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A numerical study (within ANSYS software) deals with deformation and buckling of series of elastic
isotropic flat closed conical shells subject to external normal uniform pressure. Fixation of shells edges
is periodically discrete (movable-support sections alternate with hinged-support sections of the same
length). Length of each periodic fixation is the same, and the total length of mobile fixation is equal to
the total length of immobile fixation. While loading, the type of shells fixation causes periodically non-
uniform stress-strain state in the circumferential direction. Periodicity of subcritical stress-strain state is
equal to a number of fixed sections that varies in a wide range from zero up to fourteen and infinite. In
this case zero corresponds to continuous mobile fixation, infinite — continuous immobile fixation, from
two up to fourteen corresponds to periodic boundary conditions. The phenomenon of “static resonance”
was found for conical shells. The essence of the effect is as follows. Minimum limit pressure of
geometrically nonlinear analysis corresponds to the periodicity of stress-strain state of a conical shell
which coincides with a half-sum of the periodicity of the first eigenvibration mode of an unloaded shell
and the first eigenmode of linear buckling problem of a continuously hinged supported shell subject to
external pressure. All results are presented in form of graphs and tables for each type of calculations —
linear problem of stability (bifurcation) and geometrically non-linear problem of stability. The results of
this work make possible to forecast the “static resonance” phenomena for shell with heterogeneous
stress-strain state on the basis of two simple linear calculations.

Key words: thin-walled shallow conical shell, periodically discrete fixation, heterogeneous stress-strain state,
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Uncenbue nociijpkenHs (y mporpamHoMy komrutekci ANSYS) mpucssueHo nedopmarnii 1 crifikocTi
pAAY TPYXHHUX 130TPOMHMUX IUIOCKMX 3aMKHYTHX KOHIYHHX OOOJOHOK IIiJ Ji€I0 30BHIIIHBOTO THCKY.
@ikcamig Kparo 000JIOHOK MEpiOJUYHO AWCKPETHA (CEKII PyXOMOi OMOPH HYeprylOThCSA 3 CEKIiSIMH
HIapHIpHOI HEPYXOMOI ONOpH OJHAKOBOI NOBXKMHH). [Ipy HaBaHTaXKEHHI THI KPIiIUICHHS OOOJIOHOK
BHKJIMKA€ TEPIOJUYHO HEPiBHOMIPHHH HAmpyKeHO-Ie(GOpPMOBAaHMHA CTaH B OKPYXHOMY HAIPSIMKY.
[lepiogn4HICTE JOKPUTHYHOTO HANPYKEHO-Ae(HOPMOBAHOTO CTaHY JOPIBHIOE HYHCIY (IKCOBaHUX
JUISTHOK, sIKI BapilOIOTBCS B MIMPOKHMX MekaX. Byllo BHSBIEHO SIBHIE «CTaTHYHOTO PE30HAHCY» JUIS
KOHIYHHX 000soHOK. Edexr momnsrae B TakoMy: MiHIMaJbHMH TPaHUYHUH THUCK TE€OMETPHYHO
HENIHIHHOTO aHami3y BIANOBiAE MEPIOAWYHOCTI HANPYXKEHO-Ie(OPMOBAHOTO CTaHy KOHIYHOI
000JIOHKH, sKa 30ira€Tbcsi 3 HAMIBCYMOIO IEpiOJMYHOCTI TEpHIoi MOJM BJIACHUX KOJIMBAHb
HEHAaBaHTA)XEHOI OOOJIOHKH 1 TIEpIIOT BIACHOI MO JiHIHHOT 3a1a4i CTIHKOCTI 0OOJIOHKH 3 OJHOPITHUM
IIApHIPHO HEPYXOMHUM 3aKPIIJICHHSM IIPH 30BHIITHBOMY THCKY.

Knmiouogi cnosa: nonoca moukocminma 000710HKA, NEPiOOUHHO OUCKpemHe 3AaKpinieHHs, HeoOHOPIOHUL

HanpyiceHo-0eopmosanui cman, npoepamuuti komniexc ANSYS.
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YucnenHoe wuccnenosanue (B mporpaMmHoMm Komriuiekce ANSYS) mnocesimeno aedopmanum u
YCTOWYHMBOCTH psifia yNIPYTUX U30TPOIMHBIX MIIOCKUX 3aMKHYTBIX KOHMYECKAX 000I0UEK, TOBEP>KEHHBIX
BHeIIHeMy naBieHuio. dukcanusi kpas 000JOYEK NEPUOJMYECKH IHCKpPEeTHAa (CEKIMU MOABHKHOW
OIOpBl YepenyloTCcs C CEKUMSMHM I[IapHUPHOW HENOJBMXXHOW ONOpPHI OJMHAKOBOW JumMHBI). [lpn
HAarpy>KCHHH THUIN KpPEIUICHHS OOO0JIOYEK BBI3BIBACT MNEPHOAMYECKH HEPAaBHOMEPHOE HAMPSIKEHHO-
neGopMHUpPOBaHHOE COCTOSSHUE B OKPY)KHOM HampaBlieHHH. [lepHoAMYHOCTH  JIOKPUTHYECKOTO
HaINpsDKEHHO-1e()OPMUPOBAHHOTO COCTOSIHUSI paBHA YHUCIY (UKCUPOBAaHHBIX YYacTKOB, KOTOpBIE
BapbUPYIOTCS B IIMPOKUX Tpenenax. bpuio oOHapy)XeHO SBICHHE «CTaTHYECKOTO PE30HAHCA» I
KoHH4eckux obonouek. CyTb 3¢¢exra 3akimroyacTcss B CIEAYIOMEM. MHHUMAJIbHOE IpEaeiIbHOE
JIaBJICHUE T'€OMETPUYECKH HEIIMHEHHOTO0 aHajh3a COOTBETCTBYET IEPUOAMYHOCTH HAIPSHKEHHO-
1e(OpMHUPOBAHHOTO COCTOSHHMSI KOHMYECKOH O0O0O0JOYKM, KOTOpas COBIAJAeT C MOIyCyMMOH
MIEPUOANYHOCTH TIEPBOM MOIBI COOCTBEHHBIX KOJEOAHWI HE3arpy’)KeHHOM OOOJMOYKM M TepBOH
COOCTBEHHOW MOJBl JIMHEHHOW 3aJaud YCTOWYHMBOCTH OOOJIOYKM C OJHOPOXHBIM LIAPHUPHO
HETOJIBM)KHIM 3aKpeIUICHHEM IIPH BHELIHEM JIaBJICHUH.

Kniouesgvie crnosa: nonozas moHkocmenHas Konudeckas 000104Ka, nepuoouyecky OUCKpemHuoe 3axKpenieHue,

HEOOHOPOOHOEe HANPSIJCEHHO-0epopMuposantoe cocmosinue, npocpammuviil komniexc ANSYS.

INTRODUCTION

In [1-3] based on experimental studies of deformation and stability of axially compressed elastic
isotropic circular cylindrical shells in the presence of a periodically non-uniform stress-strain state
(SSS) in the circumferential direction, the phenomenon called “static resonance” was discovered.
Non-uniform SSS of smooth shells was caused by periodic longitudinal compressive forces or
periodic middle shell surface imperfections (for uniform axial compression or external pressure) [1-
3]. Precritical uniform SSS of longitudinally reinforced shell subject to axial compression was
caused by versatile arrangement of reinforcements (stringers).

The essence of “static resonance” consisted in the following. The maximal precritical displacements
and minimum limit load was realised for static compression of shells when periodicity of non-
uniform SSS in the circumferential direction coincided or was closed to periodicity of first
eigenvibration mode of a shell without any load. Numerical calculations [4] using ANSY'S software
also confirmed the presence of “static resonance”.

The analogue of “static resonance” was discovered in the numerical study [5] (ANSYS software)
for shallow conical shells under external pressure. Non-uniform SSS of the shells was caused by
large (more than 10 thicknesses) periodic mid-surface imperfections in the circumferential
direction. Unlike the earlier problems, “static resonance” of conical shells did not appear for the
limit pressure. But it revealed itself in the linear buckling problem. As before, this “resonance” was
realised when a periodicity of non-uniform SSS coincided with the periodicity of the first
eigenvibration mode of a shell.

Note that the calculation improvement of bearing capacity of the shells under external pressure in
case of non-uniform SSS is an important and actual task [6-7]. This is especially important for
shallow shells which are widely used in practice.

The aim of this work is to study (using ANSYS software) the influence of periodically discrete
border fixation of shallow conical shells under uniform external pressure on deformation and
buckling, as well as effects that are caused by non-uniform SSS.
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We performed three types of analysis: 1) linear bifurcation analysis to determine the critical
pressure value q" and corresponding eigenmodes; 2) dynamic analysis to determine first
transversal eigenvibration modes of a shell without any load; 3) geometrically nonlinear analysis to
determine SSS of a shell, its limit pressure value g™ and corresponding buckling modes. All
analyses were executed both for shells with periodically discrete border fixation (movable-support
sections alternate with hinged-support sections of the same length) and for shells with continuous
movable support or hinged support. The number of movable and hinged sections (n) of the shell
edge varied from 0 to 14 in increments of 1.

MAIN PART
Methodology of numerical analysis

As already mentioned, the numerical study was carried out within ANSYS software (ANSYS Inc.
Academic Research, Mechanical Analysis, Release 13.0 customer 298728). Thin-walled closed flat
cones (Fig. 1) had next parameters: shells thickness h = 5 mm; base radius R = 2000 mm; height
H = 140 mm. Angle between conical shell generatrix and its base is « = 4°.
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Fig. 1. Shell scheme with movable and hinged support

Material of shells is steel X18H9u (former Soviet Union steel specification) with following
mechanical characteristics: modulus of elasticity E = 2 x 10°> MPa, Poisson’s ratio v = 0.3, yield
stress gy, = 800 MPa, material density p = 7850 kg/m® (the density is taken into account in the

analysis 2).
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Fig. 2. Schema of conical shell with periodically discrete edge fixation n = 3 (bold line — hinged support, fine line —
movable support)

Modelling of the problems was conducted in the following order: 1) spatial geometric model of
shells was created by rotation of the generatrix about the axis of symmetry (Y-axis); 2) models were
divided into identical sectors, which number was assumed to be 2n (n varied from 0 to 14 in
increments of 1); 3) the boundary conditions corresponded to alternately movable or hinged support
and were set at the edge of the curved portion of each sector; 4) external uniform normal pressure q
was applied; 5) finite element mesh was created using shell finite element (FE) SHELL 281 (from
ANSYS standard library). It should be emphasised that hinged support restricted displacements of
the edges along three axes X, Y, Z, and movable support of edges confined only vertical
displacements along Y-axis.

FE meshing of the shells was performed by an internal function of ANSY'S software that divides the
shell surface into finite elements. The main parameters affecting the creation of the FE model were
set as: FE size, FE mesh type (mapped or adaptive), FE shape (triangular or rectangular). The
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density of a mesh affects the magnitude of shell surface displacements and values of critical g and
limit g™ pressures. FE mesh was refined until pressure values increment became stable, less than
0.5%. As a result, meshed models consisted of FE N = 1400...3680 (depending on the value of n).

RESULTS OF NUMERICAL ANALYSIS

Critical pressure g¢" and corresponding eigenmodes (m — a number of waves in the circumferential
direction), first eigenvibraion modes (k — a number of waves in circumferential direction) were
obtained within analyses 1 and 2 for three types of shells fixation: with periodically discrete edge
fixation (n = 1...14), with continuous movable support (n = 0) and with continuous hinged
support (n = o). The values of g¢", m and k for the shells are placed in Table 1.

Table 1 — Results of numerical analyses for shell series (R/h = 400, @ = 4°, h = 5 mm)
n | 0| 1 2|3 |4 |5 |67 |8 |9 |10|11 12|13 | 14| o

q, kPa| 258 | 2.13 |2.87]2.99|3.05|3.12|3.23|3.26|3.23|3.20|3.19|3.33|3.41 | 3.44|3.46 | 3.59

w,Hz | 16.1 | 16,5 |18.3]19.721.2|21.6|21.6|22.2|22.7|22.8|22.9(22.9|23.0|23.1|23.2| 234

1.71 | 2.01 |3.53|2.56|2.28|2.75|3.28 |3.77|4.23|4.61|4.91|5.16 | 5.36 | 5.51 | 5.62 | 5.93

kPa

The solution of geometrically nonlinear problem was to build dependences of an external pressure
on the transverse displacements of a shell surface (first of all, displacement w, of the shell top).
When pressure value reaches g'™ in case of constant pressure, a shell realises an abrupt transition
to a noncontiguous equilibrium mode (reverse to its initial position) that belongs to an up-going
stable post-critical branch of equilibrium state. Values of limit pressure g™ for all types of shell
fixation including shells with n = 0 and n = oo are shown in Table 1.
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Fig. 3. Dependencies “q“", ¢"™ — M” for conical shells

Visualisation of SSS at various stages of loading shows that for conical shells periodical SSS in the
circumferential direction caused by discrete fixation involves almost the entire shell surface.

Using table data for conical and spherical shells, the dependences of critical and limit pressures on
number of periodically discrete fixations “q°", g™ — n” has been plotted (Fig. 3). On the graphs,
triangles represent critical pressure g” and circles refer to limit pressure ¢''™. We have connected
the values of pressure with straight lines for a clear perception. The values of critical (g5=.,) and
limit (gim.) pressure of a shell with continuous hinged support are represented by horizontal
dashed lines.
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Table 1 and dependences in Figure 3 show that for conical shells limit pressures g™ lie in the
range of (g™, — ghm ) and are much higher than critical pressures g (q5-, — q<~o,). Moreover,
the range of values g™ includes the range of values q¢". Thus, limit pressure g™ is minimum
buckling pressure of a conical shell with continuous hinged support. The dependence “q“" —n” is
mostly up-going except some fluctuations of distinct points. Increase of critical pressure is
comparatively small and corresponds to g = 2.58 — 3.59 kPa. Values of g for maximum
number of discrete hinged supports (n = 14) are less than the values for continuous hinged support.
The difference is about 3.6%.

The dependence “g'™ —n” obtained as a result of geometrically non-linear analysis is more
complicated comparing to linear analysis. First of all, this dependence reaches its minimum for
continuous movable support (gi™). In addition, it has an intermediate minimum for gi™,. In this
case limit pressure turns out to be lower than critical pressure. The presence of local minimums of
limit pressure values changed the situation: limit pressure g™ becomes dangerous. And the region
where limit pressure is dangerous includes three neighbour sections n = 3 — 5. As we noted in
Introduction, the above-described phenomenon was called “static resonance” in the papers [1-5]. It
was discovered in physical and numerical experiments for circular cylindrical [1-4] and conical
shells [5] with periodically non-uniform SSS in the circumferential direction. In the case of conical
shells the minimum “resonance” value of limit pressure gl is the most dangerous for discrete
edges fixation. Here, “static resonance” is realised for n = 4 (bigger sign corresponds to the
“resonance” in Fig. 3). The value of “resonance” pressure is 25% less than the value of critical
pressure q°". The “resonance” values of n and limit pressure (gl™) are bold and underlined in
Table 1.

Note that in [1-5] “static resonance” was only associated with a coincidence (or with a proximity) of
periodicity of precritical SSS in the circumferential direction and periodicity k of first
eigenvibration mode of an unloaded shell. But for conical shells “static resonance” appears
definitely when the periodicity of precritical SSS in the circumferential direction is equal to a half-
sum of the periodicity k of the first eigenvibration mode of an unloaded shell and periodicity m of
the first eigenmode of linear buckling problem of a continuously hinged supported shell subject to
external pressure. Values m and k for n = oo are shown in bold italic in Table 1.

CONCLUSIONS
The results of the present research let one predict “static resonance” of shallow conical shell subject
to external pressure in the case of periodically non-uniform SSS using two simple linear analyses.
In particular, “static resonance” appears when periodicity of SSS in the circumferential direction
coincides with a half-sum of waves of the first eigenvibration mode of an unloaded shell and waves
of the first eigenmode of linear buckling problem of a shell subject to external uniform pressure. In
both cases, these calculations must be carried out for continuous hinged support of shell edges.

Note that few values ¢'™ are presented in the region of dangerous limit pressures, and they are also
dangerous for shells along with minimum (resonance) value of limit pressure g™ . Therefore, we
recommend moving out this region as much as possible by increasing the periodicity of SSS away
from “resonance” periodicity i.e. by increasing a number of hinged supports.

Design of shells with small number of periodically discrete edge fixation assumes a choice of
analysis. It is necessary to focus on limit pressure obtained in geometrically non-linear analysis for
small angles a (for shallow shells). While for large angles (for deep shells) a dangerous load is
critical pressure g°" obtained in linear buckling analysis (bifurcation).
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VY crarTi po3mIsmaEThCs MpoOieMa 3aXHCTy IEPCOHANBHMUX HAaHUX, SKa € JOCHTh AaKTyaJbHOIO B
cydacHoMy cBiti. Ll mpoOnema BUCBITIIIOETHCS Y 3aco0ax MacoBoi iH(opMallii pisHUMH Aep>KaBHUMHU
cyx0aMu, SIKi 3aliMarOThCS THUTAaHHAMH Oe3nexu, i (axiBisiMu y ramy3i iHpopMmariiiHoi Oe3meKu.
ABTOPOM CTaTTi BHCBITIIIOETHCS i7ies] BUKOPUCTAHHS 3ac00iB HEOAHO3HAYHOTO MM(PyBaHHS JAHUX IS
3axucty iHGopmanii B ICIIJIH. Y mpomeci IOCHIIKEHHS aBTOp PO3DISIHYB IPOOIEMH 3aXHCTY
MIEPCOHANIFHUX JAaHUX, 3pOOWB aHAJIi3 JIiTepaTypu Ta pecypciB y Mepexi IHTepHeT, Ha SKHX ONHCaHO
TPaauIliiHI 1 cCydacHI MeXaHi3MH X 3aXHCTY, a Ta TAKOK BUKOHAB OIS JIITEpaTypH, aHaji3 alrOpUTMiB
HEO/THO3HAYHOTO MIM(pyBaHHs, 00paB cepes HUX HAHOIIbII afanTOBAaHUK JUISi BUKOHAHHS IOCTABJIEHO]
3a7a4i Ta TOPIBHAB IHOTro e(eKTHBHICTh 3 TPaAMLIHHUMHM 1 Cy4acHUMH HiJXOAaMHU JI0 3aXHCTY
iHpopmanii B ICIIJIn. [lns  HaBeAeHHS  NPaKTUYHUX  PE3yIbTaTiB  aBTOP  BUKOHYE
mm¢pysanas/aemmdpyBanas  TecroBoi ICII[lH 3 BHKOpHUCTaHHAM TpagULiHHMUX, Cy4acHUX 1
HEOIHO3HAYHUX 3aco0iB mmdpyBaHHs naHux. OnKcaHi JOCTIUKEHHS HPOBOIMINCS acIipaHTOM
kadenpu mporpamHoi iHkeHepii 3amopi3pkoro HAIIOHAIBHOTO YHIBEPCUTETY B paMKax JAUCEPTAIHHOT
pobotu «JlocmimKeHHs iIHCTPYMEHTAIbHUX MEXaHi3MiB 3arepedayBaHoro MudpyBaHH .

Kmouoei cnosa: nepconanvui oami, ingpopmayitina cucmema, denepcoHanizayis, wuppysanis, HeoOHO3HaUHe

wuppysanns, npUMyuyeants, nepemiutysanta oanux, bigdata.
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