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Y HaBeleHI CTaTTi BUCBITIICHO IHHOBAI[IWHUU WiAXi 10 NpoOIeMU
aAMTUBHOTO BUPOOHHUIITBA, OCHOBAaHMA Ha poO3poOLl Ta BHUKOPUCTAHHI
TpUpiBHEBOI  iepapxiuHOi  Monenmi, sKa BHUKOPUCTOBYE  TEXHOJIOTIIO
€JIEKTPOAYTOBOr0 3BaptoBaHHs. OCHOBHOIO METOIO JOCIIIKEHHS € CTBOPEHHS
ONTHUMAJIBHOTO MPOLECY aTUTUBHOTO BUPOOHHUITBA, IIPH SIKOMY JOCATAIOThCS
BUCOKI TOKa3HUKU SKOCTI Ta TEXHOJOTIYHOCTI BUTOTOBIICGHUX JeTajei.
[IpoBeaeHo cuMymALi0 NPOLECY aAUTUBHOTO BUPOOHHUIITBA 3 BUMOTaMH 10
TEXHOJIOT1YHOCT] Ta SIKOCTI OTPUMaHOi JIeTani y BUDIAII ii FeOMEeTpUYHHUX
PO3MIpiB, 3JIMIIKOBUX HaNpyKeHb Ta 30€peKEeHHs ONTUMAJIbHOI HIBUAKOCTI
BUpoOHMLTBA. Ha OCHOBI BHMMOT aHallizy TEXHOJOTIYHOCTI pPO3po0JIeHO
AITOPUTM Tpouecy cumyisiii. CTBOPEHO Ta MPOBEISHO aHali3 TPUBUMIPHOT
1€papXi4yHOi CHUCTEMH aBTOMAaTHU30BAHOTO KepyBaHHSI POOOTOTEXHIYHOIO
w1aThOopMOI0 AAUTUBHOTO BUPOOHULTBA Y SIKI 3aCTOCOBYETHCS 3BOPOTHIM
3B’30K 3 BUKOPUCTAHHAM TEJIEKOMYHIKallIHHUX MPUCTPOIB y BUIVISLAL KaMepH
Ta JIa3epHUX JATYMKIB AJIS KOHTPOIIIO 332 TEMIepaTypHUM PO3MOBCIOIKEHHIM
miJ 4Yac mpouecy BHPOOHHMITBA. PO3MISHYTO OKpeMO piBHI i€papXiyHOi
MOJIeli: CTBOPEHHS BAJIMKYy, CTBOPEHHS LIapy Ta CTBOPEHHS CTIHKU Y
npoueci 3D-npyky nerani. BuznaueHo BXinH1 JaHi Marepiainy Ajisi podoTH 3
CHUCTEMOI0 aBTOMATHU30BAHOTO KEPYBaHHS POOOTOTEXHIYHOIO IIaT(OPMOIO
3 BUKOPHUCTAHHSIM TEXHOJIOTIl eJEeKTPOAYrOBOIO 3BAapIOBaHHS Ta MPOLECY
CUMYIIALIT OO BUPOOHHUIITBA. OTpUMaHO JaHi IJIs MOXKJIMBOCTI TeHeparii
AaBTOMATU30BaHOT NpOrpaMM sl KepyBaHHA pOOOTOM IIiJ] 4ac MpoLecy
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aJUTUBHOTO BHPOOHMITBA. Takox OyJI0 NMPOBENEHO aHaNi3 MOXKIMBOCTEH CHMYINSAIIl TPUBHUMIPHOTO IPYKY 3
BHUKOPHUCTAHHSAM TEXHOJIOTI] eleKkTpoxyroBoro 3BaproBanHs B cucteMax CAE (Computer-Aided Engineering). Lle
JI03BOJIMJIO BU3HAYUTH BIUTMB TEMIIEPATypHHUX TapaMeTpiB, MCXaHITHUX HABAHTAXXEHb Ta 3MIHU TPAEKTOPIT pyxXy Mix
Yac CTBOPEHHsI JeTaii. Ha mifcTaBi OTpUMaHIX AaHMX BCTAHOBJICHO 3HAUCHHS 3AJIMIIIKOBUX HAMIPY>KEHb Ta BUSBICHI
Je(eKTH, 10 JOMOMarae MOKPAIUTH SKICTh Ta HAAIWHICTh BUPOOIEHUX AeTajei B aJUTHBHOMY BHPOOHHIITBI.
OTtpumaHi pe3ynbTaTé JOCIIIKCHb HAAl0Th aKTyaJIbHY Ta KOPUCHY iH(OPMAIIiio I 1HXEHEPHOI CHUIBHOTH, 110
MIPAITIOE B TaTy3i aTUTHBHOTO BUPOOHUIITBA Ta POOOTOTEXHIKH.

WIRE ARC ADDITIVE MANUFACTURING THREE LEVEL

HIERARCHICAL MODEL

Anikin P. S.
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The article presents an innovative approach to the issue of additive
manufacturing, based on the development and utilization of a three-tier
hierarchical model that employs arc welding technology. The primary objective
of this research is to create an optimal process for additive manufacturing,
ensuring high standards of quality and technological efficiency in the produced
components. The study involves a comprehensive simulation of the additive
manufacturing process, with a particular focus on meeting requirements for
the geometric dimensions, residual stresses, and the preservation of an optimal
production speed for the manufactured components. To achieve this goal, an
algorithm for the simulation process has been developed based on the analysis
of technological requirements. The article also introduces and analyzes a
three-dimensional hierarchical system for the automated control of a robotic
platform in additive manufacturing. This system incorporates feedback
mechanisms using telecommunications devices such as cameras and laser
sensors to monitor temperature distribution during the production process.
This significantly enhances the quality and reliability of the manufacturing
process. The hierarchical model is dissected into specific levels: the creation
of a roll, the generation of a layer, and the development of a wall during the
3D printing of the component. Furthermore, input data regarding the material
is determined for the operation of the automated control system of the robotic
platform using arc welding technology and the simulation process. Data have
been obtained that enable the generation of automated programs for robot
control during the additive manufacturing process. Additionally, an analysis
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of the capabilities of three-dimensional printing simulation using arc welding technology in CAE (Computer-Aided
Engineering) systems was conducted. This analysis helps identify the impact of temperature parameters, mechanical
loads, and changes in the movement trajectory during component creation. Based on the data collected, the values
of residual stresses and defects are established, contributing to the enhancement of the quality and reliability of the
manufactured components in additive manufacturing. The findings of this research provide relevant and valuable
insights for the engineering community working in the fields of additive manufacturing and robotics.

Beryn. [Iponec anuTuBHOrO BUPOOHHUIITBA 3 KOXK-
HUM JIHEM CTa€ OLIbIll BUKOPUCTOBYBAHUM SIK CEpEl
TITAaHTIB TEXHOJOTIYHOTO TPOMHUCITY TakK 1 cepen
iHAMBIIyanbHUX BUpOOHHKIB. [Ipomec apyky 3 pomno-
MOTOI0 METaly BiJKpPHBA€ IMeEpesa JIIOACTBOM HOBI
MOXKJITMBOCTI OUIBIII IIBHUIKOTO, TOYHOIO Ta JOCKOHA-
JIOTO CTBOPCHHSI HEOOXiTHMX KOMITOHEHTIB JeTaliei
BHpOOiIB. ABTOMAaTH3aIlisi Tporecy Ta HOro MOJiMN-
LICHHS — OZIHI 3 Cy4YaCHHUX HaJ-3aBAaHHb, [0 MAIOTh
OyTH pO3IJISIHYTI Ta PO3B’si3aH] HAYKOIO HAILIOTO Yacy.
TeopeTnuHi 3HAHHSA Ta TPAKTHYHI CKCIICPUMEHTH
IIOHS HAOMM)KAIOTh HAC JI0 CTBOPEHHS HOBHX BHUCOT
Cy4acHHX KOHBEHLil. BukopucranHs sazepHuX
TEIUIOBUX JIATYHMKIB Ta TEIIOKaMep AJIsi KOHTPOJIIO
MIPOIIECy PO3MOBCIOPKEHHS TEIUIA, a TAKOXK — PI3HUX
ABTOMATHU30BaHUX CHCTEM OXOJOKEHHS MPHCKOPIOE
MpoIIeC TOTIOBHEHHS CTBOPEHHSI 3arajbHOI aBTOMATH-
30BaHOT CHUCTEMH 3 BUKOPUCTAHHSM TEXHOJIOT1I Tesre-
KOMYHIKAIliil 1T KOHTPOJIIO 3a TPOIECOM BHUPOO-
HunTBa 3J] ApPyKy 3 BHKOPHUCTaHHSIM TEXHOJOTIi
CJIEKTPOIYTOBOrO 3BapioBaHHA. CuMyIsilisi BHPOO-
HUITBa 3 BUKOPHUCTAHHSIM TONIOHUX CHUCTEM JOTO-
Marae TIpUIIBHIIICHHIO Ta MEePEBIPIli MOKIUBOCTI iX
CTBOPEHHS, a TAKOXK 3MEHIIIEHHS BapTOCTI BUPOOY Ta
CaMO1 CUCTEMH.

AHaJi3 monepeaHix H0cJigxKeHb i myOrikamiii.
3 momepeaHiX TOCHTiKeHb Oyio BusBIeHO [1-3], mo
MOKJIMBOCTI ICHYIOUHX aJUTHBHUX TEXHOJOTIH TpH-
BHUMIPHOTO JIDYKY METaJIeBUX BHPOOIB MOTpPeOyIOTH
3HAUHMX MOKpAIleHb Y TUIaHI aBTOMATH3aIlil CHCTEM.
BceraHnoBiieHHST Ta BUKOPUCTaHHS TEIUIOBUX KaMep a
TaKOX JIA3€PHUX JIaTYUKIB JUIsI KOHTPOIIO CHCTEMHU
OXOJIO/KCHHSI W JIOCI HE MAaloTh IIUPOKOTO 3acTO-
CyBaHHs Ta JeTalbHOro po3risny [4]. [loenHansi 3
HOBITHIMH CHCTEMaMH OXOJOIPKEHHS Ui aJuTHB-
HOTO BUPOOHHMIITBA [5] 32 IOIIOMOTOI0 3aC00iB TeJe-
KOMYHIKaI[il BOHU J03BOJISIIOTH IPUCKOPUTH TMPOLEC
JIpyKy Ta aBroMarusyBaTH Horo. Takoxk asst Oinbii
SKICHOTO BHPOOHHIITBO BXXE MPOBOMSITHCS EKCIICPH-
MEHTH II0I0 IHKOPITOpAIlii TAKMX MYJIBTH-CEHCOPHHIX
cHCTeM, 110 MOXYTb 3400yBaTH AaHi HANPYTH, CUIH
CTPYMY, 3BYKY, IHTGHCUBHOCTI CBITJIa, PaJi0 4aCTOT
Ta TeMIIepaTypHUX JaHuX [6].

OpnHiero 3 mpoOIeM MPoIecy aJuTHBHOTO BUPOO-
HUITBA 3 BUKOPUCTAHHIM EJIEKTPOAYTOBOTO 3Baplo-
BaHHs € TpoLeC MepeKpuTTs BanukiB [7]. [eome-
TPUYHI PO3MIPH CaMOTO BAJIMKY BU3HAYAETHCS Uepe3
HanpyTy, CHIIy CTPyMY, IIBUAKICTh IT0/1a4i MaTepiaiy,
Ta IWBHUJIKICT pyXy coruia [8].
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Puc. 1. IIpouec aAMTHBHOT0 BHPOOHUIITBA
3 BUKOPUCTAHHSIM €JIEKTPOAYTOBOI0 3BAPHOBAHHSI
Ha TOB «Tpiaga JITJ Ko»

Jlyist morepeiHboTo PO3paxyHKOBOTO €Tamy Ipo-
Hecy JIPyKy BHKOPHCTOBYIOTHCSI POTPaMU CUMYJIs-
it [9]. 3a momoMororo mUX MporpaM MOYKHA TPO-
BOJIUTH TEMIIEPATYPHUH aHali3 PO3MOBCIOKCHHS
TEria, a TaKOXK CTPYKTYpHHI aHai3 JIJIsl BUSBICHHS
3aJIMIIKOBUX Hanpyr. J{isi BU3HAYCHHS TEIUIOBOTO
PO3MOBCIOMKEHHSI Ha TMTOBEPXHI ITiJ] YaC BUPOOHHIITBA
Ta CHMYJISIIII Mpolecy 3BaplOBaHHS BHKOPHCTOBY-
€ThCsI PIBHSHHSI PO3MOBCIOKCHHS TeIL1a a00 MOJIeb
mxepena Teruta [onmaky [10].

2
6V3irQ ) (B

a

U= abemr

ne Q=nVI 1ie po3noBCIOKEHHST €HEePrii, 10 3aJIeKHUTh
BiJI TOKY, Hanpyr¥ Ta KoediuieHTy eeKTHBHOCTI. Benn-
YUHA abC BU3HAYAIOTHCSI PO3MIPOM PO3MOBCIOKEHHS
Tema y emncoinuid gopmi. A f — yacTkoBi (akTopu
KIUIBKOCTI TEILIa, 10 BBOJAUTHCS Ha TICPE/IHIM Ta 3aHil
kBajipatu mojeni. Ta fr+=2.

Meta po6oru. Metoro poboTu € po3podka Tpu-
piBHEBOT iepapXiyHOT MOJeNi aAUTUBHOTO BHPOOHU-
[TBA 3 BUKOPUCTAHHSIM TEXHOJIOT1] eIEeKTPOAYTOBOTO
3BapIOBaHHS, MMPOBEICHHS CUMYIISIIIT MOKIMBOCTI ii
(GyHKIIOHYBaHHsSI Ta MPOpPaxXyHOK HeoOXximHoi ama-
parypu Ajsl MPOBEJCHHS PEalbHOIO €KCIICPUMEHTY.
[epeBipka MOKJIMBOCTI iCHYBaHHS Ta POOOTH JaHOT
cucteMu. [HKopropais TelleKOMyHIKaliiHUX Ja3ep-
HUX JaTYUKIB TerJja Ta TeIIoKaMepH 10 poOOTH30-
BaHO1 CUCTeMHU. [[J1s1 TOCATHEHHS IOCTABIEHOT METH
HEOOX1THO BUPILIMTH HACTYIIHI 33/1a4i:

— CTBOPUTH MOJEJi BaJHMKIB Ha OCHOBI 3aJlaHUX
napameTpis;

ISSN 2786-6254



— BCTAHOBUTH MOXJIUBICTb BUKOPUCTaHHSI HEOO-
X{THAX TENeKOMYHIKaI[ifHUX MPUCTPOIB MOB’SI3aHUX
3 TETJIOBUMH JIaTYMKAMU;

— TIPOBECTH CUMYJISAIIIO TPUPIBHEBOI i€papXidHOT
MOJIeJIi AAUTUBHOTO BUPOOHULITBA 3 BUKOPUCTAHHIM
€JIEKTPOYTOBOTO 3BAPIOBAHHS;

— BCTAHOBUTH MOXJIUBICTb MPOBEICHHS I01ANb-
LIOT0 MPAKTUYHOTO EKCIIEPUMEHTY BUXOISUH 3 OTPU-
MaHMX JaHHX;

— HA OCHOBI OTPHMaHHUX JAHWX BCTAHOBUTH MOX-
JIMBICTB [IOYATKY IIPOLIECY CTBOPEHHS aBTOMATH30BAHOT
MporpamMu [yIsl TPOLECY aAUTHBHOTO BHPOOHMLTBA 3
BUKOPHUCTAHHSIM €JIEKTPOLyTOBOTO 3BAPIOBAHHL.

lepapxiuna Mofmenp BKIFOYae B cebe TpH piBHI —
BaJIMK, IIap Ta cTiHKa. Ha ko)HOMY 3 piBHIB HE0O-
X1THO pO3IVISTHYTH T€OMETpHYHi Ta (i3WdHI BIACTH-
BOCTI, 1[0 3MIHIOIOTHCS BIiJMOBITHO 0 i€papXidHOi
IUIOIIMHY. Tak HampukiIax Ha APYroMy piBHI Joxa-
FOTHCSl TIPOOJIEMH TOTIONOTI{ Ta MEPEKPUTTS BAJHKIB.
Ha TperroMy — meperpiBaHHS Bci€i KOHCTPYKIIii,
CKJIaJIHI TEOMETPUYHI (OPMH, KPUBU3HA BEPTHKAIIb-
HUX TIOBEPXOHb, BIMOBIAHICTh HAHECEHHS IIapiB Ta
X Tomosoris.

BuxiaaeHHs: OCHOBHOIoO martepiany i aHauxis
OTpUMaHUX pe3yiabratiB. Jlns BAOCKOHAJICHHS
mpolecy BUPOOHMLTBA 3a goroMoroi 3D-apyky 3
BUKOPHCTaHHAM TEXHOJIOTi{ eNeKTPOLyroBOro 3Ba-
pIOBaHHS, HOro aBTOMarm3alil Ta 3MEHLICHHS 4acy
MIATOTOBKU Ta MOJIMNIIECHHS aJITOPUTMY BUPOOJICHHS
HEOOXiTHOI JleTaii 3ampoIIOHOBAaHO TPUPIBHEBY
iepapxiuny mozens [11]. Koxen 3 piBHIB Mozeri Oyzie
PO3IISIHYTO OKpPEMO 3TiHO 3 HAJZaHUMH JAaHHMH,
MIPOBEJICHO CUMYJISILIIO Ta BIIIOBIHO O OTPUMAaHUX
pe3yibTaTiB CTBOPEHO HACTYITHUH piBeHb. [licis mpo-
BEJICHHS CHUMYIISIIii OCTAaHHBOTO PiBHA Oyle BH3HA-
YEHO JAOLUIBHICTD BHUKOPHUCTaHHA OOpaHHX IIOKa3-
HUKIB JIJIs1 TIOAAJBIIIOT0 BUPOOHUIITBA HA OCHOBI BiKE
MTPOBEACHOT CUMYJISIII.

Besnocepennbo mepen moyaTtkoM Ipolecy, HeoO-
XiTHO OTpUMATH TPOEeKT OakaHoi merami. s exc-
MEPUMEHTY OyJIO 3alpOIIOHOBAHO MPOCTUH BapisHT
BUPOOY MPSIMOKYTHOI (OpMH 3 pO3Mipamu: IUPUHA
10mM, BucoTa 5 Mm. Marepian BupoOy — aJFOMiHIH.
Ha migcraBi orpumanux naHux Oyimo oOpaHO POBECTH
CUMYJISILIIO 3 BUKOPUCTAHHSM JBOX I'€OMETPHYHO Bif-
MiHHUX BasUKiB. [lepmmii mpoekT cumyrsiii Oyae Haz-
BaHO «MaJIMil» Yepe3 MEHBIINH PO3Mip 3BAPIOBAILHOTO
BaMKY. BiAIOBiZIHO, IPYTHIA IPOEKT — «BETMKUID.

Jnsi mouarky mnpouecy NPOBEACHHS CHUMYISLIT
MIepIIoro piBHSA TPUPIBHEBOI i€papXidyHOi MOJei
3 BUKOPHUCTAHHSIM €JEKTPOAYTOBOIO 3BapIOBAHHS
BBOJIATBCS TEOMETPUYHI JaHi «0a3m» Ha sAKii 0e3-
rmocepeqiHbo Oyae BimOyBaTHCS TPOIEC KOJOKaIlii
3BapIOBAJIbHUX BAJIMKIB, TOOTO MPOLEC aAUTUBHOIO
BHPOOHUIITBA. 3 OISy Ha 33aJaHUH po3Mip (iHaTh-
HOTO BHUpOOW Oyn0 OOpaHO [Ba BapiaHTH PO3MIpy
BaJIMKiB 3 MIUPUHOIO 4 MM, Ta 6 MM pHC. 3.
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[ BBeenenns reoMeTpHYHHX JaHHX ]

[ Beenenns nanux marepiany ]

Beenenns ganux npouecy
3BapIOBaHHA
i
Po3spobka Tomonorii
LpoLECY aJUTHBHOIO
BHPOOHULITBA )
!
[MporeneHs cumymsii
PO3MOBCIOMKEHHS TETIa
'
[IpoBenenus cumymnswii
CTPYKTYpHHX Aedopmarii
1

~

-

[ AmHani3 OTpUMaHKX JaHHX J

Puc. 2. Anroputm npoBeeHHsI CHMYJISIIl
OJHOTO 3 PiBHIB TPHPiBHEBOI iepapxiyHOi Moxei
aIUTHBHOI0 BUPOOHNITBA 3 BUKOPHCTAHHAM
€JIeKTPOAYTOBOI0 3BapIOBaHHS

H 0008

Puc. 3. 'eomeTpu4Hi BiracTuBocTi 6a3n
Ta BAJIUKY «MAJIOT0» Ta «BeJIMKOI0» THIIB

BiamoBimHO 0 BXKE ICHYIOUUX JOCIHIJKCHBb
[12—-15] momo BruBY ¢i3WYHHX MOKA3HUKIB IS
KOHTPOJIIO BHCOTH Ta IIMPWUHU BalUKy OyJI0 BCTa-
HOBJICHO BIJNOBiHI MOKa3HUKU. Po3Mip 0a3u Bij-
MOBIIHO /10 PO3MipiB BaJIMKIB CTaHOBUTH 30 MM
Bucotd 1 100 MM mupunu, puc. 3. Jlns npouecy
MOXXHa BHUKOPUCTOBYBAaTH Ha BHOIp pi3HI THII
MaTepialliB K 3aj1i30, alrOMiHIA abo ¥Horo cruias,
oo Moxke OyTH BHKOPUCTAHO Ui TMOPIBHSUIBHUX
XapaKTepUCTHK MITHOCTI BXKe BHpPOOJICHOT 1eTani, a
TaKOX JUIS aHalli3y PO3MOBCIOMKCHHS TeIia y Mpo-
neci BupoOHuTBa. J{is Hamoro BupoOy marepial
BKE 3aJlaHO 3a3/ajieTiap — amoMiHii. BmactuBocti
Mmarepiany 0a3u Ta BaJIMKy BBOISTHCS OKPEMO, TaK
SIK TIOKa3HUKH MIIIHOCTI Ta 3aJIMIIKOBUX HAIpPy>KEHb
0a3u micas BUPOOHUIITBA JUIsl HAC HE MAKOTh BEJIH-
KOTO 3Ha4YeHHs 1 0e3mocepeqHid mpolec JUCIOKa-
i BaJIMKIB HA TMOBEPXHIO 0a3M BHKJIMKAE BiIMIHHI
¢iznyHi peakuii B 060X BiAIOBIIHO.

Jng mominmeHHs mOpounecy BHPOOHUITBA Ta
KOHTPOJIIO TEMIEPaTYypPHOTO PO3MOBCIOMKECHHS, SIK
y mpoueci cumynanii Tak i y mporeci BUpOOHH-
[TBa BHUKOPHUCTOBYIOThCS JaTYMKH BHUMIpY Teruia
[16] 3 TenexomyHikauiiHumMu QyHkuismu. Terosa
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KaMepa Ta Jla3epHi JaTYUKH CIPSMOBaHI 0Oe3ro-
CepeNHbO HA BAJIMK, IO CTBOPIOETHCS, puC. 4.
B Hamomy Bunaaky BCTaHOBJICHO, IO MiCHs IUCIIO-
Karlii BaJuKy HEOOXiTHO JOYEKATHUCS TaliHHS TeM-
neparypu Ha 70 Tpagycis [17] mepen AucioKaIi€eo
HacTynHoro. lle mpeBeHTHBHA Mipa Ass HEIOIy-
LICHHA KyMYJISITUBHOTO €(DEeKTy Ta IeperpiBy BCbOTo
MpoLEeCy BUPOOHHIITBA.

besnocepenniii mpouec cuMyssimii  IEpLIOro
piBHSI TPUPIBHEBOI i€papXidHOI MOJEINi aJuTHBHOTO
BUPOOHHUIITBA 3 BUKOPHUCTAHHSAM TEXHOJIOTIi eJeK-
TPOYTOBOTO 3BAPIOBAHHS ITOKA3y€e PO3MOBCIOKECHHS
TeIIa MiJ 4ac KoJoKauii BajMKy, puc. 5, puc. 6, Ta
Ha OCHOBI OTPUMAHHUX JaHHMX TEIUIOBOIO aHAaJi3y
BCTAHOBIIIOIOTHCSI PETIOHN 3AJUILIKOBUX HAINpy>KEHb
SKi HaMOIbIIe MOXYTH TiAgaBaTucs aedopMariism,
puc. 5, puc. 6.

Puc. 4. Po3ramyBaHHs J1a3epHUX JaATYUKIB
JUIS1 IIepeBipKHU TeMIlepaTypH IiJ yac npouecy
aIUTHBHOI0 BUPOOHMUTBA 3 BUKOPHCTAHHSAM

€JIeKTPOAYI0BOI0 3BAPIOBAHHS

Puc. 5. Pe3yibraTu TenjioBoro aHajisy
Ta PO3NOBCIOUKEHHSI TeIIA i pe3yJibTaTH
CTPYKTYPHOI'O aHAJIi3y Ta PO3NOBCIOIKEeHHS
3aJMIIKOBHX HANPYT «MAJIOr0» BAJIMKY NepLIoro
PiBHsI iepapxiuHoOl TPUBUMipPHOI MoeJi

Puc. 6. Pe3yibraTu TenJ0Boro aHaJisy
Ta PO3IOBCIOIZKEHHSI TeIlJIA i pe3y/IbTaTu
CTPYKTYPHOIO aHAJIi3y Ta PO3MOBCIOIKEHHS
32JMIIKOBHX HANPYTI «BEJHKOI0» BAJIMKY
NepuIoro piBHA iepapXiuyHol TPUBUMIPHOI MoeJti

byno BusBIeHO, O 3 OMIALY Ha Pi3HI MOKa3-
HUK{ BaJIMKIB TEIUIO PO3MOBCIOMKYETHCSA MO Pi3-
HOMY, III0 B CBOIO HYEpTy, IO Pi3HOMY BIUIMBA€ Ha
3aJIMIIKOBI HANPYKEHHS B KOXKHOMY 3 IIPE/ICTaBIIC-
HUX BUIIAJKIB.

[Ticnst orisimy pe3yabTaTiB MepIIoro PiBHS 10 PO3-
sy Oeperbest ApYTuil piBeHb TPUPIBHEBOI iepap-
XI4HOT MOJIeNi aJUTUBHOTO BHPOOHUIITBA 3 BHKO-
PHCTaHHSIM ENIeKTPOIYTOBOTO 3BaproBaHHs. J[pyruii
piBeHb, 11e — map. Ha mpomy piBHI pO3IISIAIOTHCS
TEOMETPUYHI BIIACTHBOCTI BXE MIApy Ta MpolieMu
PO3MOBCIOKEHHS TETUIa.

Tabmnms 1
BaacTuBocTi MaTepiajty 11 aIUTUBHOTO BUPOOHMIITBA AJIIOMiHiI0
TenaonposinHicTh I'yctuna Ipy:xHicTb Koeginien rentooro pos- HHTOM?
umpemm TEIMJIOEMHICTDH
T,° q,W/mC p, kg/m3 T,° 6, N/m2 A% T,° g ° c,°
300 164 25 72 4¢9 300 27e-006
500 194 500 63.5¢9 500 27.4e-006
700 210 2750 700 56.1¢9 0.3 700 27.7e-006 900
770 220 770 50e9 770 28.3e-006
Tab6murs 2

JonarkoBi BiIacTUBOCTI MaTepiajly Il AAUTHBHOIO BUPOOHUITBA AJTIOMiHil0

TenionposinHicTh I'yctuna HpyxHicTh KoedinienT TenyioBoro po3mmpeHns
q, W/m° p o, N/m2 \4 g,°
204 2750 69¢9 0.33 2.3e-005
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Puc. 7. l'eomeTpuyHi BIaCTHBOCTI «MAJIOT0)
Ta «BEJHKOI0» IMIAPiB.

[IpoGmeMu TETUTOTIPOBIAHOCTI, SKIO TaKi HasBHI,
BHPIIIYIOTECS 32 JIOTIOMOTOIO TOTOJIOTII THUCITOKAITi1
BaJIUKIB, ITBUAKOCTI iX CTBOPEHHSI, @ TAKO)K MOMEHTOM
OYiKYBaHHS BU3HAYEHHOI TEMIIEPATyPH OXOJIOIKCHHS
3811 TIPOBEACHHS HACTYIMHOTO KpOKy. B Hammomy
BHITAJKy, Oy7I0 BCTAHOBJICHO III0 ONITUMAJIbHA TEMIIC-
parypa oxoiomkeHHsI csrae 70 TpamyciB IENbCis, Ta
ITiJ] 9ac TPOIIECY BU3HAYAETHCS 3 JOMTOMOTOIO TEIIIO-
BHX JIA3EPHUX JaTUYMKIB Ta TETUTIOKAMEPH, 1110 3’ €THAHA
3 CHCTEMOIO OEe3MPOBITHOI0 CHCTEMOIO TEJIEKOMYHiKa-
11ii, Ta TI0AA€ BiIMOBITHI AaBTOMATUIHI CUTHAJIN JIO TIPO-
TpaMHu, sika KOHTPOJTIOE TIPOIIEC aIUTUBHOTO BUPOOHMU-
1TBa. 3371 3aIaHUX PO3MipiB HEOOXiMHOT meTai Oyino
00paHo: y MEpIIOMY BHIIAJKy BUPOCTUTH 3 BaJIUKH, Y
JIPYTOMY BHIIAAKY — 2, pHc. 7.

[;

Puc. 8. Pe3yjbTaTH Ten10BOro aHalisy
PO3NOBCIIKEHHS Tellia i pe3yJbTaTi
CTPYKTYPHOI'O aHAJIi3y TA PO3NOBCIOIKCHHS
3aJIMIIKOBHX HANIPYT «MAaJI0ro» 1Iapy Apyroro
pPiBHA iepapXiuHoi TPUBHUMIipPHOI cucTEMH

Puc. 9. Pe3yjbTaTH TENI10BOro aHali3y
PO3MOBCIIKEHHS Tellia i pe3yJbTaTi
CTPYKTYPHOI'O aHAJIi3y TA PO3NOBCIOIKCHHS
3JIMIIKOBUX HANIPYT «BEJIUKOI0» APy APyroro
pPiBHA iepapXiuHoi TPUBHMIipPHOI cucTEMH

[lin yac mpoBeneHHS TEIUIOBOIO aHajidy Oyio

BHSIBJICHO, pHC. 8, puc. 9, 110 MiJ 4yac JUCIOKAIlii
TPHOX BAIIMKIB 32 KOPOTKHH TEPMiH TeMIeparypH

Computer Science and Applied Mathematics. Ne 2 (2023)

0a3u MigHIMAETHCS JTOBOMI MIBHIKO, TIPOTE Y HOPMI
JormycTuMAX BenmunH. OfHiero 3 mpobieM mix dac
BUPOOHUIITBA MOXKE OYTH PO3MOBCIOKECHHSI TETjia Ha
CYCiJTHI B)KE TMCIIOKOBaHI BAJIMKH, Ta 1X aedopmarris.

Puc. 10. I'eomeTpu4Hi BJACTHBOCTI «MaJI0I»
Ta «BEJHMKOD» CTIHOK

[TpoGnema BUPILIYETHCS 32 JOTIOMOIOK0 KOHTPOJIIO
TEMIIepaTypy MBUIKICTIO BUPOOHUIITBA, TOTIOJIOTIETO,
CHCTEMOIO OXOJIO/KeHHSI. TaKoXk 3 pe3ynbraTiB CTpyK-
TYPHOTO aHali3y, puc. 8, puc. 9, BUAHO, 110 PO3MOBCIO-
JOKCHHS 3QJIMIIKOBUX HANpPyT PO3MOALIAETHCS MOMIXK
BAIMKaMH Ha iX pIBHAX MEpeKpHTTiB. binmbima Kiib-
KiCTh BaJIMKIB — O1ITbIIIA KiTBKICTh IIEPEKPHUTTIB.

CTpyKTypHOIO ~ XapaKTEPHCTHUKOIO  TPETHOIO
PIBHIO i€papXiqHOi TPUPIBHEBOI MOEIi aJuTUBHOTO
BUPOOHHUIITBA 3 BUKOPHUCTAHHSAM €JIEKTPOAYIOBOIO
3BaproBaHHs € cTiHka. Ha npoMy erami momnepeaHso
PO3IVISIHYTI MapaMeTpu BaJIMKy Ta IIapy 3acCTOCOBY-
FOTBCS [Tl TIOE€THAHHS 1 CTBOPEHHS HEOOXIAHOI reo-
MeTpii ¢pinampHOTO BUpOOY. Po3risHyBIIM HEOOX1MHI
TeOMETPHUYHI MapaMeTpu OyJ0 BH3HAYCHO, IO TaK
SK BHUCOTA MIAPiB THIIB MaJMX Ta BEIHKHX BaJIHKiB
BiJIPI3HAETHCA, TOX 1 KUTbKICTh HaHECEHHS IMIapiB
JUTSL OTpUMaHHS HEOOX1THOT BUCOTH TeX Oyre Binpis-
HaTucs. s SmMm BucOTH HEOOXiMHO 3 mapu Majnx
BaJIVKiB Ta 4 Iapy BEJIMKUX BaIHKIiB, puc. 10.

[Ipomec pO3MOBCIOMKEHHS TeIla CTa€ OuLIbLI
CKJIaJHUM OCKUIBKH KOHIIEHTPALsS TEIula 3 KOKHUM
KPOKOM 3pOCTa€ Ta HaOJIMKYETHCS 10 KPUTHUYHOI.
Js mominmieHHsT Tporiecy SK i B TOMEpeaHiX piB-
HSIX BUKOPUCTOBYIOTBCS JIA3€PHI IaTYMKH Ta TEIUIOBA
Kamepa Uil KOHTPOJIIO 3a Temieparyporo. Llmsx
ToroIorii Oylio OOpaHO OMXHOCTOPOHHIN IS KOXK-
HOTO Iapy, TOOTO MiCisl CTBOPEHHsI OIHOTO IIapy,
pPOOOT THOBEPTAETHCSI HA MOYATKOBI KOOPAWMHATH 3
BIIMIHHOIO BHUCOTOIO Ta MOYMHAE HAHOCUTH HACTYII-
HUH 11ap, 3aBASKNA LBOMY TEIUIO PO3IIOBCIOIKY€ETHCS
OLITBIT PIBHOMIPHO. 3 CHUMYIIALT TETJIOBOTO PO3MOB-
CIO[DKEHHSI MM MOXXEMO MO0a4YNTH, [0 TEeMIIepaTypa
Ha OCTaHHIX PIBHAX JOCSrae Maike KpUTHYHOI Ta
TP HEOOX1THOCTI CTBOPEHHS JieTalli 010l BUCOTH
HasBHA HEOOXiTHICTh 3YMHWHKH CUCTEMH ISl Oib-
LIOTO OXOJIOKECHHS Ta YIOBLIbHEHHS NPOLECY alu-
THBHOTO BUPOOHUIITBA, puc. 11.

[lin wac Oinpime AETAIFHOTO TEMITEPATYPHOTO
OISy Ta 3aMipy TeMIIEpaTypHHUX AAHUX Yy KOHKDPET-
Hill Tout, mo Oyna obpaHa. B HamoMy BHUMaaKy 1e
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TOYKa 3’€qHaHHS 0a3u Ta ApyKoBaHOiI neraii. bymo
BHUSIBJICHO, IO TIiJl Yac Mpouecy aJAuTHBHOTO BUPOO-
HUITBA TemIleparypu B 000X BapisHTax oOpaHHX
BAJIMKIB KOJIMBAETHCS Y MEKaX BU3HAYCHUX BEJIMUNH,
puc. 12. OgHax mij 9ac IpyKy BapisHTY 3 BEIUKHAMH
BaJIMKaMH MiHIMaJlbHa TEMIIEPaTypa 3aIHUILIA€THCS
MEHBIIIOI0 Hi)XK y BapiaHTy 3 MaJIUMHU.

Puc. 11. Pe3yibTaTn TenjoBoro aHajisy
PO3NOBCIOIZKEHHSI TelJIa i TOYKH 3aMipy
TeMIepaTypu Ajs rpagikis «maJion
Ta «BEJIMKOD» CTIHOK

Pesynbraté CTpyKTYpHOTO aHaji3y JAr0Th MOXKIIH-
BIiCTh 3PO3YMITH PO3TaIlyBaHHS 3AJMIIKOBUX HAIpyT
BXKe HaapykoBaHoi getamni, puc. 13. Ilig wac onmsimay
CTa€ 3pO3yMiIo, M0 3a MEHMIOI KiIbKOCTI BaJIMKiB
MIKpPOCTPYKTYpa JeTali cTae OuIbI rnependadyBaHO0
OCKIJTbKM 3MEHIIYETHCS KUTBKICTD CITONYyYeHb TTOMIXK
CTPYKTYPHHMH €JIEeMEHTaMH1, TOOTO — BaJIIKAMH.

Puc. 12. TemneparypHuii aHa/1i3 HAAPYKOBaHOL
JeTaJl «MaJHuM» i «BeJJMKNM» THIIAMH BAJIHKIB

Puc. 13. Pe3ysbTaTn CTPYKTYPHOIO aHAJI3Y Ta
PO3NOBCIOIKEHHS 3aJUIIKOBUX HANIPYT
Y BU3HAYEHOMY HLISIXY JJ1s1 rpadikiB «MaJioin
Ta «BEJIMKOD» CTIHOK

Jns OimbIl  JeTabHOTO BHWBYEHHS Ta  aHAIi3y
3aJIMIIKOBUX HAMPyT OyIo oOpaHo crienngivHi JiISTHKA
JUTSE OTPUMAaHHS TAHHX TX PO3MOBCIO/KEHHS Y ICTalIl.
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3a pesynpraTamu aHamily, puc. 14, 3’s1coBaHo, 110
IIpY ANCIIOKALIi Mapy CKIIaJaEMOT0 3 TPhOX BaJMKIB,
HaTpyTH PO3MOBCIOKYIOTECS OLTBIT PiIBHOMIPHO B
TOW Yac SK IpH AMUCIOKaLii mapy, M0 CKIaJaeThCs
JIMIIIE 3 IBOX BAJIMKIB HAMO1IbIA KUIBKICTH 3aJIUIIIKO-
BUX HAIpyT 30CepeKeHa B OJHOMY MiCLIi.

Puc. 14. AnaJji3 32JMIIKOBHX HANIPYT
Y BU3HAYEHOMY LIJISIXY HAJIPYKOBAHOI 1eTaJli
«MAJIMM» TAa «BeJIMKUM» THIIAMHU BAJIMKIB

3 OTpUMaHUX JIAaHWX TIiJ1 9aC CUMYJISIIT cTae 3po-
3yMiNo, o oOMABI Mozesi 0OpaHNX BAJIHKIB ITiIXO-
JSITh JUTS TIPOIIeCy aJUTUBHOTO BUPOOHHMIITBA, 3Ba-
JKAFOYM Ha TOTPeOM KOPUCTYBa4a, y BHUINISAII 4acy
BUTOTOBJICHHS, CHIIM CTPyMY, HampyTH, PO3MOBCIO-
JOKCHHSI 3QJIMIIKOBHX HANpyT, MOXKHA 00paTH, SIKUii
caMme THIT OCTaTOYHOI jieTaji Oyze BUpoOIeHo.

Puc. 15. Orpumana nerajnb
nicast ppesepHoi 00poOKkH

VY namomy Bumnaiaky Oyiao oOpaHO Opyruil Tu,
TOOTO THUI 3 BHUKOPHCTaHHSAM «BEIHMKHX» BAJIMKIB.
OTtpumaHa fieTannb po3mipy 5 MM Ha 10 MM Ta TOBIIH-
HOIO0 2MM Ticysl IPOLecy aJUTUBHOTO BUPOOHUITBA
Ta (hpe3epHOi 00poOKHU 300pakeHa Ha, puc. 15. IIpo-
1ec IpyKy Oysio MpoBeIeHO 3 BUKOPUCTAHHIM Ja3ep-
HUX JIaTYUKIB Ta TEIJIOKAMEPH 3’ €JHAHUX TEJICKOMY-
HIKaIiiHOIO CUCTEMOIO 3BOPOTHBOT'O 3B’ A3KY.

BuchHoBku. B pesynbrari mpoBeneHHX JOCIi-
JOKEHb OyJI0 CTBOPEHO Ta YCIILIHO MPOBEACHO OIS
MOYKJIMBOCTI BHKOPHUCTAHHS TPUPIBHEBOI iepapxid-
HOI MOJieJli 3 BUKOPHCTAHHSM €JIEKTPOAYTOBOTO 3Ba-
proBanHs. CTBOPEHO MBI MOJIENi BaJIMKIB HA OCHOBI
3aJaHUX MapaMeTPiB — «BEJIHMKY» 1 «Mayly» MOJEIi.
VYeninHO BCTaHOBJIGHO MOXKJIMBICTH BHKOPHCTAHHS
TEJICKOMYHIKaIifHO MOB’S3aHUX 3 CHCTEMOIO APYKY
TEIUIOBHX JIA3€PHUX JATUMKIB Ta TEIJIOKAMEPH, IO
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Oe3nocepenHbO OEpyTh y4acTh y TPOIECi aJWTHB-
HOoro BHWpOOHHUITBA. [licas mpoBemeHHS CUMYISAIi
OyJI0 BCTQHOBJIEHO MOXJIMBICTH MOAAJBIIOTO IPAK-
THUYHOT'O EKCIIEPUMEHTY Ha OCHOBI OTPUMaHMX JaHUX
Ta HaJPYKOBAaHO HEOOXiHY 3a/laHy JETallb.
Juckycisa. Ha ocHOBiI BCiX OTpHUMaHHX MaHWUX 3
JOCIIIIPKEHHS BCTAHOBJICHO MOKJIMBICTB [TOYATKY IPO-
LIECY CTBOPEHHS aBTOMATH30BaHOI MPOrPaMH 3 BHUKO-
PHUCTaHHSIM TEIUIOBHX TEJICKOMYHIKaliHHUX TAaTYMKIB
JUIS IPOLIECY QANTHBHOTO BUPOOHMIITBA 3 BAKOPHCTAH-

HSIM €JIEKTPOYTOBOTO 3BapIOBaHHA. Y TIPOTrpami aBTo-
MaTn3anii Moyke OyTH BUKOPHCTaHA PO3IISIHYTa HAaMU
TPUBHMIpHA CHCTEMa, IO Ma€ 3a METY CIIPOILICHHS
BHOOpPY KOPUCTyBa4eM HEOOXiHUX MaTepialiiB, THITIB
HEPEKPUTTS, TOIOJOTI], TEMIIEPaTypHUX PEXHUMIB,
TeoMeTpii pi3HUX iepapXidyHUX PIiBHIB B 3aJIEKHOCTI
BiJl 00paHMX MapaMeTpiB. Y TOAAIBIINX JOCIiIKeH-
HSIX HEOOX1/THO IIPOBECTH CUMYIIALIIIO OUITBIIT CKITaTHIX
TEOMETPUYHHUX CTPYKTYp, & TaKOK 00OpaTh HeoOXiTHi
THITH TETUIOBHX JIa3ePHUX JIATYHKIB Ta TEIIOKaMep.

10.
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This document explores the using of voxels today in such areas as medicine,
3D scanning, game industry and why do we need to convert them to polygonal

mesh. It also describes and analyses the currently existing algorithms for
converting voxel 3D models into polygonal ones. Aim of converting algorithms
isextracting the surface information from the voxel grid and generate apolygonal
mesh composed of triangles that approximate the original shape. The research
identified about 10 existing algorithms: Marching Cubes, Dual Contouring,
Surface Nets, Voxel Carving, Sparse Voxel Octree, Surface Extraction from
Volume Data (SEV), Cubical Marching Squares, Adaptive Grid Subdivision,
Occupancy Networks, Deep Implicit Fields. Their features, pros and cons were
described. It was chosen among the converting algorithms, taking into account
the simplicity, efficiency and availability of implementation, one algorithm,
which can become the basis of the program for converting voxel 3d models
into polygonal mesh. The choice of algorithm depends on various factors,
including the desired surface quality, computational efficiency, handling of
sharp features, and implementation complexity, but there were several main
criteria selected. The chosen algorithm is Marching Cubes, because it is
widely used, has available implementations, has good performance. Future
research will focus on creating a converter program since there are currently
no freely available converters that would produce a high-quality editable
polygonal mesh. All existing voxel editors and online converters export the
voxel 3d model into polygonal mesh without any approximation, so the export
result is a cube set, poorly united into one surface with surface breaks. Export
polygonal mesh models also have a problem with a large number of triangles,
which makes the model hard to edit. To create a converter that solves those
problems, first, we must choose an algorithm that will become the basis of the
future converter. Target algorithm will be customized in future to improve the
quality of output polygonal mesh comparing to the existing convertors.
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V nmaniii cTarTi JOCTIHKYETHCSI BUKOPUCTAHHS BOKCENIB Ha ChOTOICHHSI B TAKUX
rajy3sx, Ik MeUIIHA, 3D-cKkaHyBaHHS, irpoBa iHIYCTPis 1 YOMY HaM MOTPiOHO
MEPETBOPIOBATH IX B MOJITOHATBHY CITKY. TakoX OMHCYIOTHCS 1 aHAJI3YIOTHCS

HasBHI aJITOPUTMH JJIs IEPETBOPEHHS BOKCETbHUX 3D-Moieneii B MoIiroHanbHi.

Mertol0 aNTOpUTMIB KOHBEPTYBaHHS € BHMI0OyBaHHS iH(popmamii

npo

MOBEPXHIO 3 BOKCEJIBHOI CITKM Ta I'€HEpallisl MONIrOHAIBHOI CITKH, CKIIaJCHO]
3 TPUKYTHHKIB, sIKi HAONIKAIOTh OpUTIHAIBHY (opMy. Y IOCHiIKEHHI
inenTudikoBano Omuspko 10 icHyroumx anroputmis: Marching Cubes, Dual
Contouring, Surface Nets, Voxel Carving, Sparse Voxel Octree, Surface
Extraction from Volume Data (SEV), Cubical Marching Squares, Adaptive
Grid Subdivision, Occupancy Networks, Deep Implicit Fields. Bynu onucani ix
XapaKTEePUCTUKY, IiepeBary i Henomiku. Cepes; anropuTMiB KOHBEPTYBaHHS OyI10
00paHo OJIUH aJrOPUTM, BPAXOBYIOUH MPOCTOTY, €(EKTUBHICTH Ta JOCTYITHICT
peamizarii, SKMif MOXE CTaTd OCHOBOIO MPOTpaMH Uil TEPETBOPCHHS
BOKcenbHUX 3D-Mopenell B nonmiroHanbHy CiTky. BuGip anroputMy 3aiexuThb
Bil pi3HUX (haKTOPiB, BKIIIOUAIOUN Oa’kaHy SKICTb MOBEPXHi, OOUHCIIOBAIIBHY
e(heKTUBHICTb, 0OPOOKY TOCTpPUX AeTaleH Ta CKIaJHICTh IMIUIEMEHTAlii, aje
Oys10 BUOpaHO KiJIbKa OCHOBHUX KpuUTepiiB. OOpanuM anroputmMoM € Marching
Cubes, OCKITbKM BiH IIMPOKO BUKOPHCTOBYEThCS, Mae JOCTYNHI peanizamii
Ta BUCOKY NPOAYKTHUBHICTb. MaiiOyTHI HOCHIIKEHHS OymayTh CHPSIMOBAHI Ha
CTBOPEHHSI IIPOTPaMU-KOHBEPTOPA, OCKITBKH HAa CHOTOAHIIIHINM JAEHb HE iCHYE
BUIBHO JOCTYITHUX KOHBEPTOPIB, AKi O CTBOPIOBATIN BUCOKOSKICHY PElaroBaHy
MOJITOHAJIBHY CITKY. YCi iCHYIOU1 PEIaKTOPH BOKCEIbHUX MOJIENIel Ta OHIalH-
KOHBEPTOPU EKCIIOPTYIOTh BOKCENbHY 3D-Monenb B MOMIrOHANBHY CITKY 0e3
Oynb-KO1 ampoKCUMALlil, TOMy PEe3yJIbTaT eKCIOpTy — Iie Habip KyOiB, MOTaHO
00'eTHAHUX B OJIHY TMOBEPXHIO, 1110 MA€ PO3PUBU. MoIETi MOMIrOHAIBHOI CITKH
TaKOX MArOTh MpOOJIeMy 3 BEIMKOIO KiJIbKICTIO TPUKYTHHKIB, IO yCKIIAIHIOE
penaryBaHHs Mojeni. [IIst CTBOPEHHS KOHBEPTOpa, SIKU BUPILIyE 1i TPoOIeMH,
CIOYATKy MM IOBUHHI BUOPATH aJTOPUTM, SIKHH CTaHE OCHOBOIO MailOyTHBOTO
KoHBepTopa. LlinboBuii anroputm Oyae AOpoOIEHO B MaWOyTHBOMY JUIS
MOKPAIIEHHS SKOCTI BUXIHOI MOJITOHANBHOI CITKH MOPIBHSHO 3 ICHYIOYUMHU

KOHBEPTOpaMH.
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Introduction

The representation of three-dimensional objects
is a fundamental aspect of computer graphics and
computer-aided design. Voxel-based models, which
divide space into small volumetric elements called
voxels, provide a straightforward and intuitive way to
represent 3D shapes.

However, in many applications, it is desirable to
convert voxel models into polygonal representations
composed of triangles, as polygons are widely sup-
ported by rendering engines and 3D graphics software.

The choice of conversion algorithm depends on
various factors, including the desired surface quality,
computational efficiency, handling of sharp features,
and implementation complexity. Each algorithm has its
own set of pros and cons, and selecting the most appro-
priate one requires careful consideration of the specific
requirements and constraints of the application.

In this paper, we will explore and compare sev-
eral algorithms for converting voxel 3D models into
polygonal representations. These algorithms aim to
extract the surface information from the voxel grid
and generate a mesh composed of triangles that
approximate the original shape.

We will discuss their underlying principles, advan-
tages, disadvantages, and trade-offs. By understand-
ing the strengths and limitations of these algorithms,
we can make informed decisions when choosing the
most suitable approach for a given task, balancing
simplicity, computational efficiency, and the quality
of the resulting polygonal meshes.

Future research will focus on creating a converter
program since there are currently no freely available
converters that would produce a high-quality editable
polygonal mesh. All existing voxel editors and online
converters export the voxel model into polygonal
mesh without any approximation, so the export result
is a cube set, poorly united into one surface with sur-
face breaks. Export mesh models also have a problem
with a large number of triangles, which makes the
model hard to edit. To create a converter that solves
those problems, first, we must choose an algorithm
that will become the basis of the future converter.
The choice of such an algorithm is the goal of this
research.

Literature Review

The problem of converting voxels to polygons
is not new and takes roots from visualizing com-
puted tomography results [1; 2]. Voxels are widely
employed in various fields, including medicine [3; 4;
5; 6] and 3D scanning [7; 8], due to their versatility
and ability to represent complex three-dimensional
structures with precision and detail. Voxel-based
3D scanning finds applications in various industries,
including manufacturing, architecture, and entertain-
ment. It is used for tasks such as reverse engineering,
quality control, and digital preservation of cultural
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artifacts. Additionally, it plays a crucial role in com-
puter graphics and gaming, where voxels are used to
generate realistic and interactive 3D environments.

Algorithms for converting voxel 3D models into
polygonal ones are important in this conversion process.
Various algorithms have been developed over the years,
each with its own strengths and limitations, offering dif-
ferent trade-offs between simplicity, computational effi-
ciency, and the quality of the resulting mesh.

There are several algorithms and techniques used
for converting voxel-based 3D models into polygonal
representations. Let's take a closer look at the most
well-known conversion algorithms, which are men-
tioned in literary sources.

1. Marching Cubes: The Marching Cubes algo-
rithm is one of the most popular methods for con-
verting voxel data into polygonal meshes. It works by
evaluating the voxel grid and creating surface poly-
gons based on the density values of neighboring vox-
els. The algorithm determines the configuration of the
surface within each voxel and generates triangles to
approximate the surface [9]. It can handle arbitrary
resolutions of voxel grids, provides good perfor-
mance and efficiency, produces smooth surfaces for
most cases. It has the following disadvantages: can
create non-manifold and self-intersecting surfaces,
may produce topological inconsistencies for certain
configurations, requires special handling for sharp
features and thin structures, triangle quality can vary,
resulting in uneven surface representation.

2. Dual Contouring: Dual Contouring is another pop-
ular technique for voxel-to-polygon conversion. It focuses
on generating higher-quality meshes compared to March-
ing Cubes by using the actual intersection points between
voxel edges and the surface to create vertices. It allows
for more accurate representation of complex shapes and
smooth surfaces [10]. It handles sharp features and thin
structures effectively, can generate watertight and mani-
fold meshes, provides better control over mesh topology.
It has the following disadvantages: more computation-
ally expensive than Marching Cubes, requires additional
steps to handle irregular voxel grids, can generate more
triangles compared to other algorithms, sensitive to noisy
voxel data, leading to surface artifacts.

3. Surface Nets: The Surface Nets algorithm
is a variation of Marching Cubes that aims to gen-
erate watertight and manifold meshes. It constructs
the surface by placing polygons on the edges where
the surface crosses the voxel grid. Surface Nets can
provide more consistent triangle sizes and better pre-
serve sharp and thin features [11]. It also can handle
irregularly sampled voxel grids. It has the following
disadvantages: less widely used compared to March-
ing Cubes, can produce lower-quality surfaces for
complex shapes, may have difficulty representing
complex topologies, more computationally expensive
compared to Marching Cubes.
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4. Voxel Carving: Voxel Carving is a technique
that starts with a large voxel grid encompassing the
entire object and progressively carves away voxels
to refine the shape. By iteratively removing voxels
based on their consistency with the observed data,
a polygonal representation of the object can be
obtained [12; 13]. It can handle complex and irregu-
larly shaped objects, does not require explicit surface
extraction algorithms, can produce detailed and accu-
rate representations. It has the following disadvan-
tages: requires careful parameter tuning for optimal
results, may generate noisy or incomplete surfaces
if not properly configured, can be computationally
expensive, especially for large voxel grids, requires
careful handling of occlusion and self-intersection.

5. Sparse  Voxel Octree: Sparse Voxel Octree
(SVO) is a data structure that represents a voxel model
as an octree, where each node in the tree either con-
tains subnodes or represents a voxel. By traversing
the octree and determining the surface at different lev-
els of resolution, polygonal meshes can be extracted
[14; 15]. It efficiently represents complex structures
with varying resolution, allows for adaptive lev-
el-of-detail representation, can handle large-scale
voxel data efficiently, supports accurate surface extrac-
tion. It has the following disadvantages: more complex
to implement compared to other algorithms, requires
additional memory overhead for storing the octree, can
introduce artifacts near octree boundaries, may pro-
duce lower-quality surfaces for certain configurations.

6. Surface Extraction from Volume Data (SEV):
SEV is an algorithm that generates polygonal meshes
by directly extracting surface information from vol-
ume data. It operates by analyzing the voxel con-
nectivity and marching along the surface to create
polygons. SEV can handle irregularly sampled voxel
grids and can generate high-quality meshes [16; 17].
It provides good surface quality and accuracy, allows
for efficient extraction of the surface information, can
handle complex topologies and sharp features effec-
tively. It has the following disadvantages: requires
additional steps for post-processing and mesh refine-
ment, may have difficulty preserving fine details, can
be computationally expensive for large voxel grids,
sensitivity to noise in the voxel data can result in sur-
face artifacts.

7. Cubical Marching Squares: Cubical Marching
Squares operates on a 3D voxel grid, generating pol-
ygons based on the voxel densities. It can produce
watertight meshes and handle sharp features and thin
structures effectively [18]. It provides good control
over triangle quality and surface topology. It has
the following disadvantages: less widely used com-
pared to Marching Cubes, requires additional steps
for handling irregular voxel grids, can generate more
triangles compared to other algorithms, sensitivity to
noisy voxel data can lead to surface artifacts.
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8. Adaptive Grid Subdivision: This technique sub-
divides the voxel grid into smaller cells, allowing for
more accurate surface representation. By recursively
subdividing cells based on the presence of surface
intersections, adaptive grid subdivision methods can
produce detailed and smooth polygonal meshes [19].
It handles complex shapes and varying levels of detail
effectively, provides control over the level of refine-
ment, can generate high-quality meshes with consist-
ent triangle sizes. It has the following disadvantages:
more computationally expensive compared to other
algorithms, requires additional steps for adaptive
subdivision and refinement, higher memory require-
ments for storing the subdivided grid, may produce
higher triangle counts for highly detailed meshes.

9. Occupancy Networks: Occupancy Networks are
deep learning-based methods that learn to predict the
occupancy of each voxel in the 3D space. By training
a neural network on voxel data, the network can gen-
erate a polygonal mesh by predicting the surface based
on the learned occupancy probabilities [20]. It can han-
dle complex shapes and topologies, provides continu-
ous and smooth surface representations, can generate
high-quality meshes with accurate surface details. It
has the following disadvantages: requires training a
deep learning model on a large dataset, computation-
ally intensive during training and inference, difficulties
in handling fine details and sharp features, limited con-
trol over the mesh topology and triangle count.

10. Deep Implicit Fields: Deep Implicit Fields are
another deep learning approach for voxel-to-polygon
conversion. Instead of predicting occupancy, these
methods learn to directly model the implicit surface
representation. By training a neural network to encode
the implicit surface function, polygonal meshes can
be extracted from the learned model [21; 22]. It can
handle complex shapes and topologies, provides con-
tinuous and smooth surface representations, allows
for high-quality mesh generation. It has the follow-
ing disadvantages: requires training a deep learning
model on a large dataset, computationally intensive
during training and inference, difficulties in handling
fine details and sharp features, limited control over
the mesh topology and triangle count.

These algorithms provide a range of approaches
for converting voxel-based 3D models into polygonal
representations. Depending on the specific require-
ments, application constraints, and desired output
quality, one or a combination of these algorithms can
be employed to achieve the desired results.

Methods

In the research process, an analytical method was
used for systematic comparison and analysis of exist-
ing voxel conversion algorithms. This made it pos-
sible to examine in detail the characteristics of each
algorithm, to determine their advantages and disad-
vantages, and to identify trends in their use.
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During the use of the analytical method, parame-
ters and stages of work of each algorithm were care-
fully considered, which contributed to an objective
comparison of their efficiency and suitability for
specific tasks. The analysis included a logical under-
standing of the operation of each algorithm, taking
into account its capabilities and limitations.

The application of the analytical method also
made it possible to identify key factors when choos-
ing the optimal algorithm: Surface Quality, Topolog-
ical Consistency, Performance, Handling Complex
Shapes, Sharp Features and Thin Structures, Availa-
bility and Implementation. This approach turned out
to be extremely useful for determining the optimal
voxel conversion algorithm that takes into account
the specific application requirements in the research
area and the desired output quality.

Results

The priority of applying the considered algo-
rithms was analyzed taking into account the above
key factors.

1. Surface Quality: If achieving high-quality sur-
face representation with accurate details is a priority,
algorithms like Dual Contouring, Surface Nets, or
Occupancy Networks may be suitable choices.

2. Topological Consistency: If preserving topo-
logical consistency is crucial, algorithms like Surface
Nets or Cubical Marching Squares offer better control
over mesh topology and can generate watertight and
manifold meshes.

3. Performance: If computational efficiency is a
primary concern, algorithms like Marching Cubes
or Voxel Carving may be more suitable, as they are
generally faster and have been widely optimized and
implemented.

4. Handling Complex Shapes: If your voxel mod-
els contain complex shapes, algorithms like Dual
Contouring, Occupancy Networks, or Deep Implicit
Fields can handle intricate topologies more effec-
tively.

5. Sharp Features and Thin Structures: If your
voxel models include sharp features or thin structures
that need to be accurately represented, algorithms like
Dual Contouring or Cubical Marching Squares pro-
vide better preservation of such details.

6. Availability and Implementation: Consider the
availability of existing implementations, libraries, or
frameworks that provide the algorithm you choose.
This factor can affect the ease of implementation and
integration into your existing workflow.

The obtained comparison results are illustrated in
Table 1.

The simplicity of implementation and mesh qual-
ity are the key considerations of the research, so here
are two algorithms that strike a good balance:

1. Marching Cubes: Marching Cubes is a widely
used algorithm for converting voxel data into polyg-
onal meshes. It offers a good balance between sim-
plicity and mesh quality. The algorithm is well-estab-
lished and has numerous implementations available,
making it easier to find code examples and resources
for implementation. While Marching Cubes may not
generate the highest-quality meshes in all cases, it
typically produces smooth surfaces and can handle a
variety of voxel grids efficiently. It is a popular choice
due to its simplicity and versatility.

2. Cubical Marching Squares: Cubical Marching
Squares is an extension of the traditional Marching
Squares algorithm to 3D voxel grids. It offers a good
compromise between simplicity and mesh quality.
Like Marching Cubes, it is relatively straightforward
to implement and provides good control over the
resulting mesh topology. Cubical Marching Squares
is particularly effective at preserving sharp features
and thin structures in the generated meshes. While it
may not be as widely used as Marching Cubes, it is
still a viable option that offers simplicity and good
mesh quality.

Both algorithms strike a balance between simplic-
ity and mesh quality, making them accessible choices

Table 1

Algorithms comparison results

Is widely used | . Has avallal?le Good performance ngh-su-rface
implementations quality
Marching Cubes Yes Yes Yes No
Dual Contouring Yes Yes No Yes
Surface Nets Yes Yes No Yes
Voxel Carving No Yes Yes No
Sparse Voxel Octree Yes Yes No No
Surface Extraction from
Volume Data (SEV) No No No No
Cubical Marching Squares No Yes No No
Adaptive Grid Subdivision No No No No
Occupancy Networks No No No Yes
Deep Implicit Fields No No No Yes
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for many applications. Marching Cubes is more com-
monly used and offers broader support, while Cubi-
cal Marching Squares provides better preservation of
sharp features and thin structures. You can choose the
algorithm based on your specific needs and priorities,
keeping in mind the trade-offs between simplicity,
mesh quality, and the desired characteristics of your
resulting meshes.

So, focusing on the balance of simplicity and effi-
ciency, we can say that the most suitable algorithm
for the converter can be Marching Cubes.

Discussion

The conversion of voxel-based 3D models into
polygonal representations is a fundamental task
in computer graphics and computer-aided design.
A review of available sources showed that there are
currently no effective converters for creating editable
polygon meshes and no criteria for choosing effective
conversion algorithms, so this research is relevant.

This paper has explored several algorithms for
this purpose, examining their underlying principles,
advantages, disadvantages, and trade-offs.

19

The analysis of the most common conversion algo-
rithms made it possible to identify the key factors
for choosing the optimal algorithm depending on the
application requirements and the desired output qual-
ity. The comparative characteristics of the algorithms
according to these factors, given in Table 1, made it
possible to single out two algorithms that have a good
balance of simplicity and efficiency. As a result of the
comparison of the algorithms, it was concluded that
the Marching Cubes algorithm is the most suitable for
implementation in the future converter. This choice is
justified by considering various factors such as simplic-
ity, efficiency, and the availability of implementations.

This initiative defines the practical relevance of
the research and its significance for practical applica-
tions in industrial and technical fields. This makes the
article a resource for future research, that will focus
on refining existing converting Marching Cubes
algorithm, developing new techniques to address the
limitations of current approaches and solving issues,
related to exporting voxel models to polygon meshes,
with better approximation.
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With rapid development of technologies and growing number of application of
neural networks, the problem of optimization arises. Among other methods to
optimize training and inference time, neural network pruning has attracted attention
inrecent years. The main goal of pruning is to reduce the computational complexity
of neural network models while retaining performance metrics on desired level.
Among the various approaches to pruning, Single-shot Network Pruning (SNIP)
methods was designed as a straightforward and effective approach to optimize
number of parameters before training. However, as neural network architectures
have evolved, particularly with the growing popularity of transformers, a need
to reevaluate traditional pruning methods arises. This paper aims to revisit SNIP
pruning method, evaluate its performance on transformer model, and introduce
an enhanced version of SNIP, specifically designed for transformer architectures.
The paper outlines the mathematical framework of SNIP algorithm, and
proposes a modification, based on specifics of transformers models. Transformer
models achieved impressive results because of their attention mechanisms for
a multitude of tasks such as language modeling, translation, computer vision
tasks and many others. The proposed modification takes into account this unique
feature and combines this information with traditional loss gradients. Traditional
method calculates importance score for weights of the network using only
gradients from loss function, in the case of enhanced algorithm. In the enhanced
version, the importance score is a composite metric that incorporates not only
the gradient from the loss function but also from the attention activations.

To evaluate the efficiency of proposed modifications, a series of experiments
were conducted on image classification task, using Linformer variation of
transformer architectures. The results of experiments demonstrate the efficiency
of incorporating attention scores in pruning. Conducted experiments show that
model pruned by modified algorithm outperforms model pruned by original
SNIP by 34% in validation accuracy, confirming the validity of the improvements
introduced.
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Knrouosi cnosa: transformers, 31 cTpiMKMM pPO3BUTKOM TEXHOJOTIH 1 3pOCTaHHSAM 4YHMCIA TPUKIAIHUX
HEeUpOHHI Mepedict, NpYHiHe, 3aCTOCYBaHb HEHPOHHUX Mepesk ocTae mpobiiema ix ontumizaii. Cepen iHIMX
eexmugnicmvb, ONMUMI3AYIs. METO/IIB ONTUMI3allii HABYaHHS Ta BUKOPUCTAHHS HAaBYCHUX MOJIENEH B OCTaHHI

poku Oarato yBaru Oylio MPHIiIEHO METOAaM BUKIIOYEHHs BariB (IPYHIiHT)
HelpoHHOI Mepexi. OCHOBHA MeTa NPYHIHTY — 3MEHIIUTH OOYUCIIIOBAIIbHY
CKJIQIHICTh MOJIETeH 3a YMOBH 30€peKeHHS MOKA3HUKIB INPOTYKTHBHOCTI
Ha npuilHaTHOMY piBHI. Cepenl Pi3HOMAHITHUX MiJXOMIB O HPYHIHTY, Oyio
po3pobiIeHo MeTo ] ofHOpa3oBoro mpyHiHry (SNIP), 1o siBisie co0oro mpocTuii
1 epekTMBHUN MiAXiA A ONTHMIi3alii mapaMeTpiB mepea HaBdaHHAM. OgHAK
3 MOABOI0 HOBUX apXiTEKTyp HEHPOHHHUX Mepe, OCOOIMBO 31 3pPOCTaHHIM
HOMYJSIPHOCTI apXiTekTyp Tumy transformer, BUHHKae moTpeda MEperIsHYTH
HiJIX11 10 METO/IB NpyHIHTY. /laHa cTaTTsa Mae Ha MeTi nepernisHyTH Metof SNIP,
OLIIHUTH HOT0 ePeKTUBHICTH Ha MOJIeN transformer Ta mpeCcTaBUTH MOKpaIeHY
Bepciro SNIP, crieniansHO JonpanboBaHy Al apXiTeKTyp tranformer.

VY cTarTi BUKIaAEHO MaTeMaTuuHy oCcHOBY anroputMy SNIP Ta 3ampornoHoBaHO
fioro Moaudikaliro, BUX0OAI4n 31 crenudiku moxenei transformer. Mopeni
apxiTekTypu transformer AOCAINIM 3HAYHUX PE3YIBTATIB 3aBISKH CBOEMY
MEXaHi3My yBaru Juisi 0araTboX 3aBaHb, TAKUX SIK pO3pOOKa MOBHUX MOJIETIEH,
NepeKaj, 3ajadi KOMIT IOTEPHOTO 30py Ta Oarato iHIMX. 3alporoHOBaHa
Monu(iKalist BpaXoBye 10 YHIKAJIbHY OCOOJNUBICTB 1 OEAHYE 1110 iH(OpMAILito
npu oOuMCIeHHI TpadieHTy 1 QyHKIii Brpat. TpaaumiiHuil MeToq po3paxoBye
OLIIHKY BaXJIMBOCTI Il Bar MEPEXi, BUKOPUCTOBYIOUH JIUIIIE TPa{ieHTH (PYHKIIT
BTpar. Y po3MIMpeHiil Bepcii OIiHKAa BaXKIMBOCTI € CKJIAJICHUM ITOKa3HUKOM,
KUl BKJIIOUA€E HE JIUIIE TPAi€HT (PyHKIIT BTpaTH, aje i akTUBaLlilo yBaru.
Juia oniHku e(eKTUBHOCTI 3alpoNOHOBaHOi MoAudikalii Oyl10 MpoBeneHO
Cepilo eKCIepUMEHTIB Ha 3aBAaHi kiacu(ikarii 300paxeHb, BUKOPUCTOBYOUH
Bapianito apxitektypu transformer — Linformer. Pe3ynbratu ekcriepuMeHTiB
JIEMOHCTPYIOTh €(DEKTUBHICTh BpaxXyBaHHS IOKa3HUKIB yBaru Ipu MPYHIHTY.
IIpoBeneHi eKCIEpUMEHTH MOKa3ylTh, IO MOJENIb, ONTHMi30BaHAa 3a
MOJM(IKOBAaHUM aJTOPUTMOM, Ma€ MOKa3HUK TOYHOCTI Ha 34% Kpaiuii, HixK
MOfieb, ONTHUMIi30BaHA 3a OpuUriHadbHUM MetofoM SNIP, miaTBep/Kyroun
JIOCTOBIPHICTh BHECCHUX BIOCKOHAJICHb.
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Introduction

Recent developments in the field of deep learning
have revolutionized the use of technologies in many
fields. Among other developments, introduction of
transformer models, initially designed for natural lan-
guage processing (NLP) tasks, made possible achiev-
ing state-of-the-art performance in other domains.
Transformers have been successfully in machine
translation [1], text summarization [2], and ques-
tion-answering systems [3].

Beyond NLP, the versatility of transformer models
has been demonstrated in other fields. With introduction
of Vision Transformer (ViT), training neural network
with this architecture allowed to improve efficiency in
computer vision tasks such as image classification [4].
Transformers have also been applied in bioinformatics
for protein folding prediction [5] and in reinforcement
learning for optimizing control systems [6].

Despite their effectiveness, transformer models
come with high computational and memory require-
ments, even compared to more traditional architec-
tures. The self-attention mechanism usually comes
at a quadratic cost, and many transformer archi-
tectures have high-dimensional embeddings and
have many stacked layers. This makes training and
deploying transformers challenging, particularly in
resource-constrained environments like edge devices
or embedded systems. While not specifically designed
for transformers, pruning techniques aim to reduce
the complexity of neural network architectures in
general, making them more efficient and deployable
without significantly compromising performance.

Existing Pruning Methods

In the field of neural network optimization, vari-
ous pruning methodologies have been developed to
address computational complexity and reduce mem-
ory requirements [7; 8].

Among weight pruning methods, magnitude-based
pruning operates by selecting weights for elimination
based on their absolute values. While straightforward,
this technique may induce performance degradation,
so resulting model requires fine-tuning. In contrast,
gradient-based pruning leverages the gradients of
the loss function to identify importance of weights
for elimination, but at a computational cost that may
extend convergence time [9].

Neuronal pruning approaches, such as activa-
tion-based and objective-based methods, offer another
dimension to pruning [10]. Activation-based pruning
eliminates neurons that exhibit consistently low activa-
tion values across a dataset and enhances model inter-
pretability. However, the method risks neglecting neu-
rons that are conditionally crucial [11]. Objective-based
pruning focuses on detecting neurons that contribute
less than others to the overall loss function and pruning
them. This approach is computationally demanding and
requires carefull hyperparameter tuning.
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Structured pruning methods, including filter and
block pruning, offer a more architectural focus [12].
Filter pruning removes entire filters in convolutional
layers based on criteria like their L1-norm. Despite
its effectiveness in reducing both parameter count and
computational complexity, it may necessitate architec-
tural adjustments [13]. Block pruning prunes contigu-
ous blocks of weights or neurons, preserving the archi-
tecture but potentially removing salient features [14].

Foresight pruning methods such as SNIP and the
Lottery Ticket Hypothesis introduce unique para-
digms [15; 16]. SNIP calculates a saliency score for
each weight based on its initial contribution to the
loss function and prunes the least salient ones before
training commences. However, this method may
require dataset-specific adjustments. Recent work has
emphasized the utility of SNIP for pre-training, mark-
ing it as a notable avenue for computational optimiza-
tion in neural networks.

Purpose and objectives of the study

Despite the advancements in pruning meth-
ods, there is room for improvement, especially in
the context of transformer models. This study aims
to enhance the efficiency of transformer models by
modifying the SNIP algorithm to incorporate atten-
tion scores into the weight scoring mechanism. Our
contributions are as follows:

— Anovel modification to the SNIP algorithm that
integrates attention scores.

— An empirical evaluation of the modified algo-
rithm's performance on Plant Disease Dataset.

— A comparative analysis with original pruning
method to demonstrate the efficacy of our approach.

Methodology

The SNIP algorithm is designed to prune neural
networks before training commences. It calculates a
saliency score for each weight in the network, based
on the impact of removing that weight on the loss func-
tion. Weights with lower scores are pruned, resulting in
a sparse network that can be trained more efficiently.

Mathematical Framework

The goal of SNIP is to find a sparse subset of
weights W, where W, c W such that the loss L(W,)
is minimized. Here, W represents the weights in the
entire neural network, and L(W) is the loss function
that the network aims to minimize during training.
Main steps of the algorithm are:

1. The neural network is initialized with a set of
random weights, denoted as W.

2. A single forward and backward pass is per-
formed on a mini-batch of the training data. This step
is crucial for computing the gradients % of the loss
function with respect to each weight in W.

3. The importance s, of each weight w, in W is
calculated using the formula:

=W x— 1
s =lw x| (M

1
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Where j‘f is the gradient of the loss function with

respect to the weight w, .
1. The calculated importance scores s, are
normalized to produce $; using the equation:

YUY )

J
2. The normalized importance scores §; are sorted
in ascending order. A fraction p of the weights with
the lowest normalized importance scores are pruned
from W, resulting in the pruned set W) :

W, ={w, eW:5, 2 p} )

6. The pruned network, now represented by W , is
trained using standard optimization algorithms.

Modified SNIP Algorithm with Attention Scores

Proposed modification to the SNIP algorithm involves
the integration of attention scores generated by the trans-
former model. Its vital to focus on the attention in trans-
former optimization because the attention mechanism as
a pivotal component of the Transformer architecture that
has revolutionized the field of deep learning, particularly
in natural language processing tasks. At its core, attention
allows models to focus on different parts of the input data
with varying degrees of emphasis, akin to how humans
pay attention to specific details when comprehending
mformation. The attention scores, which indicate the
importance of different parts of the input sequence, are
used to adjust the importance scores of the weights.

The proposed enhanced Single-shot Network
Pruning (SNIP) algorithm incorporates a crucial
modification: incorporating attention outputs into cri-
teria evaluated for gradient calculation. The new cri-
teria includes loss function, attention activations and
output vector, and calculated using formula 3.

L’:L(W)+ZA,.+O 4)

In the new formula for criteria, 4; denotes sum of
the outputs for j-th attention layer, and O denotes sum
of the output tensor. Thus, the augmented importance
score becomes:

oL’
S; :l w; X

| 5)

The backward pass for the modified criteria
increases gradient values depending on the sensitiv-
ity of each individual weight in the attention layers.
Given the importance of attention mechanisms in
transformer models, this knowledge is vital for effec-
tive pruning.

The rationale for the effectiveness of this approach
lies in the specialized function of attention mecha-
nisms in transformer architectures, which are critical
for tasks such as language modeling and translation.
By incorporating gradients from attention activations,
the pruning strategy becomes more informed, possi-
bly preserving essential features in the pruned model.
The modified SNIP algorithm aims to offer a nuanced
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pruning methodology better suited to the complexi-
ties of transformer models.

Experimental Setup

The experiments were conducted on Plant Dis-
ease Dataset — Housing tens of thousands of images,
the dataset offers a panoramic view of diverse plant
species (fig. 1). Labels include disease description,
allowing to train a classification model to discern
between healthy and diseased plants.

Fig. 1. Sample batch of Plant Disease Dataset

The transformer block within ViT model is replaced
by a Linformer architecture to achieve computational
efficiency without sacrificing performance (fig. 2).

Linear

Scaled dot product
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Fig. 2. Architecture diagram of Linformer model

It is engineered to efficiently handle long
sequences by reducing the time complexity of the
self-attention mechanism from O(n?) to O(n) where
n is the sequence length [17]. This is accomplished
using following approaches:

— Fixed-Length Context: The self-attention
mechanism in Linformer is designed to focus only on
a fixed context window, thereby making the compu-
tational complexity invariant to the sequence length.

— Linear Self-Attention: Linformer approximates
the full attention matrix by low-rank matrices, effec-
tively reducing the time complexity to linear. This
is particularly beneficial for tasks that involve long
sequences.

— Kernelized Attention: The architecture employs
kernelized attention patterns, which further optimize
the computational requirements by eliminating the
need for pairwise attention weight calculations.

— Shared Projections: Linformer utilizes shared
projections for the key and value matrices in the
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self-attention mechanism, thereby reducing the num-
ber of parameters and computational load.

In the Linformer model, the linearized attention
for each head i is computed as head, = P-(EVW/).
Here, P is the attention probability matrix, which is
derived from the softmax normalization of the scaled
dot-product term QWQ(E% The matrices ow?,
EkwX, and Fvw) represent the projections of the
queries, keys, and values, respectively, for the i-th
attention head (fig. 3).

Kv)

WH W)

0 G kxd
Ik

n=dm

Fig. 3. Calculating projection layers of keys (K)
and values (V) matricies

The learned context projection matrices E, and
F, enable this low-rank approximation, effectively
reducing the time complexity to O(n) (eq. 5).

head, = Attention(QW 2, E KW, FVYW,")

0 KA\T
_ ftm[MJ Fvw? 5)
\/Z kxd

Pinxk
The Linformer architecture in our experiment
is configured with a sequence length of 50, which
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includes 49 patches and one class token. The model
dimension is set to 128, and it comprises 12 layers
(depth) with 8 attention heads. The kernel size for the
attention mechanism is set to 64.

The Linformer block is integrated into a Vision Trans-
former model tailored for image classification tasks. The
input images are resized to 224x224 pixels and are divided
into patches of size 32x32. These patches are then linearly
embedded into a 128-dimensional space, the same as the
Linformer dimension. The input image channels are set to
3, corresponding to the RGB color space.

Results

The model was trained for 50 epochs and its per-
formance was evaluated against the baseline SNIP
algorithm. As shown in Table N, the modified method
achieved a training accuracy of 98.9% and a valida-
tion accuracy of 94.9%, compared to the baseline's
67.9% and 57.9%, respectively. This translates to an
improvement of 37% in validation accuracy. Addi-
tionally, the modified method also showed signifi-
cantly lower loss values, with a training loss of 0.03
and a validation loss of 0.18, as opposed to the base-
line's 1.01 and 1.22, respectively (table 1).

Table 1
Training results
Method Train Train Val. Val.
accuracy | loss | accuracy | loss
SNIP 67.9 1.01 57.9 1.22
Modified SNIP 98.9 0.03 94.9 0.18

The improvements were achieved on a very sparse
model with only 275,738 trainable parameters, which
constitutes just 10% of the initial parameters. The
training curves, displayed in Figure 4, further sub-
stantiate the effectiveness of modified algorithm.

Validation

.

0 5 10 15 20 25 30 35 40 45 50

Mod. SNIP
— SNIP

ﬂ

0 5 10 15 20 25 30 35 40 45 50

epoch

Fig. 4. Accuracy and F1 score comparison for original and modified algorithm
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Conclusions

This study proposes a modification to the Sparse
Networks from Scratch (SNIP) pruning algorithm by
incorporating attention scores generated by the trans-
former model. Specifically, the hypothesis is that
the by performing additional backward passes from
attention activations and concatenating the gradients
from original method, a more nuanced importance

27

score can be calculated to increase accuracy of result-
ing model while pruning the same amount of weights.

The results confirm that integrating attention
scores into the SNIP algorithm not only improves the
model's accuracy by 34% on validation subset, main-
taining a sparse parameter set. This opens up new
avenues for research in model pruning, particularly in
the context of transformer architectures.
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3ACTOCYBAHHA MHOKXNHU KAHTOPA
Y MOAUPIKOBAHOMY TrEHETUYHOMY AJI'OPUTMI
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Y crarTi JOCHIIDKYIOTBCS pe3ylNbTaTH 3acTOCYBaHHS MHOKHHH KaHTopa
Mijl Yac BUKOHAHHS OTeparlii MyTaIlii mpu po3B’s3aHHI 3a7a4i 3HAXOKCHHS
mI00aJIEHOTO MiHIMYMY (YHKIIIT O/IHI€T 3MIHHOT MOAM(DIKOBAHUM T€HETHYHUM
ANTOPUTMOM.

CporojHi Bce OLTBIIOT MOMYISIPHOCTI HA0YBAtOTh TIOPHUJIHI ATOPUTMH, TOOTO
3aCTOCYBaHHsI QJTOPUTMIB 3 PI3HUMH MOmU(iKalisMid abo B KOMOIHAIl 3
IHIIMMHU KJTACHYHUMH BIJIOMHMH aJrOpuTMamMu. Momudikarlisi reHeTHIHOTO
QITOPUTMY 13 3aCTOCYBaHHSIM MHOXHHHU KaHTOpa It moOymoBH TOUOK IIPH
oreparlii MyTailii € HOBUM ITiIX0JIOM Y JOCIIJIKEHHI HOTO 3aCTOCYBaHb.
Omnepaniss MyTamii B TEeHETHYHHX alTOPHUTMax — I€ OAWH 3 OCHOBHHX
TCHEeTHYHHUX OMEparopiB, SKUH BBOAUTH BHIANKOBI 3MIiHH B TEHETHYHY
iHdOpMaIlifo, CTBOPIOIOYHN HOBi €JleMEHTH 06IacTi MONIyKYy. 11 ponk momsrae B
PO3IIMPEHHI 00JIACTi MOMIYKY ONTHMAJIBHOTO PO3B’S3KY, 3 METOI TIEPEBIPKU
HAsIBHOCTI XHOHOTO PO3B’SI3Ky B TOYKAX JIOKAIBHOTO MIHIMYMY.

B poGori po3mIsIHYTO 3acTOCYyBaHHS MOAM(DIKOBAHOTO T'CHETHYHOTO
AJTOPUTMY 3 OIEpaIli€l0 MyTallii, ¢ BUKOPUCTOBYETHCS CKIHUEHA KITBKICTh
TOYOK MHOKMHM KaHTopa, po3TaimoBaHWX 30BHI ITOTOYHOI 00ACTi MOMIYKY.
3a JI0IOMOTOI0 TIPOTPAMHOTO 3ac00y, IO Peati3ye el alroOpuT™M OTPUMAHO
Bi3yallizamito mponeaypu Mytamii. Takok OTpUMaHO pO3B’SI3KH 33134
MiHIMi3allii TeCTOBUX (YHKIIIN Ta MPOBEACHO TX aHai3.

[IpoBeneno mopiBHAIBHII aHAII3 3AIPOTIOHOBAHOTO AITOPUTMY 3 HACTYITHUMH
miaxomxamu: aiaroputMom PCLPSO, sikuii BUKOPHCTOBYE ONTHMI3aTop POiB
YaCTHHOK 13 KOMIUICKCHUM HaBYaHHSIM, METaeBPUCTHIHUM aJITOPUTMOM
BAT, sxwii 3aJ1e)KUTh BiJl IPHHIIMITY €XOJOKAIIWHOT MOBEIHKH Ka)KaHIB, Ta
IHIIMMH THTEPIPETAIiIMH TeHETUYHOTO aJITOPUTMY. 3alIPOTIOHOBAHUH TI1IX1]1
MPOJICMOHCTPYBAB 32 MEBHIMHU KPUTEPISIMH KPaIlli pe3yIbTaTH.

JocmimkeHHas ToKa3ye, MO MOEAHAHHS MHOKHHH KaHTopa Ta TeHEeTHYHHX
AITOPUTMIB MOXKE OYyTH KOPHUCHHM JUISl ONTHMI3amii CKIaJHUX (QYHKIIH
Ta CIOPUATH TOMIYKY ONTHMAIBHHUX PO3B’S3KiB. 3acTOCYBaHHS MHOKHHH
KanTopa B onepariii MmyTaiii np# 3acToCcyBaHHI MO (IKOBAHOTO FTEHETUYHOTO
AJITOPUTMY BIIIKPUBAE€ HOBI MOMJIMBOCTI B PO3B’S3aHHI 3a7a4d MiHIMi3aIlii
Ta CTPYKTYpPyE TPOCTIp ITapaMeTpiB, MOJNETTIYIOUH MOIIYK ONTHMAaJIbHUX
PO3B'S3KIB.
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The article explores the results of applying the Cantor set during the mutation
operation when solving the problem of finding the global minimum of a
function of one variable by a modified genetic algorithm.

Hybrid algorithms, involving the use of algorithms with various modifications
or in combination with other well-known classical algorithms, are gaining
increasing popularity today. The modification of the genetic algorithm using
the Cantor set for constructing points during the mutation operation represents
a novel approach in the study of its applications.

The mutation operation in genetic algorithms is one of the basic genetic operators
that introduces random changes in genetic information, creating new elements of
the search area. Its role is to expand the search area for the optimal solution, in
order to check the presence of a false solution at the points of the local minimum.
The paper considers the use of a modified genetic algorithm with a mutation
operation, where a finite number of points of the Cantor set located outside
the current search area are used. With the help of software that implements
this algorithm, a visualization of the mutation procedure was obtained. The
solutions of the problems of minimization of the test functions were also
obtained and their analysis was carried out.

A comparative analysis was conducted between the proposed algorithm and the
following approaches: the PCLPSO algorithm, which utilizes a complex learning
particle swarm optimizer; the nature-inspired BAT algorithm, based on the
echolocation behavior of bats; and other interpretations of the genetic algorithm.
The proposed approach demonstrated better results according to some criteria.
The research demonstrates that the combination of Cantor set and genetic
algorithms can be useful for optimizing complex functions and helping to find
optimal solutions. The use of the Cantor set in the mutation operation when
applying a modified genetic algorithm opens up new possibilities in solving
minimization problems and structures the parameter space, facilitating the
search for optimal solutions.

Beryn

JO3BOJIAAIOTH 3HAXOAUTH ONTHUMAITbHI pOSB,HSKI/I B

3amaul onTUMIi3aLii MOJSTalOTh Y TOLIYKY HaHKpa-
LIOTO MOKJIMBOTO PO3B’ 3Ky IPH 3a/ITaHUX OOMEKEHHSIX
Y{ 3alPOIIOHOBAHUX YMOBAX. BaskIMBICTh Ta akTyasb-
HICTb JJOCITI/DKEHHSI TaKKX 3a/1a4 BU3HAYAIOTHCS MIOTpe-
0010 B ONITHMaJIbHOMY BUKOPHUCTaHHI pecypciB, MiHIMi-
3allii BUTpaT, ITiABUIIEHH] IPOXYKTHBHOCTI 1 BUPIIICHHI
CKJIQJJHUX 3aBJaHb, TOMY IOCTIHHMI TMOLIYK HOBHX
MiIXomiB /10 1X po3B'sI3aHHS € HaJA3BUYAHO BayKIIMBUM
JUTsl CydacHHX HayKOBHX JIOCIIJDKeHb. BHKopucTanHs
MHOXHMHHE Kantopa (MHOXHMHH HyIT0BO1 Mipu JleOera)
NPU 3aCTOCYBAHHI TEHETUYHOTO AITOPUTMY MOIIYKY
ONTUMAJILHOTO PO3B’SI3KY Ma€ MEBHUI CEHC 1 ITiIBUIIYE
e(EeKTUBHICTb 3HAXOKEHHS ITI00AIBHOIO EKCTPEMYMY
(yHKIIT B nesikiit o0macTi mpocTopy.

l'enernuni anroputmu (I'A) cranu He3aMiHHUM
IHCTPYMEHTOM B 0araTtbOX Tajy3sX, OCKUIBKHM BOHH
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YMOBax BEJIMKOI KITBKOCTI MOXIIMBUX BapiaHTIB i
HeBU3HaueHocTi. B po6ori ([1]) Oyo 3ampornoHoBaHO
3aCTOCYBaHHS MOJHM()IKOBAHOTO T€HETHYHOTO AJIro-
PUTMY 3 HOBUM TIIXO/IOM JI0 TIOOYZOBH TOTYJIAIIN B
HPOCTOPI MONTYK, KOPHCTYIOYHCH JIi€F0 CTOXaCTUIHUX
VHITapHUX ONIepaTopiB Ha TPAHWYHI TOYKH BiJIPi3KiB,
IO CKJIa/IaloTh PO3OUTTS 007acTi momyky. Takox B
pobori ([2]) Oynu ormcaHi pe3ynbTaTy JI0CIiKSHHS
3aCTOCYBaHHs MHpOLENYp MyTamii Je omeparopamu
«y3araJbHEHOTO0 KpOCOBEpY» Ta «y3arajJbHEHOI
MyTalii» € CTOXaCTUYHI MaTPHIILi.

O HasiBHOI JliTepaTrypu

Ha Tenmepimmiii wac HaOymn MOMyJISPHOCTI
riOpuAHI aNTOPUTMH, a came 3acTOCYBaHHS alro-
pUTMIB 3 pizHUMH MoaHdikamisiMu abo B KoMOiHaIIii
3 IHIOUMH KJIACHYHUMH BIJIOMHMH aJITOPHUTMAMH.
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Hanpuknan, momudikaris A y Bumsini koMmOiHa-
ii anroputmy potro yactuHoK (PSO) i reneTHuHOTO
ITOPHTMY, & CaMe 3aporOHOBAHO B/IOCKOHAJICHUH
alalTHBHUM oreparop 1 peani30BaHO aJaNnTUBHI
KOPHUT'YBaHHsI HMOBIPHOCTI KPOCHHIOBEpPY Ta HMO-
BipHOCTI MyTarii. ([3]) Peamizaris mogudikoBaHoro
I'A 3a momomoroto moBu python, xkomOinariss ['A 3
anroputMoM MonTe-Kapio, koMmOiHatlisi BeiBieT-a-
HaJli3y Ta TeHETUYHOTO aJITOPUTMY, & TAKOXK BapiaHTH
3aCTOCYBaHHS 3 METOIOM IudepeHLialbHOl eBOIO-
mii ([4-9]). KomOiHamiss TeHETHYHOTO ajITrOPUTMY
TYPHIPHOTO BUTHCHEHHS 3 | aycCcOBOIO MyTaLli€ro UIs
3a/1a4 MiHiMi3aIii Ta Makcumizartii [ 10].

B ([11]) T'eopr KanTop Bmepmie oOrpyHTYyBaB
MOKJIMBICTh TIPEICTABICHHS OYIb-SIKOTO iHCHOTO
gucna X € [0; 1] y BAmMISAI po3KiIaay B YHCIOBUN
psa 3 nogatHuMH eneMeHTamu. Muoxkuny Kanropa
MOYXHA BUKOPHCTOBYBATH SIK II0YaTKOBE HAOMMKECHHS
JUTS PI3HUX ONTHMI3aIlifHIX METOMIB, TAaKUX SK Tpa-
JIEHTHI METOAY, METOAM 30BHIIIHLOI ONTHMI3aIlii,
TeHETUYHI aJTOPUTMH, Y1 METOH IMITaIliHHOT ONTH-
Mizanii. 3actocyBanHs psagy Kanropa ans renepa-
1ii MOYaTKOBUX PO3B’S3KiB MOXKE OyTH KOPUCHHUM Y
BHITJIKaX, KOJM OOMEXEeHi BiJOMOCTI TPO TPOCTIp
PO3B’s3KiB 200 KOJIH MPOCTIip PO3B’A3KiB Ma€ CKIIATHY
CTPYKTYpY.

B poGoti ([12]) BuKIameHI OCHOBHI TONOKEHHS
3acTOCYBaHHSI MHOKMHU KaHTopa 1711 oOyzoBH TOUOK
IIpY Omepariii MyTarlii Py 3acToCyBaHHI MOIU]iKOBa-
HOT'O TEHETHYHOTO ajnroputMy. Jlanuii minxia € HoBUM
croco0oM 3acTocyBaHHs MHOXuH KanTtopa B Teopii
IeHeTHYHUX airopuTMax. MHoxkuHa KanTtopa Hazmae
TEHETHYHUM aJITOPUTMaM IEBHY CTPYKTYpy Ta PO3IIO-
JJT MIOYaTKOBUX TOYOK B MPOCTOPI MOILIYKY, II0 MOXE
TOJICTIIUTH HAOIMKEHHS 10 ONTUMAIIBHOTO PO3B'SI3KY.

AKTyaJIbHiCTh PO0OTH MOJISATae B TOMY, IO Y
3B'SI3KY 3 BEITMKOIO KUTHKICTIO PI3HOMAHITHUX €BOJIO-
IAHUX METOIB ONTHMI3aLIi1, JOCIIHUKH BCE O1IbIIIE
3BCPTAIOTh YBAry Ha iX Knacncpu(auuo Ta cUCTeMa-
Tu3anioo. Benuka plBHOM&HlTHlCTL MiAXoIiB 1 MeTo-
JUK TIOKa3ye 3aliKaBJICHICTh HAyKOBLIB, 1 n0Tpe6y€
CTBOPEHHSI YiTKOT MaTeMaTHYHO1 CprKTypOBaHOCTl
3amaya kiaacugikanii MEeToniB ONTUMI3aLii BXKe JOB-
ruif 9ac € akryanpHOMO [13; 14]. A Takox 0coOIMBY
yBary 3aciyroBye cuM0i03 FeHeTUYHHX aJITOPUTMIB 3
METOJlaMH MAIIMHHOIO HaBYaHHS Ta LITyYHOTO iHTe-
nekty [15-18]. Momudikarmis ['A 3 3acTocyBaHHIM
MHOHHHU KaHTopa 11 moOy10BH TOUOK HpH oliepa-
1ii MyTarlii, 1a€ MOXKJIMBICTb PO3TIISIHYTH 1 JOCTIANTH
HOBUIH miaxin B peamizarii ['A.

IMocTranoBka 3amaui. 3actocyBaTi MoauQikoBa-
HUU ONEPaTOPHUIN T€HETUYHUI aJITOPUTM 3 BUKOPHUC-
TaHHAM MHOXXHMHU KanTopa a7t moOyaoBU TOUOK MpH
orepariii MyTaIii /Ui po3B’si3aHHS 3aj]a4i MOIIYKY
[I00aIBHOTO  MIHIMyMY JUISL TECTOBUX (DYHKIIIH
OJHi€T 3MIHHO1, TTIEPEeBIPUTH HOTO TpaIe3AaTHICTh Ta
e(heKTUBHICTb.
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Hpenmer mocaimxennsi: MoaudikoBaHMI Olle-
paTopHUN TEHETUYHHUH alIrOpPUTM MOIIYKY EKCTpe-
MyMy (QyHKUIi 3 BUKOPUCTaHHSM MHOKMHM KanTtopa
JUIsl TOOY/I0BH TOYOK TIPH omepanii MyTarii.

MeTta po0OTH: IOCHITUTH Tpale3JaTHICTh Ta
e(eKTHBHICTh MOAN(DIKOBAHOTO OIIEPATOPHOTO I'eHe-
TUYHOTO QJITOPUTMY 3 BUKOPHUCTaHHSM MHOKHHH
Kantopa as noOyznoBH TOYOK MpH onepanii MmyTamii
JUISL 3HaXO/KEHHS MiHIMyMy (QyHKUii onHiel 3MiHHOT
Ha MPUKJIaaX BiJOMHX TECTOBUX (QYHKLIH..

MeToau q0C/IizKeHHs1: O0YHCITIOBAILHUN eKcIie-
PUMEHT, CTATUCTUYHUI aHalli3, aHaJli3 JaHUX Ta Bi3y-
anizauis. Bukopucranns MeToaiB o0poOku JaHuX Ta
BizyaJi3alii Jonomarae po3KpUTH HaTepHH Ta 3aj1exk-
HOCTI y BUKOpHCTaHHI MHOXUHHU KanTtopa s no0y-
JIOBU TOYOK B oOmepauii mMyTauii mpu 3acTOCyBaHHI
MoAM(}IKOBaHOTO TEHETUYHOTO aaropurmy. Komoiny-
BaHHS LIUX METOIB JO3BOJISIE POBOJUTH KOMIUICKCHI
JOCTIKEHHS 1 PO3yMITH SIK TEOPETHYHI, TaK 1 Ipak-
TUYHI aCTIEKTH BUKOPUCTAHHS TEHETUYHHUX aJTOPHT-
MiB Ta MHOXKUH KanTopa.

MonugikoBanuii reHeTHYHHH AJTOPUTM ISl
¢yuxuii oxmiei 3minnoi. Hexaii Ha muoxuHi [4.6]
BU3HAuCHa jeska QyHKiis F(x). [lorpiObHO BU3HA-
YUTH HaiiMeHIle 3HaueHHS (YHKUii Ha 3aJaHOMY
Biapi3Ky. [louarkoBa moImyssiisi yTBOPIOETHCS 3 JIBOX
TOYOK &n OOpaHMX paHIOMHO Ha BIIPI3KY [a,b].
Toukn &m MOKHA BUPA3UTU SIK KOOPAMHATH JIBOBU-
MIpHOTO BEKTOpY x- g ok, Bekropu - :{Z}okﬂxh :{2}61@2
BXOJATH 10 MHOYKMHH OaThKiBCHKUX XpOMOCOM. Takum
YUHOM MOYaTKOBA TOMYJISILIS XPOMOCOM CKIIAJAETHCS
3 TPHOX BEKTOPiB 200 YOTHPLOX TOUOK BiPi3Ky [a,b].

[Ipouec cTBOpeHHs HOBOI MOMMYNALII XPOMO-
COM-TIOTOMKIB, BUKOHYETBCS 3a JOIIOMOTOIO 3aCTOCY-
BaHHS JIIHIHHKUX ONEpaToOpiB A0 BEKTOPIB, SIKi FeHEpY-
I0ThCSI BUIIAIKOBUMH JBOBUMIPHUMH MaTPHLISIMU

4= [ a 1- OLJ ’
I-a «a
Jie o — BUIAJKOBI uuciia 3 Binpizky [0, 1].

VY npoctopi R?, OKpiM €BKIIiZIOBOi, BUKOPHCTOBY-
eTbest x = max ([¢],|n|) . TakuM YMHOM HOpMa MaTpHIIi
A nopiBHioe ofuHMIll. KoXKHUIT BekTOp Micisl mepe-
TBOPEHb YTBOPIOE IO TApi TOYOK B KOXKHIA 3 TPHOX
4aCTHH BiPi3Ky [a,b].

HoBa monymsimist ckimamaerbcss 3 8 TOYOK 3
(3 ypaxyBanHsMm &,m ). [licis oOuUCIIeHHST 3HAUCHHS
diTHec-pynKuii F(x), Ha KOKHOMY 3 BiJIpi3KiB 00U-
paemo HaiimeHie. HaliMeHIly 3 TpbOX TOYOK ITO3HA-
yuMo &, a M, — BIINOBila€ HAlIMEHIIIOMY 3HAUCHHIO
F(x)Ha iHmmMx 1BOX Bimpiskax. OTpumaHa HOBa
obmacte mornyky (& —n,& +1n,). OueBuaHO, 110
[, -n.& +n] < [a,b]. Otpumana Touka &, € mep-
MM HaONMKEeHHSIM po3B’s3Ky 3aaadi. Ha wHactyn-
HOMY iTepaliifHOMy Kpolli Tpoleaypa pekomOiHaii
MOBTOPIOETHCS. [IpOJOBKYIOUH, OTPUMAEMO MOCIi-
JIOBHICTh BKJIAJICHUX BIiAPi3KiB, sIKa TapaHTye 301K-
HICTh MOCJIIOBHOCTI TOYOK [a, b] 10 pO3B’SI3KY.
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[apanenmsHO 13 omeparopamMu KpocoBepa BHKO-
PHUCTOBYIOTECSI OTIEPaTOpH  MyTallii, sKi JormomMara-
IOTh YHUKHYTH TIOTI/IaHHS B «XHOHUID) EKCTPEMYM Y
BUTIAJIKY, KOJH (PYHKITiSI Ma€ Kitbka ekcTpemMyMiB ([ 19]).
Onepartist MyTaIlii B TeHETUYHHIX AJITOPATMAX BAXKITHBA,
OCKIJIbKA BOHA BBOJWTH BHITAJIKOBI 3MiHM B TEHETHUHY
iH(OpMAITifo, JTO3BONSIOYM AITOPUTMY BHXOAWUTH 3a
MeKi MHO)KWHH TIOTOYHHUX PO3B’S3KIB Ta IOCTIHKYBaTH
HOBI MOJKJIMBI PO3B'SI3KH, 1110 CTIPHSE OUTBII ITUPOKOMY
YHUKHEHHIO TOTIaJIAaHHS Y JIOKaJIbHI €KCTPEMYMH.

Tak sk mOOymOBa TOCTIOBHOCTI HaOIMKEHb
PO3B’SI3Ky EKCTpeMallbHOi 3a/adi 3alpoNOHOBAHUM
aJITOPUTMOM He Iepejibadae po3OUTTs Bipi3Ky [a, b]
TO JUTSI BUKOHAHHS Olepailii MyTaiii HeoOXiTHO MaTh
MpoIeAypy TOOYJI0BH TOYOK 30BHI OTPHMAaHOTO Ha
MIEBHOMY KpOIIi alTOpuTMy Binpi3ky. B mani poOorti
MIPOTIOHYEThCS PO3TIISAAATH OTEparlifo MyTalii, e
3aCTOCOBYETRCS TIPOIIeTypa «irop Xaocy» moOymIoBr
MHOXHWHU KaHTopa Mpuoxuna Kanropa mae BnacTtu-
BICTB plBHOMlpHOFO q)paKTam,Horo PO3MOALTY TOUOK
Ha BIJIPi3KY, 1€ PO3MOIIICHHS MOXKe OyTH KOPHUCHUM
JUTS. TIOKPAIIEHHS TIOKPUTTS TIPOCTOPY, IO JT03BOJISIE
ONTHUMI3aliHHAM aNTOPUTMaM 3IHCHIOBATH IOIIYK
EKCTPEMyMY B OLJIbIII IIIMPOKOMY JTialla30Hi.

Onmnepartiss MyTarlii 3 BHKOPHUCTaHHSIM MHOXHHHU
Kanropa

1. Busnauaetbcs  Bifpi3ok
MICTHTb BifIPi30K (a,b).

2. O0OpaeTbecsi OBibHA TOYKa X (2a - b, 2b - a)
(HampuKITa, TOYKa a), i 3aCTOCOBYETHCS TPOIIEIypa
«irop xaocy».

3. OTpuMaemMo MOCIiJOBHICTh TOYOK

X :x""+2X”‘,0ex1:a+2XA,
3 3

n

(2a-b,2b-a), SIKAH

X, TOYKa-aTpaKTop, sKa OOMpAa€ThCS BUIAIKO-
BUM YUHOM 3 MHOXXHMHH, III0 MICTUTH J[Ba €JICMEHTH
{2a—b,2b-a}.

B 3amexxHocti Big 3a4aHOl KUIBKOCTI # TOUYOK
MHOXHUHU KaHTopa, oTpUMaeMO MHOKHHY TOYOK, SIKi
BUKOPHUCTOBYIOTBCS JIJISl OTIepallii MyTallii.

Sk Bimomo, Touku MHOXKuHM KaHTtopa He Hame-
’KaTb BIAPI3KY [a,b]. Hanpuknan, sxkmo »=30, To
{xn}zzl MHO)KHMHA, Ha SIKIH BHKOHYETBCSI TepeBipKa
3HaueHb (iTHEC-PYHKIIT 3a MeXaMu BiJpi3Ky [a,b].
Jlauuii miaxia gae MOXKJIUBICTh MEPEBIPUTH POOOTY
T€HETUYHOTO aJrOPUTMY 3a MexkaMu o0nacTi [a,b]
(puc.1), TakuM YMHOM 3aJaHHUM MIAXIJ € aHaJIOTOM
orieparrii MyTartii.

Ob6mnacte
A —

Kanropa

2a-b O6nactb poboTH b 2a+b
TEHETHYHOTO

AITOPHTMY

OGnactp
MHOXIHH
KanTtopa

Puc. 1. Cxemarnune Bino0paskeHHS MHOKHHH
Kanrtopa B onepauii myranii

Sk 3a3HaveHo aBTOpaMH B poborti ([19]), 6yno
PO3pOOJICHO TPOrpaMHHUN TPOAYKT ISl MEPEBIPKH

Computer Science and Applied Mathematics. Ne 2 (2023)

MpaLe31aTHOCT] 3alpoNOHOBAHOTO MiAXOLy. ABTO-
pamu OyJi0 HaBEICHO TMPHUKIAJ TIEPEBIPKU Omepartii
mytamii s GyHkmii Pactpurina, sika Mae BeNWKy
KUTBKICTh JIOKAJIbHUX €KCTPeMyMiB, A€ Oyiio BHKO-
pucrano MHOXHHY KanTopa y po3mipi 20 TOHOK, 1110
JIaJI0 MO3UTUBHUN PE3yJIbTar.

B po6ori [20] mponioHy€eThCst HAOIp Pi3HUX MYITb-
TUMOJATBHUX (PYHKITIH, 10 SIKUX 1 B CBOIO YepTry Bif-
Hocuthes GyHkist LlBedens, Ta HaBeneHi QikcoBaHi
pe3yNbTaTH 3HaYE€Hb EKCTPEMYMIB Ta PEKOMEH]I0Ba-
HUX MTapaMeTPiB MMPH MONIYKY eKCTpeMyMy (YHKIIIT.

Bbyno mpoBeaeHo DOCHIIKEHHS ISl HACTYIHHUX
Tecbylo mpoBeneHO MOCHiIKeHHS AJsl HACTYIHHX
TecToBUX QyHKIIN BUDIIsAny [21]:

Oyrkis 1
F(x):5—24x+17x2—%x3+%x4, (1)
DyHKIIis 2
% 2
F(x)= 3(){2 . (—5.28344387 X +2.9100347 HD N
-6.779211907
2
. (x . (—5.28344387 * x+2.9100347 7)} )
-6.779211907
OyHkig 3
F(x)=418.9829 - xsin \/M — gynruyia llsepern  (3)
OyHkIist 4
_(x-a)’ s _(x-an) )
F(x)=—ce - cos(rc(x -a) )—cze " cos(n(x—alz) ) 4)

de,c, =1,¢, =1,a,, =3,a,, =5 —@yuxyia laneepmana

Hwxue HaBeneHo rpadiku AOCTIHKYBaHUX QyHK-
it (puc. 2) i Muokuan KanTopa st KOXXHOT 3 HUX
(puc. 3).

Ha Puc. 3. BimoOpaxeni muoxkuan Kantopa s
3arpornoHoBaHnX QyHKUiK (1—4) Ta 3HAYEHHS TOYOK
MHOXXUHH B (iTHec QyHKii. DyHkiis 1 Ha BiIpi3Ky
[0,7] Mae omuH ToKanbHKHA — (6;5) Ta OAMH T106aIE-
Huit excrpemym (1;-5,41), dynxiis 2 mae gBa exc-
TpeMyMH Ha BiApi3Ky [-5,5]. @ynkmig 3 (LIBedens)
3a1aHo0 Ha Biapi3ky [-500;500] Touka rmoGanbHOrO
exctpemymy Mae koopawHatu [0:10], a dynkmis 4
(JTanrepmana) — Ha Bigpisky [0;10], ocoGmuBicTs
GyHKIIT 11e J1Ba TIIO0ATLHIX EKCTPEMYMH HaOJIMKEHO
B Toukax (3;-1.28) Ta (5;-1.28).

Jyist omiHKH e()eKTHBHOCTI 3aIpOINOHOBAHOTO AJITO-
pUTMY TPOBEICHO CTaTHCTHYHE JOCIIJDKEHHS ISt
¢yukii Bedens ta Jlanrepmana, a came: TOIIYK
TOYOK EKCTpeMyMy BHKOHyBaBcsi mo 100 pasiB s
KOKHOT 3 (YHKINI 3 Omeparfi€ro MyTarii i3 3acToCy-
BaHHAM MHOXHHHU KanTtopa, a Takox mo 100 pasis 6e3
3acTocyBaHHs orepartii myTamii. st dyakmii (3, 4)
Oynmu OTpUMaHi HACTYIHI pPE3y/IbTaTd TPeICTaBJIeH]
B Ta0ymIu 1.

Crin BigmituTy 1o st pynkiii Jlanrepmana (4) sika
Mae J1Ba ekcTpeMyMu. Kpari pe3ynbrati HaOmKeHHs
eKcTpeMyMiB BifjoOpaxeHo B (Tal. 1), Haiikpare 3Ha-
4JeHHs1 0e3 MyTarlii Oyio 3HalAeHo 3a 55 iTepamiiHux
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Puc. 2. I'padiku TecToBux ¢pyukuiii (1-4)
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Puc. 3. Muoxunu Kantopa ais recroBux pynkuii (1-4)
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Puc. 4 Binoopa:xxkenuss muoxxun Kanropa ta kijibkocti itepauniiinux kpokis 187, 734 ta 1114 kpokis

Tabmunsal

CratucTi4Hi pe3yabTaTH TecTOBHX (pyHKLii 3 Ta 4

3HaYeHHs | Dyukuis 3 (IBedess) | ®yukuis 4 (Jlanrepmana)
Be3 onepanii myTanii
Min xinbkicTb iTepariit 83 50
Max xinbkicts iTepaniit 4459 2867
Meniana 351 194
CepeHe BiIXUICHHS 828 459
1-1 2-i
KimpkicTs pa3iB OyB 3HalACHUH eKCTpEMyM 100 5: 4:
Hatikpammii exkctpemym 3 100 BummpoOyBaHb (420,97175127268; (4,9919319142;
patit pemy poby 0,000013866942) -1,281319656)

3 onmepamiero myTaiii 3a tonomororw Mao:xkuH Kanropa.

Min xinbkicTs iTepariiit 72 36
Max xinexicts iTepartiit 2747 922
Meniana 287 173
CepenHe BiIXUICHHS 611 211
1-i 2-i
KinbkicTh pa3iB OyB 3HalACHUN EKCTPEMyM 100 5? 4;
Haiixpamuii ekctpeMym (420,966777805112 (3,007772437
3 100 BunpoOyBaHb 0,000013216553) -1,281319800)
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KPOKIB, a 3 MyTalli€to — 3a 36 kpokiB. Takox BiMITHMO
PiBHOMIpHICTE poboTH anroputMy. Koxanii 3 TBOX ekc-
TPEMyMIB BH3HAYA€ThCS MailKe OJHAKOBY KLIBKICTH
pasiB SIK 3 3aCTOCYBaHHSM OTIeparllii MyTariii, Tak i 6e3
Hel i mpsamye 1o criBBigHOmEHHS 50:50.

Hus ¢ynkmii [Bedenss mocmimkyBaBcs BILTUB
KITBKOCTI iTepalriifHuX KpOKiB Ha MOOYyIOBY MHO-
xuH Kanropa. Ha Puc. 4. BimoOpakeHO MHOXHHHU
KanTtopa Ta ix 3Ha4eHHs B Touka ¢iTHeC (QyHKIIIT,
KITBKICTh iTepariii BigmoBigHO nopiBHIoe 187, 734
ta 1114 kpokiB. HaouHo BimoOpaxkaeThcsi pi3HHUIA
IIUTBHOCTI MHOXHH. B ycix Bumaakax Oyino 3HaiIeHO
TOYKY IJI00ABHOTO EKCTPEMYMY.

Takok BIAMITEMO TIO TOMIYK Il QyHKIIi 3
BifOyBaBcs Ha BiAPI3KY [-500;500] 3a Mexamu
SIKOTO € 1HIIUH TI00ANbHUN eKCTPEeMyM, SKHUM MiT
Oum BimirpaBatu poib XHMOHOTO EKCTPEMYMY, SIKIIIO,
& -y {a, abo & +mn, )b, TO TPAaHUYHMMHU TOYKAMH
HOBOTO BiJIpi3Ky 00MParOThCs TPaHUYHI TOYKH ITOYaT-
KOBOTO Bi/Ipi3Ky.

[Ipu mocmimkenni ¢ynkmnii Jlanrepmana, BU3HA-
YEHO, 1110 aJITOPUTM 3HAXOIUTh O Yep3i oOuaBa Ijo-
OalbHUX EKCTPEMYMH, Ta BiIOBIIHO BiOyBa€ThCS
CKyITueHHs TOYOK MHOXUH KaHTOpa Oins miBoro Ta
MPaBoOTo eKCTpeMyMy (puc. 5).

3a pesynbraTaMM YHCEIbHUX EKCIIEPUMEHTIB IS
JMOCTIDKYBaHUX (DYHKIIH MOXKHA TIPHWATH IO BHUC-
HOBKY, 0 20 Touok MHOXWHH KaHTOpa Ha KOXHIH
iTeparii € mOoCTaTHIM Uit TIO3UTUBHHUX PE3YJIBTaTiB.
Takok MOXKHA BIZIMITHUTH, IO TaKy MYyTaIlif0 MOXKHA
BUKOPUCTOBYBAaTH HE Ha KOXXHOMY KpOIl, a 3 IIEBHUM
BU3HAYECHUM TIepiofioM. BisyanbHe mpeacTaBieHHs
T0Ka3aJio, M0 MPH 3MEHIIEH] ITepaIliifHOTO BiIpi3Ky
IITBEHICTH TOYOK Ha BiJIPi3Ky 30LIBITYyEThCS. SIK Bi00-
pakeHO Ha rpadikax, OMKIe 0 TOYOK eKCTPEMyMIB
BiIOyBa€eTbCsl YIIUTbHEHHS MHOXHH KaHTopa, 110
MiATBEPIDKY€E AOLIIbHICTh BUKOPHCTAHHS HE BEJIUKOL

KUTBKOCTI Touok MHOKuHM Kanrtopa. [lpu 3meHIeHi
BIZIPI3KY TIOITYKY, MyTaIlisi 3 BHUKOPHUCTAHHSIM MHO-
kuan Kantopa mpumBuaitye po6oTy mommgikoBa-
HOTO TeHETHYHOIO aJITOpUTMY. TakoX MO)KHA 3acTo-
cyBaru MHOXKMHH KanTtopa amns dinanbHOi niepeBipku
eKCTpeMyMy, e Oyne TONiTbHO BUKOPHUCTATH OLIBITY
KIJIbKICTh TOYOK MHOKHHH.

Huckycii. 3anponoHOBaHUM aIrOpUTM MOLIYKY
eKCTpeMyMy TopiBHIOBaBcs 3 anroputMom PCLPSO,
SKAH BUKOPHCTOBYE ONTHUMI3aTOp POIB YaCTHHOK 13
KOMIUIEKCHIM HaBuaHHSAM. byno mposemeHo pocii-
JOKCHHS! JJ1s1 MYJABTUMOZAAIBHUX TECTOBUX (YHKIIIH,
Takux 5K PozenOpox, [piBank, Pacrpurin, bpan-
HiH, lIBedens ta inmm [22]. ns 3amadi [Bedens
BIJIIIPAITIOBaHHS ANTOPUTMY 3alHsUIO Bif 7,62 10
10.01 cexynn. BinmpamroBanHs —TpenCTaBICHOTO
MOAN(IKOBaHOTO TEHETUYHOIO ANTOPUTMY 03 orepa-
il MyTarii ckimano 2.60, KiTbKICTh iTepariid cKiagae
478, Touka ekctpemymy (420,9587530;0,0000253289).
3 orrepartiero MyTarlii Ipu 3acTocyBaHHI MHOKHHH KaH-
Topa Touka ekctpemymy (420,9640398;0,0000155227)
KUTbKIiCTh iTepamiii 114 gac 1.43 cexynam. Maxkcu-
MaJlbHa KUTBKICTH iTepariii Oyna ogHakoBO 3adikco-
BaHa K B ([22]) Tak i 3a1pOIIOHOBAaHOMY T€HETHIHOMY
anroputmi i cranoButh 5000. Anroputmu OyiH peati-
30BaHi 3a JOIMOMOTOIK0 OJHOTO i TOTO K CepeOBHILIA
po3po0Oxku Visual Studio mosa C#.

Momudikarliss TPUPOIHEOTO  METaeBPHCTHIHOTO
anroputmy BAT [23], sikuit 321K Th BiJl IPHUHITUITY €XO0-
JIOKAIliHOT TOBE/TIHKY KaYKaHiB, CTPAXKIIA€ BiJT pAHHHOTO
3acTpAraHHs B JIOKAJIBHUX onTUMyMax. IIpononyerscs
TOKPAIIEHHS [TOYaTKOBOI MOIMYIIAIIi MIJISIXOM TeHepartii
JIBOX TIOMYJISILIN BUIIAJKOBUM YMHOM JI€ TTOTIM 3a IeB-
HUMH KPUTEPISIMU YTBOPIOETHCS 13 TIUX TIBOX MOMYIISIIIN
OfIHA [10YATKOBA MOKpalleHa. Po3misaaroTecs nomyrsimii
kinpkocTi 100, 200, 300 Ta 400 ocobun. B cBoto wepry,
B 3alporoHOBaHOMY MomudikoBanoMy A 3 omepa-
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Puc. 5. BinoopaxeHHs1 ckynmueHHs To40K MHO:kHH KanTopa 6ins JiBoro Ta npaBoro ekcrpeMyMiB
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II€F0 MYyTAIlii TAKOK 3aCTOCOBYETHCST OCOONMMBHIA ITi X
JI0 CTBOPEHHS ITOYATKOBOI MOMYJIALI] ONMMCaHUH Bropi,
ajile BUKOPHMCTOBYEThCS MEHIIA HOMYILis Bix 8 10
28 ocobuH, sika J1a€ TapHi pe3yiIbTard HaONKeHl 110
(hikcOBaHMX 3HAYCHB.

[opiBHSUITBHI  pe3ysbTaTH YOTUPHOX PI3HUX alro-
puTMIiB, ouH 3 SKMX € ['A, HamaroTbcs Ul TaKUX
tecroBux (yHKIiA sk Pacrpurina, [lBedens, Jlan-
repMana, Muxaiinesnda, PozenOpoka Ta iHmi [24].
Posmip momymsmii ckmagaB 20 ta 30 oxuHMIB, Mak-
CHMaJlbHa KITBKICTh iTepaliii He TIOBHMHHa Oyna
nepeurryBati 5000 ta 20000 BimmoBimHO 1O KisTb-
kocti ocobun. [lomyk excTpemyMiB BigOyBaBcs
100 paziB. B orpuManmx pe3ysibTaTax BiJIMIYaeThCs,
1110 HE 3aBX/IH BiI0yBa€ThCs 3HAXODKEHHSI EKCTPEMYMY

35

TIPY BIJMTOBITHAX YMOBAax, Ha BiIMiHYy BiJl 3aITPOIIOHO-
BaHOTO MOnM(ikoBaHOTO ['A SIKHIf 3HAXOMUTH TII00AIH-
HUIA MiHIMyM a00 O/IMH 3 HUX SIK OyJI0 3a3Ha4€HO Bropi.

BucHoBkn. BukopucranHs — MoamQikoBaHOTO
TEHETUYHOTO aJTOPUTMY 3 BUKOPHCTAHHSIM MHOKUHH
KanTopa ams moOytoBM TOYOK IpH oriepartii MyTartii
Jla€ TIO3UTHBHI pe3yabTaTH, IO BigoOpakae Haiil-
HICTh, MIBUIKOMIIO Ta PIBHOMIPHICTH poOOTH ajro-
putmy. Bukopucranus MHokuH Kantopa B 3amadax
ONTHMI3aIlii Ta MONIYKY TII00AEHOTO EKCTPEMYMY €
HOBUM ITiZIXOJIOM, IKHH MO’KE JTOTIOMOT'TH T {BUIIIUTH
SKICTh POOOTH TEHETHYHOTO AJITOPUTMY. MHOXHHA
Kanropa, Moxxe OyTr BUKOpHCTaHa K JUIsl TeHepail
MOYaTKOBUX HAONMKEHb Ta PO3IOIUTY TOYOK B MPO-
CTOpI MOTIYKY, TaK i TPy oreparii MyTartii.

10.

11.
12.

13.

14.

15.

16.
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Knrouosi cnosa: 6onoxno, VY crarTi po3mIsSAAEThCs MaTeMaTUyHe MOZEIOBAHHS MEXaHIYHOI MOBEIiHKH
2omoeeHizayis, eghekmueHull BOJIOKHUCTOTO KOMITO3HTY JUIsi BU3HAYEHHS HOTO HaIpy)eHO-Ae(opMOBaHOTO
MOOYIb npyHcHOCI, Koeghiyienm  CTaHyBYyMOBaxIonepeaHboiaedopmarii. 3HaliieHo aHaTI THYHI CITiBBIAHOILICHHS
Ilyaccona, komnosuyitinuil Ui e(heKTUBHUX XapaKTePUCTHK BOJIOKHHCTOIO KOMITO3MLIIHHOTO Marepiaiy, a
mamepian, nonepeoms came MOJYNiB NPYXHOCTI Ta KoediuieHTiB Ilyaccona, 3 ypaxyBaHHSAM 3MiHH
Oeopmayii, mampuys. 00’€MHOT0 BMIiCTy KOMIIOHEHTIB y Tporeci AeopMyBaHHS.

B poGori nanst Bu3HaueHHA e(EKTHMBHUX XapaKTEPUCTHK 3aCTOCOBYETHCS
METOJ] MPEACTaBHULIBKOTO 00 €MHOTO ejeMeHTy. Po3mIsSHyTO CHijibHE
JnedopMyBaHHs MOPOKHUCTOTO Ta CYLUIBHOTO IMJIIHIPIB, 10 MOJAETIOIOTH,
BIIMOBIIHO, MAaTPHIII0 Ta BOJOKHO y KOMIIO3UTi, 3 ypaxyBaHHSM TOTO, IO
OCBOBI TIEpeMIlIeHHs 1 BOJIOKHA ¥ MaTpuIli cTani i oqHakoBi. BBaxkaeTbes, 1110
B Iporieci aedopmaliii 1 MaTepiaia MaTpui, 1 MaTepiaj BOJIOKHA MiIKOPSIOThCS
3MiHIO€ThCsI. [lst 3miHa Oyne BU3HAYaTHCS 3MIHOK IUIONI TONEPEYHOTO
nepepizy AUISIHOK €IeMEHTapHOI KOMIPKH, 3aiHATHX MaTPHLEIO 1 BOJIOKHOM,
BPaxOBYIOYH, 1110 BUCOTA HECKIHYEHHOI KOMIpKH OyJle OIHAKOBOIO JJIsl MAaTPHLIi
1 BostokHa. OTpUMAaHO CIiBBiTHOIIEHHS JJIsl HAIIPY>KEHO-Ie(OPMOBAHOIO CTaHy
130TPOIHOTO BOJIOKHA Ta MATpHULl, B SKUX MEpeadadaeTbes, M0 HE3BAKAIOUH
Ha JIiHIMHUI XapakTep Ae(opMyBaHHS MaTpHlli Ta BOJIOKHA, 00’€MHa YacTKa
KOMIIOHEHTIB 3MIHIOETHCSI TPU 30UIbIIEHHI 30BHIIIHBOTO HABAHTAXKEHHSA M
BIUIMBAE Ha Ae(opMOBaHUi CTaH KOMIIOHEHTIB.

Hami po3misgaeTbcs aHaNOTivyHA 3a7ada Ui OJHOPIJHOTO TPaHCBEpCAJIbHO-
130TPOIHOTO Marepiaily, 10 MOAEIIOE TIOBEIIHKY KOMITO3ULIHHOIO Marepiaiy.
YMOBOIO Y3roiKeHHs AjIsl i€l 3afaqi OyayTb BUCTYIIAaTH PIBHICTh OCBOBUX
NepeMillieHb Uil JTOBUILHOT OCbOBOI KOOPAMHATH Ta PIBHICTh pajialbHUX
NepeMillleHb Ha 30BHIIIHIA YacTHHI LWIHAPUYHOI MoBepxHi. OTpumaHO
aHaTITUYHI BUPa3H 1 e(DEKTHBHUX MPY>KHUX XapaKTEPUCTUK ITPU TOTIEPEUHOMY
JnedopMyBaHHI 13 BpaxyBaHHIM 3MiHH 1€()OPMOBAHOTO CTaHY.

JociipkeHo 3a1exHICTh e(PeKTUBHUX XapaKTepUCTUK BiJ 3MiHM 00’€MHOTO
BMICTY BOJIOKHA B KOMITO3UTI B Ipolieci ie(hopMyBaHHSI.
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The article deals with mathematical modeling of the mechanical behavior
of a fiber composite to determine its stress-strain state under the conditions
of previous deformation. Analytical relations were found for the effective
characteristics of the fibrous composite material, namely the modulus of
elasticity and Poisson's ratios, taking into account the change in the volume
content of the components during the deformation process.

In the work, the method of the representative volume element is used to
determine the effective characteristics. The joint deformation of hollow and
solid cylinders simulating, respectively, the matrix and fiber in the composite,
is considered, taking into account that the axial displacements of both fibers and
matrices are constant and the same. It is believed that both the matrix material
and the fiber material obey Hooke's law during the deformation process, but
their volume fraction in the composite changes during the deformation process.
This change will be determined by the change in the cross-sectional area of the
areas of the unit cell occupied by the matrix and the fiber, given that the height
of the infinite cell will be the same for the matrix and the fiber. The relationship
for the stress-strain state of an isotropic fiber and matrix is obtained, in which
it is assumed that despite the linear nature of the deformation of the matrix and
fiber, the volume fraction of the components changes when the external load
increases and affects the deformed state of the components.

Next, we consider a similar problem for a homogeneous transversely isotropic
material that models the behavior of a composite material. The agreement
condition for this problem will be equality of axial displacements for an
arbitrary axial coordinate and equality of radial displacements on the outer
part of the cylindrical surface. Analytical expressions for the effective elastic
characteristics during transverse deformation, taking into account the change
in the deformed state, were obtained.

The dependence of the effective characteristics on the change in the volume
content of the fiber in the composite during the deformation process was
studied.
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Beryn

Komrmozuuiiiai Matepiain OTpUMaIy IHPOKE 3aCTO-
CyBaHHS! 3aBISKH CBOIM OCOONMBUM BJIACTHBOCTSAM Ta
BiIMIHHUMH EKCIUTyaTalliiHUIMH XapaKTePUCTUKAMH.

Ha ocHOBi KOMIIO3UTIB PO3pO0OICHO BETUKY Killb-
KicTh MaTepialiiB Ta KOHCTPYKLUiH, SIKi IIUPOKO 3aCTO-
COBYIOTBCSI SIK Y BaXKiil, Tak 1 B JIETKI POMHUCIIO-
BOCTi. 3aBASKH CBOIM YHIKQJIbHHUM BJIAaCTHBOCTSIM
KOMIIO3UTH 3a0e3MeuyloTh BHUPOOY Ta KOHCTPYKIIi
BHCOKY MIIHICTh, 3HOCOCTIHKICTh, XKOPCTKICTh Ta B
LeH e Jac JIErKicTh Ta MaJly Bary.

3acTtocyBaHHS KOMIIO3ULIMHUX MarepiaiiB, sKi
MaloTh BUCOKY MUTOMY MILHICTb 1 JKOPCTKICTb, 103~
BOJISIE Y CyYacCHHUX MallMHAX Ta KOHCTPYKILISIX 3HHU-
3UTH MaTepiaJIOMICTKICTh 1 MiJBUILUTH KOPO3iHHY
CTIHKICTB, BiIKpUBA€E MPUHLHUIIOBO HOBI MOMKJIMBOCTI
ONTUMAJIBHOTO MPOEKTYBAaHHs Ta CTBOPCHHS HOBUX
KOHCTPYKIIiH.

[Ipu cTBOpEeHHI HOBHX KOHCTPYKLIH i3 KOMIIO3U-
LiifHOrO Marepiany Ba)JTMBOIO 337a4€i0 € BU3HAYCHHS
HarpyeHo-1e()OPMOBAHOIO CTAHy TAKOT KOHCTPYKLI{
B peaslbHUX yMoBax ekcrutyarauii. IIpum maremarny-
HOMY MOJENIOBaHHI Ae(opMyBaHHS KOHCTPYKLIH 13
KOMITO3MLIIHHOTO Marepially akTyalbHUM € OIUCAHHS
MEXaHIYHUX XapaKTEPUCTUK MaTepiaiy. 3BaKarodu Ha
T, 1110, SIK MIPABHJIO, YaCTOTa apMyBaHHS BOJIOKHAMH
€ JIOCUTb BHCOKOIO, a IONEPEYHUH pO3Mip BOJIOKHA
MaJIUM, CTBOPUTH MaTe€MaTH4Hy MOJeNb Marepiaiy,
ska O BpaxoByBaJla KOXXHE OKPEME BOJIOKHO, JOCHUTb
npobnemarnuno. ToMy HEOAHOPIAHUH KOMIO3WIIIK-
HUH MaTepiaj MpeACTaBIAETbCS OTHOPIAHUM 3 MeXa-
HIYHMMH XapaKTEPUCTUKAMH, SIKi HA3UBAIOTh €(hEKTHB-
HUMU 1 SKi 3aJie’KaTh BiJl MEXaHIYHUX XapaKTEPUCTHUK
MAaTpHIli Ta BOJIOKHA 1 00’ €MHOI YaCTKMKOXKHOTO 3 HUX
y KOMIIO3ULIITHOMY MaTepiai.

TeopeTnuHi OCHOBHM BH3HA4YCHHS €(QEKTHUBHUX
OPYKHUX ~ CTalIMX  TPAaHCBEPCATIbHO-130TPOITHOTO
Marepiaiy, L0 MOJEIIOE TOBEAIHKY KOMIIO3HLIIHHOTO
Marepialiy, npeacrasieHi B podorax [1-5].

VY [1] orpumano Qopmyiy 3ajeKHOCTI MO310BK-
HBOTO MOAYJISI IPYKHOCTI [ TPAHCTPOITHOTO Mare-
piaity, 1110 MOAEIOE KOMIIO3UT, BiJl MIPY>KHUX Xapak-
TEPUCTUK MaTpPUL{, BOJOKHA, MEPEXiIHOro wIapy,
IO YTBOPIOETHCS M MAaTpPHUIECIO Ta BOJOKHOM, Ta
00’€MHOI JI0J11 KOKHOTO 3 HHX y KOMIIO3HTi. Takox
y CTaTTi MpOaHai30BaHO BIUIMB HAsBHOCTI Iepe-
X1IHOTO LIapy Ha BEIMYMHY €()EKTHBHOTO IO3/10BXK-
HBOTO MOJYJISI IPYXKHOCTI.

Po3msiHyTO BigOMi METOOMKHM TPOTHO3YBaHHS
MPY>KHUX CTAJMX AJIS1 MOZIENI KOMIIO3UTHOTO Marepi-
any [2], mo apMoOBaHMN OJHOCHPAMOBaHUMHM BOJIO-
KHaMH, 4epe3 MIKpOMEXaHi4Hi mHapamerpu Horo
CKJIaJIOBUX. 3alpOIOHOBAHO METOAMKY BpaxyBaHHS
OTpUMaHMX €(PEKTHBHUX XapaKTEPUCTUK IS LIbOTO
TUIy KOMIIO3UTHOTO Marepiaily y mapax po3pooie-
HOTO 0araromapoBOro CKIHYeHHOTO €JIeMEHTa TOHKOT
HEOAHOPI1AHOT 000JIOHKH.
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Y po6orti [3] mponoHyeThCsS METOAMKA BU3HAYCHHS
e(eKTUBHUX BHSKOpr)KHI/IX XapaKTePUCTHK OJHO-
CIPsIMOBAHOTO KOMIIO3MLIHHOIO Marepiaiy. 3acTocy-
BaHHS 3aIlIPOIIOHOBAHOI METOMKH 103BOJISIE OTPUMATH
MIPYKHI XapaKTEePUCTUKN KOMTIO3UTY y BUIVIsII (DYHK-
il NPYXHUX XapaKTEPUCTUK HOTo CKIIQJI0BUX Ta Bif-
HOCHOI YaCTOTH apMyBaHHSI KOMIIO3UTY.

IIpeacraBiieHO MmiAX0a 10 BU3HAUYEHHS €(DEeKTUB-
HUX MEXaHIYHUX XapaKTEPUCTHK KOMIO3MLIHHOIO
Marepiaxy, apMOBAHOTO CYLIUJIBHMMHU Ta MOPOXKHH-
CTHMH BOJIOKHAMH 32 JIOTIOMOTOKO METO/Y TPE/ICTaB-
HUIBKOTO 00’ €MHOTO CNIeMEHTY [4]. B pGSyJ'IBTaTl
OTpHMaEMO TPAHCTPONHI e(eKTHBHI TPYXKHi CTam
KOMIIO3UIIITHOTO Marepiajy, apMOBaHOTO CHCTEMOIO
CYLIBHUX Ta MOPOXXHUCTUX BOJOKOH. 3a JIOIOMO-
TOI0 MPEJCTABICHOTO MiJXOAY MPOBEIEHO pO3paxy-
HOK €()EKTUBHHUX NPYXHHUX CTAJIMX OJHAKOBO CIIPs-
MOBAHOTO KOMIIO3HIIIHHOTO Marepially Ha OCHOBI
norieipHOi CMOJIM, apMOBAaHOTO MMOPOKHUCTHMU
Ta CyLIBHUMHU CKJIOBOJIOKHaMH. lIpoBeneno anainis
3aJCKHOCTEH ISl IesSKuX e(EeKTUBHUX NPYKHUX
CTaJHX BiJ{ 00’ €MHOTO BMICTY IMTOPOKHUHH Y BOJIOKHI.

BusnavyeHo criBBiTHOIIEHHS €(EKTHBHUX TPYK-
HUX  XapaKTEPUCTHK  BOJIOKHHCTOIO  TpPaHCBEp-
cajpHO-i30TpormHOTO Marepiany [5]. PosmistayTo
MOTIEPEYHE PO3TATHEHHS Ta IONEPEYHE CTHCHEHHS
KOMIIO3UIIIHOT KOMIpKH, BH3HAUCHO HAalpy>KEHHS
Ta MEpeMillleHHs] MaTpULi Ta BOJIOKHA 33 YMOBH iX
cribHOT ocecuMeTpuuHoi nedopmartii. [Ipoanamizo-
BaHO 3QJICKHICTh PO3PAXyHKOBOIO CITiBBiJHOIICHHS
BiJ1 00’ €MHOT YaCTKH BOJIOKHA B KOMITIO3HUTI.

PoGoty [6] mprcBSIUEHO OTPUMAHHIO €(DEKTHBHUX
MOZYJIB MPY>KHOCTI 332 TOIIOMOTOI0 METOLY acHMII-
TOTUYHOI TOMOTEHI3aIlii s MOXWINX JTBO(A3ZHUX
BOJIOKHUCTHX TEPIOIUYHUX KOMIIO3UTIB 3 HEPIBHO-
MIpHAMH YMOBAaMH Hei/IeaJTbHOTO KOHTAKTy Ha MEXi
pozniny. JocmimkeHo oBeaiHKy KoedillieHTa mpyx-
HOCTI 3CYBY /IS MACUBIB Pi3HOT T€OMETpii, OB’ A3aHy
3 KYTOM KOMIipKH.

Crartio [7] npucBS4eHO €(PEKTHBHUM TPYKHUM
BJIACTUBOCTSIM KOMIIO3UTIB, apMOBaHUX JIOBTUMH
BOJIOKHAMH, SIKi MalOTh IOIIEPEYHO-130TPOIHY TOBE-
IiHKy Marepiany. EQexTuBHI NpykHI BIacTHBOCTI,
OTpPHUMaHi 3a JOIIOMOTOI0 IIECTUKYTHOTO Ta KBaApart-
HOTO PO3TalllyBaHHs BOJIOKOH Y TOEIHAHHI 3 MPOILe-
JlypOI0 00epPTaIbHOTO CPE/IHbOTO, MOPIBHIOKOTHCA, 1
HasBHI po30iKHOCTI. OOrOBOPIOETHCS BIUIUB 00'€M-
HOI YaCTKH Ta OPCTKOCTI Mk (a3HOi MOBEpXHi Ha
e(heKTUBHI TIPYKHI BITaCTUBOCTI.

Y pobori [8] Ha OCHOBI METOIIB MiKpOMEXaHid-
HOTO MOIEIIIOBAHHSA Ta TOMOTEHI3aIli TOCIIIKEHO
e(eKTHBHI TIPYy)XKHI Ta B’S3KOMPYXKHI BIACTHBOCTI
KOMIIO3HTIB, apMOBAHHX KOPOTKHMH BOJOKHAMH.
By1o 3anpornoHOBaHO TEOPETHYHI MOJEI JUISl BHSB-
JICHHS1 MEXaHi3MiB BILIHBY CKIAJOBHX 1 MIKpOCTpYK-
Typ Ha TPYKHI Ta B’ A3KOTNpYy*kHi BractuBocTi SFRC,
SKi OynM YHCENBbHO IiITBEPHKEHI MOJIEIIOBAHHSIM

ISSN 2786-6254



KIHLEBUX €JIEMEHTIB Ha OCHOBI penpe3eHTaTMBHUX
Mozeliei 00’ eMHUX €JIEMEHTIB.

OnHak, y iCHYIOUHX poOOTax MPUIYyCKAETHCS, 110
mporiec nedopmyBaHHS abo JiHIHHWE, a0 Bpaxy-
BaHHsI piBHS Ae()OpMyBaHHS 0OMEXKY€ETHCS BpaxyBaH-
HSIM OKPEMUX BHIIA/IKIB i HE Moxe OyTH 3aCTOCOBaHa
JUIs IIUPOKOTO KOJIa KOMITO3MTIB. Tak, SKIIO PO3-
IJITHYTH OJWH 13 BHJIIB BOJOKHHUCTUX KOMIIO3HUTIB —
IYMOBOKOP/IHI MaTepiajli — TO MOXHa 3ayBa)KHTH,
o B npoueci geGopMyBaHHs TyMa MOXeE 3a3HaBaTH
3HAUHUX JAedopMmaliid, TpUYoMy y MeXax 3aKOHY
I'ykxa. ¥ Toif xe gac mpu Takomy AepopMyBaHHI ryma
He 3MiHIo€ cBiif 00’eM (koedimienT Ilyacona Omm3b-
kwif 1o 0,5), a BoJokHa (MeTamneBi a00 TKaHUHHI) TIPH
nedopMyBaHHI CBili 00’€M 3MIHIOIOTH (KOoe]imieHT
[Tyacona Bapitoetscs Big 0,25-0,35 s MeraneBux
mo 0,8 s TKaHWHHHX), B pe3yibrari mpu jaedop-
MyBaHHI 3MIiHIOIOTBCS 00 €MHI YacTKM BOJIOKHA Ta
MaTpUIli Y KOMITO3HTI.

MeTor0 H0CTiIKeHHH 1€l CTaTTi € BU3HAYCHHSI
3aNIeKHOCTI €(EeKTUBHUX MEXaHIYHHX XapaKTepHc-
TUK TIpH TIomepeuHiit aedopmarii Big 00’eMHOTO
BMICTY KOpZa, 3 ypaxyBaHHs piBHSA JedopMyBaHHS
BOJIOKHHCTOTO KOMIIO3ULIIHOTO Marepiany.

IlocTranoBka 3agaqi. OcHOBHI CIiBBiIHOIIEHHSI.
Po3rssHeMOo BOJIOKHHUCTHIT KOMIIO3HIIIHHUH Marepial
i3 TOBTMMHU BOJOKHAMHU TPU TE€KCaroHANbHIA cXemi
apMyBaHHs. J[ns BUKOHAaHHS IIOCTaBJIEHOI 3amadi
CKOPUCTAEMOCS METOJOM IPEICTaBHUIBKOIO 00’ €M-
HOTO eJIeMeHTY. BruokpeMnmo i3 00’eMy KOMIIO3UTY
CJIEMEHTApHY T'eKCAaroHaJbHY KOMIpKY, IO MiCTHTb
BOJIOKHO Ta OTOYYIOUy HOTO MaTpHII0. 3Ba)Karouu,
IO KOMIIO3UT apMOBAaHWN JOBTMMH BOJIOKHAMH,
OyzeMO BBaKaTH JIOBXHHY €JIEMEHTApHOI KOMIipKH
HECKIHUEHHOI0. | eKcaroHaJIbHUH  TOnepevHuit
nepepi3 KOMipKu ampOKCHMYEMO KPYIOM, Tak 1100
00’eMHa 4acTKa BOJIOKHA y KOMIpLi HE 3MiHHJIACH.
B pesynbrari enemeHTapHU NpeACTaBHULBKUHN eJie-
MEHT KOMIO3ULIIHOTO MaTepiaiy Oyzae cKiagaTucs 3
HECKIHUYEHHOTO CYIUIBHOTO MWJIIHIPA, M0 MOIEIOE
BOJIOKHO, Ta HECKIHYEHHOI'O MOPOXXHHUCTOIO LIMJIiH-
Ipa, 1110 MOJIEIoE MaTpuirio (puc. 1).

Bynemo BBakaru, mo B mpoueci negopMyBaHHs
1 Marepiaym MaTpwili, i Marepiajd BOJOKHA ITiIKOPIO-
I0ThCsI 3aKOHY ['yka, anme B mponeci aedopmyBaHHS
3MIHIOETBCSL iX 00’€éMHa 4acTKa y KOMIO3uTi. Lls
3MiHa Oyle BH3HAYaTHCS 3MIHOIO TUIOIII TOTEeped-
HOTO TIepepidy obnactell eleMEeHTapHOi KOMIpKH,
0 3aliMae MaTpUIlsl Ta BOJIOKHO, BPaxOBYIOUH, IO
BHCOTa HECKIHYEHHOT KOMipKH OyJle OTHAKOBOTO 1 ISt
MAaTpHIIi, 1 TSI BOJIOKHA.

3’scyeMo, SIK 3MIHUTBCS HanpyxeHo-aedopmona-
HUI CTaH elleMEHTapHOi KOMIpKH, SKIIO B IMPOLEci
nedopmyBaHHS ii paniyc 3MiHUTBCS 3 b 10 b+Ab, a
paniyc BoyiokHa — 3 a 10 a+Aa (puc. 1). YMOBOO KOH-
TaKTy Ha MEXI pO3/iTy MaTepiaiiB B mporeci aedop-
MyBaHHs OyJleMO BBaXKaTH iJicaJibHe 3YETIJICHHS.
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PosriisireMo nonepeune (y pagialbHOMY HaIPSIMY)
PO3TATHEHHS €JIEMEHTapHOI KOMIPKH KOMITO3MIIiH-
HOTO Marepiay.

KpaiioBi ymoBH TimiOpaHO TakuM YHHOM, 100
BOHHU BIJNIOBIAIM  E€KCIIEPUMEHTAIBHUM  JaHUM,
OTPUMAaHMM JIJISl KOMITO3UIIIHHOTO MaTepiany. B miciti
34eIUICHHSI BOJIOKHA 3 MAaTPHICI0 BIJICYTHIiH CTpH-
00K 3a pajiaJbHUM TEPEeMIlEHHSIM Ta pajialbHAM
HaTpy>KeHHSIM, OChOBI TIEPEMIIIEHHS 1 BOJOKHA W
MaTpHIl CTalli i OTHAKOBI:

o, (a+Aa)=c, (a+Aa),u (a+Aa)=u (a+Aa),u

(=i, (1)

TyT 1 qaii cCUMBOJI o O3HAYa€ BEITUYMHHU, IO BiJl-
HOCSITHCS 10 BOJIOKHA, @ CHMBOJIOM * — BEJTUUMHU, [0
BiJTHOCSITBCS JIO MaTPHIII.

Po3miisiHeMo cyMicHe BiceCHMETPUYHE MOTIePEUHE
PO3TATHEHH CyLIAbHOIO uiHapa (0 < r < a), AKUi
MOJICITIOE  BOJIOKHO, Ta MOPOXKHHUCTOTO IIFIIIHApA
(a < r<b), axuii MoziesI0€e MaTpuIio (puc. 1a).

) So

Puc. 1. [lonepe4yHe po3TATHEHHA: a — CyMiCHe
pedopMyBaHHS MATPHULI Ta BOJIOKHA;
0 — 1epopMyBaHHSI KOMIIO3UTA

Po3p’si3anHA 3a7a4i MeTOAOM NpeICTABHUIb-
KOro 06’emHoro enementy. Hampysxeno-nedpopmo-
BaHUW CTaH TPAHCBEPCAIBHO-130TPOMHOTO BOJIOKHA
Oyze oIMCyBaTUCsl HACTYITHUMH CITiBBIAHOILICHHAMHU:

u,(r+Ar)=C(r+Ar) 2)
u; (erAz):(]_]V“) (6;+AG;)(IET VE—Z(VG) _20v Z+AZ (3)
(r+Ar)= £ (G;JrAG;)V +C|;
(l _ Vo) EO b
. E (cs:) + Acg)vo
O (F + AF) = +C|, &

(l—vo) E

ne C — crasna, 10 BU3HAYAETHCS 3 TPAHUYHUX YMOB.
CriBBiJJHOIIEHHS, SIKI OMHCYIOTh HAINpyKeHO-JIe-

dbopMOBaHMI  CTaH  TpaHCBEPCaIbHO-130TPOITHOT

Marpwili OyIyTh MaTH HACTYITHUH BUIIISL [9]:

u (r+Ar)=A(r+Ar)+

(r+Ar);
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)

1 * [(G;JrAO';)(lV*z(v*)z)zAv*J(z_yAz), (5)

l—v) E
. .| (o) + Acy)V' A B
Ar)=E"| ——— = = |
o (r+47) (E*(l—v*) Ty (r+Ar)2(1+v)]
. .| (o5 + Acy)v" A B
Ar)=E - —1. (6
Oy (1 + AF) [ E*(l—v*) Ty (r+Ar)2(1+v)] (©)

st Toro, 00 3MOCITIOBATH TIOTICPEYHE BiCECH-
METpPUYHE PO3TATHECHHS, HEOOX1THO 3a/1aTH TaKy Kpa-
OBy YMOBY:

o, (b+ Ab) =o,. @)

O0’eMHHMI BMICT BOJIOKOH B KOMIIO3UTI IOpiB-
HIOE [, TO, BPaXOBYIO4YH, L0 00JACTh, Ky 3aiiMae
MaTpUIlsl B €JIEMEHTapHId KOMipIl, i 001acTe, AKy
3aiiMae BOJOKHO B €JIEMEHTapHIN KOMipIli, MaroTh
OJIHAKOBY BHCOTY, CIpaBEIJIMBE TaKe CIIiBBIIHO-

IICHHSA:
2

a
r=4. (8)

BianoBigHo, 00’€MHHMI BMICT BOJIOKOH B KOM-
TTO3WTI TICHISI TIOTIEPEYHOTO PO3TATHCHHS Oyle MaTh
HACTYITHUM BUTJISL;

(a+ Aa)

f+Af:(b+Ab)2.

Buxomsum 3 kpaitoBux ymoB (1), (7), 3Haiimemo
crami A, B, C Ta 3aIeKHICTh MiX o, Ta G, G, —
OCHOBHMH HANpyKEHHSIMH, SKi TIIOTh Ha Mare-
pianm BOJOKHA W MaTpwili, BiOMOBigHO (o) = const,
o, = const , BUXO/STYM 3 TpeThoi piBHOCTI (1)). 3 mpy-
roi piBaOCTI (1) Maemo:

B

C=4+——. 9
’ (a+ Aa)2 ©

3 piBHOCTI (7) OTpUMY€EMO:

. oV A B
S o -\ S ;- , (10
o E(1-v) 1=V (b+ab) (1+v) (10)
3BIIKHA

A:(GO+”003(17V*)7(0:)‘*'”*0:))‘/* + B(lfv*) , (11)

E E (b+ab) (1+v)

FI=v)+(1+v)
b (a+Aa) (1+v") -(12)
3 nepuoi piBrocri (1), 3 ypaxysanusm (9) Ta (10),
MaeMO
2 (a+Aa)1(l+v (E (

C=

(o0 + AGU)(I - V‘) B (o, + Acy)v’
E E

v")—(l—v')Et) (a+Aa)2(l+v‘)v’

) 'E)A(d:;) R Fr (o) +80;)+
%< +ac). (13)

il s ! 7V')(E°E(3(+dzv”_);)5”(l ) (o) +Acg)%+
) A>% (1
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(l—v°)7v“(f(l—v*)+(l+v*)) vd

€= lon o) =) God) @) gyt
+#d]_d)(5:)+”55)- (15)

3aJIeXKHICTh MIX 6, Ta o), G, 3HANUJAEMO 3 TPETHOI
piBHOCTI (1):

[(1 V' S2Y)(dy - d) N WE (v° (f(l -V (1+ v'))ffv‘ (1 v”))]cn .
E(1-v) E(1-v) !

+[2(v‘)2(1 V) (d - E(149)) -2V (1-V) - (1-v - 20)) (e, - )1 7v'4)]6, .

E(1-v')(1-V)
_AWE (B (v E‘(l—v"))c (16)
E 0

[MpuiHsBIIT TaKi MO3HAYCHHS
(E(£(1-v =2v%)+(1+v)+ E (1= 1) (1-v =2)))

o
o (B (/-1)(1=v =2vV) = E'(f(1-v =2)) + (1+V)))
(I = i ;
.- (4vE -2 (E (1E+ V)+E (1~ w))), 17)

Ma€eMO

d'cy, —d'c, =dys, . (18)
PosrnsiHeMo Teriep aHaNOTIYHY 33734y JJIsl OJJHO-
pITHOTO TpPaHCBEPCATBEHO-130TPOITHOTO Marepiaiy,
110 MOJEITIOE TTOBEIIHKY KOMITO3HITITHOTO MaTepiary
(puc. 10). Y npoMy BHUIIAAKY ITOJIC HANPyXeHb Oyjie
BHU3HAUYATHCS TAKUMH CITiBBITHOIIICHHIMHU:

6,=0,0,=0,=0,=0, (19)
HepPEeMIIICHHS 3aMUIITYThCS Y BHIVISII:
B __2Cv
u (r+Ar)=C/(r+Ar), u (z+Az)= T+v) (z+4z). (20)

A BUpa3y I Hanpy>kKeHb HAOy/lyTh BUIIISAY:

G, (r+Ar)= IC‘_—E =const, oy (r+Ar)= IE_C\‘} =const. (21)
BpaxoByiouu rpaHu4HYy YMOBY
o, (b+Ab) =0, (22)
OTPUMYEMO
G, =Gy} Gy =Gy - (23)

3 ypaxyBanasam (19), (23) piBHSIHHS cTaHy TpaH-

CBEpCaJBHO-130TPOITHOTO  Marepiaay  HaOymyTh
BUTIISY:
1-
g, = SV (1-v) €y, = _ 20V . (24)
E E

Tomni mepeMimieHHs, 3TiHO 31 CITiBBITHOMICHHIMHA
Ko, Bu3Ha4aTuMyThest OpMyITaMu:

26,v
= (25)

Cram C, =C,=0 3 ypaxyBaHHsM, IO IS ITi€i
3ajaui OymyTh BHKOHyBaTHCsi yMoBH u,(0)=0 Ta
u,(0)=0, Toxi

u, (r+Ar) :76”(357 V)(r+Ar)+Cl; u (z+A7)=- (z+4z2)+C,.

u, (r+Ar)=

- (IE_ u (r+Ar)u, (z+Az) = ‘&STOV(Z + 7). (20)
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s Toro, mo6 30iramucs yMOBU PiBHOBar st
000X 3aj1a4, HeOOXiqHO, III00 BUKOHYBAJIACS PiBHICTH:

na’(c, + Ac,) + Tt(b2 - az)(GS +Acy) =0

abo
(o5 + Acy) [ + (oy + Acy) (1 - f) =0. 27
3 ypaxyBaHssM (18) orpumyemo:
. . d, (f -1
o, = dOf , Oy = 0 (f ) (28)

Ndfrd (1-f) Ndfrd (1-f)
3 nepmroi ymoB# (29), 3 ypaxyBaHHM (28), MaeMO
TaKU{ PY>KHUHN KOeQIIlieHT:
1-vy, E(1 -v°)((f+Af)(1 +v')+(1 -v*))+ E (1+v)(1=v)(1-(f +8))
E, E'(dy - dy)
+d" (f+M)(f+af —l)(v‘E‘ (1+v)+E (v'(l -v)- 2v°)) (30)

E'(d,—d)(d'f+d (1-(f + )

+

3 npyroi ymoBu (29), 3 BpaxyBaHHsM (28), oTpu-
MY€EMO CITiBBiTHOIICHHS:
v do(f+Af)(d2 —d +2EVYV (f+Af—1)-2f(v")2 E) .

ff 2E"(dy —d,)(d" (f+Af)+d (1-(f +4)))
_v"(E°(1+v")+E‘(1-v°)) 31
E (d,-d,) ’

OOroBopeHHsl 4MCeJIbHHX Ppe3yJabTaTiB po3-
paxyHky. PosmisiHeMO TyMOBOKOpIHMIA Marepian
3 130TPONHOI0 MAaTpHLEI0 Ta i30TPOIMHHM KOPAOM
3 TaKMMHU TOPYKHHUMH XapaKTEPUCTHKAMHU: MOAYJb
NPYXKHOCTI TEKCTHJIBHOTO Kopzma E° =1,6A10° MI1a,
koedimient [lyaccona v’ =0,8, MOIy/Ib MPYKHOCTI
rymu E° =4,5Mlla, koediuient [Tyaccona v’ = 0,49 .

Sk MOXHa 3ayBaXHMTH, KOKHA 3 €(QEKTHBHHUX
MPYKHUX CTaJUX KOMIO3HMLIHHOTrO Marepiaiy 3aie-
KHUTh BiJ| TIPY)KHUX CTaJIUX MaTpUIll i BOJOKHA Ta
00’€eMHOT0 BMIiCTy MarpHili i BOJOKHA B KOMIIO3HUTI.
Ha puc. 2 MOXKHA 3aMITHTH, 110 BEIMYMHA > 3MCH-
LIYeTHCS TP 3pOCTaHHi 06’ eMHOi o BomokHa. Lle
MOSICHIOETHCS TUM, 1[0 BOJIOKHA € OUIBII JKOPCTKUMH
i edeKTHBHUN TOMEpeuyHH MOMYJIb 3pPOCTAE TPH
301IbIIIEHH] YACTKU BOJIOKHA Y KOMIIO3UTI. B mponeci

43

nedopMyBaHHS 00’€MHA YacTKa MATPHIN 3pOCTa€e
3aBISKHU 11 C1a0KIf CTUCIUBOCTI ¥ BIAMMOBITHO BEIIH-
anHa % 3pOCTaE, MPUYOMY Ls 3aleKHICTE Mae
HEJHIHHUX XapakTep. AHAJOTiYHA CHUTYyalis IOKa-
3aHa Ha PHC. 3 JUIA CIBBIAHOWIEHHS -, HOTO BeyH-
YUHA 3POCTAE 3aBIAKH CIaOKii CTUCIMBOCTI TyMH,
00’eMHa YacTKa AKOi B mporieci gegopMyBaHHs 3p0-
crae. [IpeacraBinenHi Ha puc. 3 3aJeKHOCTI MarOTh
TMHITHUX XapakTep.

1000
900 /,
800 /
700 -
1-vy3 _ -
1011 ;1271 / ~
B, 600 - .

500 _— -

400

300 T T T T 1

Puc. 3. BinHomeHnHst epekTUBHUX

. Vl .
MeXaHIYHHX XapAKTePUCTHK 7 B 3aJIeXKHOCTI
Bil 00’€MHOT0 BMiCTY BOJIOKHA

BucnoBku. Ha ocHOBI npeicTaBHUIILKOTO 00’ €M-
HOTO EJIEMEHTY BH3HA4YeHO HampykeHo-Iedopmo-
BaHWH CTaH €JIEeMEHTapHOI KOMIPKH IJIsi CyMiCHOTO
neopMyBaHHS MaTpHlli Ta BOJIOKHA TPH TOMEped-
HOMY PO3TSTHEHHI 13 BpaxyBaHHSIM 3MiHH 00 €MHOI
JI0JI1 KOYKHOTO 13 KOMIIOHEHTIB KOMIIO3UIIIMHOTO Mare-
piaiy B mpoueci nedopMyBaHHS. AHANOTIUHY 3aaqy
PO3B’s3aHO Ul TOMOT€HI30BaHOTO TPAHCTPOITHOTO
marepiaiy. [TopiBHSHHS IEBHUX CKJIaJOBUX HalpyKe-
HO-Z1e()OPMOBAHOTO CTaHy Y 000X 3aJa4ax J03BOJIUIIO
BU3HAYUTH CITiBBiIHOMICHHS /I €(EKTUBHUX MeXa-
HIYHHMX XapaKTePHCTHK KOMITO3UIIIHOTO Marepiay.

BuznaueHo 3ajekHICTh e(DeKTUBHUX MEXaHIYHUX
XapaKTEePUCTHK NpW MONepeuHid nedopmarii Bix
00’eMHOT0 BMICTy KOpAa B HAacHioK Ae(opMyBaHHS
BOJIOKHHUCTOTO KOMITO3UIIIHHOTO MaTepiaiy.
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The paper deals with the problem of determining stresses and displacements
at the points of a multilayer base consisting of orthotropic layers and coupled
to a half-space. The external loads on the top layer are known, such that the
deformation of the body becomes flat. At infinity, the stresses are zero.

This paper presents a brief review of scientific studies that highlight methods
and approaches to solving problems related to the theory of elasticity for
studying the stress-strain state of multilayer bodies, plates, plates, and strips.
The article formulates an algorithm for analytically solving the problem for a
multilayer base, in which all the basic equations of the problem and boundary
conditions are subjected to a direct Fourier transform. The stress function is
found as a solution of the analog of a biharmonic differential equation in the
space of transformants in the case of an orthotropic material.

The relationships between the stress function transformant and the stress and
displacement transformants are established. For each layer, four auxiliary
functions are introduced that are associated with the stress and displacement
transformants of points on the surface of the layers. From the conditions on
the common boundaries between the layers, recurrent relations are constructed
that express the auxiliary functions of the lower layer through the functions of
the previous layer. By expressing the four auxiliary functions for the first layer,
we can find similar functions for any layer using recurrent formulas.

After substituting the found expressions into the stress and displacement
transforms and applying the inverse Fourier integral transform, we obtain
the true values of stresses and displacements at the points of the multilayer
orthotropic base.

The proposed algorithm takes into account the peculiarities of the properties
of the orthotropic material and allows us to obtain analytical solutions of the
stress-strain state in each layer of the base.
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VY cTaTTi po3mIAIAETHCS 3a1a4a IPO BU3HAYCHHS HAIIPY>KCHB 1 MEPEMIIICHD B
TOYKaxX OaraToIrapoBoi OCHOBH, IO CKIAJA€THCS 3 OPTOTPOITHUX IIApiB sKa
34erieHa 3 MiBIIPOCTOpOoM. Bimomi 30BHIIIHI HaBaHTa)KCHHS HA BEPXHHOMY
miapi, Taki mo Jedopmaiis Tila CTae IUJIOCKOK. Ha HecKiHYeHHOCTI
HAINpy>KeHHS TOPiBHIOIOTH HYJIIO.

B po60oTi HaBeIeHO KOPOTKUH OTJISI]T HAYKOBHX JIOCIIJKEHb, SIKi BUCBITIIFOIOTh
METOJIM Ta TiAXO/HN JI0 BUPIIICHHS 3aB/IaHb, TOB'I3aHUX 3 TCOPI€IO MPYKHOCTI
JUTSL JIOCITIJDKCHHSI HalpyKeHO-1e(OpMOBAHOTO CTaHy OararomapoBUX Til,
TUTHT, TUTACTHH 1 CMYT.

B crarti chopmyinboBaHO anTOPUTM aHAIITHYHOTO PO3B'S3aHHS MTOCTABICHOT
3amadi s OararomapoBOi OCHOBH, B SIKOMY BCi OCHOBHI DIBHSHHS
3aga4i Ta TPAaHWYHI YMOBH HiIIAIOThCS TPSIMOMY TepeTBopeHHI0 Dyp'e.
OyHKIIST HAMPYKESHb 3HAXOAWTHCS SIK PO3B’SI30K aHAIOTY OIrapMOHIYHOTO
IuQepeHIiaTbHOT0 PIBHAHHS B TPOCTOpi TpaHC(OPMAHT Ha BHIAIOK
OPTOTPOIHOTO MaTepiay.

BcTaHoBmIOIOTECS B3a€EMO3B'SI3KM MK TpaHC(HOPMAHTOIO (QYHKIIIT HApy>KEeHb
Ta TpaHC(POPMAHTAMH HAIPYKEHb 1 epeMinieHb. J{JIst KOKHOTO Imapy BBEICHO
YOTHPH AOTIOMIXKHI (DYHKIII, SIKi TTOB’A3aHi 3 TpaHC(HOPMAaHTAMHU HaNpy>KCHb
1 TIepeMilIeHb TOYOK Ha TMOBEPXHI ImIapiB. 3 yMOB Ha CHUTBHHX MEXaX MiXK
nrapamu NoOy/I0BaHO PEKYPEHTHI CITiBBITHOIIICHHS, 1[0 BUPAKAFOTh JIOTIOM1KHI
¢yHKIIT HIDKHBOTO mIapy 4epe3 (yHKIii momepeansoro mapy. Bupaskaroun
YeTBIPKY MOMOMDKHMX (YHKIIH JUIs TepIioro Imapy, MOXKEMO 3HAHUTH
aHaJoTiuHi QYHKIIT [UTS JOBUTFHOTO APy 38 PEKyPEHTHUMH (hOPMYITaMH.
[Ticns mifcTaHOBKM 3HAWACHWX BHpPa3iB B TPaHC(HOPMAHTH HANpPYKEHb Ta
MEepeMilIeHb 1 3acTOCYBaHHS OOCPHEHOTO IHTErpalibHOTO IEPETBOPEHHS
®yp’e MH OTPHMY€EMO ICTHHHI 3HAUCHHS HAIPY)KEHb 1 TIEPEMIIIeHb B TOUKAX
OararomapoBoi OPTOTPOITHOT OCHOBH.

3anpoNOHOBAHUII  aNTOPUTM  BPAxXOBYe  OCOONMBOCTI  BIACTHBOCTCH
OPTOTPOITHOTO Marepiayly 1 JIO3BOJISIE OTPUMYBATH AHAIITHYHI DIlICHHS
HaINpyX)eHO-/1e(hOPMOBAHOTO CTAHY B KOXKHOMY IIapi OCHOBH.

Introduction. The problem of determining the stress-  ments, and foundations when structures are considered as
strain state in complex multilayer systems is relevant and ~ multilayer bodies or arrays, multilayer plates and bases,
important for many fields of science and technology.  in particular, those lying on an elastic or rigid half-space.
For example, in industrial and civil engineering, similar To date, many different methods have been devel-
problems arise in the calculation of structures, road pave-  oped for the calculation of layered structures. For
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example, in [1], a new approach (the macroelement
method) was developed to calculate the stress-strain
state of orthotropic slabs resting on an elastic Winkler
base. The authors showed that this approach provides
a more accurate solution compared to the finite ele-
ment method.

The modeling of an elastic base by the Paster-
nak equation, which gives a more realistic view of
the deformation of the base, is discussed in [2]. It
is devoted to the development of an analytical and
numerical method for solving the problem of mod-
eling the stress-strain state of layered orthotropic
plates on an elastic Pasternak base.

An assessment of mixed and classical theories on
the global and local responses of multilayer ortho-
tropic plates is given in [3]. In this paper, the authors
conclude that the application of Reisner's mixed var-
iational theorem to mixed problems of elasticity the-
ory gives an advantage in the accuracy of calculations
over the classical principle of possible displacements.

Paper [4] provides a general overview of the the-
ories, as well as an analysis of the accuracy and effi-
ciency of various theories for studying the deformed
state of laminated plates and the corresponding finite
element models. The authors have shown that glob-
al-local theories are more effective in predicting
transverse shear stresses compared to other theories
(zigzag theory, Reddy theory).

Paper [5] presents a solution to the problem of
axisymmetric torsion of a multilayer plate with elastic
connections between the layers using the method of
compliance functions and the Hankel integral transform.

The application of the Fourier integral transform
and the method of compliance functions is described
in [6; 7]. In [6], this method was applied to solve the
problem of plane deformation of an isotropic multi-
layer plate with elastic connections between the lay-
ers, and in [7], to determine the contact zone and con-
tact stresses between an isotropic strip and an elastic
half-plane.

The solution of the basic boundary value problems
of the plane theory of elasticity for a transversally iso-
tropic multilayer base by the method of the integral
Fourier transform with the construction of compli-
ance functions is given in [8].

This literature review confirms the relevance of
modeling and analyzing the stress-strain state of lay-
ered structures. It demonstrates the effectiveness of
the method of compliance functions in solving prob-
lems of elasticity theory with isotropic and transver-
sally isotropic layers, but it has not been applied to
structures made of orthotropic materials.

Therefore, the purpose of this paper is to extend
the method of compliance functions using the inte-
gral Fourier transform to solve the first basic bound-
ary value problem of plane elasticity for a multilayer
base with orthotropic layers.

Computer Science and Applied Mathematics. Ne 2 (2023)

47

Statement of the problem. Let's consider a pack-
age of n layers that is connected to a half-space. We
call this structure a multilayer base. Each layer is
assumed to be homogeneous, weightless, orthotropic,
and characterized by a thickness /# and elastic con-
stants — Poisson's ratios v and Young's modulus’s £.
The deformation of the multilayer base is plane. It is
necessary to determine the stresses and displacements
in the layers of the base if the loads on the surface are
known.

The layers in the base are numbered from top to
bottom, starting with one, with the layer that lies on
the half-space having the number n, and the half-space
being numbered n+1. The layer with the number 1
will be called the top layer, and the layer with the
number n will be called the bottom layer (Fig. 1a).
All values related to the layers of the bases will be
denoted by the upper or lower index k£ =1,n (usually
lower). For example, the thickness of the layer with
the number £ is denoted by 4, .

The materials of the layers and the half-space are
characterized by elastic constants — Poisson's ratios v
and Young's modulus’s Ef, where ne i,j=1,2,

k=1n+1.

For each layer and half-space, we introduce coor-
dinated local rectangular Cartesian coordinate sys-
tems O, X, Y, Z, (k is the layer number), as shown in
Figure 1a. All the origin of the local coordinate sys-
tems are located on a single line perpendicular to the
surface of the bases. The directions of all O, X, axes
are parallel to each other, as well as the directions of
the O,Z, axes. The local coordinate planes O, X, Z,
coincide with the upper planes of the corresponding
layer. For half-space, the local system is introduced

in the same way.
Ll e

— > > > =

half space

(a) (b)
Fig. 1. Multilayer orthotropic base

The external load f(x;),f(x) is such that the
deformation of the base and half-space is flat, so we
proceed to a two-dimensional formulation of the prob-
lem (Fig. 1b). We will assume that the movements of
the body points occur parallel to the O,X,Y; plane.

Geometric areas that occupy layers and half-space:

G, (X4, Vi )i {—0 < X, < +o0,—h < y, <0},

G

n+l

(xn+]’yn+l ): {—(1) < xn+] < +OO,—<1) < yn+] < 0} .
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For a layer with number k, the upper bound

¥, =01is described by -oo<x, <+, the lower
bound y, =-h,, —0 < X, < +0.
Boundary conditions:
1) boundary y, =0:
Gly (%,,0) = £, (xl)’TLy (%,0)= £ (x); (1)
2)common boundaries between the layers
k=1n-1:
Gf} (xka_hk) kH (xk+]70)stl;y (-xka_hk) k+l (xk+l’0)a
u),: (xk’_hk) k” (xlnlio)’u;f (xk’ h ) - uk” ( n+1s ) 12)

3) common boundary of the lower layer and the
absolutely rigid half-plane:

u; ('xnifhn) = u)’rH] (xn+l»0) = 0;”; (xnafhn) = u;H] ( n+la 0 3(3)
4) at infinity, k =Ln+1:
Jim ok (x,,)=0, lim o (x,y)=0, lim < (x,5)=0. A4)
o Ry o

Methods. To determine the stress-strain state of
bodies, we will apply the method of one-dimensional
integral Fourier transform to the obtained stress func-
tion @(x, y) (the algorithm is described in [9]). This
method, in combination with the method of compli-
ance functions for isotropic materials, was proposed
and developed in [10; 11]. The extension of this
method to the case of an orthotropic half-plane is dis-
cussed in [12].

To determine the stress-strain state of bodies, we
will apply the method of the one-dimensional integral
Fourier transform [13] to the stress function ¢(x, y)
with variable x and transformation parameter E:

o

P& y) = fw(x y)-e¥dx, @(x, y)=— f«)(f y)-e¥xdg. (5)

The first formula defines the dlrect one-dimen-
sional integral Fourier transform for the function
o(x, v), and the second defines the inverse. The func-
tion @(& y) is called the Fourier transform of the
function ¢(x, y), for which the property [10] is true:

fa’%p(x,y) _

dxk
—00

The solution to the boundary value problem is
sought in the space of transformants of the one-di-
mensional integral transform. In this case, all the
basic equations of the problem and boundary condi-
tions are directly transformed by the one-dimensional
Fourier integral transform.

Find the solution of the analog of the biharmonic
differential equation of a plane problem for an orth-
otropic material [14], to which we apply the Fourier
integral transform:

el¥dx = (—iOk-p(&,y). (0

d*@ d*p
Al 'd_:y4_2A3€2 e

dyz A2$4 ' (p

I
A
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where
€337 C12
Ay =cp Ay =z =—"—,011 =
9

_ 1-Vyp Vg I _ 1

= »C22 = ,C33 = —,
Ey Ey Gy

Coo = Con = Vxy+VxzVzy _ Vyx+Vzx'Vyz _ /Ex-Ey
12 — *21 — - xy — -

Ey Ex TUEY T 2o(14 Vay Vyx)

elasticity constants in Hooke's law, @ = @(§,y) —
Fourier transform on the variable x from ¢(x, y)
Let's write the transformant of the stress function

02(&y), k=1n+1
D2 (& y) = A (8) sh(ryJay) + Baw (O)yary sh(ry,fay)
+ Coe (&) ch(ry fay) + Doy () fary ch(ry fay),

where r = [€], /a; = \/%,k =1,n+1.
1

The stress function @, (x, y) is chosen to satisfy the
conditions exactly:

(7)

0%
ay? ’

0%k X 0%y (8)

= k = = —
¥ (xy) = ay (x,y) Froat 5 (%, y) xdy

Applying property (6) to formulas (8), we obtain:
<ﬂ2k_ (9)

TFEy) = a"’j",

afEy) = -8  Ey) =i

Applying the Fourier transform property to the
formulas yyy = €33Tyy, & = C110x — €120y we obtain
the displacement transformants u¥(¢,y), uk(E, y)'

) (0)

The boundary conditions in the transformant space
take the form:
1) boundary y =0

1’-";:%(511E(§v}’)_512‘77;'15({}’)) E €<

30 =AE, HEO=F/E; 1)
2)common boundaries between the layers
k=1n-1:
—h,) = k+1 —h,) = k+1
of (&, —hy) = €0,  HE-h) =50, @)

Uy (S;f _hk) = u’,ﬁ“(f, 0), Uy (S;l _hk) = u’;“(f, 0);

3) common boundary of the lower layer and the
absolutely rigid half-plane:

(& —hy) = 0371 (E,0),  TH(E—hy) =T (4,0 =0,

(3"
ux(ft _hn) = u;H-l(fn 0) =0, uy(ft _hn) = u;/H-l(fn 0) =0;
4) at infinity, k =1,n+1:
glm ot aFEy) =0, glm EAEDE 0, lim HEY)=0. (4")

Substituting (7) into the boundary condition for-
mulas (2'), we obtain:

o (&, —hy) = E2ch(ryefar) - (Daxfarhi — Car) — €2sh(rhy\Jay)
* (Bakfahi = Az),
oF I 0) = =820, T 0) = i\ (rAg + Dy,
5, (&, ~h) = igch(rhiefay) - Az + Dudyf@ = TBaeayhy)
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— i&sh(rhefa) - ((TCzk. + By)Jay - rDzkakhk):
uk (&, —hi) = (r?CorCranz + T@Ch11 (rCox + 2Boi) — 72 Do/ ArchicCiean

h(rhy./ } h(rh,
—T‘ZDzk\/a—khkalz) a (T /o) ish(r kaa—k)

. _ .2
(T Ba/akhicCriz + 72 Bogpnfarchycis — 72 AgicCraz

— Ty Cry1 (TAg + 2Dzk))»

—_— i
U, 0) = - (r2CorCiaz + 2 CorCrar + 27 Bok@ycCran ),

¢
u_’;i(sz' —hy) = (/@i Az + 3Dz1) — \Jai(Cras — ck12) Tz + Daie)
— 1By h (@Cra1 + Craz — Cksa)) - ch(rhyfax)
+ (\/a—k(ck33 — Ca2) (TCop + Bait) — @prf@xcCres (rCose + 3B2)
+ 1Dy ahy (ayCrir + Criz — Ck33)) . Sh(rhk\/a_k)v

As in the case of an isotropic material described
in [10, 11], we introduce auxiliary functions
ax(§), k(&) B(®), v, k=1,n-1, for each
layer, which are associated with conditions on the
boundary Yix = 0,k=1n-1.

GO =T 5.6 = ——TE
k y y=0’ k r\/ai,( xy y=0’
Bi® =%a_k-u_’;|y:0. Ye(©) = i uF| .

Considering formulas (9)—(10), we have:
8, (§) = r(rAsk + Dai), Bic(§) = 2Dy @y Crar + (@Craz + Craz — Craz) 6 (§), (1 1)
() = —ECor, V() = (WChrr + k12) " @ (§) + 2rByapcpar.  (11)

Let us express by and substitute them into the
stress and displacement transformants (9)—(10):

0 (3akCr11 + Ck1z — Cx3sz) — ﬁk _ Ve~ (s + Ck12)

Ay =

Bak

2r2ayCr11 2racri1
Ch = ay D _ Br = Sk(akCras + cr1z — Ck33) ( )
2k =~ 73 2k =
T 21 Q11

From the conditions on the common boundary
of the lower layer »n and the half-plane »+1(3'), we
obtain recurrence relations that express all half-plane
functions a,,, (§), 8,.; (&), Bsi (§).7,. () through the
lower layer functions a,(€), 3, (&), B, (&),v,(€). Let
us express o,,5,,B,,v, DY o, 8, Bisvi» k <n using a
system of two linear homogeneous equations:

ay, (p)o'k (ZS) +ap (p)Bk (E_,) +dg; (p) Yk (&) +ay (p) 3y (E.a) =0,

ay (P) oy (&) + ay (P)By (8) + ay () 14 (8) + @ () 5, (E) = 0, (14)
where ¢4,(p)=a;(p),i=12,j=14 are the corresponding
coeflicients in uy (&,-h,), uy (&-h,) at

Oy (i), 3 (é): B (&),Yk (E_‘) .
By solving system (14) with respect to B, (£),v, (€),
we obtain:

By (&) = Ac (P) o + Ay ()84, 74 (€) = B (p) oy + B (p) 5/(7(15)
where 4, (p).4, (p), B, (p), B, (p) — are the compliance
functions,

A (p) = Gi3dy — Ay 4 A, (p) = A3ty — al4a23
Ay — A3y apay; — a13a22
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B, (p)= Aty — G, B, (p)= Gaby — Ay
Ay = G130y Aply; — G130y
From the conditions of the problem, we
know the external loads on the upper layer

0, (&0)=£i(¢), 1y (£0) = £,(¢), and therefore the two
functions a, (&) and §, (&) are known. Substituting
them into the formulas described above, we obtain
B,(€),v,(&). Substitute the found four into the
recurrent formulas and find o, §,, B,, v, . Theresulting
expressions of the unknown functions are substituted
into the stress and displacement transformants
and then subjected to the inverse Fourier integral
transform to obtain their true values.

Algorithm for solving the problem.

1) Find the transformant of the stress function (7)
and express the transformants of stresses (9) and
displacements (10) using the formulas.

2) Express the unknown functions
Ay (8), By (8),Cy (8), Dy (€) inthe stressand displacement
transformants through the four auxiliary functions
o, (), 8, (%), B (€),7, (¢), which are associated with
the conditions at the boundary ¥ =0(12)

3) Find the recurrence relations (13) from the
conditions on the jointboundaries between the layers (2)
and express B, (£),v, (&) (15) from the conditions on the
joint boundary of the lower layer » and the half-plane
n+1 (3).

4) Calculate the functions a, (¢), 5,(¢) according
to the boundary conditions (I') and express the
functions B, (€),y, (&) using the formulas (14).

5) Using the recurrent relations (13), find
o, (), 8,(€), B (&) and v, (¢) of the desired k layer
and express the stress and displacement transformants
using formulas (12).

6) The inverse integral Fourier transform (5)
is applied to the obtained stress and displacement
transforms of the layers.

Discussion. Let us make some comments on the
formulated algorithm and its individual stages. Note
that the knowledge of the compliance functions
significantly reduces the amount of calculations,
in particular, formula (15) allows us to halve the
number of functions that determine the stress-strain
state of each layer of the base. The basic functions
for the first basic boundary value problem are
(xk (¢),8,(¢). Note that the compliance functions

A (p )Ak( ),B.(p),B,(p) can be determined
for each layer at the first stage of the practical
implementation of the algorithm.

The functions o, (&),8, (¢) are calculated exactly in
some cases only when given an analytical solution. In
general, the calculation of these functions is assumed
to be performed using approximate numerical
integration formulas.

Given the known compliance functions of
a multilayer base, it is sufficient to know two
functions o, (€),5, (¢) to determine the stress-strain
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state of the k layer of the base, since B, (&),y, (¢) are
determined using (15).

The key point in the implementation of the algorithm
is the calculation of integrals when applying the inverse
Fourier integral transform (5) to the stress and displacement
transforms. These integrals are supposed to be calculated
using quadrature formulas of the highest degree of accuracy.

It is worth noting that the formulated algorithm
with the necessary changes can be applied to

solving the second main boundary value problem for
multilayer foundations with orthotropic layers.

Conclusions. The paper proposes an algorithm for
analytical solution of the first basic boundary value
problem of the plane elasticity theory for a multilayer
base with orthotropic layers, which takes into account
the material features. The considered approach can be
used for numerical analysis of the stress-strain state
in each layer of the base.
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PobotanpucesiueHa 10 CIiKCHHIO € PEKTHBHOCTI 3aCTOCYBAHHS OTIEPATOPHOTO
TCHETHYHOTO aJITOPUTMY 10 HaBUAHHS HEHPOHHUX MEPEIK.

Sk BIZIOMO TCHETHWYHI aJTOPUTMH, PIi3HI iXHI I1HTEepHpeTarii, € JI0CHTh
¢(heKTUBHUM 1HCTPYMEHTOM IIONIYKY pO3B’s3KIB 3ama4 omtuMizamii. Jlis
TCHETHYHOTO aJTOPUTMY 0a3yeThesl Ha BHUIAIKOBOMY IPOIECi (pOpMyBaHHS
TOMYJIAIIT MOXIUBUX PO3B’SI3KIB, Cepejl SKUX BINOWPArOTh HaWKpalli B
TIEBHOMY CCHCI.

Y crarti TpeAcTaBICHO pO3POOJICHY AaBTOPOM OREPAMOPHY MOOeb
TCHETHYHOTO ANTOPUTMY (Ialll — onepamopHuil 2enemuyHuil anzopumam), siKa
3aCTOCOBYETHCS JIO HAaBYaHHS HEUPOHHOI Mepeski. OniepaTopHuil TeHETHYHHHA
aNropuT™M 0a3yeThCsl Ha 3aCTOCYBaHHI 1HBOJIFOTHBHUX OINEPATOPIB, IO JIFOTH
y JCKapTOBOMY JOOYTKY JBOX €K3EMIUISIPIB N-BUMIPHOTO €BKIIIJIOBOTO
MPOCTOPY 1 3MIHCHIOIOTH OIepallii KpocoBepy Ta MyTailii. KpiM TOro roloBHIM
IHCTPYMEHTOM (DOPMYBaHHSI MOMYJISAIINA BEKTOPIB-XPOMOCOM € CTOXaCTHYHI
oreparopy, 1o JiF0Th y TOMY K JIeKapTOBOMY I0OyTKy. Pesymbrar mii mux
oreparopiB MOYKHA THTEPIPETYBATH SIK y3arajibHEHI KpocoBep 1 MyTaitis. Jlana
oreparopHa MOJICNb JIO3BOJISIE HA KO)KHOMY 1T€paliifHOMY KpPOIli allTOPUTMY
(hopmyBaTH B 00JIACTI MOINYKY TOMYJSIii BEKTOPIB-XPOMOCOM HEBEIJIMKI 32
moTykHicTio. OmneparopHa MOIENs TEHETHYHOTO AITOPUTMY mepemdadac
JIBIHKOBE KOZIyBaHHSI IHBOJIFOTHBHHUX OTICPATOPIB, SKi IEPETBOPIOIOTH BEPITUHH
rinepkyOy, IO SIBISETbCS OONACTIO TIOMIYKY, ajie¢ TOYKHA OOJIACTI TOIIYKY
MIPEJICTABIISIOTHCS Y IECATKOBOMY (hOpMATI.

B pobGori gociimkyeTbcsi €(QEKTHBHICTh OINEPATOPHOTO TCHETHYHOTO
ANTOPUTMY JIISl HAaBYaHHS BIJIOMOT HEHPOHHOT Mepexki, Mo pealizye
oyneBy ¢ynkiito XOR. CeHc po3misiy MbOTO MPHUKIALY IOJSATAE Yy TOMY,
O BiH € YaCTHHHUM BHITQJKOM 3aJiadi Kiacu(ikaiii TOUYOK OJMHUYHOTO
rinepky0a JOBUTLHOI BUMIpHOCTI. B pe3ynbrari 3acTOCyBaHHS ONEPaTOPHOTO
TCeHETUYHOTO AJTOPUTMY JI0 HaBUaHHs HeHpoHHOT Mepexki XOR orpuMaHo
MHOYHHY OTIepaTopiB, siki e(EeKTUBHO (3 HEBEIHMKOK KUTBKICTIO iTepamiifHuX
KpOKIB) HaBUAIOTh MEPEXKY He TiTbKH i yHKIT XOR, a # as ycix OyneBux
(hYHKIIIH JBOX 3MIHHUX.
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This work is dedicated to the study of the effectiveness of the application of the
operator genetic algorithm for the training of neural networks.

As is known, genetic algorithms, their various interpretations, are quite
effective tools for finding solutions to optimization problems. The action of
the genetic algorithm is based on the random process of forming a population
of possible solutions, among which the best in a certain sense are selected.
The article presents the operator model of the genetic algorithm (then — the
operator genetic algorithm) developed by the author, which is used for neural
network training. The operator genetic algorithm is based on the application
of involutive operators acting in the Cartesian product of two instances of
n-dimensional Euclidean space and carrying out crossover and mutation
operations. In addition, stochastic operators operating in the same Cartesian
product are the main tool for forming populations of chromosome vectors.
The result of these operators can be interpreted as generalized crossover
and mutation. This operator model makes it possible to form populations of
chromosome vectors of small power in the search area at each iterative step
of the algorithm. The operator model of the genetic algorithm involves binary
coding of involutive operators that transform the vertices of the hypercube,
which is the search area, but the points of the search area are represented in
decimal format.

The research article examines the effectiveness of the operator algorithm for
training a known neural network that implements the Boolean XOR function.
The point of consideration of this example is that it is a partial case of the
problem of classification of points of a unit hypercube of arbitrary dimension.
As a result of the application of the operator genetic algorithm to the training
of the XOR neural network, a set of operators is obtained, which effectively
(with a small number of iteration steps) trains the network not only for the
XOR function, but also for all Boolean functions of two variables.

Beryn

MIEPETBOPEHHS BEPIINH TINepKyOy, KUl € 00IacTio

['eneTnuHi aITOPUTMH, SIK PI3HOBU €BOJIIOLIITHUX
QITOPUTMIB, CHOTOJIHI MalOTh JIOCHThH BEJIUKY IOIY-
JSIPHICTh MPU 3aCTOCYBaHHI 10 MPHUKIAIHUX ONTHU-
Mizaniiiaux 3amad. Tomy po3poOka alrOpuTMIB, SKi
0 YIOCKOHAJIOBaIU 200 y3araibHIOBAIN TEOPETUYHI
OCHOBH T'€HETHYHOTO aJITOPUTMY € aKTyaJIbHOIO MPO-
0J1eMOI0 B TEOPii EBOITIOMIHHUX aJTOPUTMIB.

B 11i#1 po0OTi HaBeIEHO TEOPETUYHI 3aca/IH OTiepa-
TOPHOT MOJIETIi TEHETHYHOTO AITOPUTMY, SIKA € HOBHM
MiJIX0ZIOM JI0 PO3B’sI3aHHS 3aJlad ONTHUMI3allii, 110
0a3yeThCs Ha 3aCTOCYBaHHI JTIHIHHUX 1HBOJIOTHBHUX 1
CTOXaCTUYHHUX ONEPaTopiB, IO JiIOTh Y IEKapTOBOMY
JMOOYTKY JIBOX EK3EMIUIAPIB 1-BUMIPHOTO €BKIIIJIO-
BOTO MIPOCTOPY. |HBOMIOTHBHI ONepaTopy BUKOHYIOTb
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MOUIYKY po3B’s3KiB. CTOXacCTH4HI ONepaTopu BUKO-
HYIOTh MTEPETBOPEHHsI 00IacTi MOMYKY 1 (GOopMyIOTh
MOMYJISAIIT BEKTOPIB-XPOMOCOM Ha KOXKHOMY KpOITi
pPOOOTH aNTOPUTMY, IIO JO3BOJISE PO3MIISAATH TIOITY-
TSI BEKTOPIB-XPOMOCOM HEBEIMKOi IOTY>KHOCTI.
Jis 1ux orepaTopiB B YaCTUHHUX BUMAJKAX € €KBi-
BAJICHTHOIO KJIACHYHOMY KpOCOBEpy 1 MyTamii, a B
3araJbHOMY BHIIQJIKy Jis ONEpaTopiB € y3arajbHeH-
HSIM KpocoBepy Ta MyTailii. ToMmy aBTop BBakae MOX-
JMBUM KOPUCTYBAaTHUCh HA3BOIO «OIEPATOPHUI T'eHe-
THYHHN aJTOPUTM.

[TpuHIUTIOBOIO BIJIMIHHICTIO JAHOTO AJITOPUTMY
BiJI KJJACHYHOTO T€HETHYHOTO alTOPUTMY € Te, IO
OTIEPaTOPHUH alTOPUTM HE MOTpedye TUCKpeTH3aLil
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oOacTi onryky (ToOTO TOKPUTTS PIBHOMIPHOIO CiT-
ko10). [TouarkoBa momyssIis GOpMy€eThCS 3 MHOXKHHA
BEPIIMH 7-BUMIPHOTO TillepKyOy i Ha KO)KHOMY iTepa-
LIHHOMY KpOIIi TOCITiIOBHICTh HAOIMKEHb PO3B’ 3Ky
BH3HAYA€ETHCS BEPIIMHAMHI HOBOYTBOPEHHUX 001acTei
MOITYKY («BKJIaJIHUX» TinepkyoiB). KpiMm Toro HeoO-
X1THO 3ayBa)KWTH, IO TOYKH OOJIACTI MOIIYKY TPea-
CTaBIIAIOTBCSA y NIECATKOBOMY (hopMmari, a iHBOIO-
TUBHHMM OIlepaTopam, sIKi BAKOHYIOTb IIEPETBOPEHHS
BEpIIMH TinepkyOy, CTaBIAThCS Y BiAMOBIAHICTH
OiHapHi KOmIH.

301KHICTh MOCIITOBHOCTI HAOIMKEHb PO3B’S3KY
3a/1adi OMTHMI3allii 3yMOBIIOETHCS TUM, IO JiHIHHI
OIIepaTopu, SIKI BHUKOPUCTOBYIOTHCS, € YHITapHUMH
abo cruckarounMu. OneparopHUil TeHETUIHUHN airo-
pUTM anpoOOBaHO Ha 3a7adax MOLIYKY II00aJIbHOTO
MiHIMyMY y 3amaHiit obmacti ([1; 2; 3]).

B miit po0oti onepatopHHii TEHETHYHUH anro-
PHUTM 3aCTOCOBAHO 1O HABYAHHS BiJOMOi HEHPOHHOT
Mepexi, mo peaiizye OyneBy ¢ynkmito XOR. Lleit
NPUKIA] € BaXJIUBUM, TOMY IO IIPEICTABIISE
YaCTHHHUWH BHITQJIOK 3a/1adi Kiacudikaii TO90K ofu-
HUYHOTO Tinepky0a JOBiUIBHOI BUMIpHOCTI. Pesyib-
Tard poOOTH ONEPaTOPHOrO AJITOPUTMY HOPIBHSHO
3 pe3ynbTaTaMM 3aCTOCYBaHHS KJIACHYHOTO Te€HETHY-
HOTO aJTOPUTMY HaBeJleHUMH B poOoTi ([5]).

AKTYyaJIBHICTh JTAHOTO IOCIIKCHHSI NOJATae y
PO3po0IIl MaTEMaTHYHO OOTPYHTOBAHOTO AJITOPUTMY,
IO Ha TeHepilliHill Yac € BaKJIMBUM ACIIEKTOM PO3-
POOKH TEOPETUIHHUX OCHOB €BOFOIIHUX aJTOPUTMI.
B po0ori ([4]), BimmigaeThes, mo: «Oco0nmBo mpo-
OJEeMHUM € HampsiM PO3POOKH METaeBPUCTUYHUX
ITOPUTMIB, € B TOHUTBI 32 HayKOBOIO HOBHU3HOIO
aBTOPHU CTBOPIOIOTH BCE HOBI JITOPUTMHM, HE JAI0UH
IXHBPOTO MaTEMAaTUYHOTO OOTPYHTYBaHHSA a00 O1NIbII-
MEHII BHYEPITHOTO EKCIIEPUMEHTAJIBHOTO aHai3y i
MOPIBHSHHS 3 BXKE iICHYIOUHMH aJTOPUTMaMK.

Oy HasiBHOL JiTeparypu. 3 TEMaTHKU IpH-
CBSIYCHOI TeHETUYHOMY aJrOpUTMY 1 HOro 3acrocy-
BaHHSM ICHY€ BENMKa KiJTBKICTh POOIT, cepem SKHuxX
BUAIMMO Tiapy4yHuK [nmubosms M. M. i ['ymaeBoi
H. M. «EBomoniitni anropurmm» ([6]), y sikomy Ha
BHCOKOMY HayKOBOMY PiBHI BHKJIAJICHO TEOPifO TeHe-
THUYHOTO aJTOPUTMY 1 Horo 3actocyBaHb. KpiMm Toro
MiJPy9IHAK MICTUTh BEJIHKHH OOCST JiTepaTypHHX
mxepen. o crocyerbest Teopil HEHPOHHUX MEPEX,
To 11e — poboTta Caiimona Xaiikina «Neural Networks
A Comprehensive Foundation» ([7]), me 3i0pano i
BUKJIAJICHO MAaKCHUMaJbHUI OOCSI TEOPETHYHOrO i
MIPaKTUYHOTO MaTepiainy 3 i€l TeMaTUKH.

IMocranoBka 3amadvi: po3poOka, TeOopeTHYHE
OOIPYHTYBaHHS 1 OIUC ONEPATOPHOTO I'€HETHYHOTO
aNTOPUTMY, arpoOartist HOoro Ha BiIOMUX MPHKIIATHIX
3aja4ax.

Merta po6OTH: AOCTIAUTH MOXIMBOCTI Omepa-
TOPHOTO TEHETUYHOTO aJTOPUTMY IPH 3aCTOCYBaHHI
HOro 10 pO3B’sI3aHHS 3a/7a4i HaBYAHHS HEHPOHHHX

Computer Science and Applied Mathematics. Ne 2 (2023)

Mepex, 30KpeMa HEeHPOHHOI Mepexi, o pealizye
oyneBy ¢ynkiiro XOR, a Takox epeKTHBHICTh TAKOTO
3aCTOCYBaHHS.
OneparopHuii reHeTUHYHHUIA AJTOPUTM.
PosrstHeMo 3amady TONIyKy MiHIMajabHOTO 3HA-
YeHHs JesKkoi pyHKUii F (x) BM3HAYEHOI B 3aMKHEHIN
obmacti Q € R", 110 BU3HAYAETHCS HACTYITHAM YHHOM:

Qz{(@l,...,én):am <E, Sbm,mzﬁ},

1. ®opMyBaHHSI MMOYATKOBOI MHOXHHHU (TIOMYJIsi-
11iT) po3B’sI3KiB.

Obnacte Q € geskuil rinepky0 y mpocTopi R”
3 «KyOi4HOI0» HOPMOIO x| = max{ le j|} Bepuu-
HAM JIaHOTO Tinepky6a Qe R OIHO3HAYHO MpPHB-
JACHIOIOThCA OlHapHi Koau I'pest, TaKUM YHMHOM, IO
BEpLIMHA 3 MiHIMAaJbHUMHU 3HAYECHHSIMH KOOpPAMHAT
A=(a,..., a,) Mac HyIbOBUM KOJI, a BEPIIMHA 3 MaK-
CHMMaJIbHUMH 3HAYEHHAMM KOOpAUHAT B =(h,...,b,)
Mae oguHUYHUE kof. ['imepkyd Qe R" mae 2" Bep-
IIWH, SKI CKIaAaloTh 2" map «IIPOTHUIICKHHUX» BEp-
[IMHH, 110 3HAXOIATHCS Ha MaKCHMaJIbHIM BiacTaHl
XemMiHra.

Hexaii o=(o),...,0,) /ABiiikoBHii BeKTOp (KOZ
I'pest), mo3HaUMMO BIANOBIAHY HOMY BepLIMH
rinepkydy A, =(w (5,),...,w (5,)), w(o,-)={Z"” 2:1 ,
TOAI  «IPOTHJIECKHA»  BEpIIMHA Mae€  BUISA
A =(w(5),...,w(5,)), 1 5=(5,...,5,) . 3po3ymilo,
IO BificTaHb XEMMiHra MiX OiHAPHUMHU BEKTOPaMH
c=(o,..,0,) 1 6=(5,..,6,) € MAKCUMaJbHOIO I
JIOPIiBHIOE % (0,5)=1n.

[ BU3HAYEHHSI KOOPAMHAT YCiX BEpPLIMH Tirep-
Ky0a, JOCTaTHRO MaTh KOOPIMHATH JIBOX BEPIIUH
A=(a,,.., a,) 1a B=(b,,.., b,). lna oneparop-
HOI MaTpuii

I-Pf

k
pF P] J

I 1_10;c P}‘
n k
Ac ijx = ij (Z ‘giei] = Z Ee
in1 [y

ae vx =(§,...,&,) € R" 1 {e,...,e,} = R" OPTOHOpMOBa-
Huli 6a3uc, MPUAMEMO NO3HAYECHHS P(g), A€ ¢ — JBiH-
KOBHH KOJ, III0 BHM3HAYa€ OIEpaTop IepecTaBICHHS
KOOp/IMHAT BEPIIMH TirepKyOy (omepaTop KpocoBepy).
3acTocoByrOuM omepatopu P(o) mo BekTopa, ckimaje-
HOTO 3 BepiuH 4 =(a,,...,a,) Ta B=(b,...,b,), oTpH-
Ma€eMO yCi MAaKCHMAaJIBHO BiJTaJIeH] apy BEPIINH.

KinbkicTs omeparopi P(c) 3anmesxuts Bix BEMip-
HOCTI TipocTopy R", a came, JopiBHIOE 2" — 1.

Came BepIIMHH TinepKy0a, TOOTO rpaHUYHI TOYKH
o0macti Q , yTBOPIOIOTH MTOYaTKOBY MHOKHHY HaOIH-
JKEeHb PO3B’SI3KYy 3a/1a4i (ITOYaTKOBY IOMYIIAIIIO BEK-
TOPIB-XpPOMOCOM). 3pO3yMiJIO, 1110 TIPY BEITMKUX 3HA-
YEHHSIX /1 118 TIpolieaypa morpedye BETUKUX 00CATIB
obuncieHns. ToMy MOKHa OOMEXyBaTHCh BUITAIIKO-
BAM BHOOPOM TIEBHOI HEBEJIMKOI KUTHKOCTI OIIeparo-
piB P(c) Ta, BiAMIOBiqHO, BiZOMpPATH ESIKY MHOXHHY
BEPIIIUH TiMepKyOy.

9
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1. Ilo6yoosa mHosoi obnacmi nowyky (nepuioi

nonynayii)

Jns momryky MiHIManmbHOTO 3Ha4eHHS (yHKI

F (x) obupaemo 2" map BepIInH rinepky0y, BiICTaHb
XeMMiHra MiX KogaMH Ipest SIKHX € MaKCHMaJIbHOO
%(o,5) = n. OTXKe, 11e Mapn BEPLIMH TinepKyoy:

A, :W(Gj)=(w(cj1),...,w(cj,,))
A :W(Gj):(w(ajl),...,w(c?jn)), j=0,..,2""

oj

PosmisitneMo BekTopu

X, = (th ;] = P(c)(;] €R"xR", j=0,.2"".

Jiroun Ha 11i BEKTOpHU Olleparopamu
P(a)0B)e LR xR";R" x R")

. Pla) I-Pla)) . (1-0B) 0@)
P(“):(I—P(a) P(a) ]’Q(B)z[ ) I—Q(B)j’

Aa)k, - ﬁ(a)P(G)(gj _7,- Uj

o0, ~0meief )7, " |

e P(cx),Q(B)eL(R";R”) AKi Ji0Th HACTYIHUM
YUHOM: VX = (§,...,§,) € R"

P@Qx:Pm{iﬁngﬁa@q,
0(p)x - Q(B)(Z a,.e,.] = 3B

pe o= (o), B=(B-B,) e R, {e,...e,} c R
0a3unc, OTPUMAEMO:

o [ Pla) I-Pla)) ~ .
P(a)_(I—P(O,) P(OL) }, Q(B)_a
:(I—Q(B) 0(8) j

op) 1-0())
ne o= (0.0 0,) 5 B=(BssB,), 0<a, <1, 0<B, <1,

CTOXaCTHYHI BEKTOPH.

B pesynbrari oTpuMaeMo BEKTOPH, KOMITIOHEHTH
SIKUX € TOYKaMH O0JIACTi MONIYKY, JUIsl SIKHX O04YHC-
JIOIOTHCS 3HaUYeHHS QyHKLIT F (x).

F(ij>’ F(ij)a k=12, j=1,.,2".

[Mo3Haunmo z° TOUKy OONACTi MOLIYKY, VIS SKOT
(byHKIIisT Mae HafiMEeHIIIe 3 OTPUMaHUX 3HaYeHb, TOOTO:

F(2')= mm{F(Z/k) F("/k)}’
Touka z° po30uBae rimepkyd Q Ha 2" rimepky-
0iB, JUIs SIKUX BOHa Oynme ofHiero 3 BepmuH. [Ipo-
TUJIOKHUMH 1O Hel BepIIMHaMu OyayTh BEpIIMHH
A, =W (o)) = (w(cjl),...,w(cjn)) MOYaTKOBOIO TiIep-
KyOy Q.

k=12 j=1,..2"
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Hexaii A, — nmeska (ikcoBaHa BEpIIMHA IOYAr-
K0BOTO rinepkyOy. Posrisnemo rinepky0, ne A4, ta
7" mapa MakcHMalbHO BijganeHux BepiiuH. [To3Ha-
YUMO IIeil Tinepky® HACTyMHHM YHHOM: Q(Aj).
SAkmo o; =(o,,...,c, ) ABiliKOBHIl KO/ BepmMHY 4,
TO OiHAPHUIT KO/ BEPIIUHU 7' Ma€ BUIIIS

G; = (Gjl,...,cj,,).

o, A,
Posrisnemo Bektop :[ 0(0" ) J :[ 0’ J
z

z

3actocoBytoun oneparopu P (c;) 10 BekTopa X s,
OTPUMAEMO yCi BepIIHHHU TimepkyOy Q(4;). Jlo kox-
HOTO BEKTOPY MHOXHHH Tap MAKCHMAaJbHO Bija-
JIEHHX BEPUIMH Timepkyby Q(4;) 3acTocyeMo ome-
patopu P()Q(p). B pesynbrari oTpumMaeMo TOYKH
(BeKTOpH) BCepenuHi Timepkyby Q(4;), MId AKuX
004nCIIO0ThCS 3HaYeHHs QyHKLii F(x).

I[losHaauMo z] TOuKy rimepkyby Q(4;), s
K0T (DYHKIIiSI Ma€ HaMEHIIE 3 OTPUMAaHUX 3HAYCHbD,
TOOTO:

F(2)) = min{F (2,), F (v )}
HepermlHanm MOCITITOBHO yCi BEPIIMHH OYar-
KOBOTO Timepkyby A,, TimepkyOou Q(4;), orpuma-
€MO CYKYITHICTh TOYOK zj?, j=1..2", mua SKux
(GyHKIS Mae HaHMEHINE 3HAYCHHS Y BiI[HOBiI[HI/IX
r1nep1<y6ax Q( f ITo3HaunMoO TOUKYy z'. TaKy, mio

k=12 j=1,..2"

ITllIl

;IHeMo napy To4oK z° Ta z'. Bymyemo pexk-

Top Lj 3aCTOCOBonqH 70 HBOTO omeparop P (o)
, OTPIMAEMO

w1

STkio F(z") < F(z‘), TO PO3IISHEMO TApy TOYOK
A =27"-7"1 B =z'. Jlys 1ii€i mapu TOUOK Ma€ Micrie
piBHICTH ||A -z ||_||B z || ko F( )>F( ‘)
PO3IISAHEMO Mapy TOYOK A = 27'-721 B =7
Li€i Tapy TOYOK MA€ MiCIIE PiBHICTH ||A z || = ||B 7|

OTpI/IMaHl TOYKU A, B, € MakCUMaJlbHO Blijalie-
HHMH BEpIIUHAMH HOBOTO TiNEpKyOy Q, 3 IEHTPOM
B TOYII Z,, KA JOpiBHIOE z° ab0 z' B 3aJI€KHOCTI Bif
BHKOHaHHS YMOB F(7°)< F(z') abo F(z°)> F(z').
Llentpom rinmepkyOy € TOYKa z,3 HaWKpamuMm Ha
JAHOMY KpOIi EeKCTpeMalbHUM 3Had4eHHSM (QyHK-
uii F(z). g, — € nepmmuM HaOIMKEHHAM PO3B’S3KY
3ajaui.

Bepummnu rinepky0y Q, oTpuMaeMo 3a BiIOMOIO
BAKE TPOLIEIYPOIO A )( ], zLe c Tepebirac MHOXKXHUHY
KOZIiB OIEpaTopiB MEPECTaHOBOK KoopauHaT. OTpu-
MaHI TakiM YMHOM BEpILIMHH TilepkyOy Q, yTBO-
PIOIOTH HOBY MHOJKMHY 00JIACTP MOIIYKY ab0 mepiry
MOMYJIALIII0 BEKTOPiB-TIOTOMKIB.

Hactynnuii itepaniiiHuii KpoK MOIIYyKYy HaOnu-
JKEHOTO PO3B’SI3Ky MOJATaE y MOBTOPEHHI OMUCAHOI
BHUIIC TIPOIIEyPH 3aCTOCOBAHOI JIO TilMepKyOy Q.
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B pesynprari oTprMaeMo HOBHH TiMepKyO Q , 3 IeH-
TPOM B TOYIl Zz,. SIKIIO BHKOHYEThCSI HEPIBHICTb
F (z,) > F(z,), TO IEPEXOUMO 10 HACTYIIHOTO iTepa-
LIHHOTO KPOKY.

Tak, 3a yMOBU MOCTIHHOIO CIaJaHHS 3HAYCHb
(GyHKIIT y KO)KHOMY HOBOMY HAOIMKEHH1 PO3B’SI3KY,
MIPOIOBXKYEMO iTepalliiiHuii IPOIeC 1 OTPUMAEMO Ha
JIESIKOMY KPOIIi IO CJIiIOBHICTh TIIEpKYOiB Q ,, 1 HAOIH-
KEHb 7,2, ...,Z, TAKY, O F(z)> F(z,)>...> F(z,).
[ocmimoBHICTE  Z,,2,,..-,2, TPIMYE JO PO3B’3KY
3ajadi i3 3pOCTaHHSM HOMEPY /1.

Kpurepiit 3ynmuHKYT anropuTMy BU3HAYAETHCS TOU-
HICTIO 009HCIIeHh 400 BETMYNHOIO IOXUOKH ¢ . SIKIIO
BiJloM€e MiHIMAaJIbHE 3HAYEHHS q)yHKui'l', TO PO3TIIsAIA-
€ThC BHKOHAHHS HEpiBHOCTI |F(z,)- F (Zoin )| < -
Sk x MiHIMAIIbHE 3HAYCHHS QYHKIIT HEBITOME, TO
PO3IISNAETBCSL PI3HUL MK JBOMa MOCIIIOBHUMH
HaONMKEHHAMH PO3B’A3KY [z, — 2| <.

2. Myraris

VY 3B’A3Ky 3 THM, IO iTepalliiHUI mpolec mae
CTOXaCTUYHHUM XapakTep, MOHOTOHHICTb MOCIiIOB-
HOCTI 3HaueHb OGYHKUIT F(g)> F(z,)>..> F(z,)
Moxe nopymyBarnck. Ha nesikomy 1Tepau1HH0My
KpOL MOXKYTb BUHUKHYTH HACTYIIHI CUTYyaLii:

1. F'(Zk—l)g F(Zk)‘

2. l'inepky® Q, BHUPOIKYETHCSI y MHOTOBH/I
MEHIIOI BUMIPHOCTI (TiNepIUIONIMHA, TOYKa, BiApi-
30K), TOOTO HE OyJIe OIYKJIOK MHOKHUHOI0). B 1ibomy
BHITIAJIKy HEOOXIJIHO B TaKHil iTepaliiH1ii KPOK BBO-
JUTH JIOJATKOBY Jil0 aHAJIOTi4Hy omepaiii MyTamii
JUISL KITACUYHOTO TeHETHYHOTO aJITOPUTMY.

a) Y3arajbpHeHa MyTaI_IiH

Akimo BUHMKAE cuTyauis 1 i npu 1bOMy rinepkyo
Q , €O0IyKJIO 001acTIO B R", TO HEOOX1AHO NOCTIANTH
cpyHKLu}o B OKOJTI TiITepKyOy Q + » TOOTO OOUNCINTH 3HA-
4yeHHs (PYHKIII B TOUKaX JEsIKOI MHOXKHMHH, SIKa MICTUTb
B €001 Q, . JIJIs IbOTO MPOIIOHYETHLCS MPOIEAypa aHa-
JIOTIYHA TIPOLIECY «Irop Xaocy». A came, 3aCTOCOBY-
104H onepatop Par) TpH o =(2,..., 2) JI0 BeKTOpA [’
POSTATHEMO BEKTOP B TPU Pa3H, a MOTIM, (SIK e ToKa-
3aHO zje) 1icist Aii Oneparopis OTPMMAEMO BEPLIMHH

P(o)P(a) " | pO3TATHYTOTO TinepkyOy Q, o Q, . Bepunau
rinep € aTpaKTOpaMHu. BI/I6paBI_HI/I TOUKY 2,
i BI/IHa,Z[KOBI/IM YUHOM OOHMPaEMO OIMH 3 anaKTOplB
AKUA nozHaunMo A, . Postsnemo Bektop | % |. Tomi-
€MO Ha Iieif BekTop oreparopoM Pla), A€ o-(! HE
OTPUMAEMO TOUKY M| , SIka HE HAJIGXKHUTD TIITepKyoy Q

1 2~
—Z k + 7Ak = M 1°
3 3
Awaroriuno, \ ¢ UpArOUYU  BUIIAAKOBUM YUHOM
arpakTop A, , OTPUMAEMO TOUYKY

M, =Pa M =(1M1+2Zk],
Ay 3 3

IIponosxyroun e BUIIAIKOBUI ITPOLIEC, OTPUMa-
€MO TIEBHY KiJIbKICTh TOYOK, II0 HE HaJeKarTh Tirnep-
KyOy Q. KibKiCTh TaKuX TOYOK 7 BU3HAYAETHCS
B 3QJICKHOCTI BiJ BUMIPHOCTI MPOCTOPY, B SKOMY
pO3B’sA3y€ThCA 3a/1a4a, 1 cKiaagHoCTI QyHKLiT F(x).
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Ile#t mporiec MOXHA 3aMycKaTH KillbKa pa3iB, JTOKH
He 3’SBUTHCS TOuka M’ Taka, mo F(z.,)> F(M*).
[Ticnst woro iTepaniiHUi MOMIYK PO3B’SI3KY MPOIOB-
JKYETHCS 3T1THO 1.2,

0) Slxkmio BWHHWKae cuTyalis 2, TO HEOOXiJTHO
MOBEPHYTHUCH JIO MOMEPEHBOTO ITEPAIIHOTO KPOKY
1 3aCTOCYBATH MPOLENYPY y3aralbHEHOT MyTallii.

[Ipame3natHicTh Ta €(QEKTHBHICTH MpeaCTaBIIe-
HOTO AITOPUTMY PO3IISIHYTO Ha TPUKIAT 3acTO-
CYBaHHS JI0 HABYaHHS HEWPOHHOT MEpExKi, 10 peali-
3ye OyneBy ¢ynkiiro XOR (abo moriyne nomaBaHHS
Xx®y). Pesymprar poOOTH alTOPUTMY TOPiBHIO-
IOTHCS 3 HaBEeJIEHUMH JTaHUMH B po0oTi ([5]).

HapuaHHsi HeiipoHHOI Mepe:ki, IO peaJii3ye
OyseBy ¢pynkuiro XOR.

Ax Bimomo ([5],[7]), dymkmiro XOR peanizye
JIBOIIIAPOBA HEHpPOHHA Mepexka BUrny (puc. 1), ae
X,; » X,; BXIJHI CUTHaIM (00pasH, naHi).

~

J

Puc. 1.

Hapuanus HelipoHHOT Mepexi momsrae y MiHiMi-
3artii (byHKui’l' MOXHUOKH, sika Mae BUTILAA ([S]):
z e

Z(s fyj)z — min

©oo

Y=

O3 03
1+exp + 2
1+exp (’“’llxu —OpXy; — “)lo) 1+exp (’mﬂxu 0y, — mzu)

-100 < ®,; <100, k=123 ;=012 o,=1 (1)

Xg k=12, j=1,234 — 3HaYCHHI BXIIHUX
curHaTiB (00pa3iB, TaHUX)

DyHKITIA ¢ TOXUOKH, € PYHKITIEIO TeCIThOX 3MiH-
HUX, OT’KE€ MaEMO 3aady MOIIYKY MiHIMaJIBHOTO 3Ha-
yeHHs QYHKITT

)

€ (0310: M5 D30, D15 Vg, Dy95, Dy, D39, D35, 0300)

BU3HAYEHOI B 3aMKHEHIH obmacti Q e R,
yaeTbes HepiBHOCTAMH (1).

Tak sk n=10, To oOmacTh MOLIYKy OOMEXEHO
JIECATUBUMIPHUM Tinepkyoom, sikuii mae 1024 Bep-
mvH (512 map mpoTHIIeKHUX MAKCUMAIIBHO Bijjiane-
Hux BepunH). [Iponemypa mepebopy ycix map Bep-
IIMH MOTpedy€e BENMKUX 00CATiB o04ucieHHs. Tomy
00MEXUMOCH BUIAKOBMM BHOOpoM 25 (2,44%) one-
patopis nepeGopy map Bepums P(0) siki BinGuparu-
MYTb JIeSIKy MHOXKHHY, 1110 cKiamaetrbes 3 50 (4,88%)
BEPLIMH TinepKyoy.

110 BU3HA-
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JInsi HaBYaHHs JaHOi Mepexki BU3HaueHo 25 ore-
patopiB P (a) 3 IECATKOBUMH Komamu (Tadm. 1).

Bekropy o 1 f BH3HAYAIOTHCS BUIAKOBUM YHHOM.
MHOXHHA OTIepaTopiB TAKOK BU3HAYAETHCS BHIIIKOBO
(B 11bOMy eKCHEpHMEHTi 25 omeparopiB, IO HaJalH
MO3UTHBHUM PE3yJbTat, BU3HAYMIUCH 3a 4 cripodn). [1pu
LUX JQHUX HABYaHHS HEHPOHHOI MEpEeKi Ja€ MO3UTHB-
HUH pe3yiIbTaT s yeiX OyieBUX (DYHKIIiH TBOX 3MIHHHX.

Y Tabnuiii 2 HaBEACHO Pe3yIbTaTH HaBUAHHS HEH-
poHHOI Mepexi st Bimomux OyneBux ¢ynkniid (F)
JBOX 3MiHHHX, a caMe, 3HaueHHs MapaMeTpiB Hel-
poHHOi Mepexi. k — KiIbKicTh iTepaliiiHuX KpOKiB
OIIEPATOPHOTO TCHETUYHOTO aJITOPUTMY.

VY tabnumi 3 HaBeAEHO pe3yiIbTaTH PoOOTH HEW-
POHHOI Mepexi y MOPIBHSIHHI 13 3HAYCHHSIMH BIJIOMHX
OyneBux (DyHKIIIH.

B poborti ([5]), moka3aHo, M0 KJIACHYHHUI anro-
PUTM [P HaBYaHHI HEHPOHHOI Mepexi, IO peaji-
3ye OyneBy ¢yukuito XOR, Ha 75 MOKOMIHHI JOCAT
3HaueHHs TOXuOku 7-10 ~°. Po3MipHICTH MOyl
JopiBHIOe 77, noxuHa XxpoMocoM 99 0itie. O01acTh
nomyky mapametpis [-10; 10]. B HaBenenomy npu-
KJa/li KIIAaCHYHUNA aJITOPUTM 3aCTOCOBYBABCS 3 BUKO-
puctanasiM nporpamHoro 3aco0y FlexTool.

57

Sx BumHO 3 Tabmmmp 2, 3 pe3yabTaTH oOmepa-
TOPHOTO aJITOPUTMY 3HAYHO KpaIl, IS MOXHUOKH
4,78 -10 *, pu 1IbOMY BHKOHY€ThCs Bcboro 10 ite-
partiiiaux KpokiB, T00To 10 mokominb. Ha xoxHOMY
Kpoli poOOTH anropuTMy BHUKOPUCTOBYIOTBCS 25
IHBOJIFOTUBHHX ONEPATOPIB, 5IKi HOPMYIOTH MHOXKUHY
BEKTOPIB-XPOMOCOM, L0 CKJIagaerscst 3 50 BeplInH
rinepky0iB. [1pu 11boMy 0071aCTh ITOTITYKY ITapaMeTpiB
[-100;100] 3nHauno Oinbina 3a obcsirom. Haperri,
BU3HAYCHAa MHOXMHA IHBOJIOTUBHHUX OIEPaTOPiB
(Tabmuus 1) 1 CTOXaCTUYHHUX OMEPATOPIB 3 BEIMKHUM
CTYIIEHEM TOYHOCTI JUIsl TOXMOKHM, BU3HAYAE Mapame-
TpU HEHPOHHOT Mepexi I ycix OynmeBuX (QyHKIIIN
BiJl IBOX 3MiHHHX (Tabmwmi 1, 2).

V tabmnuni 4 HABEJICHO PE3yIIbTAaTH HaBYaHHSI HEN-
poHHOI Mepexi st Binomux Oynesux ¢yukuiii (F)
JBOX 3MIHHMX JJi CTOXacCTMYHHUX OIEpaTopis
P(a),Q(ﬂ) 1110 BU3HaueHi Bu1e i 50-TH iHBOITIOTUBHUX
OIIepaTopiB, HA BiAMiHYy 25 oneparopiB HaBEICHHUX Y
Tabmuui 1.

Sk BuHO 3 TaOmuIb 2 1 4, pe3y/israTd poOOTH ajro-
PHUTMY CYTTEBO HE BiJIPI3HSIOTHCS, TOMY MOYKHA CTBEp-
JUKYBAaTH, IO KUIBKICTh BEPIUMH TiNEpKyOy MOXKYTb
NPUCKOPIOBAaTH POOOTY aJrOpUTMY, ajle BeJIMYHMHA

Tabmumg 1
Konm iHBOJIIOTHBHHX OIlepaTopiB
Ne 1 2 3 4 5 6 7 8 9 10 11 12
Kon 451 | 951 | 992 | 994 | 7% 79 269 902 | 569 | 289 5 878
Ne 13 14 15 16 17 18 19 20 21 22 23 24 25
Kon 708 | 613 | 181 | 993 645 535 857 236 | 157 | 643 | 816 | 38 729
Tabmuig 2
IIapameTpu HelipoHHOI Mepe:ki | 3HaUeHHA QYHKIIT MOXHOKH
Wy
k | F @y Oy, @y ®y 3 O3, Oy 3 €
6 | A 8,865 12,811 16,867 | 19,120 | 17,913 | 19,493 | -18,418 | -20,89 | -16,367 | 5,11E-13
10| ® | -12,137 | 23,050 | 14,505 | -19,590 | 18,793 | 17,155 | -20,955 | -8,957 | -8,548 | 4,78E-08
3 | v | -17,519 | 34,120 | -43,053 | -43,529 | -30,196 | -36,279 | 30,273 | 7,740 | 43,498 | 2,09E-12
5 || -8153 | -31,161 | 20,560 | 13,863 | 37,061 | 20,806 | 1,260 | -33,302 | -5,858 | 4,21E-06
6 | ™| -12,825 2,019 | -31,838 | 34,554 | 8,191 | 31,465 | 20,472 | 3,469 | -23,514 | 3,32E-14
Tabmuig 3
IlopiBHsAHHS pe3yabTaTiB po0OTH HEHPOHHOI Mepeki i3 3HaYeHHAMH BiToMuXx OyaeBuX GyHKIi
Bxinni curnanau 3HayeHHs OyiaeBUX PyHKUI
x1 x2 A @ \% = -
0 0 0 0 0 1 1
0 1 0 1 1 0 1
1 0 0 1 1 0 0
1 1 1 0 1 1 1
7,8E-08 0,000194 1,07E-10 1 1
Pesynsrati po6oTH 1,42E-06 0,999722 0,999998 0,002848 1
HeHpPOHHOT Mepexi 1,1E-07 0,999805 0,999998 0,002956 2,21E-07
1 0,000194 0,999998 0,999946 1
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Tabmus 4
IapameTpu HeiipoHHOI Mepexi | 3HaYeHHs1 PyHKIIT TOXUOKHU
k | F O (O} ®y ® @3 O3 @y ®y @3 &
4 | A 7,880 34,764 | -43,360 | -30,741 | 36,354 | 30,834 | -37,489 | -30,59 | -14,986 | 2,15E-12
@ -16,410 40,794 | 30,600 | -38,770 | 36,380 | 27,471 | -36,827 | -26,25 | -6,130 | 2,35E-06
22| v 9,341 9,129 | -10,521 | -10,005 | 10,185 | -10,776 | -6,596 | 6,569 | 1,729 | 3,83E-09
= 16,410 46,100 | -35,75 | -38,77 | 36,380 | 31,465 | -53,11 | 16,477 | -23,15 | 1,5E-08
4 | — 13,183 43,815 -32,82 | 32,751 7,657 | 23,053 | 12,173 | 15,865 | -15,68 | 2,6E-08

MOXWOKH TIPH IIOMY BiJpi3HA€ThCS He3Ha4HO. OTKe,
JUIT pO3B’sI3aHHS 3a7adi HaBYAHHSI MEpEeKi MOXKHA
OOMEXUTHCh MEHIIOIO KUTBKICTIO 1HBOJIOTHBHUX OIe-
paropiB., 10 3MEHIIYE KUIbKICTh OOUUCIICHb.

BucHoBku

3acTOCyBaHHs ONEPATOPHOIO IEHETHYHOIO alro-
pUTMY [0 3aja4i HaBYAHHS HEHPOHHOI MEpexi, 110
peamizye OymeBy ¢ynkiito XOR, mokazamo mpa-
LIE3aTHICTh TPEJICTABICHOTO alroputMy i edek-
TUBHICTh Horo poboTtu. B pesynbrari 3acTtocyBaHHs
OTIEPaTOPHOTO TCHETHYHOTO AITOPUTMY OTPHUMAaHO
MHOXHMHY OIepaTopiB, siKi e()eKTHBHO (3 HEBEIHKOIO
KITBKICTIO iTepaIiiiiHiX KPOKiB) BU3HAYAIOTh ITapame-

TP HEHPOHHOI Mepexki, TOOTO HABYAIOTH 11 HE TUTHKU
st OymeBoi dynkitii XOR, a # 1 ycix MOKIIUBHX
OyneBux (YHKIIIH JBOX 3MIHHHUX.

OnepaTopHUll T€HETUYHUN AJITOPUTM IPE/ICTaB-
JISI€ TOCUTH €(PEKTHUBHHIA IIBHIKOAIFOUUI IHCTPYMEHT
pO3B’s3aHHS 3a7a4d ONTHMI3allii. BakmuBuMu rmuraH-
HSIMHU, SIKi TIOTPEOYIOTh MOAABIINX TOCIIPKEHb €:

— BU3HAUCHHS 00J7acTi 3acTOCYBaHHS JIaHOTO
ANTOPUTMY;

— BHW3HAUEHHS TMIPAme3qaTHOCTI JIT TPOCTOPIB
BEJINKOi BUMIPHOCTI;

— BU3HAYCHHS MOXIIMBOCTI YIPaBIiHHS 1000pOM
oreparopis, IO 3a/isiHI B po0OTi anroputMy i (op-
MYIOTh 00J1aCTh MOMTYKY PO3B’SI3KIB.
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Key words: intelligent materials, ~ Due to their ability to interconnect electrical and mechanical domains,

fracture mechanics, calculation piezoelectric materials are increasingly finding applications in advanced
models, shielding effect, electromechanical systems. Notably, magneto-electric composites like
electroelasticity BaTiO3-CoFe204 have emerged as vital materials for the next generation of

devices. Exploring this realm is a complex and significant endeavor, demanding
the attention of the scientific community and further research. Over recent
decades, the scope of formulating and executing computational models for
continuous media has substantially broadened, encompassing a diverse array
of material properties and fields in computational models.

This article centers on the utilization of asymptotic analysis as a mathematical
tool for constructing approximate equations and assessing the relevance of
various hypotheses. It delves into the utilization of the perturbation method,
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pioneered by Kagadiy T. S. and others, to tackle two-dimensional contact problems in electropelasticity, particularly
in the context of materials with linear anisotropy. The extensive applicability of this asymptotic approach underscores
its efficacy in simplifying intricate problems by breaking them down into a sequence of boundary problem resolutions
grounded in the theory of potentials.

The collaborative effort of the authors in this research underscores that employing the mentioned method opens up
avenues for formulating pertinent boundary problems for the fundamental equations. This, in turn, allows for the
representation of the initial electropelasticity problem as a superposition of more manageable boundary problems.
While mechanical and electrical components can be treated separately, they still interact via boundary conditions.

To conduct a numerical analysis, the article examines scenarios where one crack surface slides parallel to the crack
front against another and selects relevant materials with known characteristics. Calculations reveal that, even in
the absence of mechanical load, crack surfaces undergo relative sliding due to non-zero electrical or magnetic
fields. The study of the shielding effect, which mitigates crack motion by altering magnetic field distribution, holds
particular significance. This effect reduces the overall stress intensity factor and impedes crack propagation.
Conducting such a comprehensive analysis is pivotal for comprehending and foretelling the strength and reliability
of structural components composed of piezoelectric and piezomagnetic materials. It is imperative to conduct a
thorough examination of the mechanisms governing their failure.
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Knruosi cnosa:
IHmMenekmyanivti mamepianu,
MexXaHiKa pyuHy8aHHs,
PO3DAXYHKOBI MOOel,
eghexm expanyeanms,
eN1eKmpOnPYI’CHICMb.

[T'e30enexkTpruuHi MaTepiaay, 3aBISKU IXHHOMY 3B'S3KY MiX €IEKTPUYHUMHU
Ta MEXaHIYHUMM TMONSAMH, 3HAaXOASATh BCE OuIbIIe BUKOPUCTAHHS B
IHTEJICKTyalbHUX  EJIEKTPOMEXaHIYHUX CHCTeMaX. MarHiToeaeKTpuyHi
komno3utu, Taki gk BaTiO3-CoFe204, cramum BaXIMBHUMH MaTrepiajJamMu
HOBOTO MOKOJIIHHS TIPUCTPOIB.

[Nourykny tTaHoMy HanpsIMKY JOCUTb CKJIa THI 1 BAXKJINB1, BOHM BUMAraroTh yBaru
HAyKOBOI CIIUIBHOTH Ta MOAAIBIINAX JOCTKeHb. [[pOTATOM OCTaHHIX KITBKOX
JECATHIIITh MOXKITUBOCTI JUIsd (pOpMYJIFOBaHHA 1 peanizailii 004HCIIOBaAIBHUX
Mozesel AT HEHNEepepBHHUX CEPEJOBUIN 3HAYHO PO3IIUPHIINCS 34 PaxyHOK
OXOTIJICHHS BEJIMKOTO CIIEKTpa (hi3MYHUX BIACTUBOCTEH PEUOBHH Ta MONIB B
00U CITIOBAIBHUX MOJCTISIX.

V 1iif cTaTTi TOMIOBHY POJIb BiJIrpae aCUMITOTHYHUN aHaNi3 sIK MaTeMaTUIHUHA
IHCTPYMEHT IJIsI CTBOPEHHA HAOMIKCHUX PIBHSHBb Ta OIIHKH 3HAYyHIOCTI
pi3HuX rinores. Po3misaaeTses 3acTOCYBaHHS METOLY 30ypEHHs, PO3pOOIEHOTO
Karaniit T. C. Ta iHImIUMU, A7 BUPILICHHS JBOBUMIPHHUX KOHTAKTHHX 3aj]ad
EJIEKTPOTPYKHOCTI, 30KpeMa JIsl MaTepialiiB i3 MPSIMOJIHIHHOKO aHiI30TPOITIER).
[Tupokuii coeKkTp 3aCTOCyBaHb JAHOTO ACUMIITOTHYHOTO MiIXOAY JIEMOHCTPYE
fioro e(exkTHBHICTH M1 CHIPONICHHS CKJIAJHUX 337ad, 3BOIMYM iX JIO
MOCJIITOBHOTO PO3B’SI3aHHS KpalOBHX 3a/1a4, 3aCHOBAHUX Ha TEOPii MOTEHITATY.
KonexTrBOM aBTOPIB JAHOT'O IOCIIKEHHS TOKA3aHO, 1110 3aBJISIKH 3aCTOCYBAHHIO
BKQ3aHOTO METOAY BIJKPHBAETHCS MOXKIIMBICTH (POPMYITIOBAHHS BiIIOBITHHUX
KpalOBUX 3a/ad Uil OCHOBHHMX pIBHAHb 1 Yy THOJAJBIIOMY IPEICTaBUTH
MOYATKOBY 3aJ1a4y €JIEKTPONPYKHOCTI Y BUINISAI CYTEPIIO3HIIii OUTBII MPOCTUX
KpaioBux 3a1a4. [Ipy 11b0My MeXaHi4Hi Ta eJIEKTPUYHI CKIaJ0Bi MOXKYTb OyTH
BiJIOKpEeMJICHi, ajie 30epiratoTh B3a€MOIi0 Yepe3 KpalioBi yMOBH.

Jlns mpoBeeHHsT YMCENBHOIO aHajli3y aBTOpaMM CTarTi Oylo PO3IVISIHYTO
BUIAJOK 3 KOB3aHHSAM OJHi€l MOBEpXHI TPINMHM MO IHIIMH MapanenbHO
¢bpoHTy TpimmHE Ta oOpaHi aKTyajdbHI ~MarepiaJd 3  BiJOMUMH
XapaKTePUCTUKAMH. 3 PE3yIIbTaTiB PO3paxyHKiB BUAHO, III0 HABITH 32 HYJILOBOTO
MEXaHIYHOTO HABaHTAXEGHHS TpaHi TPINIMHU KOB3aIOTh OJHA BiTHOCHO
OJTHOT 32 PaxyHOK HEHYJIBOBHUX EJIEKTPUYHUX a00 MarHiTHUX TOJiB. Benpbmu
I[iIKaBUM JJIs1 BUBUCHHS € e(DEeKT eKpaHyBaHHS, IKUI TOM'SKIIY€E PyX TPIIIUHH
IUISTXOM 3MiHM PO3IOJILTY MarHitHoro nojs. Lle 3MeHinye 3aransHuil paxTop
IHTEHCHBHOCTI HaIlpy>KeHb 1 3a1100irae MOMIMPEHHIO TPIIIUHH.

IIpoBeneHHsT MOAIOHOTO KOMIUICKCHOTO aHAJ3y € BKpail BaXIIHMBUM IS
PO3yMiHHS Ta riepe0adeHHs MIITHOCTI Ta HAAIHHOCTI CTPYKTYpHHUX KOMIIOHEHTIB,
BUTOTOBJICHHUX 13 IT'€30€JICKTPUYHMUX / M'€30MarHiTHUX MarepialliB, BaXKJIMBO
MPOBECTU KOMITJICKCHUI aHaJi3 MEXaHI3MIB 1X pyHHYBaHHS.

Introducton. Over the past few decades, there
has been a continuous and substantial expansion
in the realm of computational models focusing on
continuous media. These models have been consist-
ently evolving to encompass an increasingly com-
prehensive array of physical attributes exhibited by
substances and fields within them. A pivotal aspect
of this expansion involves the development of tech-
niques for the computation and design of intelligent
materials with the capacity to autonomously adapt
and optimize their properties. Notably, piezoelectric
materials, which exhibit a fundamental connection
between electric and mechanical fields, have found
growing utility in intelligent electromechanical sys-
tems, serving as sensors, transducers, and actuators.

In the realm of advanced materials, magnetoelectric
composites have gained significant prominence by com-
bining piezoelectric and piezomagnetic components, like
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BaTiO3-CoFe204, through ceramic or nanotechnologi-
cal methods. These composites exhibit the magnetoelec-
tric effect resulting from the interaction between these
phases, offering lightweight, strong, reliable, and environ-
mentally resistant structural elements for next-generation
intelligent devices. However, imperfections or deviations
in their production or operation can lead to meso- and
macroscopic defects, often resulting in composite failure.
Anticipating the strength and dependability of structural
components made from piezoelectric/piezomagnetic
materials necessitates a thorough examination and analy-
sis of their deterioration mechanisms, considering diverse
crack models and conditions.

Recent research has focused on fractures initiating in
piezomagnetic materials near the crack tip, particularly
emphasizing the investigation of the shielding effect.
This effect, reducing the overall stress intensity factor and
inhibiting crack propagation, is driven by the magnetic
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field distribution around the crack tip [1]. The numerical
integration considering this shielding effect encompasses
the interplay between magnetic and mechanical fields,
factoring in piezomagnetic material characteristics, crack
geometry, and applied loads. Additionally, in addressing
the limited relevance of electroelasticity to isotropic mate-
rials, there's a natural shift towards anisotropic materials,
especially active ones like piezoelectric and piezoelectric
electromagnetic materials [2]. These materials play vital
roles in electronic devices, given their ability to change
shape under electric or magnetic fields, despite their
small dimensions and exposure to significant mechanical,
electric, and magnetic forces. Furthermore, the advance-
ment in nanotechnologies, crucial for the development
of intricate magnetoelectric composites, has propelled
the exploration of magnetoelectric elastic materials. The
incorporation of the crack tip shielding effect amplifies
the significance of this research, presenting a complex
challenge that demands extensive further exploration [3].

In this study, the effectiveness of asymptotic analysis as
a mathematical tool takes center stage, enabling research-
ers to construct approximation equations and assess the
relevance of various hypotheses. Building upon the pio-
neering perturbation method developed by Shporta A. H.
et al. [4], the research proposes its application to tackle
two-dimensional contact problems of electroelasticity.
Specifically, the study focuses on electroelastic materials
characterized by rectilinear anisotropy. The broad appli-
cability of this asymptotic approach showcases its poten-
tial to streamline complex problems, demonstrating the
reduction of such challenges to a sequential solution of
boundary value problems rooted in potential theory.

Statement of the problem. Let two mutually per-
pendicular planes of elastic symmetry pass through
each point of a homogeneous anisotropic plate.
Assuming that these planes are perpendicular to the
Cartesian coordinate axes, X, y we obtain the follow-
ing equations of equilibrium, electrostatics, electroe-
lastic state, and Cauchy relations:

0 0 0
9, To g, Do O . (1)
ox oy ox oy

oD 09
an+ b _ 0 09, r _ 0 @)
ox oy oy ox

e, =sjyo, +sho, + gD,
— O .
e, =s)0, +s22cs +8gxD,;

Y xy S66Txy + &% Dy

E, =-g3"c, - 25" o, +BnD,; E, *ggébf +B%D, 5 )
oU oV oU 6V

x = > ey = > ny - (4)
ox oy oy ax

Here, o, o, (r — normal (tangential) stresses;
u,v - components of the plate displacement vector;
D, D, 1 and 9.9, — components of the induction
vector and electric field intensity; gg° — piezoelectric
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modulus of deformation and tension, measured at con-
stant induction voltages; By, — coefficients of dielectric
susceptibility measured at constant stresses; s, — coef-
ficients of deformation of the material of the body,
measured at constant induction of the electric field.

It follows from the first equation of system (2) that

there is some scalar function ¢ = ¢(x, y)such that

p-p -2,
oy’
o)

D,-p,--2.

The solution of one or another boundary value
problem can be reduced to the integration of a system
of equations under appropriate boundary conditions.

U, +eU, +emV,  —(a, —cay)d,, =0;
eV, +qV, +emU,, +eayd,, —qa,d, =0; 5)
—(ay, —eay)U,, +eayV,, qale +
+eby0,, +b1|¢yy =
G B v,B v,B
e=—;q=—2 m=1+-21=1+-"12;
B, B, G G
D D .
a, =gy +nEy
_ ,o,D c,D . . )) c,D .
ap =8 V8 ;4 =8, tVi&i
—_ 2 s O,
by, = ay + Bzzas
B c
_ 0,D c,D 2 c
by, =g a, + 85 an?"‘BnE’
1 1

The components of the stress tensor and the stress
vector in this case are written as follows:

o, =B (U, +vV, —a,0,);
= B, (VlUx+I/y_alz¢y);
=G(Uy+Vx +a26¢x);

E =-Ba,U, - Bya,V, + Blb1|¢y§ (6)

E, = -GaU, - GayV, +Gb,..
Herecl—ﬁc, c,=9%0,, 9 =53, I =089,
9,=59,, bt b IEW,G G.5, & —is the thick-

ness of the plate The indices in equations (5) and ratios
(6) denote differentiation by coordinates; £, E,
modulus of elasticity along the main directions x,y;
G — shear modulus; v,, v, — Poisson's ratios.

The method of solving the given problem. In
real orthotropic materials, the value is a:% always
much smaller than unity. The value +% can be con-
sidered as a small parameter during the asymptotic
integration of the system (5). This assumption can
be made because the ratio ¢-2 can be different
(g <lor g >1), but always remains greater than ¢.
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Therefore, the value ¢ will be concidered as of the
order of one.

To take into account all possible differences
between the values of the sought functions and their
rates of change along the coordinates in elastic mate-
rials, x, y affine transformations of coordinates and
sought functions are introduced

g =ae’xim =y; U=U";
V=g g =Pl (7
g =x5m, =B’y U =0,

V=V ¢=e9?. (®)

By observing transformations (7) and (8), it
becomes apparent that the solutions of the system of
equations derived from (5) and modified using these
transformations (either 7 or 8) exhibit a relatively
gradual change along the respective coordinate, in
contrast to similar solutions obtained by employing
different transformations.

The overall tangential stress is the combination
of both components. It is this stress that facilitates
the connection between these two types of stress
states. Depending on the applied load, one of them
exhibits characteristics resembling a boundary
layer.

Therefore, when subjecting piezomaterials to
mechanical loads and specifying boundary conditions
in terms of stresses, displacements, or their combina-
tions, the solutions to the respective boundary value
problems will manifest as a combination of solutions
for these two stress-strain states:

U=U" 4 U(Z); V=v®" 4 V(2); o= ¢(1) + (I)(Z) )

It is necessary to select appropriate asymptotic
sequences to look for functions,, in the form of a
power series of the parameter. The type of asymptotic
sequence is determined by the structure of equations
(5) and the order of the error ¢ in the boundary con-
ditions that occurs after solving the problem in the
zero approximation (¢ — 0). To take into account
all possible cases, we will define these functions in
the form of series by parameter &"? (from transforma-
tions (7), (8) it is clear that series by lower powers of
the parameter o cannot occur)

We will also present the coefficients o and B
in the form of rows by parameter ¢"?. After split-
ting the obtained system by the &'? parameter we
arrive at an infinite system of equations concerning
the basic functions U", V', ¢ (j=0,1,...). The
auxiliary functions V| U*/, ¢"/, ¢*/ through the
main ones are expressed by simple integration. At the
same time, we will assume that o, ~ €,, , b,, ~ €°b;,
, a, ~ a,, ~ €'b, . We present these equations for the
first three approximations (j = 0,1,2).
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When j=0:
Ug +U,) =05 gV +mU =0,

1,0 L0 _ .
-a,U;, +¢eb,¢, =0;

When j=1:
Ug'+ Uy =05 gV +mUy =0
—a, U} +¢eb ¢y =05 9)
When j=2:

12 L2 10 _ 0. 1,2 12 _ 0.
U%é +Unn all¢én _0’ ann +mU&n _O’
12 12 _
-a,U; +eb,¢,; =0.

Here and further it is assumed that differentia-
tions (indices &, m) are performed according to those
coordinates&,, n, (n =1,2), whose indices coincide
with the first superscripts of the functions.

Aftersubstitutingtransformations(8)intosystem(5)
using the appropriate expansions and splitting by
the &2 parameter we obtain an infinite system of
equations concerning the functions V*/, V*/ ¢*/
(=0,1,...), which determine the solutions of the
second type.

It follows from system (9) that in the first two
approximations (j =0,1)the main functions U"/
(V*/ for the second stress state) are determined from
Laplace's equations (with g =1 or obvious replace-
ment of one of the variables), and the auxiliary func-
tions are expressed by simple integration over the
main ones.

In the third approximation (;-2) and further, for
the stressed state of the first type, the functions U"/
are found from the Poisson equation with the known
right-hand side, which contains only the ¢ function
found in the previous approximations. A similar situ-
ation occurs in the tense state of the second type for
the V*/ function but starting from the fourth approx-
imation U*/ and beyond.

It can be seen from relations (9), that the stress-
strain states of the first and second types are con-
nected only through boundary conditions. Since the
main functions U*/, V*/ are determined from the
Laplace (Poisson) equations, the effectiveness of the
method depends on whether it is possible to formu-
late appropriate boundary value problems for finding
these functions.

In cases where only electrical interaction is at play, the
displacement vector components will be notably lesser
compared to those in mechanical loading scenarios.

However, in instances of concurrent mechanical
and electrical (or magnetic) loading, linearity per-
mits the separate consideration of these two problems
(comprising three distinct stress states). The compre-
hensive solution can then be expressed as an aggre-
gate of solutions to individual problems. The general-
ization of the asymptotic method to two-dimensional
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problems of electro elasticity is verified for individual
model problems.

1. Let x >0 a normal concentrated force act on
the boundary of the half-plane |y| < «at the origin of
the coordinates, (O;O) there are no tangential stresses
x =0, and at infinity, the derivatives of the compo-
nents of the displacement vector turn to zero, i.e. the
boundary conditions have the form:

o, =-R3(y), (x=0), (10)

at infinity, all terms are zero. Here §()- is the Dirac
delta function.

In the first approximation, we come to the inte-
gration of equations (5) with the following boundary
conditions:

Uy, = (B / B)3() at x=0.

the derivatives converge to zero at infinity, and the
equations for the components of the induction D,
vector, D, ,and the electric field intensity £, , vector,

E, , with the boundary conditions:
I/O)c =-U,

o at x=0,
the derivatives at infinity converge to zero.
By sequentially solving the indicated boundary
value problems, we obtain
ou, __#h

ox 7En(co,’2x2+y2)’ ax

o'x ou, _ B o y

= = <

B (w[2x2+y2)

N _he  y N
ox B mn (m§x2+y2), oy

P o X

B n(o3x” +)7)

where o = B /G, o =B8,/G . olx

Sincet=G(U,, +%,), and AM.rmre s, 700, the
boundary conditions (10) are fully satisfied.

In subsequent approximations when resolving
analogous problems, errors stemming from auxiliary
functions exhibit a higher degree of insignificance
and are consequently rectified.

If on the boundary of the half-plane x > 0, |y| < o
the induction vector of the electric field at the origin
of the coordinates is given in the following form

D =gy =d8(y), D,=-¢; =d)5(y), (x=0),
then the solution of equation (2) under the specified
boundary conditions has the form

_ 1 &kx—dy)y _kd'y+d)x PR LY
"ok Kx+yr T 7w x4yt Gb,
In the case of the function ¢ on the boundary of

the half-plane as ¢” = ¢,8(y), (x =0)one gets

E _ Pokx
(p (xiy) Tc(k2x2+y2)’ . X
p %k o, ek kx -y

P (k2x2+y2)2 T (k2x2+y2)2'
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Other unknowns are searched for according to the
appropriate formulas.

Numerical analysis. For the numerical analysis
the materials with the following characteristics were
chosen

) =43.7-10°Pa, oo _17C ., o =15.1.10° -
m V

-m

b

N - s

CZ

b

dy =0, po —165, 40 ~180.5.10°
am

¢ =42.47-10° Pa

@ = —0.48% , a

b

@ _00757.10°-C, d? =0,
V-m

2
K = 385% v® =414.5.10° Nc'f
The crack sliding for the electric field at the infin-
ity £ =9-10°V / m, the magnetic field at the infin-
ity H* =0 and E* =0, H* =1.7-10* A/ m and
different values of the mechanical loading at the infin-
ity ¢” [Pa] are presented in Figures 5.2a and 5.2b,
respectively. It can be seen from these Figures that
even for zero mechanical loading ¢~ the crack faces
slide with respect to each other due to nonzero elec-
tric(Fig. 5.2a) or magnetic (Fig. 5.2b) fields.

a) 8 <u3 (x1,0)> 107 [m]

oy =2-10°

as

-0.002 | 0.00: - 0.01

001 -0.006

? xy[m]
b) 8 (u3(x4.0))-107 [ ]

—2.10°

x[m]

w
32

-0.01 [ g.01

Fig. 5.2. The displacement jump at the segment
[c,b] for EX =9-10°[V /m], H” =0 (a)
and E =0, H’ =1.7-10*[A / m] (b)

Variations of the normalized stress intensity fac-
tor (SIF) K, is shown in Tables 5.1 for &%) =10° Pa,
E” =0 and different values of the relative length of
the contact zone A and magnetic fiedl H;”. It can be
seen from this Table that for each A the decreasing of
magnetic field H;” (growing it on modules) leads to
decreasing of the SIF K, and even to turning it into
zero for A =0.1 and H =-18742A4 / m. It means
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Table 5.1
Variations of the normalized stress intensity factor (SIF) K, with respect to A and H;
H00
0 -5000 A/m -10000 A/m -15000 A/m -18742.6 A/m
A
0.1 177676.0 130277.0 82877.8 35478.5 0.0
0.2 181031.0 150716.0 120401.0 90086.0 67394.7
0.3 181731.0 160997.0 140263.0 119529.0 104009.0

that electric and magnetic fields can be used for gov-
erning of the SIF and decreasing the probability of
fracture.

Conclusions and prospects for further devel-
opment in this direction. The presented method,
employing a generalized perturbation approach for
solving electroelasticity problems, demonstrates the
feasibility of formulating boundary value problems
for key functions. This allows the original electroe-
lasticity problem to be expressed as a superposition of
simpler boundary value problems, where mechanical
and electrical components can be separated, yet they
interact through boundary conditions. This method
broadens the scope for investigating new and highly
relevant electroelasticity problems, extending the
small parameter method to two-dimensional electro-
elasticity problems. Consequently, the approach ena-
bles preliminary assessments of stress-strain states in
structures or components under different contact con-
ditions, offering analytical solutions to various practi-

cal problems. Additionally, by employing segmented
analytical functions to represent field components
along piezoelectric material interfaces, the problem
is simplified into a boundary value problem, enabling
accurate analytical solutions. These solutions form
the basis for deriving analytical expressions for stress
tensor components, electric and magnetic field induc-
tion vectors, displacement discontinuities, and elec-
tric and magnetic field potentials at specific segments
of the material interface. The outcomes are compared
across different crack models, identifying critical
parameters influencing failure under diverse loading
scenarios. Furthermore, the study explores shielding
phenomena at the interfacial crack tip within piezo-
electric materials, highlighting how the influence of
electric and magnetic fields on key field characteris-
tics surrounding the crack apex varies with the mag-
nitude of the external load. Numerical implementa-
tion for the antiplane scenario is presented in current
paper for the very first time.
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VY crarTi 3anponoHOBaHO aJITOPUTM BHPILICHHS 3a[adi CKIaJaHHS PO3KIamy
3aHATH y HaBYAJIbHOMY 3akmnafi. CKIagaHHs pO3KIAay BiTHOCHUTHCS 10 BaXKKO
BUpimyBaHuX 3aBlaaHb (NP-cxmagamx). ITokazaHo domy oOpaHWil MeTOx
CIPSMOBAHOTO MOTYKY € TIEPCTIEKTUBHUMA. Y CTaTTi BAKOHAHO aHai3 BIIOMUX
IiIXO/IiB 10 BUPIIICHHS 3aa4i. 3alIpOIIOHOBAHNH aJITOPUTM BiJPi3HAETHCS Bix
BIZIOMMX BHKOPHCTAHHSIM IIOTIEPEAHBOI 0OpOOKM BHXimHOI iH(opmaii, sxa
JI03BOJISIE BUIUTUTH 000B’SI3KOBi (0€3yMOBHi) MpH3HAUCHHS Ta 3a0JIOKyBaTH
NPU3HAYCHHS, SKI NPU3BOISTH 0 HEBUKOHAHHS OOOB’S3KOBHX BHMOI, IO
CKJIaJIaHHSI CaMoro po3kiaxy. ToOTO MOmIyK pilICHHS BUKOHYETHCS B 30HAX
ONTHUMAJBbHUX, CyOONTHMAaJBHUX Ta NPHHHATHUX pimeHs. Kpim Toro, y
3aIPOIIOHOBAHOMY AJITOPUTMi BHKOPHCTaHa ifes ¢ikcamii HamiiHOTO CTaHy
CHUCTeMH TNpHu3HA4YeHHs. HaniliHuii craH 3amponoHoBaHo JleWKcTpow B
ANTOPUTMI PO3MOIITY 3a1ad 1O pecypcaM. 3alpOIOHOBAHO JIOKATBHUH Ta
m1o0anpHUI HamilHi cTaHu. JIOKaIbHUI CTaH 3aCTOCOBYETHCS MPU CKIIQAAaHHI
PO3KJIaTy IIOTOYHOI TPyTIH, a ITI00ATBHII CTaH 3aCTOCOBYETHCS IS ITi IBUIIICHHS
BIpPOTiZTHOCTI YCHINIHOTO CKJIaIaHHS PO3KJIaAy HACTYIHHX TPyH. Takuii miaxizn
JI03BOJISIE TIPH OOMEKCHHUX PECypcax HaBUYAIBHOTO 3aKJIaay CKIACTH PO3KIAN
OinpIoCTi HABYATBHUX TPyTI. [loe THAHHS TPUHINITY ONITHMaNbHOCTI benvana
3 min-max BUOOpPOM JI03BOJISIE HA KO)KHOMY KpOIIi PillICHHS 3a7a4i BUIUIITH
KPUTHUYHY JUCHUILIIHY 1 JUTI HEl BU3HAYNTH HaKpaIie Miclie IpHU3HAYCHHS B
gaci Ta mpoctopi. [Ipu oGuncnenHi koedimieHTy MPeTCHyBaHHS BPAXOBY€EThCS
BaroBuil KocilieHT KOXXKHOT BUMOTH. Lle 03BoMNse HANMAIITYBAaTH ANTOPUTM
CKJIaJIaHHS PO3KJIaTy Ha OCOOIMBOCTI TOTO HABYAJIHHOTO 3aKJIAAY, IS SIKOTO
BiH ckiagaeThes. e Binmosinae 3akony [lapero. KpiM Toro, 3anpornonoBanuii
ANTOPUTM JIO3BOJISE 3a KIHIIEBY KUNBKICTh KPOKIB, PiBHY YHCIY 3aHSATH,
3aIPOTIOHYBATH CyOONTHMATBHUN a00 MPUHHIATHUM BapiaHT po3kmamy. [lpu
IIbOMY BpaxXOBYKOTbCS OpTraHizalliiHi, METOAWYHI Ta TCUXO(i3i0oNorivHi
BHUMOTH JI0 PO3KIIaTy.
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The article proposes an algorithm for solving the task of drawing up a schedule
of classes in an educational institution. Scheduling is a hard-to-solve task
(NP-hard). It is shown why the chosen method of directed search is promising.
The article analyzes known approaches to solving the problem. The proposed
algorithm differs from the known ones in the use of pre-processing of the initial
information, which allows to select mandatory (unconditional) assignments and
block assignments that lead to non-fulfillment of the mandatory requirements,
before drawing up the schedule itself. That is, the search for a solution is
performed in the zones of optimal, suboptimal and acceptable solutions. In
addition, the proposed algorithm uses the idea of fixing the reliable state of
the system of assignments. The reliable state was proposed by Dijkstra in the
algorithm for distributing tasks among resources. Local and global reliable
states are proposed. Local state is used when scheduling the current group,
and global state is used to increase the probability of successful scheduling of
subsequent groups. This approach makes it possible to make the schedule of
most educational groups with limited resources of the educational institution.
The combination of Bellman’s optimality principle with the min-max choice
allows at each step of the problem solution to select a critical discipline and
determine the best assignment for it in time and space. When calculating
the claim factor, the weight factor of each claim is taken into account. This
allows to adjust the algorithm for making the schedule to the specifics of the
educational institution for which it is made. This corresponds to the Pareto’s
law. In addition, the proposed algorithm allows for a finite number of steps,
equal to the number of classes, to propose a suboptimal or acceptable version
of the schedule. At the same time, organizational, methodological and
psychophysiological requirements for the schedule are taken into account.

Beryn

YaHHSM. [2]. 3amada ckiIagaHHs pO3KIIaLy € OKPEMUM

OnHUM 13 OCHOBHHUX JIOKYMEHTIB, 110 BU3HAYAIOTh
¢$yHKIiOHYBaHHS Oy/b-SIKOTO HABYAIBHOTO 3aKJany,
€ PpO3KJIaA 3aHAThb. SIKICTh CKIIAJCHOrO pPO3KIary
BIUIMBAE SIKICTh MiATOTOBKU (axiBLiB 1 €()EeKTHBHICTb
BUKOPHCTaHHS MaTepiaJibHUX PecypciB HABYAIBHOTO
3aknany. [Iponec cknaganHs po3kiany 3aHsITh Xapak-
TEpU3Y€EThCA OE3IIIYUI0 BUMOI, CKIAIHICTIO (opma-
Ji3auii METoiB NPUIHATTS PilIeHHs Ta KiTbKICHOO
OLIIHKOIO SIKOCTI OTPHUMA@HOTO BapiaHTa PO3KIIAY.
[Ipo6nemu BpoBaIyKEHHS aBTOMaTH30BaHOI CHCTEMH
CKJIaJJaHHs PO3KJIaay MOB’s3aHi 3 HAsABHICTIO iH(OP-
MAalllMHUX 3B’SI3KIB 3 IHIIMMH I1JICHCTEMAMH aBTO-
MaTHU30BaHOTO YIPABIIHHS HaBYAIBHUM 3aKJIQJO0M:
KOHTHHTCHT Y4HIB, KaJpOBUH CKJIaJOM BUKJaJIadyiB,
ayAUTOPHUM Ta JabopaTopHUM (POHIIOM, OIEpaTHB-
HUM YIpaBIiHHIM, MarepialbHO-TEXHIYHUM MOCTa-
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BUITAJIKOM 33j1adi Mpu3Ha4eHHs. Toxi Ui cucTeMH 3
N pecypciB (dacoBwii iHTEpBa po3kiIaay) € M pooiT
(3aHATTS A5 po3noAiTy). Bei MOXKITHBI MpU3HAYEHHS
3BeneHi bymeBy marpuito MCJi,j], i=1..N, j=1..M
(M<N). Heo0OximHO BU3HAUMTH BiAHONICHHS pOOOTa
pecypc: A={(1i,Jj)}, liel={1,2..N}, JjeJ={1,2.N}
tak, mob VIigl\l, JjeJ\Jj i V(1i,Jj)¢ A, MCIi, jl=1.
Lle o3Hauae, m0: KOXKEH pecypc Moxe OOCIyroBy-
BaTH TUTBKH OIHY 3asiBKY, IPOIEC 0OCIyrOBYBaHHS
HEe MOXKe OyTH INepepBaHHWil, KOKHa poOOTa Marouu
IHMBITyalIbHI XapaKTepUCTHKH MOXKE TIPETEH/TyBaTH
Ha 3aXOIUICHHS TUIBKM JESKHX CHCTEMHHX pPecyp-
CiB, HEMae 4epr 10 pecypciB, ogHa podOTa MOXe
Oyt 0oOciyroBaHa TIJTBKH OJHHUM pecypcoM. «1» B
Marputi 38’s:3H0cTi MC Binmosimae mapi Po6ora (i)
i Pecypc (j) i BinmoBimae BUKOHAHHIO BCiX 00OB’sI3-
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KOBHX BHMOT, IO MpeJ’ sBISIFOTHCS 10 MPU3HAYCHHS
BIJIMOBITHOT 3asBKH Ha IIbOMY pecypci. «0» CBiTIHTH
PO HEMOXKJIUBICTh OOCITyTOBYBaHHs. P03B’s3aHHS
3a/1a49i MO>KHA TIOMIIJTUTH HA JBa €TAIH: Ha TICPIIOMY
eTari BUKOHYETHCS TIOTIEPEAHIN aHali3 BXigHOI
iHpopMarii. Buninstorscst 000B’S3Kk0BI 1 KOH(IIKTHI
npuzHaueHHs. [1in 000B’SI3KOBUMH TPU3HAYCHHSIMH
PO3YMIIOThCS IPU3HAYCHHSI, SIKE MOTPIOHO BUKOHATH
0e3ymoBHO. [li KOHQIIKTHUMH NpU3HAYECHHSIMH
MalOThCsl Ha yBa3l MPU3HAYCHHS, SIKI HE MOTPIOHO
BUKOHYBaTH B XOIHOMY pa [lpyruii eram — BiacHe
MIpU3HAYEHHS POOIT Ha PECYPCH.

Bxigna indopmaris st ckiIagaHHS pO3KIAay y
OyIb-IKOMY HaBYAJILHOMY 3aKiIa/li:

1. ITepemnik HaBYALHUX TPYII, BUKJIAIA4iB, AyIH-
TOpIiii, 1abopaTopii.

2. HaBuanbHi, ya900Bi IIaHU AJI1 KOXKHOT TPYIIH.

3. IHauBiAyaJibHI TOKA3HUKH KOXKHOTO THITY
3aHATTS, TPYIH, ayIUTOpii, Taboparopii, BUKiaaaJa.

4. Tlepenik 000B’S3KOBHX BUMOTI JI0 PO3KIAIy y
LBOMY HaBYAJIBHOMY 3aKJIaJi Ta X XapaKTepUCTUK.

5. IHq)opMaulsl O pe3epByBaHH (6J10KyBaHH5{)
MEBHUX YaCOBHX IHTEPBAJIiB y BUKJIAIadiB, ayIuTo-
pi#t, maboparopiit (mpodinakTuka).

6. Ilepenik METOAMYHMX BUMOI 10 PO3KJIAdy B
HaBYAJILHOMY 3aKJIaJli.

ITepenik 000B’I3KOBUX BUMOT SIKi 3a0€3MEIYIOThH
BAYUIMBY OpTraHizalliiHy MOXIUBICTh TPOBEACHHS
3aHSTh.

1. BincyTHicTh BIKOH y CTYJCHTIB.

2. BifIcyTHICTh HAKIIAZIOK Y ayIuTOpisX, Jlabopa-
TOPIsIX, TPYII, BUKJIAIa4iB.

[lepenik onTUMIi3yI04H BUMOT:

1. [ToGaxaHHs BUKJIaayiB.

2. HorepesiHe pe3epByBaHHs ayIUTOPIH.

3. PiBHOMipHE 3aBaHTa)KeHHS JAHIB THXKHSL.

4. PiBHOMIpHMI PO3MOALT Pi3HUX BUIIB 3aHITH Ha
THKJIeHB. (JIEKIIii, ceMiHapH, TJaOOPaTOPHi, TTPAKTHUYHI.

5. PiBHOMIpHU# pO3MOIii 3aHATE 13 OHIET TUCITH-
IUTIHY Ha TYKIEHbD.

6. PiBHOMIpHHI PO3MOJILT 3aHATH 3 YpaxyBaHHIM
CKJIAJTHOCTI MTPEMETIB.

7. 3MEHIIICHHS «BIKOH» y BUKJIA/Ia4iB.

MeTo10 3anpoIIOHOBAHOTO METOY Ta AJITOPUTMY €:

1. [loBHe po3MilIeHHS YPOKiB B MPOCTOPi
HABYAJIBHOTO THKHS.

2. IloBHe BUKOHAHHS BCiX 000B’I3KOBUX BUMOT.

3. MakcumanbHe  BUKOHAHHSI  ONTHUMI3YIOUHX
BHMOT.

4. MakcuMaipHe 3a0e3leueHHs CKIadaHHs Po3-
KJaxy A BCIX IpPyIl HABYAIBHOIO 3aKjany IpH
0OMEXEHUX pecypcax ayIuTOPHOTO Ta JrabopaTtop-
HOTO (hOHTY.

5. CknamaHHs po3Kiany AJsl 4eproBOi TPyHH 3
ypaxyBaHHSM BIUIMBY KO)KHOTO TPU3HAYCHHS Ha
MOXIIUBICTb CKJIaIaHHsI KIHIIEBOTO PO3KJIaay HACTYII-
HUX TPYIL.

AHaJi3 ocTaHHIX JocaiKeHb i myOaikaniii Ta
BHUOIp aJropuTMy pimieHHs. Y TEOpeTHIHOMY IIJIaHi
1151 33/1a9a € OJTHUM 13 PI3HOBU/IIB 331241 MPU3HAYCHHS
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1 BimHOCUTHCS 10 Kitacy NP-ckmagaux [3]. Y po6Gori
[11] aBTOp BHKOHaB Kiacu(ikaIlito BHIIB PO3KIa-
IiB y PI3HUX HaBYATBHUX 3aKjamax. Y OUIBIIOCTI
1HO3EMHHX HaBYAJIbHUX 3aKJIaJiaX 3aCTOCOBYIOTHCS
PO3KIIQJIM 3 HECTAaHJAPTHUM HaBYAIBLHUM THKHEM
[10; 12; 14; 15; 16]. B Vkpaini npuitHaTO po3Kia 3i
CTaH/JIAPTHUM TIKHEM [4; 5; 6; 8; 9]. Tinbku y Biii-
CHKOBUX HaBYaJbHUX 3aKjagaX BHKOPHCTOBYETHCS
PO3KJIaJ i3 HECTAaHAAPTHUM THIKHEM.

y BIIOMHX aJrOpuUTMax CKJIaJaHHS PpO3KIALY
BUKOPHUCTOBYIOTbCS METOIM Teopil rpadis, miaHy-
BaHHS MEPEXK, OCIIHPKEHHS OTepalliii, eBOTIOII HHIX
METO/IIB. YCi aNrOPUTMHA MOKHA YMOBHO PO30HTH Ha
YOTHUPH I'PYIIN.

1. CxiiagasHs PO3KIaly METOIMCTOM BPYUHY 3 BUKO-
PHCTaHHSAM 3py4HOro iHTepdeiicy 3 iH(opmariiiHo
CHCTEMOIO HaBJaIbHOTO 3aKmany [10; 14; 15; 16; 17].

2. TToBHHIT 060 YacTKOBHH Tiepedip BapiaHTiB, iX sKic-
HMH aHaJIi3 Ta BUOIp HalKkparioro Bapianty [4; 8; 12].

3. 3acTocyBaHHs €BPUCTUYHOTO MiAX0My 4u (op-
Mamizalfis Al aucneTdepa, SKHil CKIIajae po3Kial
[1;6;10;13].

4. 3acTtocyBaHHs
[5; 6;8;9].

5. CropsimMoBaHUM#l TOmyK a0o TMOKPOKOBE KOH-
cTpytoBaHHsS (Step by step) po3kiamy BUXOASYU 3
00paHux KpuTepiiB ontuMizamii [7].

AJITOPUTMH TIEPIIOTO BUAY BHUKOPHCTOBYIOTHCS
JUISL HaBYAJIbHHUX 3aKJIAIB 13 MajlMM YHCIOM TPYII.
3a3Buuail po3KIIaj CKIAAAETHCS MOCIIAOBHO IO TPY-
naM. OCHOBHUM HEJIOJIIKOM OUIBIIOCTI aJITOPUTMIB
3aCHOBAHMX Ha TAKOMY ITiJIX0JIi € HEOOXiIHICTh 3MIHU
BKE 3pO0JICHUX MPH3HAYEHb 1 MOBTOPEHHS JESKUX
KPOKIB y pa3i HEMpHIATHOCTI PO3KIany AJsl HOBOI
rpynu. MeTtoguct He MOXKE BU3HAYUTH BILIMB BUKO-
HaHMX PU3HAYCHb HA PO3KJIAJL HACTYTHUX IPYIL. [pu
CKJIajlaHHI PO3KIay KOXHOI HOBOI IpymH MOTPiOHO
BPAaxOBYBaTH 3MEHILICHHS 3alHATHX PECypCiB HoIle-
penHiMu rTpyrmamu. Lle ocoOMMBICTH pO3B’s3aHHS
3aj1a4 13 mepeyBaHHsIM. AJTOPUTMH JIPYTOTO THITY.
MOKHa BUKOPHCTOBYBATH JIMIIIC Y HABYAJILHUX 3aKJIa-
Jax 13 MajauM 4YuciioM rpym. TilbKM TaM MOXIIMBA
reHepallisi BApiaHTIB PO3K/IAy Ta BUOIp KpaIoro.

AJTOPUTMH TpPETHOTO BHAY BIIHOCATHCS [0
KJlacy €BPUCTUYHUX. BOHM MarTh iCTOTHUH Hemo-
JIK, IO TOJISTaeE 'y HEMOXKJIMBOCTI OI[IHUTU CTYITiHb
HeOe3MeKH NPHU3HAYCHHSI 3aHATTA Ha MOXJIUBICTD
BUKOHAHHSI HACTYNHUX NMpu3HadeHsb. [linxin ¢ 3acto-
CYBaHHSIM T€HETHUYHHX aJTOPUTMIB (YETBEPTHIA THIT)
JTO3BOJISIE 3HANTH HAWKpAIIUK BapiaHT pO3KIaay AJIs
moTouHoi rpymu. OpHaK HaWKpamuid BapiaHT It
MOTOYHOI TPYTIH, 5K 1 B IOTIEPETHHOMY TTiAXO/1, MOXKE
MIPUBECTH JI0 HECTIPOMOXKHOCTI B3araji CKIacTH Po3-
knan B HactymHoi. Toxi Oyne TOTpiOHA KOpEKIist
Yy MOBHA 3MiHA PaHIIIC CKJIAJICHUX PO3KIAIIB, IO
MOB’513aHO 3 3MIHOIO 0a3u AaHuX. Y pasi BiACYTHOCTI
BapiaHTa MOBHOTO PO3MIIIEHHS 3asBOK MO pecypcax
MOXKe 3HaJIOOMTHCS MMOBHUH mepedip BCix BapiaHTIB,
IO NMPH BEJIMKIH PO3MIPHOCTI PIBHOCHIIBHE 3alU-
KJIIOBaHHIO aJITOPUTMY, 1 POOUTH iX HEMPUHHATHUMHU

EBOJIOIIHHUX  aJTOPUTMIB
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yepe3 BeNWKi 9acoBi BUTparu. Haitbinemr mpuBabdiu-
BUMM € QJITOPUTMHU II’SITOrO TUMY. Y 3alpONOHOBa-
Hilf CTaTTi ONMHCYETHCSI ONMH i3 BapiaHTIB peaizamii
TaKOTO aJTOPUTMY. 3alpOIIOHOBAHUH alTOPUTM Bij-
PI3HAETHCS BiJ BIIOMHX 3aCTOCYBAHHSAM JABOPIBHEBOL
00poOKkH BHXinHOT iH(pOpMAaIIi Ta TOKPOKOBOTO yXBa-
JICHHS pillIeHHS PO MPU3HAYCHHS 3aHSTTS Y YaCOBUH
1HTEpBaJ, 10 JIO3BOJISE BPaxoByBaTW yMOBY Iiepe-
nyBaHHA. KpiM 1bOro BBEIEHO MOHATTS «HAAIHHUHA
cTaH cucteMu». Lle n03BosiE yTpUMYBaTH CUCTEMY
BiJl BUKOHAHHSI HeOE3MEYHHX NPU3HAYCHb YPOKY Y
4acoBOMY 1HTEpBaIi, IKE MOKEe IPUBECTH 10 HECTIPO-
MOXHOCTI BUKOHATH HACTYIHI NpU3Ha4eHHS. Takuii
ITi/TX1]T TO3BOJISiE BPAXOBYBATH IPU KOKHOMY TTpH3HA-
YeHHI 3aHATTSA B YaCOBHUU iHTEpBaJ HOTO BIUIUB Ha
MOXITUBICTh BUKOHAHHSI HACTYIHUX MPU3HAYCHb Y
HACTYIHUX Tpynax.

Meton aociailzkeHb Ta OOIPYHTYBAHHSI eTamy
MOMNePeTHHOro AaHAJI3Y

Teopernune  oOIpyHTYBaHHS
000B’A3KOBHUX NPU3HAYEHb

AHaIi3 BIACTHBOCTEH HE3BAKEHOIO JIBOIOIBLHOTO
rpada i1 yac BUpILIEHHS 3aBAAHHSI TIOLTYKY MaKCUMaJIb-
HOTO MapOCIIOyYeHHsI, TAKOXK aHAJII3 BIIOMUX aIrOpUT-
MiB JI03BOJISIIOT C(HOPMYIIIOBATH HACTYIIHY TEOPEMY.

Teopema 1:

Sxmo y marpumi MCJi,j], i=1..N, j=1..N rpada
G=(VR,VJ,E), ne VR={1,2,.N}, VI= {1,2,..N},
ICHy€ pileHHs NoTYXHICcTI0O n=N 1 iICHYIOTb TaKi Bep-
MHE (p,q) 1o

MC[p,q]=1,

MC[p,j]=0 Vje{1,..,N}\q Ta/abo

MCIi, q] =0 Vie{l, .., N}\p.

Toni usnapa (p,q) 3aBxau Oepe ydacTs y pillieHHI A,
(p.q) €A.

Busnavenns 1: npusHadeHHs (p,q) 3a TeopeMoro 1
HAa3UBAIOTHCS] «O0OB’ I3KOBUMM.

Caincrso 1.

Slkimo icHye pirmeHHs A", TO 3ajJ1aua MMPU3HAYCHHS
MOJKHA PO3JIIJIMTH Ha J[Bl YACTHHHU: y TIEPIIiil YaCTHUHI
OepyTh yYacTh TITbKH OOOB’S3KOBI TMPU3HAYCHHS
(p,q), y ApyTiii 9aCTUHI — TPU3HAYEHHS, 110 3aJTULIH-
JMCA, 3 HOBOT Marpuii 3B’s13H0CTi “Ry, IKy OTpUMY-
FOTb ITiCJIsl BUAQJICHHS PSIKIB 1 CTOBIIIIB BiAIOBITHUX
00OB’SI3KOBUM TMpPHU3HAYEHHSIM, BU3HAYEHUM 32 TEO-
pemoto 1. Ilpuuomy, 3Baskaroun Ha peaykKiiro rpaga

BHUIIJTeHHS
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Ta BignmoBimHy Kopekmiro MC, me ciificTBO MoXe
3aCTOCOBYBATHUCS PEKYPEHTHO.

Teopema 2.

Sxmo B marpumi MC[ij], i=1..N, j=1..N, FJFA
(mpucyTHE BisUIO0):

- FA:{(Rlaq)’ (Rzaq),"-a (Rfaq)}a Rk€{17~-:N}9
2<f<N, e MC [R,q]=1 ms Vk=1..fi MC[Rk,Jk]=0,
VRk €{1,..,.N}\p abo

- FA:{(pv]l)a (p9J2)9"'5 (P»Jf)}a
2< <N, tme MC [p,J¥]=1ms Vk=1..f i

MCI[Rk,Jk]=0, VIke {1,..,.N}\q
To/Ii Oy/b-siKa 3 BepInH FA BXOAUTB 710 OTHOTO 3 Bapi-
AHTIB MAaKCHMaJbHOTO MapOCIIONyYCHHS, 3aBIAHHS
MpU3HAYCHHS HE Ma€ IMOBHOTO PIlIEHH 1 TOTYXHICTh
MaKCHUMQJIBHOTO IIAPOCIIOIYYEHHS BU3HAYAETHCA 3
Brpa3zy M<N-f+1.

Cmiagerso 2

Po3MipHicTh po3B’si3aHHs 3a7a4i TIONIYKY MaKCH-
MaJIbHOTO ITApOCIIONYYCHHS MOXKe OyTH 3MEHIIIeHa Ha
KIJIBKICTh TIap BEepIINMH, BU3HaUeHHX 3a Teopemamu |
12 Ta MoIyK Napocroly4eHHs] MAa€ BECTHCH 3 HOBOTO
cyrpada.

CrninctBo 2* Po3MipHicTh pPO3B’si3aHHS 3ajadi
MOUIYKY MAaKCHUMajbHOTO MApOCIOIyYCHHS Mae
OyTH 3MeHIIIeHa Ha KUTBKICTh BEPINWH, IO BXOIATH
y BisJIO, a TOLIYK MAapOCIHOJIyYeHHS Ma€ BECTUCH 3
HOBOTO cyTpada.

Crigcrso 3

CymexHi pebpa, IHIMACHTHI BEpIIMHAM, BHU3HA-
yeHuM 3a Teopemoro 1, MOBHHHI OyTH BUAaJIeHI 3
MOAAJIBILIOT0 PO3IIISY, a BUXIIHUH rpad peaykoBa-
HUH 1 IepeTBOPESHUI Ha HOBHIL cyrpad.

Craigcerso 4

CymexHi pebpa, IHIMACHTHI BepLIMHAM, BU3HA-
yeHuM 3a Teopemoro 2, MOBMHHI OyTH BUAAJICHI 3
MOAAJIBILIOr0 PO3MISAY, a BUXiIHUM rpad pemaykoBa-
HUH 1 IepeTBOpEeHNH Ha HOBHH cyrpad.

TeoperuyHi oOIPYHTYBaHHS BH/IiJIEHHSI KOH-
(IiKTHUX MPU3HAYEHD.

Teopema 3.

SAxmo y wmarpumi MCJij], i=1..N, j=1..N
MOkHa BuAimuTd niaMarpuio MM[k1], k=1..T,
I=(N-S+1). .N, ne S+T>N i MM=0 (6 — nynboBa
MaTpHlisl), TOIl 3a7a4a MpU3HauYeHHS HEMA€e MOBHOTO
pilIeHHS 1 TIOTYKHICTh MAapOCIONYYECHHS JOPiBHIOE
Za=S+T-N. Puc. 1.

Jee {1,.. N},

S
1t JoJrJo]1iTo 6lili]if[o]o]o 11 1fJofo]o
2 Jo J1 [t 111 Ll fifoefofoel 111 ]o]o]o
s [t JoftJol1To st [1]olo]o L1 i]o]o]o
40 |1 |1 |1 ]1[1 slilifrJoJolo 111 ]ofo]o
s i ]Jo i o1 ]o I EEEEE R ofJofol 1]
6 |1 |0 |10 ]1][o0 slalafo] i1 ] oJofol [0
L1203 (4]5|6 3|s5|1]4]2]6
a BxigHa MC; 0 MC micnst neperBopenHs;;  B. MC micist Kopekiii

B - xoudaixrua 30Ha

Puc. 1.
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Teopema 4. Sxmo y marpumi MCJi,j], i=I..N,
j=1.N, wmoxna Bumimmtu migMatpuio MN[k,I],
k=1..T, I=(N-S+1) ..N, ne S+T=N i MN=0, Tomi mus
Rie{l,..,(N-S)}, Jje {(T+1),..,.N}: V(Ri, Jj )gA. Yci
(Ri, Jj)¢ A noBuHHI OyTH OOHYJIEHI Ta BUKIIOYEHI 3
O3S TIPH TIOITYKY MTOBHOTO pillieHHs (puc. 2).

Teopema 5

SAxmo B marpumi MC[i,j], i=1..N, j=1..N, moxHa
BHIUTNTH KiJIbKa ITiIMaTpPHUIlh, IO 3aT0BOJBHSIIOTH
Teopemi 5, To Bci BIAMOBiAHI CHMETpHYHI iM Bin-
HOCHO TOJIOBHOI JIiarOHAai, MiIMaTPHUIll € «KOHQITIK-
THUMUY 1 IOBUHHI OyTH OOHYIIEHI.

Onuc aNropuT™My NOKpPOKOBOIO MOLIYKY

Mera 3acTOCyBaHHS TAaKOTO MiJXOAY — BHKIIIO-
YUTH 200 3MEHIINTH Tiepedip BapiaHTiB Ta 3abe3re-
YUTH NPUHHATHY SKICTh CKJIaJICHOTO PO3KIaLy 3 ypa-
XyBaHHSIM YMOBH II€PEAyBaHHS.

st 1poro B 3alpONIOHOBAHOMY aJITOPUTMi BUKO-
PHUCTOBYIOTHCS TaKi NPUHIINIIH :

— Ilpununn ontuMansHocTi benmana BukopucTo-
BY€TBCS Tl 3a71a4, BUPIILIECHHS SIKUX MOXKHA MOAATH
y BUDIAAI 3B’S3aHOTO JIAHLIOKKA NPU3HAYCHBb JUIS
JNOCSATHEHHSI KIHLIEBOi METH.

— Ilpuamum MIN — MAX-HOro BHOOpPY I
MOLIYKY ITPU3HAYCHHS KOKHOTO YPOKY.

— Bukopucranus npuHUMIY «HAAIHHOTO» CTaHy
CHCTEMH.

BigMiHHICTP  3aIIPOMIOHOBAHOTO  AJITOPUTMY  BiJl
BIIOMUX TOJISITA€ B TOMY, IO NPH CKJIAJaHHI PO3KIIAIy
MOTOYHOI Tpyny Oyap-sIKe MpPU3HAYCHHS YPOKY Y 4aci
Ta TPOCTOP] HE NMOBHHHO MPU3BECTH A0 HEMOXIIMBOCTI
MPU3HAYEeHb Ha HACTYITHUX KpOKax anropurmy [Ipunimn

HaIIHOTO CTaHy CHCTEMH BHKOPHCTOBYETBCS B «@JITO-
putMi Oankipa» [efikctpa. [lix HamiiiHIM CTaHOM CHC-
TEMH PO3YMIETBCS CTaH, y SKOMY BUKOHAHHS YEpProBOIO
KPOKY PO3MIIIICHHSI He TIOBUHHO IPU3BECTH JI0 KOHITIKTY
y HacTynmHMX. HatiiiHuii cTaH BpaXOBYEThCS MPU BHOOPY
iHTepBaly NpHU3HAYEHHS 3aHATTA. 1Ipu 1boMy BpaxoBy-
€ThCS KUTBKICTh JIWCIMIUTIH SIKI TPETEHYIOTh Ha Tiel
yacoBui iHTepBal. lle nokanpHmit HamgiitaM cTaH. [Ipn
bOMY 3a0€3MeUy€eThCsl CKIIaIaHHs PO3KIIaLy B IOTOYHOT
rpymu. Kpum Toro cucrema moBuHHA Ipu BUOOpi Hacy
NPU3HAYCHHS 3a0€3MEUUTH PIBHOMIPHE 3aBAHTaXKCHHS
3araJlbHAX PECYPCiB sIKi POAUIIOTHCS (ayUTOPIi, 1a00-
paropii, BukiIaiadis). [Ipu 1ipoMy 3a0e3nedyeThes cKita-
JaHHS PO3KJIALy Y HacTynHHUX rpynax. Lle moGanpHuit
HaAIMHWIA cTaH. [0 BUMOT, IO SKUM BHU3HAYAETHCS IVIO-
OaJILHUI HAaMIIHMI CTaH CUCTEMU BITHOCATHCS:

1. PiBHOMipHE 3aBaHTa)KeHHS BUKJIaAa4a 110 THIM
THOKHSI.

2. PiBHOMIipHE 3aBaHTa)XEHHS ayAUTOPIl KOKHOTO
THUILY 110 THSIM THDKHS 1 ypOKaM.

3. PiBHOMipHe 3aBaHTakeHHS Jaboparopiii o
JTHSIM THDKHSL.

Hi B omHOMY BijToOMOMY anTOpUTMi Hi BPaXOBYETHCS
SK CKJIaJaHHA PO3KJIaay B IIOTOYHOI TPyl BIUIMBAE
Ha CKJIQJIAHHS PO3KJIaay B HACTYNHUX Ipynax. ToOTo
ONTHMAJIBHUI PO3KJIAJL B IOTOYHOI TPy IPU OOMExe-
HUX, pecypcax siKi pO3/IiISIOThCs (BUKIIaIadax, ay/m-
TOpIsSIX, JTADOPATOPisAX) MOXKE TPUBECTH IO HECIPO-
MOXKHOCTI CKJIaJaHHs PO3KJIagy y HACTYHHOI IpynH
a00 CKJIaIaHHs PO3KIIay HU3bKOT SKOCTI.

CknaiHICTh pO3B’A3aHHS 3a7adi CKJIaJaHHS PO3-
KJIaly BHM3HAYAETHCS CYKYNHICTIO Ta B3a€MO3B’S3-

1t ]o |1 ]o|1]o 6 [t |1 1|1 ]o]o 1|t ft]ofo
2 o 1 K Tt [r]irJofoT]o ]t ]ofo]o
s fo[ur]r]1]o sl oot ]olo tfrftrr]fo]o
4 (1ot ]tr]o1 sttt {1 ]oTo [t it oo
st o |11 {1|o 21 o 1|11 ] oo fofo]r |1
6 [t o[t 1 ]1]o 4 lr o] oo o o1 |1
123 [4]5 |6 3 (1[5 [4]2]6
a BxigHa MC; 6 MC micnst neperBopenns;;  B. MC micist Kopekiii
Bl - xonduixTHa 30Ha
Puc. 2.
1t ]oft]of1]o sttt fo]ofo t]ltr {1t ]ofofo
200 [t |1 {1 |1 |1 1ot ]Jrfi]ofol]o 1ttt fofofo
3o |11 |1 o sttt fo]olo 1ttt ]ofofo
4 {1 (11t |1]o |1 s ]i i1 ]o]o olofo]r]olo
s it o |1 {01 |o 2t ot fr]r]e oo fofof1 ]
6 |1 ]o |1 ]o]1 o st ool oo oo 1|1
123 [4]5 |6 31 [s[4]2]6
a BxigHa MC; 6 MC micnst neperBopenHs;;  B. MC micist Kopekiii

B - xoudaixrua 30Ha

Puc. 3.
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KOM JMCLMILIIH, 110 BXOIATH 10 HABYAJIBHOTO IIJIaHY,
CTPYKTYPOIO HAaBYAJIBHOTO THXKHS, MEPETIKOM BUMOT
JI0 CHCTEMH IUIaHYBaHHS.

Buxigaoto iHpopmariieto A BUPIMICHAS 3a1adi
IIPOTIOHOBAaHUM QAJTOPUTMOM € CYKYIHICTh 3asiBOK
Ta iX IHAWBiAyaJbHI XapaKTEPUCTUKH, IO JI03BO-
JISIIOTh BU3HAYWUTH CTYMIHb IE€peBaru NPU3HAYCHHS
KOXKHOI 3asBKH (y miarmazoni Big 0 1o 1) Ha KOKHUH
YacOBMH 1HTEpBal AHS Ta TWOKHSA. Bu3HadaroThCcs —
Ha3Ba MpeaMeTa, TUI 3aHATTS, KiJIbKICTh TOAMH Ha
THKJIEHB, BUKJIaa4d(¥) Ta HEOOXiHA ayauTopis abo
nmaboparopis (puc. 4).

[Iponec cxiamanHs po3KiIany MOAIEHO HA JiBa
eramy. Ilepmmii eran me po3moain 3aHATH y dHaci
(mHS Ta ypoKy) Oe3 mpu3HAueHHS ayIuTOPii 3arab-
HOTO KOPUCTYBAHHS aJie 3 ypaxyBaHHSIM KUIBKOCTI Ta
MiCTKOCTI aynuTopiii. Ha HacTymHOMY BHUKOHY€ETHCS
[IPU3HAUCHHS ayAUTOPiH 3 ypaxyBaHHSIM TPHUBAIOCTI
Mepexo/liB yUHIB 3 OAHOI aymutopii mo inmoi. lpn
BHUKOHAHHI ITIEPIIOIO €Taly BPaxOBYIOTbCS MOXKIIU-
BOCTI ayJUTOPHOIO (DOHIY HABYAJIBHOTO 3aKJIamy.
3arajpHa KUTBKICTh MPHU3HAYCHUX 3aHATH y OyIb-
SIKMH 4acOBUI iHTepBaJl HE MIOBUHHA IIEPEBUILYBATH
KITBKOCTI ayTUTOPii IEBHOT MiCTKOCTI Ta THITY.

ANTOPUTM NPU3HAYCHHS 3aHATh Y YaCOBUX KOOP-
JUHATaX THXKHS MICTUTH TaKi KPOKH.

1. ®opmyBaHHS CHEIialbHOT MaTpHIl BUOOpPY
(MB).

2. Ananiz MB, miarHocTHka KOH(IIKTHUX CHUTY-
ariii Ta BUPOOJCHHS PEKOMEHJAIlN MO0 KOPEeKIIil
BHXiTHOT iH(pOpMAIIii.

3.BuxoHaHHsS 000B’SI3KOBHUX MPU3HAYEHb.

4. Bubip npenMeTa Ji1st pO3MIIIEHHS.

5. BuOip nHs THXKHS Ta yacy IIpOBEICHHS YPOKY B
HBOMY JAJIS 3aHATTSL.

6. Kopexmiss MB Tta mepexin mo m. 2 10 po3wmi-
LICHHS BCIX 3aHSATh.

Ha nepmomy kpoui BUKOPUCTOBY€ETHCSI TaOIMy-
HUAW METOJl YIpaBIiHHS Ta (OPMYETHCS IBOMipHA
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Oymesa MB. V Hili BimoOpaxaeTbcsi MOXKIUBICTH
PO3MILICHHSI KOKHOTO 3aIUIAHOBAHOTO 3aHATTA Yy
KO)KHOMY YacoBOMY iHTepBasi (JHI Ta ypoky). l[lpn
[IbOMY BpPaXOBY€ETHCS MOTOYHE 3aBAHTAKECHHS I'PYTI,
BHKJIaJIadiB, ayAUTOPiil un maboparopiit. CTpykTypa
MB Ta ii popmyBaHHS Ta BUKOPWUCTAHHS TPHUHIIN-
MOBO BUKJIIOYAIOTh IOSIBY HAKJIAZOK a00 KOHQUIIK-
THUX CHUTYyallil y KIiHIIEBOMY PO3KJIaji. AJITOPUTM
¢opmyBanHs MB Ha oCHOBI TaGMWYHOTO MeTona
yIpaBiiHHS 3a0e31medye BUKOHAHHS 00OB’SI3KOBHX
BHUMOT 10 PO3KJIamy.

PosriissreMo opmyBanns psinka MB Ha mpukitazi
(puc. 5). Jlns BU3HAYSHHS MICIT MOXKIIUBOTO PO3Mi-
IICHHS JIEKIIITHOTO 3aHATTA L HEoOXigHO BpaxoBy-
BaTy NOTOYHE 3aBaHTaKCHHS BuKianada P, aynuropii
A tarpymu G. [lozHaunmo «1» ¢izuaHy MOXKIIUBICT
npoBeeHHs 3aHATT Ta «0» — HemoxuBicTs. Toxi
TCIIS aHami3y BUXiAHOI iH(QopMarttii OyayTs chopmo-
BaHi Taki BekTopu P, A, G.

B pe3synbrari BAKOHAHHS JIOTTYHOTO MHOXKEHHS BEK-
topiB P, A, G oTpuMyeMo pe3ynsTyrounii BekTop L, e i
BiZIOOpaKalOThCA Ti YACOBI iHTEpBaNH (IHI Ta MMapw), B
SK1 TIPAKTUIHO MOXKIIFBE PO3MIIIIEHHS TUCIIATLTIHU L.
Omnmcana orepailisi BAKOHY€ETBCS JIJIsl BCIX TUCIIATUTIH
HaBYaJIbHOTO IJIaHY TPYIIH, JUIA SIKOi CKIIaJa€eThCs PO3-
knan. B pesynsrari ogepskyemo MB, mokaszany Ha.

Ha mactynmHOMy Kpolli BUKOHyeTbcs aHani3 MB.
VY pa3i HEeMOXJIMBOCTI PO3MIIIEHHS SIKOTOCH 3aria-
HOBAaHOTO 3aHSTTS y CITLI THXKHSA IPOBOAUTHCS
JIETATBHUN aHaji3 KOHQIIIKTY, BU3HAYAETHCS HOTO
IpUYMHA T4 B ABTOMAaTHYHOMY YM IHTEPAKTUBHOMY
PEeXHUMI 3IIACHIOEThCS KOPEKIIis BUXiAHOI iH(OpMa-
ii. 3anpornonoBana hopma MB mo3Bonsie BugiATH
MpU3HAYCHHS, SKi € 000B’S3KOBUMH, TOOTO. MalOTh
ennHe Micte po3mimieHHs. Bono ¢ikcyerses i MB
koperyetbes. TooTo ¢ MB 3abupatotecst po3minieHe
3aHSTTSA 1 3alHATHN YacoBHi iHTepBas. [Ipm mpomy
PO3MIpHICTh PO3B’I3aHHA 33/1a4i 3MEHITyeThCs, a MB
koperyetecsd. Ha HacTymHOMy Kpoli BHOMpaeThCs

HABYAJIbHUMH ILJIAH KJIACY
Ipexmer Bin 3ansarra | KinskicTh Bukiaagau Kabiner | Buknapau | KaGQiner
TOIUH Y nepumii nepumii apyriit apyriii
THKIEHb
Matematnka Jlekuis 4 Bonoros 23
Matematika Ceminap Bonoros 23
®dizuka Jlexuis 1 TonikoB 32
Diznka Ceminap 2 T"onikoB 32 T"onikoB 33
dizuka JIab. 2 I'ymzp 32 T"onikoB 33
OO0uncIoBaIbHa Ceminap 2 ®denopis 47 Temsn 48
TeXHiKa
Kpecnenns Jlexuis 1 Tponin 50
Ximist Jlexuis 2 UepHerpka 41
YkpaiHcbka MOBa Jlexiis 5 COKO0JIOB 26
AHrniiicbka MoBa Ceminap 3 Biacos 34 Cinopos 33
DizkyapTypa Ceminap 3 Kumos Cropr 3an Cimina Cropr 3an

Puc. 4. HapuajbHMii IJIaH OTHOI TPYIH cepeIHil MKOIN
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TUCIHITIIHA Ta dYac Juis po3mimeHHs. s 1poro
BUKOpUCTOBYeThesl npuHiun MIN — MAX Horo
BrOOpy. ToOTO crouaTKy BHOMpPAEThCS AWCIUTLIIHA,
0 3HAXOJUTHCA y TIPIIOMY CTAHOBHIII CTOCOBHO
iHmmx. s mporo Ui KOXKHOT TUCIUILTIHYU ITiapa-
XOBYETHCS KUTBKICTh MOYIIMBHX MiCIlb PO3MIIIICHHS.
J1 KOKHOT TUCITUIITIHU OO0YHCITIOEThCS KOe(IIieHT
BuOopy Kvi Ta BHOHWpaeThcs MUCIUILTIHA, IO Mae
MiHiManbHe 3HaueHHs Kvi. [[j1s1 bOro BU3HAYAETHCS
CyMa OIWHUIL YM MOXIIMBHX MiCIlb PO3MIIIEHHS
BHOpPaHOT JWCIUIUTIHU 1 y CITIi THXKHA. TyT BHKO-
pHUCTOBYeThCS c(popMOBaHa Ta CKOPUTOBAHA Ha TTOTIE-
penHix kpokax MB’. Lls cTparteris 3MeHIIye MOXKITH-
BIiCTh TEpeXoay CHUCTEMH Y JIOKAIbHUN HEHaTIMHUN
crad (puc. 7). HactynmHmii Kpox TpuU3HAYEHUH st
BH3HAYEHHS YaCOBOTO IHTEPBAITy PO3MIlleHHsI 00pa-
HOI Ha MOTIEPETHBOMY KPOIl AUCIUTUTIHA. J[71sT KOXK-
HOTO MOKJIBOTO MICIISI pO3MIIIEHHS B CITII THIKHS
(mHS 1 ypoKy t) AUCIUILUTIHA OOYUCIIOETHCS Koedi-
mieHT npereHayBaHHS Kp, t sSKuii € KOMIUIEKCHUM
KOeQII[ieHTOM, IO BPaXOBY€ BUKOHAHHS OINTHMIi3Yy-
FOYH BUMOTH, JIJISl KOYKHOTO MOKJITFBOTO MICIISI PO3Mi-
meHHs oopanoi muctmriiny. [Ipu oGumcnenni Kp,t
BpPaxOBYETbCS CTaH CHUCTEMHU IUIaHYyBaHHS, TOOTO.

pO3TallyBaHHS BXE MPU3HAYCHUX 3aHSITHh Ta Barosi
KOe(IiIieHTH KO)KHOT BUMOTH.

Buxopucransas BaroBux KoeQilli€HTIB J03BOJISE
aJIanTyBaTH, HAJAIITYBATH CHCTEMY JI0 HABYAIHLHOTO
3aknany. Kp,t o0unciroeThes 3 BUpasy

n N
Kp,t=Kk,tx1t[1 Rx’tx;(:nyRyyt:\,t...'l,

ne: Kk,t — Koedimient 6e3nexn npu3HadeHHs 00pa-
HOTO 3aHATTS L B wacoBwil iHTepBan t (mpm Horo
OOYHCIICHHI BPaXOBYETHCS CTYIIHB MPETCHIYBAHHSI
IHITUX JUCITUIUTIH Ha PO3MIIMICHHS B aHATI30BAaHOMY
iHTEpBai t);
Rx,t cTyminp BUKOHAHHS OOOB’SI3KOBOi BUMOTH X ¥
4JacoBii iHTepBan t (Moxke HaOyBaryu 3HaueHHS 0 200 1);
Ry,t cTyminp BUKOHAHHS ONTUMI3YIOYH BHMOTH
y B YaCOBHH iHTepBaN t (MOXKE TIPUIMATH 3HAYCHHS
Bim 0 mo 1);
Ky — BaroBmii koedimienT Ry Bumoru (3Ha4eHHS
BHU3HAYAIOTHCS METOJOM SKCTICPTHUX OITIHOK a0o TTifI-
OMpPAIOTHCS EKCIIEPUMEHTATBHUM TIUIIXOM IIiJ dac
eKCITTyaTallii CHCTeMN).

B pesynasrari obOumcnenus koedimienTiB Kp,t
Yy 4YacoBOMY IHTepBajii t 3 MaKCHMaJlbHUM 3HAYCH-

HaBuajabHuii THAKIEHb
IMoneaisok BisTopok Cepena YerBep IsiTHina Cyo6ora
Ypox Ypoxk Ypok Ypok Ypok Ypoxk
12 3 4 123 4 123 4 123 4 123 4 123 4
PlofL |1 |1 ]1f[1]JofJo 1l ]1|1]J1]JOoOJoOJOJO 1 ]|]L |1 |1]1L]O|1L][1]a
All Lo |11 ]J1jo Lol |11 (1|11 f1]1joOof1l]Oo[1]1]|]1]®
G 1 1 1 1 0 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
LjojJ1]JojJ1jJofJ1]Jo]JojJ1jJojJ1|j1jJo]JojojJofJ1]J1]JoOo]J1]JoOo]JO[1]1
Puc. 5. ®opmyBanns psaaka MB
HaBuanbHuil THKIEHb
Tonexninox BiBTopok Cepena YerBep 'aTHuns Cy6ota
Ypox Ypok Ypox Ypok Ypok Ypok Hicunnnina
12 34 123 4 123 4 123 4 123 4 123 4
1 1 1 1 [0]0]1 1 0]0]0]1 1 1 0 |1 1 101 1 0]0 Dizika
o1 1|1 ]ofJ1]1]O0]1 L{1]1]0]O 0171 1 L1 ]1]1 1 Biosorist
1 1 1 1 1 1 1 101 1 01 1 1 1 0] 1 1 1]0]0 1 DizkynbTypa
1tJoJolrJrJolrJaJrJoJ1JaiJrJoJoJoJoJoJoJoJ1JoJ1]1 Marematuka
Puc. 6. Bubip aucuumiing nis po3minieHHs
HaBuanbHuii THKAEHB
Ilon BiBTopok Cepena YerBep Il siTHUIS Cy6ora
Hicuunaina Ypox Ypox Ypox Ypox Ypox Ypox Ky
123 4 123 4 123 4 123 4 123 4 123 4
Dizika Ljtrjptjyrjojojtrjyrjojojojrjrfrjrjojrjfojtrjojrj1fojo 6
Bionoris ofjt1jt1jtrjoj1rjrjojtrj1rjrjrjofojojrjojojojoj1rj1rj1j1 5
DizkyabTypa Lttt f1{rjrjoftrjrjojptrfrjrjrjrjofirjrjrjofrjuiryi 6
Maremarika ojojtj1rjtrjof1jrjrjoftrji1jrfojojojojojojoj1rjoju1ji 5
Ximist 0jo0joOojJoOj1]Ooj1]|1l|]1]JO]O]L]|1]O 0|1 [1]1]0J]0jO0O]O]1 5
I'eorpagis 1 0]1|]1J]0]O0]O 0[]0 00 0O/1]0]1l]0O0]JO|JO]O 3
InozempamoBa | 0 | 1[0 1l]JoOofoOfOf1|LlL|Ll|jOfJ1]O]JOJOfJ1l|1l]oOo|J1]JoO][O]O]O]O 5

Puc. 7. Ilpuknaag Bu6opy 4yacy npoBeaeHHs 3aHATH
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PO3KJIAJ JUISI KJIACY 9A
Ioneninok BiBTopok Cepena YeTBep IsTHHUS Cybota
1 ypok YkpaiHcbka MOBa DizkynbTypa bionorist YxpaiHcbka MOBa Diznka Kpecnenns
8.30-9.15 Jlexuis. Ceminap Jlexuist Jlexuis. Cewminap Jlexuist
2 ypok VYkpaiHChKO MOBa Ximist dizuka YkpaiHcbka MOBa Ximist Icropist
9.20-10.05 Jlexuist. Jlexuist Jlekis Jlekmis. Jlexuis Jlexuis
3 ypok Ino3emHa MoBa Kpecnenus Icropist ®DizkyabTypa T'eorpadis Dizika
10.15-11.00 CemiHap. Jlekis Jlekis Ceminap Jlexuis JIa6.
4 ypok O0unciroBagbHA Maremaruka I'eorpadis IHo3emHa MoBa Oo6uncIIoBaIbHA Maremarnka
11.15-12.00 Texuika Jlexuwis. JIekwist Ceminap. Texnika JIexuwist.
Jlekis Jlexuis

Puc. 8. [IpukJiiag roroBoro po3kJjauy
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HAM Koedirienta Kp, t BUKOHY€ThCS TpHU3HAYECHHS
3aHATTS L y 1eit dgacoswii inTepBan. [lpm mpomy
HEOOXiTHO CKOPUTYBATH 3aBaHTAKEHHs BUKJIA/IadiB,
ayIUTOpii 4u aboparopiil Ta 3ammcaTH BiATIOBIIHY
iH(hopMarIlifo 10 po3KIaay Tpymu. 3 iHIIOTO OOKY
BHKOHYEThCSI KOopekilis MB, ToOTo. «3aHYIIO€THCS»
PSAIOK PO3MOAUICHOT JUCITUILUTIHA Ta CTOBIICIb, IO
BiJIMTOBi/Ta€ YaCOBOMY iHTEepBaiy, Ha SKAW IS TUCITH-
IDTiHA PO3MOiTIeHa 1 BUKOHYEThCS Mepexia ao m. 2
anroputMy. OnrcaHi BUIIE KPOKHA MTOBTOPIOIOTHCS J10
CKJIafaHHs po3knany. Puc. 8.

BUCHOBKH

HAYKOBA HOBHU3HA.

1. Bmepmre 3acrocoBaHO MoOmepenHi0 0O0pOOKy
BHXiTHOT iH(pOpMAITii

BuxoHanHS TIONIEpeqHBOTO aHAMI3y BHXITHOI
indopmarii Ta BU3HAYCHHsI CTparerii i ii peamizamii
JTO3BOJISIOTh:

a) BU3HAYUTH BAXIINBY MOXJIMBICTH OTpUMaHHSI
PpIIIEHHS;

0) JoKasi3yBaTH MPUYNHY KOH(IIKTY;

B) BU3HAYNUTH O0OB’SI3KOBI NTPU3HAYCHHS;

T') BU3HAYUTH TPU3HAYCHHS, IO MPU3BOIATH JIO
KOH(ITIKTY;

2. Brepiiie BUKOPUCTOBYETHCSI IOE€JHAHHS [TPUH-
numy ontuManbHOCTI benmana 3 ¢ikcariero Hafii-
HOTO CTaHy CHUCTEMH.

Konneniii HamifHOTO CTaHY CUCTEMH IIJIaHyBaHHS
Ta obumncienns koedimientiB Kvi, Kk,t mo3Bosse:

a) BUKITIOYUTH KOH(ITIKTHI TIPU3HAYCHHS;

0) MPaKTUYHO YHUKHYTH TOBTOPEHHS BXKE BUKO-
HaHUX KPOKIB.

3. 3acTocyBaHHS OMHUCAHOTO aJITOPUTMY Ha OCHOBI
METO/y CIIPSIMOBAHOTO TOIIYKY (ITOKPOKOBOTO KOH-
CTPYIOBaHHS) JO3BOJHJIO JETePMIHYBaTH KUTbKICTh
KpOKiB hopMyBaHHS po3kiaay. Ynciao KpokiB 3a UM
aJTOPUTMOM JTOPIBHIOE KITLKOCTI 3aHATH 33 HABUAJIb-
HUM TTAHOM.

VYV BCiX BIIOMHX CHCTEMax CKIIAZaHHA PO3KIIAIY
SAKICTh PO3KJIANy OIIHIOETHCS METOJOM EKCIepT-
HUX OIIIHOK 1 HEMae alTOPUTMY KUTbKICHOI OIliHKA
SIKOCTI CKJIaJIEHOTO PO3KIJIay TOMY TIOPiBHIOBAaTH iX
CKJIQ/THO.

SxicTe po3KIamy y 3amponoOHOBAaHOMY ajro-
PUTMI OIHIOETHCS CYMOIO Koe(illi€eHTIB TpHU3Ha-
YeHHS BCIX 3aHATE Y 4acoBi iHTepBaiIH 3 (HopMyH

K,,Jt=f<k,t><]t[1 ny,x;{nyRy,,\,t..n,

[Tpubnu3HMii 9ac cKITaJaHHs PO3KIIAY IS OHIET
HaB4YaJIbHOI rpynu BumMarae 10 0,05 ceKkyHau MaluuH-
HOTO Yacy B 3aJIXHOCTI BiJi BUKOPHUCTOBYBAHOTO
KOMIT oTepa. SIKicTb po3KJamy CKIaIEeHUM 3aIporio-
HOBAaHWM aJITOPUTMOM TIPU TECTyBaHHI Oyna He MEH-
1010 3a 60%.
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An approach to numerical modeling of the stress-strain state of composite
structures with discrete inclusions is presented in the paper. The finite element
method is used as the main method, namely its modification — the moment
finite-element scheme. The moment scheme, in contrast to the classic scheme
of finite elements, allows to avoid such negative properties as not taking in
consideration the rigid rotation of the finite element and “false” shear. If both
the material of the matrix and the material of the reinforcing inclusions are
weakly compressible, then problems arise due to the fact that some elastic
constants approach very large values. The Taylor series expansion of the
components of the displacement vector, the components of the strain tensor,
and the volume change function is used in order to eliminate the mentioned
shortcomings, after that, according to the moment scheme, certain sums are
removed from these expansions.

Homogenization of the material with lamellar inclusions, a small proportion
of spherical inclusions, and a large proportion of spherical inclusions is used
for modeling the elastic properties of the composite. The chaotic nature of
the location of inclusions after homogenization makes it possible to present
a non-homogeneous composite material as a homogeneous quasi-isotropic
one. The described approaches are used in the construction of the stiffness
matrix of the spatial hexagonal finite element. The obtained expressions for
the stiffness matrix are done in the software package for calculating structures
from composite materials. The calculation of a thick-walled pipe under the
action of internal pressure from a composite material with lamellar inclusions,
a small proportion of spherical inclusions, and a large proportion of spherical
inclusions was carried out using the software package. For different volume
fractions of discrete inclusions, the numerical convergence of the results with
different finite element meshes has been investigated, which shows great
congruence with analytical solutions.
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OCOBJIMBOCTI IOBYAOBHU MATPHUII KOPCTKOCTI
MNPOCTOPOBOI'O LIECTUT'PAHHOI'O CKIHYEHHOI'O EJIEMEHTA
JJ1 KOMIIO3UIIHHOTI'O MATEPIAJY 3 TUCKPETHUMMU BKJIIOUYEHHAMUA
HA OCHOBI MOMEHTHOI CXEMHU
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Y po6oTi mpeacTaBleHo MiAXiA [0 YUCEIBLHOTO MOJICNIIOBAHHS HAMpPYXKEHO-
Je(OpPMOBAHOrO CTaHy KOHCTPYKIIH i3 KOMIO3MLIMHUX MarepiaiiB i3
JUCKPETHUMM BKJIIOUCHHSIMH. SIK OCHOBHMH METOJ] BHKOPHCTAaHO METOX
CKIHUCHHHX €JIEMEHTIB, a came Horo MoauQikamilo — MOMEHTHY CXEMY
CKIHUEHHOTO eJIeMEeHTY. MOMEHTHA cxeMa, Ha BiIMiHY BiJl KJIACUYHOI CXEeMHU
CKIHUEHHHUX €JIEMEHTIB, J03BOJIsIE yHUKHYTH TAKUX HETAaTUBHUX BIACTUBOCTEIA,
SIK HEBpaXyBaHHS KOPCTKOTO IOBOPOTY CKIHYEHHOTO €JIEMEHTY Ta «XHMOHOTO»
3cyBy. Y pasi, SIKIIO ¥ Marepial MaTpulli, i MaTepiajg apMyrO4YMX BKJIIOUCHb
€ CIaOKOCTUCIUBUMH, TO BUHUKAIOTh MPOOIEMH, OB SI3aHi 3 TUM, IO AEsKi
IPYXKHI CTaJI NPSIMYIOTh 10 AY>K€ BEJIMKUX 3HAUCHb. [{/1 yCYHEHHS BKa3aHUX
HEJIOMIKIB BUKOPUCTOBYETHCSI PO3KJIAaJaHHS B psa Teilopa KOMIIOHEHTIB
BEKTOpY MepeMillleHb, KOMIOHEHTIB TeH30py Aedopmartiil Ta GyHKUil 3MiHU
00’eMy Ticis 4Oro 3rifIH0O MOMEHTHIM CXeMi MEBHI JOJAHKU BHIYYaIOThCS
3 IUX pO3KIagaHb. Il MOAETIOBAHHS MPYXHUX BJIACTUBOCTEH KOMIIO3HUTY
BUKOPUCTAHO T'OMOTEHi3allil0 Marepiany i3 INIAaCTUHYaTUMH BKIIIOUCHHSMH,
MaJIOl0 YacTKOI C(EpUYHUX BKIIOYECHb, BEIHKOI YACTKOIO chepudHux
BKJIIOUCHb. Xa0TUYHUH XapaKTep pO3TalllyBaHHs Ta Opi€HTALlii BKIIIOUCHb MMiCIs
TOMOTEHi3allii Ja€ MOXKJIUBICTb NPEACTABUTH HEOJHOPITHNUN KOMIIO3UIIHHUIH
Marepian OJHOPIAHUM KBa3ii3oTponHuM. OnucaHi MiaXoau BUKOPUCTAHO MPH
no0yn0Bi MaTpHUIll KOPCTKOCTI MPOCTOPOBOTO IMIECTUIPAHHOTO CKIHYEHHOT'O
esnleMeHTy. OTpUMaHi CHiBBIAHOLIEHHS JUIS MaTPHIli KOPCTKOCTI peai3oBaHi
y MpOrpaMHOMY HaKeTi Uil PO3PaxyHKy KOHCTPYKLIM 13 KOMIO3HIIHHX
MarepianiB. 3a JIOMOMOIOK IMPOrPaMHOTO IAKETy IMPOBEICHO PO3PaxyHOK
TOBCTOCTIHHOI TpyOM Mif MAi€l0 BHYTPILIIHBOTO TUCKY 3 KOMIIO3HLIHHOIO
Marepiany 3 MJIACTHHYATUMU BKJIFOUEHHSMH, MAJIOI0 YacTKOK chepudHux
BKJIFOUCHB, BEJIMKOIO YaCTKOIO c(hepUIHUX BKIIOUYEHB. {1 pi3HHX 00 €MHHUX
YAaCTOK JUCKPETHUX BKJIIOUEHB JOCIIIKEHO YHCEIbHY 301KHICTh PE3YJIbTaTIB
IOpU PI3HUX CITKaX PO30OUTTS HA CKIHUCHHI €JIEMEHTH, sIKa IOKa3ye rapHe
CHIBIA/IHHS 3 aHATITUYHUMH PO3B’I3KAMH.
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Introduction. The progress of technologies for
the production of structural materials leads to the
appearance of new grades of materials, the mechan-
ical properties of which are significantly different
from the existing ones. The use of these materials
in the manufacture of structures requires a descrip-
tion of their properties for design calculations. One
of the common composite materials is a composite
material reinforced with discrete inclusions of vari-
ous shapes — spherical, ellipsoidal, needle-shaped,
disk-shaped, and others. One of the calculations car-
ried out is the strength calculation of the structure.
Material heterogeneity due to the presence of discrete
inclusions requires consideration of the geometry and
properties of each discrete inclusion in the material
when creating mathematical models. The creation of
accurate mathematical models suitable for engineer-
ing calculations is possible only in the presence of
a small number of inclusions, and for real materials,
when the number of inclusions is significant, such
models will be cumbersome and unsuitable for use.
Another way of modeling is the homogenization of
the material, and its representation as an imaginary
homogeneous material with mechanical constants
that are called effective. This approach allows avoid-
ing the mathematical description of each inclusion
in the material and making the mathematical model
much simpler.

Both the complex geometry of the structure and
the variety of processes occurring in the structure sig-
nificantly limit the use of analytical methods when
calculating the strength, hence numerical methods
are used to solve the problem. The most common
and universal method is the finite element method
(FEM). But the traditional scheme of the finite ele-
ment method has a number of negative properties that
significantly slow down the convergence of solutions.
Therefore, solving this problem leads to the emer-
gence of various modifications of the method, which
allow improving the accuracy of calculations. One
of the effective modifications of the method is the
moment finite-element scheme (MFES), developed
for different groups of materials — isotropic, fibrous
composites, weakly compressible, etc. This modifica-
tion allows to avoid such imperfections of the tradi-
tional scheme as not taking into account the displace-
ments of the finite element as a rigid whole and the
“false” shear effect.

In the process of using the MFES, we will calcu-
late the matrix of elastic constants using the effective
elastic constants of the granular composite and will
use an approach that takes into account the weak
compressibility of the material, which will allow us
to calculate both compressible and weakly compress-
ible materials.

The application of the finite element method to
the study of deformation processes of composites is
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given in a lot of studies. At the same time, such stud-
ies are carried out both at the micro and macro levels,
as well as when modeling the interrelationship of the
behavior of the composite material at the specified
levels.

Literature review. In work [1], a computational
procedure for modeling the microstructure of ran-
domly reinforced composites with cylindrical or
spherical-cylindrical inclusions is proposed. The pro-
posed methodology combines the random sequential
adsorption (RSA) algorithm for the preliminary mod-
eling of the random location of inclusions with the
subsequent application of the finite element method
for the study of a representative volume of the com-
posite material with inclusions, that have various
characteristics of homogeneity and isotropy.

Modeling of the physical and mechanical prop-
erties of a polymer composite material using the
spatial finite element method was carried out in [2].
ANSYS analysis software system was used to numer-
ically determine the strength of materials randomly
strengthened by spherical and cylindrical inclusions.
A comparison was made with the results of full-scale
tests.

Article [3] is devoted to the prediction of elas-
tic and plastic constants composite material from
polytetrafluoroethylene reinforced with aluminum.
For this purpose, two types of 2D representative vol-
umetric elements were developed and investigated
based on the statistical analysis of microstructure
images, taking into account the geometry and distri-
bution of reinforcing particles and microvoids. The
same microstructure is modeled and investigated in
a three-dimensional setting using the finite element
method. The obtained results indicate the effective-
ness of the mentioned approaches.

The multilevel use of the finite element method
at both the micro and macro levels is used in works
[4; 5]. The accuracy and effectiveness of using FE? in
models of the behavior of composite material under
plastic deformation conditions based on the theory of
small deformations were studied, and for the studied
environment, decomposition by subdomains was used,
each of which is related to the model of the compos-
ite material at the micro level [4]. The task of design-
ing composite structures using the FE? finite element
method based on two-level simultaneous optimization,
which reduces the level of stress concentration and
improves the stiffness properties of the composite with
elliptical inclusions, was solved in [5].

The method of finite elements with its software
implementations in CAD is also used directly for the
calculation of structures from composite materials
with mathematical models embedded in CAD. Thus,
in work [6], ANSYS software based on the finite ele-
ment method was used to estimate the deformations
and stresses of a leaf spring made of composite mate-
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rial. Various combinations of composite materials,
namely E-glass-epoxy, carbon-epoxy, boron-epoxy,
and graphite-epoxy, were analyzed to select the opti-
mal spring design.

In work [7], the finite element method was used
to analyze composites in a wide variety of situa-
tions, namely, the behavior of materials was modeled
depending on the theory, the type of material anisot-
ropy, the law of failure criteria, etc. The finite element
method was used for research at different levels of
modeling — micro-, meso— and macro-levels. Differ-
ent types of finite elements (plate, shell, and others)
were used for modeling.

On the basis of the Abaqus software package and
its extension using the Python programming code,
examples of the calculation of composite materials
for various problem statements are given, namely in
the conditions of elasticity, viscoelasticity, the pres-
ence of damage, delamination, fatigue, strength stud-
ies, edge effects, etc. [8].

The moment finite-element scheme for the calcu-
lation of structures made of fibrous composite mate-
rials is presented in [9], where the spatial character of
fiber reinforcement is taken into account.

Methods. In this work, we construct a stiffness
matrix of a spatial finite element based on a moment
scheme for calculating structures made of compos-
ite material reinforced with discrete inclusions. We
also take into account the possibility of calculating
composite materials with weakly compressible com-
ponents.

Considering that the main goal is to study the
spatial problems of the mechanics of composites, we
build the stiffness matrix of the three-dimensional
finite element. According to the geometric shape, spa-
tial elements can be parallelepiped, triangular prisms
and tetrahedrons, each of these elements has its own
advantages and disadvantages. From the point of
view of the symmetry of the approximating functions
along the coordinate directions, among the proposed
finite elements, the hexagonal element is generally
more effective. Characteristic points are inherent in
each element — the nodes of the finite element (as a
rule, the corner points of the element), which reflect
the discrete character of the obtained model.

The stiffness matrix of the composite material
with discrete inclusions using the MFES for the
weakly compressible material is constructed. One of
the most common geometric forms of a finite element
is a parallelepiped, for which the same number of
nodes along all coordinate directions is natural and,
accordingly, there is symmetry in the approximating
functions along the coordinates.

We get a discrete representation of the geometric
area in the form of a collection of hexagonal finite
elements, but their shape and size usually differ
depending on one or another grid generator in case
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of applying the finite element method. It is unsuit-
able to perform mathematical operations and trans-
formations for all types of forms when deriving the
main ratios of the stiffness matrix. A more rational/
reasonable way is when a local coordinate system is
introduced for each finite element, in which its shape
and dimensions are displayed in a cube with a fixed
side length (Fig. 1). Then, with the help of mathemat-
ical operators of transformation from one coordinate
system to another, these relations are obtained in the
global coordinate system, which describes the geom-
etry of the structure and the boundary conditions. For
the convenience of numerical integration according
to Gauss quadrature formulas, let the length of the
side of the cube be equal to 2. Let us number the eight
nodes of the finite element as shown in fig. 1, we
place the origin of the local coordinate system in the
center of the cube.

5001 | ¥

6(101)

0~ 0
2(100) 4(110)

Fig. 1. Mapping of a curvilinear parallelepiped
finite element for a granular composite
into a cubic one

Variational principles are one of the most well-
founded laws describing natural phenomena. To
model the process of deformation of structures made
of granular composites, we will use the variational
principle of Lagrange. To do this, we need to deter-
mine the potential energy of the object under consid-
eration. In the case of elastic deformation, this value
can be written as follows:

m=w -4, e

where W'— the energy of elastic deformation of the body,
A" —the work of external forces acting on the body.

According to Lagrange's variational principle, the

potential energy /7" variation is considered, which

after discretization of the object is equal to the sum of
the corresponding values for all finite elements:

8 = 26 W - gaA}"), )

here n — the number of finite elements.

This variational equation serves to form the system
of solving equations of the finite element method. This
procedure does not differ from the similar procedure in
the traditional scheme of the finite element method, so
let us focus on the obtaining of stiffness matrices of the
finite element using the moment scheme. Let us write
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down the variation of the energy of elastic deformation
W of an arbitrary i-th finite element by volume
of V (redesignating W' for simplification by W ):

sW = [[[ o"5e,dV,

and using the inverse form of generalized Hooke's
law, we get

W = .”.J. C™e,,de,dV,
v

in the matrix form, the last relation, taking into account
the parity of the tangential stresses, will take the form

oW = st [*Jestar,

T
where {gkl} = {811’ €225 €335 €125 €13, 823} — vector of
deformations, | C* | — matrix of elastic constants of
the material of the object.

As a result of homogenization of heterogeneous
materials, we obtain a homogeneous material with
effective mechanical characteristics. The material
obtained after homogenization, depending on a num-
ber of initial parameters, such as the shape and loca-
tion in space of reinforcing elements, properties of
the matrix and fiber, can be classified as anisotropic
(general case), orthotropic, transtropic materials, and,
finally, as a quasi-isotropic material. The last case is
characteristic of a granular composite material, that
is, a quasi-isotropic material. A significant manifes-
tation of anisotropic properties for such materials is
not a frequent case — it is possible when, for example,
reinforcing particles have a deterministically asym-
metric shape and certain orientations when located in
a composite.

Let us use the relation for the elastic constants of
an isotropic (quasi-isotropic) material through the
Lamé parameters 4, u and the components of the met-
ric tensor §:

Cijkl — “(gikgjl + gilgjk)+ kgy'gkl

Considering that the effective elastic constants of
a composite material are determined by the bulk mod-
ulus of elasticity K and the shear modulus G:

W=Gr=K- %G
we will have
SW = j j j [ZGg”‘g”Sk, + (K - %Gj Gg”jﬁs[jdV,
or

sw =[] [2Ggikgﬂgk188ij +(K—§G)686jdV,

where 6 is the volume change function.
And expression (3) will take the form:

ow = [18{ey) 268" g {exs}av - [[st0 (k- 26)wjav. ()
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Thus, in fact, two independent elastic constants
are needed to describe the elastic properties. Let us
consider some approaches to their definition.

The following ratios can be used to determine
effective elastic constant composite materials with
discrete inclusions. For a composite material with
a small volume fraction of spherical inclusions, we
have the effective shear modulus [10]:

15(1-&)[1-%],*

G=G|1- = &)
7-5v+2(4-5V) o
effective bulk modulus
. (K=K
Kk« (6)
1+74
(Kt‘FgG*j

here G°, G — are the shear modules of the material
of the matrix and inclusion, respectively; K, K~ —
volume modules of matrix and inclusion material,
respectively; v — Poisson's ratio of matrix material;
f —the volume fraction of inclusions in the composite
material.

For a composite material with a large volume
fraction of spherical inclusions (f — 1) we have the
effective shear modulus [10]:

Gj( . . G”j
1= [ 7-5v" +2(4-5v") 2 (1= f)
G=G 1—[ G - G ., (D
15(1-v")
effective bulk modulus
_x (K -K)f
e (K-%) ®)
1+(1—f)*74*
(K +§G]

For a composite material with a small volume
fraction of lamellar inclusions, we have the effective
shear modulus [10]:

. (6-6)r G(9K +8G)
E () N (ST )
"G+ a)
effective bulk modulus

Kok s KK (10)

(K" -K)

1+74

(K*+fG°j

3

An important procedure in the finite element
method is the choice of the type of approximating
functions, and how accurately the problem will be
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solved in the future depends on it. If the finite element
is assumed to be isoparametric in the form of a paral-
lelepiped with eight nodes (Fig. 1), then it is reason-
able to choose a linear approximation in each of the
three coordinate directions. In this case, according to
the moment finite-element scheme for weakly com-
pressible materials, three components characterizing
the deformed state of the material are decomposed by
local power functions of the form

p q r
W([qu) — (xl) ("XZ‘) ('x3) , (11)
plg'r!
here p=0,...,5,¢g=0,....mr=0,....n — degrees

of approximating functions in the corresponding
coordinate directions; in the adopted law of
approximation /=m=n=1.

Then we will have for the components of the
displacement vector:

p=0g=0r=0

(12)

for the components of the strain tensor
Ly M; Ny

ZZZeypqr pqr)

p=0g=0r=0

(13)

and volume change functions
[-1m-1n-1

e: épqr\qur,

p=0g=0r=0

(14)

where o), el#"), &%) are the expansion coefficients
of the components of the displacement vector, the
deformation vector, and the volume change function,
respectively.

In the vector-matrix form of the record, expres-
sions (15) and (16) will take the form:

e = vy {o) (15)
e} = {wit e} (16)
{0} = {wa} &) (17)

where

000 100 010 110 001 101 011 111
(0} = {2 i, G2, 19, o0, o, i, 1) —

the vector of displacement expansion coefficients,
{w,} = {‘V } {15055, X, X5, X5, X3, X, 5, X3} —
the vector of power functions of the form (13),

_ {(000) _(100) _(010) _(10) _(001) _(lo1) _(o11) _(i11)] _
{e,.j}—{e,]. sei ™ el el e el%) e e,j}

the vector of expansion coefficients of the volume
change function,

{a} _ {a(ooo)’é(loo),g(om)’g(lm),g(om),g(lol)’&(on)’&(m)} _
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the vector of expansion coefficients of the volume
change function.
Substituting relations (18), (19) into (4), we obtain:

oW = [[fs{e) V' 2Gg" 8" {w, e, aV +

+j!ja{e} [K—ng{e}dV,

To determine the components /", we will use
the Cauchy relations that relate displacement to
deformations:

1|0z, 0Z,,
g =— U, + U, ;|
b 20ox, " oax, MY

1

(18)

(19)

Differentiating (15), we have:

(100)

_ (110)
Uy = O

(010)
+ O

(101)

(001)
+ O

v CUN co(k',“)\u(o“)

(010)

U = o (110) _ (100) (011 (001) w(lll)w(lm)

Top Ty o Y &

(001)

101 100
Uy s = 62 4 {100y ()

+ oMy (011) (010) (111)

+ oMy 4 Iy 1), (20)
Then relations (19) will take the form:

07, 100 110). (010 101).(001) 111 011
gy = ((DSC L A VAR P G N )
0x,
o= %(mg{lo) 1 D0 4 G010 11Dy 00 )
0x,
0z, 00 01). (100 o1 (010) 0
£y = ((1)5c Dy (1)5(1, Dy 100 4 “)Sc'“)\v( 1 11 (1 )

0x;

1( oz, 00 0)_ (010 0
€ =~ k (w(kl ) 4 0)5(1.1 )\I’( 10) 0353-01)\11( 0 | (A)(kIv”)\II(O”)) +
2\ ox,

+ az,, (605310) " wgllo)\v(mo) i 0)([(911)\‘](001) 4 (D(klvll)\V(IOI))J;

0x,
1( oz, 00 0), (010 o1), (00 0
8, = 2[5 k (wg. ) 1 M IONO10) | OO0 4 (11 ¢ 11>)+
3
" (Z: (waom) " Co5{1})1)\”(100) " ws{qn)w(mo) + mSj.”)\u(”"))J;
1

O T O Y e Y

+(D(km 110)] (21)

Then the coefficients of the deformation vector e,g.”"’)
in expression (16) can be determined by the formula:

_1[6Zkv( (010) (110)_ (100) (011). (001) +m(klvll)w(101))+

6Zk (0)5(001) 4 co5(1})1)“/(100) i 0)5(0}1)\”(010)
0x,

pHqHr
(rar) _ e, |

’ (ox,) (x,)" (ox, )

As a result, we will have the following ratios for
the expansion coefficients e/ :

(par) u+1vn
e Z(D p+l ng—vr— n)’

pvn

par

e(pqr) _ Z(D(uvﬂn) k'

22 k' (p-ng+1-vr- n)
uvn

pqr
(par) _ (wvn+l) £k .
e33 Z(’Ok' ﬁp—pq—vr+1—n)’

pvn

(22)

X=X =x3=0
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(par) _ 1 & (hv+In) ek’
ey = EZ(‘Dk' (p—n+lg—vrn)

v

(u+lvn) £k' .
+ O (p—ng-v+lr—n) ) >

par

(rar) _ 1 (wvn+1) £k (w+lvn) £k’ .
s - 5 Z ((Dk' (p-n+lg—vr-nm) + Wy (p—quvrfnﬂ)) ’

v

r 1 & v+l ! v+1 !
eg’q ) = E Z ((056“ i (l;fuqfvﬂrfn) + mg(” K (l;—quvrﬂwl)) > (23)

nvn

where the notation is entered

ap-*—v+r|zkI |
(ox,)" (ox,)" (0xy)" N

To determine the coefficients (24), it is necessary
to establish a connection between the global coordi-
nate system z,, and the local one associated with the
finite element x.. For an isoparametric finite element,
this relationship will also be linear:

8
Zpr = ZNL (X1, %5, x3)sz"

L=0

f(ﬁv'n) = (24)

=Xy =x3=0

(25)

where is the z/ — k' -th (k' =1,2,3) coordinate of the
L —node in the global coordinate system ( L =1,...,8 ),
N, (x,x,,x;) — the approximating functions (shape
functions) of the L node, which for a finite element
with a linear law of approximation in all three
directions are determined by the formula [10]:

N, = %(1 + xle)(l + xzsz)(l +x,x7),  (26)
where x' is the i-th coordinate (i=1,2,3) of the
L-th (L =1,...,8) node in the local coordinate system
associated with the finite element.

In more detail, the shape functions N, for the
nodes of the finite element can be written as follows:

Nl:%(1_xl)(1_x2)(1_x3),zv é(l+xl)(1—x2)(1—x3),
N, - %(l—xl)(1+x2)(1—x3),N4:%(1+xl)(1+x2)(1—x3),
N5:%(l—xl)(l—xz)(1+x3),N6:é(1+xl)(1—x2)(1+x3),
N7:é(l—x,)(1+x2)(l+x3),Nx:é(1+xl)(l+x2)(1+x3). 27)

Now let’s return to relationship (24) for the
coefficients of expansion of deformations ™
, analyzing them, we can see that some of them
contain coefficients ") that are not included in
the expansion of displacements (15). Therefore,
the deformation expansion coefficients (24)
containing at least one of the terms that are not
included in the displacement expansion (15) should
be removed from the expansion (24). Taking into
account the mentioned rules of the moment finite-
element scheme, the components of the vector of
deformations will take the form:
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&, = 61(?00) + el((l)lo)w(mo) +el((l)m)w(om) +e1((1m)‘l’(0“) ’
&y = eégoo) + ezlzoo \V(loo) + 62201)\” o) e(1201)w o)
& :e§200) +€§1300)\U(100) +e(°1°)w(°1°) +e§1310)w(110)7
gp = el(goo) + elgm v @ 5
_ el(goo) +el(g)10)\v(010) ,
o

The deformation expansion coefficients in (29) in
vector-matrix form will take the form:

le,} =l }[FF].

In this expansion, the matrix [ £/] is formed on
the basis of (24) taking into account the removal of
some coefficients according to the moment finite-
element scheme.

The expansion coefficients of the volume change
function are determined by the ratio:

(29)

6(a+[3+y)8

&(0‘5‘/) _

al“azl‘éga”| Y
(ox') (@) (@) ], .oy

With the linear approximation of movements
according to the moment finite-element scheme, the
volume change function will take the form:

9= é(ooo).

In matrix form, expression (30) will be written as

follows:
(&) = {oc [ £ ] 31

The matrix form of recording the variation of elas-
tic deformation energy (19), taking into account (29),
will take the form:

W= j [3{w}
. 2 -

fofoc | £ ]{we} (k=26 [T foud @, (32)

And taking into account that some components of

this sum can be taken beyond the sign of the triple
integral, we will have:

£ [T 208" fwdav [

B[ )" (-2

F v, 2Ge g [ Er T (o) dV +

W = Smk

7T o) +

}{\ue}dV[Fm 1 o), 33)

or
W = 6{«»«}[@kl[ﬂ"’j’}r[m:{mmv}’ * o
+s{o [R)[ ][] fou)".

here
111

(%)= [[]268*&" (v} {wa} Jadxdrdx, (35)

-1-1-1
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[H"]= m (K - %GJ (ol {vo) JEdadnd, (36)

are the components of the matrix of elastic constants
of an isotropic (quasi-isotropic) material, taking into
account the metric of space.

In expansion (32), all components are defined,
except for the displacement expansion coefficients,
their determination makes it possible to write down
the desired displacement function (15) and, therefore,
to solve the problem. But these coefficients do not
have visible mechanical meaning, so it is reasonable,
as in the classic version of the finite element method,
to move from them to the nodal values of displace-
ments, which have a clear mechanical meaning.

Let us write the linear approximation of the
components of the displacement vector «,. in the global
coordinate system Oz1'z2'z3" for the hexagonal finite
element through the nodal values of the displacements
u;. and the shape functions N, (x,,x,,x;):

8
U = N, (X, %, %) ul,
L=0

here u — is the movement of the L-th node in the
k-th direction in the global coordinate system,
N, (x,,x,,x;) —1s the shape function of the L-th node
of the form (27).

Let us find the connection between the
coefficients of displacements ("’ and the nodal
values of displacements u/ by defining the matrix
of transformations [A]. The matrix [A4] describes the
relationship between shape functions N, and power
functions y”*). Both of them are inherently a set of
power functions, but when describing movements
they are grouped in a combination in different ways,
therefore, to find the matrix [A4] that reflects this
relationship, we use relation (15), on the other hand,
(33) can be written as:

wo = (N {ut) 37)

where {u/} = {1 O u ul ul), ,(f,),u,(j.),u,(f,)} — is the
vector of nodal displacements,

{N,} ={N,,N,,N;,N,, Ns, N, N,;, Ny} — the vector of
shape functions determined by formulas (27).
Comparing (11) and (27), we have the relation:

N =y} 4]

Considering the equality of the right-hand sides of
relations (15) and (37), we can write:

L
{0} = {ul}[A4].
The variation of the energy of elastic deformation,
taking into account (39), will be written in the form:

W = {ut AL E [ YU T AT ()

(3%)

(39)

T

sl LR L IR T AT ) (a0)
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or we can write:

T [ Fr T
6W=6{u,f}[A] |: ’/:H: :H: k/,:.»,~+
H[E R ]
In the last ratio, the stiffness matrix of the finite
element based on the moment scheme for a granular

composite material with a dimension of 24x24 will
have the form:

(e - T T o[ T T )T - 42)

The global stiffness matrix for the entire body
under study is formed based on (2) by summation
over all finite elements.

Numerical results. Using the finite element
method is virtually impossible without creating soft-
ware. To implement the presented stiffness matrix
of the finite element based on the moment scheme,
we will use the “MIPEJIA+” software complex [11],
in which we will use the existing preprocessor and
postprocessor, and to the preprocessor we will add
program blocks that implement the formation of the
stiffness matrix described above. To verify the pre-
sented mathematical calculations and software imple-
mentation, we will determine the stress-strain state of
composite structures.

Let us consider the solution of the planar problem
of the theory of elasticity for a thick-walled long cyl-
inder under the action of internal and external forces.
For an isotropic (quasi-isotropic) material, we will
have the following solution:

][A]T (i @1

B
u, =Ar +—. (43)
r
We determine the unknown constants A and B
from the specified boundary conditions (( o, (1) = —¢ ),
o,(r)=0, where r,r, — the inner and outer radius of
the cylinder, ¢ — the internal pressure, and there is no

external pressure). As a result, we have:

Azl—v{ gr; j B:Hv[ gr’rs J
E \r-1) E \rB-r)

The material of the matrix is steel with mechanical
characteristics of E"=2158 GPa; v =0,3. The
fiber material is tungsten carbide with mechanical
characteristics of E° =697,6 GPa; v' =0,3. The inner
radius of the cylinder is # =0,1 m, the outer radius
of the cylinder is r, =0,15 m, the inner pressure is
q =10 MPa.

The results of calculations with different meshes
of finite elements show stable convergence to the ana-
lytical solution. Analytical solutions and numerical
results for a 6x14%3 discretization grid are given in
Tables 1, 2, 3.

To estimate the error of numerical calculations, we
will use the formula:

= MIOO%,
u

a
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where u, is the analytical solution and u, is the
numerical calculation.

Table 1 shows numerical results for a small vol-
ume content of spherical inclusions (f = 0...0,3) and,
therefore, elastic constants were calculated according
to formulas (5), (6); Table 2 shows the calculations
for a large volume content of spherical inclusions
(f = 0,7...1) and, therefore, clastic constants were
calculated according to formulas (7), (8). As can be
noted, when the volume fraction of a stiffer inclu-
sion increases, the composite material also becomes
stiffer and, consequently, the displacements of the
points of the inner surface decrease. With the given
finite element grid, the maximum error in all cases
is about 5%, which is most likely related to errors in
the approximation of the geometry of the cylindrical
surfaces. The same picture is observed in the case
of reinforcement with lamellar inclusions (Table 3),
when the elastic characteristics are calculated accord-
ing to formulas (9), (10).

Table 1
Displacement of the inner point of the cylinder
(spherical inclusions, small volume fraction)

83

Table 2

Displacement of the inner point of the cylinder
(spherical inclusions, large volume fraction)

Volume | Analytical solution Numerical Error.

content (formula (43)), solution, % K
of fiber, f x10° m MFES, x10° m

0,7 0,720 0,679 -5,69

0,8 0,580 0,550 -5,17

0,9 0,485 0,461 -4,95

1 0,416 0,395 -5,05

Table 3

Displacement of the inner point of the cylinder
(lamellar inclusions, small volume fraction)

Volume | Analytical solution Numerical Error.
content (formula (43)), solution, % ’
of fiber, f x105 m MFES, x10° m

0 1,344 1,276 -5,06

0,1 1,170 1,113 -4,87
0,2 1,037 0,987 -4,82
0,3 0,930 0,886 -4,73
0,4 0,844 0,804 -4,74
0,5 0,772 0,736 -4,66
0,6 0,712 0,679 -4,63

Volume | Analytical solution Numerical Error.

content (formula (43)), solution, % ’
of fiber, f x10° m MFES, x10° m

0 1,344 1,276 -5,06

0,1 1,214 1,154 -4,94

0,2 1,107 1,053 -4,88

0,3 1,017 0,968 -4,82

In the process of calculations, all components of
the stress-strain state were obtained, so, in Fig. 2 it is
shown the distribution in the cylinder of stress o _ (the
axes are shown in the figure) for a composite with
lamellar inclusions (f = 0,2).

+2.4222407
+1.3582407
+1.4842407
+1.0312407
+5.€ETEH0E
+1.0282406
-3.€128406
-8.2512406

Fig. 2. Stress distribution ¢_ in a hollow cylinder made of composite material
with lamellar inclusions (f'= 0,2)
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Conclusions. An approach to numerical mode- scheme, which allows calculating composite mate-
ling of composite structures with discrete inclusions rials with both compressible and weakly compress-
based on homogenization of heterogeneous material ible components. Numerical calculations using the
is presented. The stiffness matrix of the spatial finite = developed matrix showed a good convergence of the
element is constructed on the basis of the moment obtained results to the known exact solutions.
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pileHHst o MyOIIiKaLio yXBATIOETHCS PEJAKII€I0, IKa TAKOXK 3aJIUILAE 32 COOOIO0 TPAaBO Ha JIOJATKOBE PELICH-
3yBaHHS, peJaryBaHHsl 1 BIAXWICHHs CTaTei.
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— J10 APYKY MPUUMAIOTHCS CTATTI YKPATHCHKOIO, POCIMCHKOIO Ta aHIIIIHCHKOI0 MOBAMHU;
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