaJlOM, Pe3yJIbTaTH O0YHCITIOBAIFHIX eKCIIepUMEHTiB); Juckycis — po3ain (o 1 cro-
PIHKNM), IKHi TaKOK MOYKHA Ha3BaTH BrcHOBOK 200 BHCHOBKH, 1110 MiCTHTB OPIBHSHHS OTPUMAHUX PE3yNbTa-
TiB 3 pe3yJbTaTaMH 1HIITUX JTOCIIKEeHb (K BIIACHUX TaK IHIINX aBTOPIB), @ TAKOX JIa€ BiJIMOBIIb HA 3aITUTaHHS
«SIKi TIEPCIIEKTUBH AOCIIKEHHS?», (OPMYIIIOE HAYKOBY HOBHU3HY PE3YIIBTaTiB.

Jlireparypa po3MILIY€ThCS MICIA CTaTTi Y MOPSAKY 3raJyBaHHS; APYKYEThCs depes 1,5 inrepsai, 14 pos-
Mmipom, mpudtom Times New Roman i opopmisieTbes y BiAIOBITHOCTI BUMOT MIXKAEPKABHOTO CTaHIAPTY
JACTY 8302:2015.

[locwanus Ha JiTeparypy B TEKCTIi CITiJ] JaBaTH B KBaJIPaTHUX IY>KKax, HANPHUKIAL, [2, c. 25; 5, ¢c. 33], B
SIKUX TIepIa nudpa BKa3ye MOPsAIKOBUN HOMEP PKepelia B CIIHCKY JITepaTypH, a Ipyra — BiAMOBIAHY CTOPIHKY
B [IbOMY JDKeperi; oiHe JKepesio (6e3 CTOPIHOK) BiTOKPEMITIOETHCA BiJl 1HIIIOTO KPamKoko 3 KOMoIo [3; 4; 6; 8;
12; 15].

Hanpukiami crarTi po3MilyeThCsi TpaHCHITEpOBaHA 1 TMeEpeKlaJieHa aHIIIHCHKOI Bepcis JiTeparypu
(References), ohopmiena srigao 3 Bumoramu APA (American Psychological Association).

IMopsinox nogaHHs MaTepiaJiB:

Juia myOmikamii crarti y (paxoBoMy HayKOBOMY BHJIaHHI HEOOXiTHO HAJICIATH HAa EJEKTPOHHY aJpecy
penakmii editor@physmath.journalsofznu.zp.ua HacTynHi marepianu:

ao0pe BUMMTAHY HAYKOBY CTATTIO, 000B’I3KOBO 0(hOpMIIEHY BiAIIOBITHO 10 BKa3aHUX BUMOT;

iHdopmaniiiny 1oBiaKy npo aBTopa;

BiJICKAHOBaHE MiATBEP/:KEHHSI CIUIATH KOIWITIB (PEKBI3UTH Ui CIJIATH HAAAIOThCS aBTOpPY MicJs
B/J2JI0r0 POXO/’KEHHSI pelleH3yBaAHHS).

3pazox ogpopmnenns nazeu enexkmponnux gainig: Isanos_lL.I. crarrs, IBanoB I.I. ommnara.

Ajpeca Ta KOHTAKTHI JaHi:

Penakuis sxypnana «Computer Science and Applied Mathematics»

ByI. JKykoBcekoro 66, kopm. 1, aya. 216, M. 3anopixoks, Ykpaina, 69060
Teaepon: +38 (066) 53 57 687

Enexrponna momra: editor@physmath.journalsofznu.zp.ua
Odiuiiinmii caliT: www.journalsofznu.zp.ua/index.php/comp-science
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